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Thoi gian lam bai: 150 phit, khong ké thoi gian phat dé

Bai 1. (2 diém)
X+ =y

1) Giai hé phuong trinh {y’ +x =z.

2+ =x
2) Cho hai s6 nguyén duong @,b phan biét. Chirng minh phuong trinh sau ¢ dung ba
nghiém

(\/;—1)[3:2—2({1+b)x+ab+21=O.

Bai 2. (1.5 diém) Cho ba s thuc a, b, ¢ khong am thoa man: a” +b* + ¢ +3 = 2(ab+bc +ca).

Churng minh
A< aahro< 2(ab+bf;+ca)+3 |
Bai 3. (2 diém) Véi mdi s6 tu nhién n, dat a, =(2++3) +(2-+3) .

a) Chung minh a,,,=4a,,,—a, voimoi n=0,12,....
b) Timn dé a, chia hét cho 4.
¢) Tim n dé a, chia hét cho 14.

Bai 4. (3 diém) Cho tir gidc ABCD ndi tiép duong tron (O) ¢o tam giac ABD la tam giac nhon
va du‘cmg ché¢o AC di qua tam O cta duong tron (O). Goi I 1a trung diém BD, H la truc tim cua
tam giac ABD, E la giao diém khac A ctia Al véi (O) va K 1a hinh chiéu vudéng goéc cua H 1én Al

a) Chimg minh CEHK 1a hinh binh hanh va IB> =ID’* = IA.IK .

b) Lay diém F trén cung nho BD cua duong tron (O) sao cho BAF = DAI . Chirng minh
cac diém K va F d6i xtimg nhau qua dudng thang BD.
¢) Ching minh cac duong phan giac trong cac goc BAD va BKD cit nhau trén BD.
d) Trén duong thing qua H va song song AC lay diém T sao cho 7H =TK . Ching minh cac
diém O, K, F, T cung thuéc mot duong tron.
Bai 5. (1.5 diém) Cho cac sé nguyén duong a, <a, <a, <...< ay, < a,,. Ngudi ta ghi tat ca cac
so nay 1én 31 chiéc thé, mdi thé ghi mot so.
a) Biét rang tong cac s6 duoc ghi trén 16 thé bat ky trong s6 31 thé trén ludn 16n hon tong
cac s6 dugc ghi trén 15 theé con lai. Chimg minh @, > 226.
b) Lay Ay, ysee G la 31 s6 nguyén duong dau tién: 1,2,...,31. Nguoi ta bo 31 thé duoc ghi
cac s0 ndy vao hai chiéc hop mét cach ngau nhién. Kh1 kiém tra mot hop thi thay rang
trong hop do khong c6 hai thé nao c6 tong hai s6 duoc ghi 1a s6 chinh phwong. Ching

minh trong hop con lai1 ta co thé chon ra dugc bon thé va chia chung thanh hai cip sao cho
tong hai s6 duoc ghi trén mdi cip la sé chinh phuong.

SO, | | [ |S—




DAP AN
Bai 1.
4= (1)
1) (1d)Giai hé phuong trinh <y’ +x' =z  (2).

kz3+y3 =X (3)

Lay hiéu phuong trinh (1) va (2) vé theo vé ta duoc: (y — z)(y2 +yz+2° 4 1) =0.

2

-

2
Do y* + z+22=[ +£] +—
y Ty Y > A

>0 nén y=z.

Tuong tu, lay hiéu phuong trinh (2) va (3) ta dugc x =z.

x:O:y:z
, |
Thélai(1): 2x’ =x S| x=—==y=2 .
(1) 7 y
X=—= =z
TR
2) (1d)Diéu kién: x>0.
x=1

Phuong trinh tr¢ thanh: | .
X —2(a+b)x+ab+2 =0 (%)

Xétpt (*): A'=(a +b)2 —ab-2=a’+b’>+ab-2>0 (do a, b nguyén duong);
S=a+b>0; P=ab+2>0.
Suy ra pt (*) co hai nghiém phan biét duong.

Ta nhan xét tiép pt (*) khong nhan x =1 1a nghiém. Gia sir nguoc lai, thé vao pt ta co:

I*=2(a+b)l+ab+2=0<(a-2)(b-2)=1
b=1

@[a 5 (tral gia thuyét a, b phan biét).
a = :

Vay phuong trinh c6 dung 3 nghiém phan biét.
Bai 2. (1.5d) Do ab+bc+ca<a’ +b> +c .
Thé vao gia thuyét ab+bc+ca<2(ab+bc+ca)-3=ab+bc+ca>3.

Ma (a+b+c) 23(ab+bc+ca),suyra a+b+c>3.

Tir gia thuyét: (a+b+c) +3=4(ab+bc+ca)=> ab+bc+ca= 2

Ta chirng minh:
2(ab+bc+ca)+3 a+b+c)2+3

2

a+b+c< <:>3(a+b+c)£( +3

& (a+b+c—3) >0/(ding)
Bai 3.
a) Taco: a , = (2 +\/§)”+] (2 \/—)nﬂ . (2 +\/_)n+2 (2 _ﬁ)”+2

Suy ra :

(a+b+c)2+3

(0.25d)

(0.25d)
(0.25d)

(0.25d)

(0.25d)

(0.5d)

(0.254d)

(0.25d)
(0.25d)

(0.25d)

(0.25d)

(0.5d)

(0.25d)



an+2 o 4aﬂ+] + a,
:(2+\/§)”[(2+\/§):Z —4(2+\/§)+1}+(2—x/§)”"[(2—\/5)2 —4(2—\/§)+1}
=0
Vay a,,,=4a,, —a,
b) Twcaua): a,,=4a,,—a,suyra a, 6 = —aﬂ(modﬁl)
Bz‘:ing quy nap, ta suy ra:
a, = (—l)mFz a, (m0d4) néu n chan; a, = (—l) a, (mod 4) néu n chan
Ma a, =2, a, =4 nén a, chia hét cho 4 khi n 1a s 1¢.

c) Tucaub)tasuyra a, luonla s6 chin, do d6 ta chi can xét a, chia hét cho 7.

(n-1)/2

X¢ét cac gia tr1 cu thé nhu sau:
a,=2,a,=4a,=0;a,=3;a,=5a,=3; a,=0,a,=4,a,=2;a,=4;a,=0

Bang chirng minh quy nap, ta suy ra a, , =a, (mod 7) vO1 moi n.

(0.25d)

(0.25d)
(0.25d)

(0.25d)
(0.25d)

(0.25d)

Vay a, chia hét cho 14 khi n =8k +2 hodc n =8k + 6, véi k 1a so6 tu nhién.(0.25d)

Bai 4.

a) Ta co: BHDC la hinh binh hanh nén I 1a trung diém HC.
Suy ra AIKH = MEC(g—c—g) nén CE = HK
Do d6 CEHK la hinh binh hanh.
Ta co: IB.IC = IA.IE .
Ma IB=IC; IK = IE nén IB* = IA.IK .
b) Tir gia thuyét, suy ra EF //BD.
Nén Ol 1L EF ,dodo IF=IE=IK.
Suy ra, AKFE vuong ta1 F nén BD la trung truc KF.

(0.25d)

(0.25d)
(0.25d)

(0.25d)
(0.25d)
(0.25d)
(0.25d)



c)

d)

Bai S.

b)

KB IB

Tu IB* = IA.IK suyra AIBK va AIAB dong dang = TR (0.25d)
‘ KD ID
Tuong tu ID” = IA.IK suyra AIDK va AIAD dong dang = =—.
AD 1A
Do do: KB = : (0.25d)
AB AD

Goi J 1a chan duong phan giac trong AJ cua tam giac ABC.

JB AB KB JB , S
Ta co . Suy ra KJ la phan giac g¢oc BKD (dpcm). 0.25d
D 4 D D Jp > phan giac g (dpcm) ( )

Goi L 1a giao diém cua AH va (O).

Suy ra, L d6i xtng v6i H qua BD, ma K va F ciing d6i xtng qua BD.

Nén (BHKD) va (O) doi xirng qua BD.

Goi T’ la tam cta duong tron (BHKD), suy ra O va T’ d6i xtng qua BD. (0.25d)
Ma OI 1 BD,nénl la trung diém OT’.

Do d6, OHT’C la hinh binh hanh, suy ra HT” // OC.

Ma 7'"H =T'K nén T’ thudc trung truc HK. Suyra 7"'=T7".

Do tinh d6i xtrng qua BD nén OKFT la hinh thang can nén ciing la t&r giac ndi tiép. (0.25d)

Tir gia thuyét

a, +a,+..+a,>a,+..+a, | (0.254)
=a, >(a,—a,)+(ag—a,)+...+(a; —ay)

Do a,za.+12...2a,+15=a,,—a, 215 (0.25d)
Tuong tu a,, —a, =15, ..., ay;, —a,, =15 (0.25d)
Suyra: a, >15.15=225=a, 2 226. (0.25d)

Xét ba thé ghi cac so lan luot 1a 6, 19 va 30. Ta thay rang tong 2 thé bat ky trong chiing
hodc la 25, 36 hodc 40, nén déu la cac so6 chinh phuong.

Do chia cac the vao 2 hop nén theo nguyén ly Dirichlet s& ton tai mot hop chia it nhat 2
the trong 3 the trén nén tong 2 the do la s6 chinh phuong. (0.25d)
Loai 3 the nay, gla st khong con hop nao chira hai the ma tong lai 14 s6 chinh phuong.

Ta xét cu thé, gia str thé s6 1 thudc hop thir nhat, khi d6 cac thé 3, 8, 15, 24 s& thudc hop
thu hai.

Do thé ghi so 3 thudc hop thir hai nén thé 13 s€ thudc hop thi nhat. Nén thé 12 s& thudc
hdp thi hai.

Khi do, trong hop thr hai nay ta chon thé 12 va 24, tong cua chiing sé la s6 chinh phuong
(mau thuan).

Vay trong hop con lai nay ta s€ chon duoc 4 thé thoa man ycdb. (0.25d)



