CHUONG II. VECTO VA HE TRUC TOA PQ TRONG KHONG GIAN.

BAI 6. VECTO TRONG KHONG GIAN

A. KIEN THUC CO BAN CAN NAM
1. VECTO TRONG KHONG GIAN

- Vecto trong khong gian 1a mot doan thang c6 hudng.
- Po dai cta vecto trong khong gian 1a khoang cach gitra diém dau va diém cubi cua vecto do.

Chii y. Tuwong tu nhu vecto trong mit phang, d6i voi vecto trong khong gian ta ciing ¢ cac ki hiéu
va khai

niém sau:

- Vecto ¢6 diém ddu 1a 4 va diém cudi 1a B duoc ki hidu 1a 4B ..

- Khi khong can chi rd diém dau va diém cudi cua vecto thi vecto con duoc ki hiéu 1a @ ,Z; 3 Xy Vo
- Bg dai cua vecto AB duoc ki hi¢u 1a | AB |, dd dai cua vecto a duoc ki hiéu la |Zz|

- Puong thing di qua diém du va diém cudi cua mot vecto duoc goi 1a gia cua vecto do (H.2.4).

Vi du 1. Cho tir dién ABCD c6 d6 dai mdi canh bang 1 (H.2.5).
a) C6 bao nhiéu vecto c6 diem dau 1a 4 va di€m cudi 1a mdt trong cac dinh con lai cua tr dién?
b) Trong cac vecto tim dugc & ciu a, nhitng vecto nao co gia nam trong mit phiang (ABC ) ?

¢) Tinh d¢ dai cua céc vecto tim dugc ¢ cau a.

m

Twong tw nhw trudmg hop ciia vecto trong mit phang, ta ¢é cac khai niém sau ddi voi vecto
trong khong gian:

- Hai vecto dugc goi 1a ciing phuong néu chung c6 gia song song hodc tring nhau.



- Néu hai vecto ciing phuong thi chung ciing hudng hodc ngugc hudng.

- Hai vecto @ va b dugc goi la bang nhau, ki hi¢u a = b , néu ching c6 cung d¢ dai va cung
hudéng.

Chu y. Tuong ty nhu vecto trong mét phang, ta co tinh chat va cac quy udc sau ddi véi vecto trong
khong gian:

- Trong khong gian, vé1i moi diém O va vecto a cho trude, cd duy nhat diém M sao cho OM =a .
- Cac vecto c¢6 diém dau va diém cuoi trung nhau, vi du nhu A4, BB,... goi la cac vecto-khong.

- Ta quy udc vecto-khong c6 do dai 1a 0 , cung hudng (va vi vay cung phuong) voi moi vecto. Do
do, cac

vecto-khong déu bang nhau va duoc ki hiéu chung 1a 0.
Vi du 2. Cho hinh lang truy 4BC- A'B'C' (H2.8).
a) Trong ba vecto BC,CC' va B'B, vecto nao bang vecto AA’" 7 Giai thich vi sao.

b) Goi M 1a trung diém cua canh BC. Xac dinh diém M’ sao cho MM’ = AA' .

2. TONG VA HIfUU CUA HAI VECTO TRONG KHONG GIAN

a) Tong ciia hai vecto trong khong gian

Trong khong gian, cho hai vecto @ va b. Lay mot diém 4 bat ki va cac diém B, C sao cho
AB=a,BC =b .Khi d6, vecto AC duoc goi la tdng ciia hai vecto @ va b, ki hidula a+5 .

Trong khong gian, phép iy tong ciia hai vecto duoc goi 1a phép cdng vecto.




Nhin xét. Quy tic ba diém va quy tic hinh binh hanh trong mat phang van ding trong khong gian:
-Néu 4, B,C1a ba diém bat ki thi 4B+BC=AC;
- Néu ABCD 14 hinh binh hanh thi 4B+ 4D = AC.

Vi du 3. Cho hinh 1ap phuong ABCD- A'B'C'D' ¢6 d6 dai mdi canh bang 1 (H2.12). Tinh d6 dai

ctia vecto BC + DD’ .

______________

Chii y. Twong ty nhu phép cong vecto trong miat phing, phép cong vecto trong khong gian c6 cac
tinh chat sau:

- Tinh chat giao hoan: Néu @ va b 1a hai vecto batki thi G+b=b+a.
- Tinh chat két hop: Néu @,b va ¢ la ba vecto bt ki thi (G+b)+¢=d+(b+¢).

=a.

Q

- Tinh chét cong vdi vecto 0 :Néuala mot vecto bat ki thi d + 0=0+

Tt tinh chit két hop ctia phép cong vecto trong khong gian, ta c6 thé viét tong cta ba vecto @ b va

¢ la a+b+c¢ makhong can st dung cac dau ngodc. Tuong ty doi véi tong cia nhiéu vecto trong
khong gian.

Vi du 4. Cho tit dién ABCD (H.2.13). Chimg minh ring AC +BD = AD+ BC .

Két qua sau ddy duoc goi 1a quy tic hinh hdp.

Cho hinh hop ABCD- A'B'C'D'. Khi d6, ta c6 AB+ AD+ AA' = AC'.

Vi du 5. Cho hinh hop ABCD-A'B'C'D' (H.2.14) . Ching minh rdng BC + DC + A4’ = AC'.
b) Hi¢u cua hai vecto trong khong gian

Trong khong gian, vecto ¢6 cung do dai va ngugc hudng vaoi vecto a dugce goi la vecto doi cua

vecto a ,kihiéula —a.

Chuy
- Hai vecto la d61 nhau néu va chi néu tong cua chung bang 0.
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- Vecto BA 1a mét vecto ddi cua vecto AB .
- Vecto 0 dugce coi 1a vecto d6i cta chinh no.

Twong tu nhu hiéu cua hai vecto trong mit phang, ta c6 dinh nghia vé hiéu cta hai vecto trong
khong gian:

Vecto a + (—l; ) duogc goi la hiéu cua hai vecto avab vaki hiéula a —b.
Trong khong gian, phép 1y hiéu cua hai vecto dugc goi 1a phép trir vecto.
Nhin xét. Véi ba diém O, 4, Bbat ki trong khong gian, ta co OB-0A=4B.

Vi du 6. Cho hinh chép S . ABCD ¢6 ddy ABCD1a hinh binh hanh. Goi M, N lan luot 14 trung
diém ctia AB,CD (H .2 .16). Chimg minh ring;

a) AM va CN 1a hai vecto dbi nhau; b) SC—AM — AN = S4.

3. TICH CUA MOT SO VOI MOT VECTO TRONG KHONG GIAN

Twong ty nhu tich cia mot s6 voi mot vecto trong mit phang, ta c6 dinh nghia vé tich ciia mot sb
véi mdt vecto trong khong gian:

Trong khong gian, tich cia mot sb thuc & # 0 v6i mot vecto @ = 0 1a mot vecto, ki hiéu 13 ka ,
duoc xac dinh nhu sau:

- Cung hudéng véi vecto a néu k > 0 ; nguoc hudng voi vecto a néu £ <0;
-Co6do daibang |k|-|a]|.

Trong khong gian, phép lay tich cia mot s6 véi mot vecto duge goi 1a phép nhan mot sé véi mot
vecto.

Chuy
-Quy udc ki =0 néu k=0 hodc a=0.
-Néu k=0 thi k=0 hodc a=0.

- Trong khong gian, diéu kién can va du dé hai vecto a @ va b (5 # 6) cung phuong 13 c6 mot sb

thuc &k saocho a = kb .



Vi du 7. Cho hinh lang try tam giac ABC- A'B'C’. Goi M,N 1an luot 1a trung diém cua AB, AC, goi
O 1a giao diém cia AB' va A'B(H .2 .18). Chimg minh ring CC’ = (-2)OM .

Chu y. Tuong ty nhu phép nhan mét s6 véi mot vecto trong mét phang, phép nhan mot sé véi mot
vecto trong khdng gian c6 céc tinh chat sau:

- Tinh chét két hop: Néu A, k 12 hai s6 thuc va a1a mot vecto bat ki thi h(kad) = (hk)a .
- Tinh chat phan phdi: Néu 4, k 14 hai s6 thuc va @ 1a hai vecto bat ki thi (h+k)a = ha +kad va
k(a+b)=ka+kb .

- Tinh cht nhan véi 1 va -1: Néu a 12 mot vecto bAtkithi 1a=a va (-)a=—a.

Vi du 8. Cho tir dién ABCD . Goi G 1a trong tdm cua tam giac BCD (H.2.19). Chirng minh ring
AB+ AC+ AD =34G.

Chu y. Tuong ty nhu trong mit phang, néu G 1a trong tim ctia tam giac ABC thi v6i diém O tuy
y, ta co

OA+0B+0C =30G.

4. TICH VO HUONG CUA HAI VECTO TRONG KHONG GIAN

a) Goc giira hai vecto trong khong gian

Trong khong gian, cho hai vecto d,b khac 0. Lay mot diém O bét ki va goi A,B 1a hai diém sao
cho OA=d,0B =b . Khi dé, g0c A/O\B(O <AOB< 1800) duoc goi 1a géc gitta hai vecto a va b,
ki hiéu 1a (d,b).

Chuy

- Bé xac dinh goc giira hai vecto AB va CD trong khong gian ta c6 thé lay diém E sao cho

AE =CD , khi d6 (4B,CD) = BAE(H.2.23).



- Quy udc goc gitra mot vecto bat ki va 0 6 c6 thé nhan mot gia tri tuy y tir 0° dén 180"

Vi du 9. Cho hinh lap phuong ABCD- A'B'C'D’ (H .2 .24). Tinh goc giira cac cdp vecto sau:
a) AD va B'C'; b) AC va AD'.

b) Tich vo huwéng cia hai vecto trong khong gian

Trong khong gian, cho hai vecto a ,b déu khac 0. Tich vo hudng cua hai vecto a va b 1a mot sb,
ki hidu1a @-b , duoc xac dinh boi cong thiee: d-b =|d|-|b |-cos(d,b).

Chuy

- Quy udc néu d =0 hodc b=0thiab=0.

- Cho hai vecto d@,b déukhac 0.Khidé: @ Lb <> d-b=0.

-Véimoivectoaatacod @ =al .

b

bl

QY

-Néu d,b 1a hai vecto khac 0 thi cos(d@,b) =

|a

Vi du 10. Cho hinh chép tir giac déu S . ABCD c6 d6 dai tit ca cac canh bang a (H.2.26). Tinh cac
tich vo hudng sau:




Nhin xét. Tich vo hudng ciia hai vecto trong khong gian ciing c¢6 cac tinh chat gidng nhu cac tinh
chat cua tich vo hudng cta hai vecto trong mit phang. Cu thé, néu a,b,¢ la cac vecto trong khong
gian va k 1a mot s6 thuc thi ta co:

b -

i-b

: k(a-b)=(ka)-b=a-(kb); a-(b+¢)=a-b+a-c.

INY)

Vi du 11. Cho tir dién ABCD ¢6 AC va BD cung vudng goc voi AB. Goi M,N lan luot 13 trung
diém ciia hai canh AB, CD (H.2.27). Ching minh rang:

a) N=%(E+E) b) MN-AB=0.

B. GIAI BAI TAP SACH GIAO KHOA
2.1. Trong khong gian, cho ba vecto a,b,c phan biét va déu khac 0. Nhitng ménh dé nao sau day
la dung?

a)Néu @ va b déu cung hudng véi ¢ thi @ va b cung hudng.

b) Néu G va b du ngugc huéng voi ¢ thi G va b cong hudng.

c)Néu dva b déu cung huong voi ¢ thi a va b nguoc hudng.

d) Néu dva b déu nguoc huéng véi ¢ thi a va b nguoc hudng.

2.2. Cho hinh hop chtt nhat ABCD-A'B'C'D’ ¢c6 AB=2,AD =3 va AA'=4. Tinh d¢ dai cta cac
vecto B—B’,ﬁ va BD'.

2.3. Mot chiée ban can d6i hinh chit nhat dugc dat trén mat san nam ngang, mat ban song song voi
mat san va bon chan ban vuéng gdéc véi mat san nhu Hinh 2.29. Trong luc tac dung 1én ban (biéu thi
boi vecto @) phan tdn déu qua bon chan ban va gay nén cac phan luc tir mat san 1én cac chan ban
(biéu thi béi cac vecto b,¢,d, ).

a) Hay chi ra moi quan h¢ vé phuong va huéng cua céac vecto a,b,c,d va é.

b) Giai thich vi sao cac vecto b ,C, d ,e d61 mot bfmg nhau.

2.4. Cho hinh hép ABCD- A'B'C'D'. Ching minh rang:

a) AB+DD'+C'D'=CC’; b) AB+CD' -CC' =0; ¢) BC—-CC'+DC=AC.

2.5. Cho hinh lang tru tam gidc ABC-A'B'C' ¢6 A4 =ad,AB=0b va AC =¢ . Hay biéu dién c4c

vecto sau qua cac vecto a,b,c :



a) AB'; b) B'C ; c) BC'.

2.6. Cho hinh chép tir gidc S. ABCD . Chirng minh rang tir giac ABCD 1a hinh binh hanh néu va chi
néu SA+SC=SB+SD.

2.7. Cho hinh chép S. ABC . Trén canh SA, léy diém M sao cho SM =2AM . Trén canh BC, léy
diém N sao cho CN =2BN . Chimg minh ring MN = %(E;l + §5) +AB.

2.8. Trong Luyén tap 8 , ta da biét trong tAm cta t& dién ABCD la mot diém I thoa mén Al =3G ,0
d6 G 1a trong tim ctia tam giac BCD . Ap dung tinh chat trén dé tinh khoang cach tir trong tim cua
mot khéi rubik (ddng chat) hinh tr dién déu dén mot mat cua no, biét rang chiéu cao ctia khdi rubik
la 8cm (H 2.30).

8cm

2.9. Ba soi ddy khong gidn véi khéi luong khong dang ké duoc bude chung mot dau va duge kéo
cang vé ba huéng khac nhau (H.2.31). Néu cac luc kéo 1am cho ba sgi day & trang thai dung yén thi
khi d6 ba soi ddy niam trén cing mot mat phiang. Hay giai thich vi sao.

2.10. Cho hinh lang try tir giac déu ABCD- A'B'C'D' ¢6 d6 dai mdi canh d4y bang 1 va do dai mdi
canh bén bang 2 . Hay tinh goc giita cac cip vecto sau ddy va tinh tich v hudng ctia mdi cip vecto
do:

a) A4 va 5’6;

b) A4’ va BC;

¢) AC va B'A'.

2.11. Trong khong gian, cho hai vecto a@ va b cung c6 d6 dai bang 1. Biét rang goc gitra hai vecto
do 1a 45", hay

tinh:

a) a-b; b) (@+3b)-(d—2b); ) (@+b).

2.12. Cho tir dién ABCD. Chtng minh ring:



—_— _—

a) AB-CD=AC-CD+BC-DC; b) AB-CD+ AC-DB+ AD-BC =0.

C. CAC DANG TOAN
| DANG 1: CHUNG MINH MOT PANG THU'C VECTO

1. Phuwong phap
Van dung céc kién thuc sau.

Dinh nghia c4c khéi niém lién quan dén vecto;
Tinh chat hinh hoc cua céc da giac da hoc;

Céc quy tac tinh toan vdi vecto;

O o o o

Mot sb hé thire vecto hay dung;
] Céc tinh chat ciia cac hinh hinh hoc cu thé.

2. Vidu

Vi du 1: Cho hinh chép S.ABCD c6 day la hinh binh hanh tdm O. Dat SA=3, SB= 5, SC =¢,
D =d. Chtng minh: 8+¢C = b+d.

Vi du 3: Cho tir dién ABCD. Goi G la trong tam cua tir di€én, M 1a mét diém trong khong gian.
Chimg minh: MG :%(MA +MB+MC+ MD)




Vi du 5: Cho hinh hop ABCD.A’B'C'D’ tam O. Goi / 14 tdm cua hinh hinh hanh ABCD. Ching
minh: Of — —(AC'+CA'+ BD' + DB

Vi du 6: Cho tir dién ABCD, goi M, N 14n luot 1a trung diém cua céc canh AD, BCva G la trong tam
cua tam gidc BCD chting minh rang:

a) MN = %(Zé +DC)

b) AB+AC+ AD =34G

Vidu 7: Cho hinh hop ABCD.EFGH. Chimg minh rang :

a) AB+ AH +GC+FE = AD

— —— ——— e

b) AB+ AD+ AE+GH +GB = 0

DANG 2: PHAN TiCH MQT VECTO THEO CAC VECTO THANH PHAN

1. Phwong phap: Pé phan tich mot véc to theo hé cac véc to thanh phan thi phai két hop hinh v&
véi cac quy tac véc to, dac biét 1a quy tac 3 diem.

2.Vidu
Vi du 1. Cho t& dién ABCD. Goi I va J 1a trung diém ctia AB va CD.
a) Hay biéu dién vec to IJ theo 3 vecto AB; AC va AD.
b) Goi G 14 trong tAm tam gidc BCD. Hay biéu dién vec to AG theo 3 vec to AB; AC va AD.
Vi du 2. Cho tir dién ABCD. Liy cac diém M va N lan lugt thudc AD va BC sao cho
AM =3MD; NB=-3NC . Biét AB=a va CD=bh.
a) Hiy biéu dién vecto MN theo a va b .
b) Goi G la trung diém cua PQ, chimg minh rang G 1a trong tAm t&r dién ABCD.
Vi du 3. Cho hinh hép ABCD.A'B'C'D' . Bt BA=a; BB' = b; BC = ¢ . Goi M va N lan luot 13 hai

diém nam trén AC va DC' sao cho MB//BD' . Tinh ty s %

DANG 3: GOC GIUA HAI VECTO. TiCH VO HUONG GIUA HAI VECTO

1. Phwong phap: Nam duogc dinh nghia goc giira hai vecto, cong thirc tich vo hudng cua hai vecto
trong khong gian
2.Vidu

Vi du 1. Cho hinh lap phuwong ABCD.EFGH . Hay xac dinh goc gitta cdp vecto AB va DH ?

Vi du 2. Cho hinh lap phuong ABCD.EFGH . Hay xac dinh goc gitta cdp vecto AB va EG ?

Vi du 3. Cho tt dién ABCD c6 AB = AC = AD va BAC = BAD = 60° . Hiy xac dinh goc giita cip
vecto AB va CD ?

— — o~

Vi du 4. Cho hinh chop S.ABC c¢6 SA=SB=SC va ASB=BSC=CS4, BAC = BAD = 60°. Hay
xac dinh goc gitra cdp vecto AB va SC ?
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Vi du 5. Cho tir dién ABCD ¢6 AB = AC = AD va BAC = BAD =60°, CAD =90°. Goil va J
lan luot 1a trung diém ciia AB va CD . Hay xac dinh goc giita cap vecto AB va IJ ?

Vi du 6. Cho tir dién ABCD c6 AB L AC va AB L BD . Goi P va Q lan lugt 1a trung diém ciia AB
va CD. Ching minh rang 4B 1 PQ.

DANG 4. MOQT SO BAI TOAN UNG DUNG VECTO GIAI TOAN THUC TIEN

Vi du 1: Trong Hinh 2.2, luc cing day (duoc tao ra boi strc ning cua kién hang) duoc thé hién
boi cac doan thang c6 mili tén mau do.

Hinh 2.2

a) Cac doan thang nay cho biét gi vé hudng va d6 16n cua cac cac luc cang day?
b) Cac doan thang nay c6 ciing nam trong mot mit phiang khong?

Vi du 2: Mot toa nha c6 chiu cao cta cic ting 1a nhu nhau. M6t chiée thang may di chuyén tir
tang 15 1én tang 22 cua tda nha, sau do di chuyén tir tang 22 1én tang 29. Cac vecto bicu dien do
dich chuyén ctia thang may trong hai lan di chuyén d6 c6 bang nhau khong? Giai thich vi sao.

Hinh 2.9

Vidu 3: Hinh 2.15 m6 td mdt 1o hoa dugc dat trén ban, trong luong cia lo hoa tao nén mét luc
tac dung 1én mat ban va mot phan lyc tr mat ban 1én 1o hoa. C6 nhéan xét vé dé dai va hudng cua
cac vecto biéu dién hai luc do.
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;e
Hinh 2.15

Vi du 4: Thang cudn tai cic trung tim thuong mai, si€u thi hay nha ga, san bay thuong c6 hai
lan, trong d6 mot lan 1én va mot lan xu6ng. Khi thang cudn chuyén dong, vecto biéu dién véan tdc
ctiia mdi 1an c6 13 hai vecto dbi nhau khong? Giai thich vi sao.

Vi du 5: Khi chuyén dong trong khong gian, méay bay ludn chiu tic dong ciia bon lyc chinh: lyc
day cuia dong co, luc can cua khong khi, trong luc va luc nang khi dong hoc (H.2.20). Luc can
ctia khong khi nguge huéng véi luc ddy cia dong co va c¢d do 16n ti 16 thuan v6i binh phuong
véan tbc may bay. Mot chiéc may bay tang van toc tit 900 km/h 1én 920 km/h , trong qua trinh
tang tbc may bay gitr nguyén huéng bay. Luc can ctia khdng khi khi may bay dat van toc

900 km /h va 920 km/h lan lugt dugc biéu dién boi hai vecto 171 va E Hay giai thich vi sao

171 = k172 véi k 12 mot sb thue duong nao d6. Tinh gié tri cia k (lam tron két qua dén chir sb
thap phan thu hai).

Hinh 220
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Vi du 6: Mot chiéc ban can dbi hinh chit nhat duoc dat trén mat san nam ngang, mdt ban song
song v&1 mat san va bon chan ban vuéng goc voi mat san nhu Hinh 2.29. Trong luc tac dung Ién
ban (bi€u thi boi vecto @ ) phan tdn déu qua bon chan ban va gy nén cac phan lyc tir mdt san
1én cac chan ban (biéu thi boi cac vecto b,é,d,é ).

=
Hinh 2,28

a) Hay chi ra moi quan h¢ vé phuong va huéng cta cac vecto a,b,c,d va e .

b) Giai thich vi sao cac vecto b,é,d,é d6i mot béng nhau.

Vi du 7. Ta da biét trong tam cua t dién 4BCD 1a mot diém I théa man Al =31G, & do G la
trong tim ctia tam giac BCD. Ap dung tinh chat trén dé tinh khoang cach tir trong tim ctia mot
khéi rubik (ddng chit) hinh tt dién déu dén mot mit cua no, biét rang chiéu cao ctia khi rubik 1a
8 cm (H.2.30).

& cm

Hinf 2.30

Vi du 8: Ba so1 day khong gién voi khéi lugng khong dang ké duoc budc chung mot dau va
dugc keo cang vé ba hudng khac nhau (H.2.31). Néu cac luc kéo 1am cho ba s¢i day ¢ trang thai
dting yén thi khi d6 ba sgi day nam trén cing mot mat phang. Hay giai thich vi sao.

Hinh 2.31

D. TRAC NGHIEM 4 PHUONG AN

CAul: Chotedién ABCD.Pit AB=a, AC=b, AD=c.Goi G la trong tdm tam gidc BCD .
Piang thirc nao sau day ding?
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Cau 2:

Cau 6:

Cau 7:

Cau 8:

A AG=a+b+e. B. 4G =(a+b+c).

C. 4G = (a+b+c). D. 4G =1(

Cho ttt dién ABCD. Dt AB=a, AC=b, AD=c.Goi M la trung diém cua doan BC.
Ping thirc ndo dudi day dung?

A. DM =—{a+5-2¢). B. DI = (a+26-c).
C. DM = (a-2b+¢). D. DM =—(a+2b-c).

Cho tir dién ABCD. Goi M va P lan luot 13 trung diém cua cac canh 4B va CD. Pat
AB=b, AC=c, AD=d. Khiang dinh nao sau day dung?

A MP=2(c+d+5). B. MP—_(d+h-c)
C. MP=—(c+h-d). D. MP=—(c+d-B).

Cho ttr dién ABCD va diém G théa man GA+GB+GC+GD =0 (G latrong tam cua tu
dién). Goi G, la giao diém cua GA va mit phang (BCD) . Khing dinh nao duéi ddy dung?

A. GA=-2GG. B. GA=4GG. C. GA=3GG. D. GA=2GG.

Cho hinh chop S-ABCD ¢ gay ABCD 13 hinh binh hanh. Pat S4=a SB=b SC=c

SD =d  Khing dinh nao duéi day 1a dung?

A.a+c=b+d. B. a+b+c+d=0. C.a+d=b+c. D. a+b=c+d.

Cho hinh lang tru ABC.A'B'C' pjt AA':a, AB:b, AC=c, Goi G' la trong tam cua

tam giac 4'B'C"' Vécto AG' bang?

A~(a+35+¢).  B.i(3a+b+c).  Cx(a+h+3d).  D.x(a+b+d).
3 3 3 3

Cho hinh lang tru ABC.A'B'C' pyt AA'=a AB:b, ACZC.Hﬁybiéudiénvecto B'C
theo ZZ,B,E?

A.B'C=a+b-c. B. B'C=—a+b—c.
C.B'C=a+b+c. D. B'C=—a—-b+c.

Cho hinh lang try ABC.A'B'C". Goi M latrung diém cua canh BB'. Dat a=;z, CB=b
, A—A'zg.Khéng dinh nao sau day dung?

A. mzzﬁz_%a B. mzm_%a.

_— . . - T

C. AM:b—a+§c. D. AM=a—c+—b.
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Cau 9:

Cau 10:

Cau 11:

Cau 12:

Cau 13:

Cau 14:

Cau 15:

Cau 16:

Cho hinh hp ABCD.A'B'C'D' tam O. Goi I 1a tdm cua hinh binh hanh 4BCD . Dit
AC'=u, CA'=v, BD'=x, DB'=y . Khi do:

A 20 == (i +v+3+7). B. 207 = (u+v+3+7).
C. 200 = (u+v+3+3). D. 207 = (u+v+3+3).

Cho hinh lang try tam gidc ABC.A'B'C"'. Dat A—A':Zz, E:Z;, E:E, @:E.Khrfmg
dinh nao sau day la ding?

A.a=b+c. B. a+b+c+d=0. C.b-c+d=0. D. a+b+c=d.
Cho hinh 1ap phuong ABCD.A'B'C'D". Goi O 1a tim cia hinh 1ap phuong. Khang dinh
nao sau day la ding?

A. Aozl(ﬁ+AD+AA'). B. A():l(ﬂa+AD+AA').
3 2

C. A0=1(E+AD+AA'). D. AO:E(E+AD+AA').
4 3

Cho hinh hop ABCD.A'B'C'D'. Pit AB=a, AD=b, AA'=c . Phan tich vecto AC'

theo a,b,c?

A. AC'=—a+b+c. B. AC'=a+b—c.

C. AC'=a+b+c. D. AC'=a-b+c.

Cho tir dién ABCD.Diém N xéac dinh béi ding thic sau AN = AB+ AC — AD . Ménh d&
nao dung?

A. N la trung diém BD. B. N la dinh hinh binh hanh BCDN .

C. N la dinh hinh binh hanh CDBN . D. N=4.

Cho hinh hép ABCD.A'B'C'D'. Goi M la diém dugc xac dinh bodi ding thirc sau
MA+MB+MC +MD+MA'+MB'+MC'+MD'=0. Ménh d& nao ding?

A. M latam mat day ABCD.

B. M latam matday A'B'C'D".

C. M 14 trung diém doan thang nbi hai tim ctia hai mat day.

D. tap hop diém M 1a doan thang ndi hai tim ciia hai mit day.

Cho hinh hop ABCD.A'B'C'D' ¢6 tdm O.Diat AB=a, BC=b.DPiém M xéc dinh béi
dang thic OM = %(Zz - Z;) . Khang dinh nao sau ddy dung?

A. M latrung diém BB'. B. M la tam hinh binh hanh BCC'B".
C. M latrung diem CC". D. M latam hinh binh hanh 4BB'A".
Cho ba vecto &,B,E . biéu kién nao dudi day khéng dinh Zz,l;,g déng phéng?

A. Ton tai ba sd thuc m,n, p thbaman m+n+p=0 va m5+n5+p2=6.

B. Ton tai ba sb thuc m,n, p thbaman m+n+p#0 va ma+nl;+p22().

C. Ton tai ba s6 thuc m,n, p sao cho ma+nb + pZ’ =0.
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Cau 17:

Cau 18:

Cau 19:

Cau 20:

Cau 21:

D. Gi4 cua a,b,c dong qui.

Cho ba vécto a,b,c khong dong phang. Xét cac vécto x=2a+b va )7 —a-b-c va
z =-3b—-2c¢ . Khing dinh nao duéi day la dung?
A. ;c,;/,; dong phang.

X,a cung phuong.
X,

B.
C. x,b cung phuong. D. x,y,z d6i mot cung phuong.

Cho ba vécto a,b,c khong dong phang. Khang dinh nao dudi day ding?
A x=a+b+2c¢ va y=2a-3b—6c va z=—a+3b+6¢ dong phang.

B. x
C.
D.

a—2b+4c¢ va y=3a-3b+2¢ va z=2a-3b-3c dong phing.

+bh+c va ;:221—313+E va z=—a+3b+3¢ dong phing.

=l =1

SIS

+h—c va ;: 2a-b+3c va z=-a-b+2c ddng phang.

Ménh dé nao sau day 1 sai?

A. a,b,c¢ ddng phing néu mot trong ba vecto d6 bang 0.

B. a,b,c d6ng phang néu co hai trong ba vecto d6 ciing phuong.

C. Trong hinh hop ABCD.A'B'C'D" ba vecto AB',C'A',DA" ddng phing.

D. x=a+b+c ludng ddng phang vé6i hai vecto avab.

Cho hinh hép ABCD.A'B'C'D' va cic diém M,N,P xac dinh boi

M:km(k¢0),ﬁ=xm,%:yrﬂ. Hay tinh x,y theo k dé ba diém M,N,P

thang hang.
Aoxo2tk 2 By lr2k 1
2k k 1—2k 2k
1
—+k
) 1 14k 1
Co X = s = D.x:_, e
P’ 7Tk

Mot chiée dén tron duoc treo song song voi mit phiang ndm ngang boi ba soi diy khong
dan xuét phat tir diém O trén tran nha va lan lugt bude vao ba diém 4, B, C trén dén tron

sao cho céc luc cang E,FQ,E lan luot trén moi day OA4,0B,0C d6i mot vudng goc véi

E E =15 (N). Tinh trong lwong ciia chiéc dén tron do.

nhau va ‘E‘ =
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Cau 22:

Cau 23:

Cau 24:

Cau 25:

Cau 26:

Cau 27:

Cau 28:

Cau 29:

A. 14/3(N). B. 15/3(N). C. 17\3(N). D. 163/3(N).
Mot chiéc dén chum treo ¢ khdi lugng m = 5kg duoc thiét ké véi dia dén duoc giir boi
bdn doan xich S4,SB,SC,SD sao cho S.ABCD 1a hinh chop tir giac déu c6 A/b%' =60".

Tim d6 16n cta lyc cing cho mdi soi xich. Ldy g =10m/s’.

2

A \' o’ C

D

153 203 253 3043

A. ——N. B. ——N. C.——N. D. ——N.
3 3 3 3

Cho @ va b 1a hai vecto cuing hudng va déu khac vecto 0. Ménh dé nao sau day dung?
Aab-[d . B.ab-0. C.ab=-1. D. @b =—[al i
a

Cho hai vecto @ va b khac 0. Xac dinh goc o gilra hai vecto a va b khi ab=-

i
A. a=180°. B. a=0°. C. a=90°. D. o =45°.

Cho hai vecto @ va b théa man |Zz| =3,

B| =2 va d.b =-3. Xac dinh gbéc o giira hai vecto
avab
A. a=30°. B. o =45°. C.a=60". D. a=120°.

. = b e s |7l I s 2= S _ah oA
Cho hai vecto @ va b thoa man ‘a‘ :‘b‘ =1 va hai vecto u :ga—3b vav=a+b vudng

gbc véi nhau. Xac dinh goc & gitra hai vecto ¢ va b.
A. a=90°, B. a=180°. C.a=60". D. a =45,
Cho hai vecto ¢ va b thoa man diéu kién ‘(3‘ = ‘l;‘ =1 va ab=3. bo dai vecto 3a+5b:

A. 5\5. B. \24. C.S8. D. 124.

Cho a, b ¢b (Zz+25) vudng goc voi vecto (521—45) va |Zl| =|B| . Khi do:

A. cos(a,g):g. B. 005(5,5)290". C. cos(a,g)zg. D. cos(&,l;):%.
Cho hai vecto Zz,l; théa man: ‘Zz‘ =4; b| = 3; ZZ—I;‘ =4. Goi a la gbc gilra hai vecto Zz,l;.
Chon khang dinh dung?

A. cosa:% B. a=30". C. cosazé. D. a=60".
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Cau 30:

Cau 31:

Cau 32:

Cau 33:

Cau 34:

Cau 35:

Cau 36:

Cau 37:

Cau 38:

Cau 39:

- - . - -~ 2
u va v 142 vecto déu khac 0. Khi do [ +2v]| bing

—2 —2 —_— —2 —2 —_— —2 —2 —_ == =
A.u +2v —4u.w. B.u +4v +4uyv. C.u +4v . D. 4u~v(u —v)

Cho hai vecto @ va b ¢6 |Zz|:5 , l;|=12 va |Ez+l§|=13. Khi d6 cosincua goc gitra hai
vecto a —b va a +b bang
12 . c. 119 p, 119

13 12 " 169 169
Cho u=a+3b vuong goc voi v=7a-5b va x=a—4b vudng goc voi y =T7a—2b . Khi
do goc gitra hai vecto avab bang
A. (a,b)=75°. B. (a,b)=60°. C. (a,b)=120°. D. (a,b)=45°.

— —

b|=3;ab=10. Xét hai vecto y=a—b x=a—2b,.

Cho hai vecto a,b thoa man: ‘Zz‘ =4;

Goi o 12 goc gitra hai vecto x, y . Chon khing dinh dung.

1 3
—_. —_—. C. cosa=——.
J15 J15 J15
Cho hai vecto Zz,l; thoa man: ‘Zl‘ :26;13 =28;
A. 25. B. V616 . C.0o. D. V/618.

Cho tir dién ABCD ¢4 AB=AC=AD 3y BAC=BAD = 60" Hay xac dinh goc gitra cap

A. cosa = B. cosa = D. cosa =

2
Jis'

a+ I;‘ =48 . Do dai vecto a—b bang?

vecto AB va CD9
A. 600. B. 450. C. 1200. D. 900.

Cho hinh chép S.ABC ¢y SA=SB=SC yy ASB=BSC=CS4 Hay xéc dinh goc gitra
cap vecto S4 vy BC9
A. 1200. B. 900. C. 600. D. 450.

Cho hinh chép S.ABCD ¢ day 1a hinh vudng ABCD canh bang @ va cac canh bén déu

bing 4. Goi M va N lan luot 1a trung diém cia 4D va SD . S§ do cua goc (MN,5C)
bang:
A, 45° B. 30° C. 90° D. 60°

Cho tir dién ABCD déu canh bang a . Goi O 1a tAm dudng tron ngoai tiép tam gidc BCD
. Goc gitta 40 va CD bang bao nhiéu?

A0 B. 30", c. 90", D. 60°.

Cho t&r dién ABCD v6i AB L AC, AB 1 BD . Goi P, O lan luot 1a trung diém cta AB
va CD. Goc gitta PQ va AB 1a?

A. 90°. B. 60°. c. 30° D. 45°.
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Cau 40:

Cau 41:

Cau 42:

Cau 43:

Cau 44:

Cau 45:

Cau 46:

Cau 47:

Cho tit dién ABCD c¢6 AB = AC = AD va BAC = BAD = 60°,CAD =90°. Goi I va J lin

luot 1a trung diém ciia 4B va CD. Hay xéac dinh goc giira cip vecto AB va 1J ?

A. 120°, B. 90°, C. 60°, D. 45°,

Cho tr dién ABCD c6 hai mat ABC va ABD la cac tam giac déu. Khéng dinh nao sau
day dung nhat.

A. AB va CD chéo nhau B. AB va CD vudng gbéc véi nhau

C. AB va CD déng phang D. AB va CD cit nhau

Cho hinh lang tru tam gidc déu ABC.A'B'C' ¢c6 AB=a va AA'=~2a. Goc giita hai
duong thing 4B’ va BC'bang

A

A. 60° B. 45°, C. 907, D. 30°,

Cho hinh 1ap phuong ABCD.AB,C,D, c6 canh a. Goi M la trung diém AD. Gia trj

B.M BD, la:
laZ , éaz iaz
A 2 . B. a . c. 4 D. 2

Cho hinh 13p phuong ABCD.EFGH . Hay xac dinh gbc gitra cdp vecto AB VaEG?
A. 90° B. 60° C. 45° D. 120°

Cho hinh lap phwong ABCD.A'B'C'D' . Goi M , N lan luot 13 trung diém cta AD, BB'.
Cosin cua goc hop bdi MN va AC' bang

V3 2 J5 2
A3 B. 3. c. 3. D. 4.
Cho hinh ling try ABC.A'B'C’ ¢6 ddy ABC 1a tam giac déu canh a, tam giac A'BC déu
nam trong mit phang vudng goc véi (ABC ) M 14 trung diém canh CC’. Tinh cosin goc

a giita hai duong thang A4’ va BM .

222 J33 Ji1 J22
cCosa =——— CoOS¥ =—— COS¥ =— cCoOSo =—
A. 1T B. 1T C. 11 D. 11

Cho tam giac ABC | thi cong thirc tinh dién tich nio sau day 1a ding nhat.

—_—— 1\ 2
s =L JABAC _BC? Szl\/ABzAcz+l(AB.Ac)
2 B. 2 2

A.
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S =%\/ABZACZ —%(E./Tc)z s =%\/AB2AC2 —(25.25)2

C. D.
Ciu 48: Cho hinh lap phuong ABCD.EFGH c6 canh bang a . Ta c6 AB.EG bang?
a*\2
A @2, B. @ c.a\3. D. 2

Céu 49: Cho tir dién ABCD véi AC = %AD, CAB = DAB = 60°,CD = AD. Goi ¢ 1a gbc gitta AB
va CD. Chon khang dinh diing?

A. cosgp:%. B. p=60°. C. p=30". D. cosgo:%.

Cau 50: Cho tir dién déu 4BCD, M 1a trung diém cua canh BC . Khi d6 cos(A4B,DM ) bing

& Ve &

A, 2. B. 60 . C. D. 2 .

N |~

E. TRA LOI PUNG SAI
Caul: Cho tirdién ABCD c6 trong tim G . Xét tinh diing- sai ctia cac ménh dé sau?
A. GA+GB+GC+GD =0
B. 0G=-(0+0B +0C+0D)
C. BG=GA+GC+GD
D. 4G =2 (4B+AC+ 4D)
Cau?2: Chottrdién ABCD.Goi M va N lan luot la trung diém cua 4AB,CD va G la trung diém
MN . Xét tinh dhing- sai ctia cac ménh dé sau?
A. GA+GB+GC+GD =0
B. MA+MB+MC +MD = 4MG

C. MN == (4B +CD)
D..2MN = AC+BD
Cau3: Cho hinh hop A4BCD.A'B'C'D' tam O. Xét tinh ding- sai ctia cac ménh dé sau?
A. AC'=AB+AD+ AA'.
B. AB+BC'+CD+D'A=0.

C. AB+ AA'= AD+DD".
D. AB+BC+CC'=AD'+D'O+0C".

Cau4: Cho hinh hop ABCD.A'B'C'D'. X¢ét tinh diing- sai ctia cac ménh dé sau?
A. BC+BA=B'C'+B'A'. B. AD+D'C'+D'A'=DC.
C. BC+BA+BB'=BD'. D. BA+DD'+BD'=BC.
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Cau 5:

Cau 6:

Cau 7:

Xét tinh diing- sai ctia cac ménh dé sau?

A. TG gidec ABCD 14 hinh binh hanh néu 4B =CD.

B. T gidc ABCD 1a hinh binh hanh thi AB+BC+CD+CB=0.

C. Tt gidc ABCD 1a hinh binh hanh thi AB+ AC =AD .

D. Chép S.ABCD ¢6 SB+SD =SA+SC thi ABCD 1a hinh binh hanh.

Cho hinh chép S.4BCD cé ddy ABCD la hinh binh hanh tdim O. Goi G la diém thoa
man GS+GA+GB+GC+GD =0. Xét tinh dung- sai ctia cac ménh dé sau?

A. AB+BC+CD+ DA = SO

B..0A+0OB+0C+0D =0

C. SB+SD=SA4+SC.

D. GS=30G .

Cho hinh 1ap phuong ABCD.A'B'C'D" c¢6 canh bang a.Goi I 1a tim hinh vuéng ABCD

, 201 G la trong tam cua tam gidc AB'C (tham khdo hinh v€). Xét tinh ding- sai ctia cac
ménh dé sau?

C

A o

A fy
A. AB+AD+AA = AC".
B. GA+GB'+GC =2GlI .
C. AB+AD=A4'C".
D. BD'=2BG .
Cho tir dién ABCD, goi M,N lan luot 1a trung diém AD,BC . Xét tinh ding- sai cta cac
ménh dé sau?
A. AB,DC,MN ddng phang.
B. AB,AC,MN khong ddng phang.
C. AN,CM ,MN dong phang.
D. BD,AC,MN dong phang.

Cho t& dién ABCD. Trén canh AD va BC lan luot léy cac diém M,N sao cho
AM =3MD va BN =3NC . Goi P,Q lan luogt la trung diém AD va BC . Xét tinh diing-
sai ciia cic ménh dé sau?

A. PO=AC+DB

B. MN = MA+ AC +CN
21



_

C. MN = MD + DB + BN
D. BD,AC,MN ddng phing.

Cau 10: X¢t tinh dang, sai cua cac m¢nh d¢ sau:

Ménh dé Ping | Sai
A:* AB+BC = AC
B:“ AB+BC+CD=AD .
C:“AB+ AD = AC v6i ABCD la ti gidc .
D:“AB+ AD = AC v6i ABCD 1 hinh binh hanh ”.
Cau 11: X¢t tinh dang, sai ciia cdic ménh dé sau:
Ménh de Pung | Sai
A:* AB—AC=CB .
B:* AB—CB=AC .
C:“ka=0ca=0",
D:“AB =k.AC <> Ba diém phan biét A4, B,C thang hang .
Ciu 12: Xét tinh diing, sai cia cic ménh dé sau:
Ménh de Ping | Sai
A:“ MA+MB =2MI véi I 1a trung diém doan AB va diém M batky .
B:* MA+MB+MC =3MG véi G 1a trong tim AABC va diém M bétky
C:“MA+ MB+MC+ MD =4MG véi G 1a trong tam tir dién ABCD va
diém M batky ”.
D:“Néu SB+SD = SA+ SC thi chép S.ABCD ¢6 ABCD 1a hinh binh hanh
Céu 13: Cho hinh hop ABCD.A'B'C'D'. Xét tinh ding, sai ctia cac ménh dé sau:
Ménh de Phng | Sai
A:“ AB+CC'=A'B'+BB' ",
B:“ AB=CD .
C:“AB—BC'=BD'".
D:“AB+AD+ AA'= AC" .
Ciu 14: Cho hinh ling tru ABC.A'B'C". Xét tinh diing, sai ctia cac ménh dé sau:
Ménh de Piang | Sai

A:“ BA+A'C'=BC .

B: “ Goéc gitra (%,A—A') = (l?C*,TO) = (%,ﬁ) ”,

C:“AB+ AA'+B'C'= AC'”.

D : “Goc gitra (E,A—A') = (ﬂ,ﬂ) 7,

22




Cau 15: Cho hinh hdp chii nhat ABCD-ABC'D c6 canh AB= a;AD = a~/3; A4 =2a . Xét tinh
dung, sai ctia cac khing dinh sau:

) A +C B, ) i

b) AD+CB =0. s /

¢) | AB+ AD|=a"/5 . |

d) ﬂj*‘A’D’-i—E =2\/§a, f}," ————————————— --iD
B c

Ciu 16: Cho hinh 1ap phuong ABCD-A'B'C'D" c6 canh bang a . Xét tinh ding, sai cua cac khang

dinh sau:
a) ﬁ—ﬁ:ﬁ. Al D'
b) BA+BC+BB =BD. . i
—_ _ — I C‘r
o) BA+BC+BB‘=a\/§. |
I P
d) ‘BC—BA+CA‘:a. p
B c

Ciau 17: Cho tir dién ABCD.Goi M, N lan luot 1a trung diém cua cac canh 4D va BC,I 1a trung
diém MN. Xét tinh dung, sai cta cac khang dinh sau:
a) AB—CD=AC—-BD A
b) AB+CD = AD+CB
c) AB+DC =2MN .
d) IA+IB+IC+ID=0

Cau 18: Mot chiée 6 t6 duoc dat trén mat day dudi cua mét khung st co dang hinh hop chit nhat
v6i ddy trén 13 hinh chir nhat 4BCD, mit phang (ABCD) song song v&i mit phang nim
ngang. Khung sit d6 duoc budc vao moc E cia chiée can ciu sao cho cac doan ddy cap
EA,EB,EC,ED c6 d dai bang nhau va clng tao v6i mit phang (4BCD) mot goc bang
60" . Chiéc can cau kéo khung sit 1én theo phwong thing dimg. Biét rang cac luc cing

E,E,E,E déu co cuong do 1a 4700N va trong lugng ctia khung sat 1a 3000N .
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a) F+F,=F,+F,.
b) F+F =F,+F,.
¢) ‘F]+173‘:8141N (1am tron dén hang do

vi).
d) Trong luong cua chiéc xe 6 t6 1a 16282 N
(1am tron dén hang don vi).

Cau 19: Trong khong gian, cho hai véc-to a va b cling c6 d6 dai bang 1. Biét rang goc giita hai

véc-to do 1a 45°.

a)&-l;:g.

2

b) (a+35)-(a—25)=—5+7.

) |a+b|=2++2.

d) |a—~/2b|=0.

Ciu 20: Cho tir dién déu ABCD c6 canh bang ava M 1a trung diém cta CD.

a)AM -CD =0.
2

b)ﬁ-ﬂ?:%.

¢)AB-CD=0
2

d)m~ﬂ§=—%.

Céu 21: Mot chat diém & vi tri dinh 4 cua hinh 1ap phuong ABCD - A'B'C’'D’. Chét diém chiu tac

dong bdi ba luc a@,b,c 1an luot cung hudng véi AD, AB va AC nhu hinh v&. b6 16n cua

cac lyc @,b va & twong tmg 1a 10N,10N va 20N.
a) a+b==¢.

b) |d@+b |=20(N).

¢)|a+c=b+¢].

d) |a+b+¢|=32,59(N) (lam tron két qua dén
hang phén muoi).
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F. TRA LOI NGAN

Cau 1:

Cau 2:

Cau 3:

Cau 4:

Cau 5:

Caiu 6:

Cau 7:

Cau 8:

Cau 9:

Cau 10:

Cho hinh hop ABCD.A'B'C'D'’ . Cé bao nhiéu vecto bang vecto BC .

Cho hinh lang tru ABC.A'B'C’ biét AABC c6 canh bang 3. Tim vecto tong ‘@ + B'C"

Cho hinh 1ap phuong ABCD.A'B'C’'D" . Tinh géc giita hai vecto AB va AC'.

Cho tir dien S-ABC ¢4 SA =SB =SC = AB=AC =2,BC =22 . Tinh SC-4B.

Cho ti dién ABCD. Goi E,F lan luot la trung diém cua 4B, CD. Cho
AB=2a, CD=2b, EF =2¢c. V6 i M 1a mot diém tuy vy, biét tong
MA* + MB* = k.ME* +1.a”. Tinh k+1 .

Cho hinh hop ABCD.A'B'C'D" g4t MA= kMC NC'=I1ND gpni MN song song
v6i BD' thi K+1 co gid tri 12 bao nhiéu?

Cho hinh chop §.4ABC ¢o SA = Zl, SB = Z;, SC = a va cic diém M, N lan luot 1a trung
diém cua cac canh AB,SC. Cac diém P,Q trén cac duong thang S4,BN sao cho
PQ//CM . Hay biéu dién vecto FQ theo ba vecto a,b,c. PQ//CM . Khi biéu didn

PO P Ye m- 7, - . m ro.
vecto PQ theo ba vecto a,b,c, ta dugc: PQ=——a——b+—c (vbi —,£,— la cac
h q z n q z
phan so toi gian va m,n, p,q,r,z € 7). Tinh —+£+—.
n o q z

Cho hinh chop S.ABCD cé déy 1a hinh binh hanh tam O, M 14 diém thay dbi trén SO .

Ti sb i—jg sao cho P = MS* + MA* + MB* + MC? + MD? nho nhét 14 bao nhiéu?

Cho ttt dién ABCD c¢6 céc diém M ,N,P lan luot thudc cac canh BC ,BD va AC sao
cho BC=4BM,AC =3A4P,BD = 2BN . Mit phang (MNP) cat duong thing AD tai

AQ

diém Q. Tinh ti s6 —=.
AD

Co ba lyc cung tac dong vao mdt cai ban nhu hinh v€. Trong d6 hai luc F{, E tao vo1 nhau
mot goc 110° va c¢o do 16n lan luot 1a 9N va 4N, luc f; vuong goc voi mat phéng tao
bo1i hai luc E,FZ va co do 1on 7N . B9 16n hop luc cua ba lyc trén la a(N) , tim gié tri

cua a.
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Cau 11:

Cau 12:

Cau 13:

Cau 14:

Cau 15:

Cau 16:

Cau 17:

Cau 18:

Ciu 19:

el

Cho hinh hop ABCD.A'B'C'D'. Tim gia tri thyc ciia A thoa méan dang thic vecto
%+B—A'+k(ﬁ+ﬁ)=5?

Cho tir dién ABCD, goi M,N lan luot 14 trung diém cac canh 4C, BD . Goi I 1a trung
diém doan MN va P 1a mot diém bat ky trong khong gian. Tim gia tri thuc ciia & thoa

E

min dang thirc vecto Pl = k(PA +PB+PC+PD

Cho hinh hop ABCD.A'B'C'D"'. Goi M 1a diém trén canh AC sao cho AC =3MC . Lay
diém N trén doan C'D sao cho C'N =x.C'D . Véi gia tri ndo ctia x thi MN song song
BD'?

Cho ta dién ABCD va cic diém M,N dugc xac dinh boi AM =24B-3AC va
DN = DB+ x.DC . Tim x dé céc duong thing 4D, BC,MN cung song song v&i mot mit
phang.

Cho hinh hop ABCD.AB,C,D,. Tim gia tri thyc ciia k thoa min dang thic vecto
AB+B,C,+ DD, =k AC, ?

Cho tir dién ABCD, goi M, N lan luot 14 trung diém cac canh AC, BD. Goi I 1a trung
diém doan MN . Tim gia tri thyc ctia k thoa méan dang thirc 14+ (2k - 1) IB+kIC+ID=0
?

Cho hinh hop ABCD.A'B'C'D' va cac sb thuc m,n théa min MA'=mMC va
NC'=nND.Khi MN song song v6i BD' thi m+n bang bao nhiéu?

- - -

Trong khéng gian cho cac vecto a,b,c khong dbéng phang thoa min

(x—y)Zl+(y—z)I;:(x+z—2)E.Tinh X+y+z?

Cho tar dién ABCD ¢6 BC=DA=a,CA=DB=b,AB=DC =c.Goi S 1a dién tich toan
phan (tong dién tich tat ca cac mat). Tinh gia tri 16n nhat cia ! +

1 1
2b2

a bt *d?
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Cau 20:

Cau 21:

Cho hinh hop ABCD.A'B'C'D'. Mot dudng thang A cét cac dudng thang 44", BC,C'D"

lan lugt tai M, N, P sao cho NM =2NP . Tinh %

Cho hinh chép S.ABC . Lay cic diém A4',B',C' lan lugt thudc cic tia S4,SB, SC sao
SA SB SC . e
cho —= =b =c, trong d6 a,b,c la cac soO thay doi. D& mit phang

a 2 b
S4' SB' SC!
(A 'B'C ') di qua trong tdm ctia tam giac ABC thi @ + b + ¢ bang bao nhiéu?

27



CHUONG II. VECTO VA HE TRUC TOA PQ TRONG KHONG GIAN.

BAI 6. VECTO TRONG KHONG GIAN

A. KIEN THUC CO BAN CAN NAM
1. VECTO TRONG KHONG GIAN

- Vecto trong khong gian 1a mot doan thang c6 hudng.
- Po dai cta vecto trong khong gian 1a khoang cach gitra diém dau va diém cubi cua vecto do.

Chii y. Tuwong tu nhu vecto trong mit phang, d6i voi vecto trong khong gian ta ciing ¢ cac ki hiéu
va khai

niém sau:

- Vecto ¢6 diém ddu 1a 4 va diém cudi 1a B duoc ki hidu 1a 4B ..

- Khi khong can chi rd diém dau va diém cudi cua vecto thi vecto con duoc ki hiéu 1a @ ,Z; 3 Xy Vo
- Bg dai cua vecto AB duoc ki hi¢u 1a | AB |, dd dai cua vecto a duoc ki hiéu la |Zz|

- Puong thing di qua diém du va diém cudi cua mot vecto duoc goi 1a gia cua vecto do (H.2.4).

Vi du 1. Cho tir dién ABCD c6 d6 dai mdi canh bang 1 (H.2.5).
a) C6 bao nhiéu vecto c6 diem dau 1a 4 va di€m cudi 1a mdt trong cac dinh con lai cua tr dién?
b) Trong cac vecto tim dugc & ciu a, nhitng vecto nao co gia nam trong mit phiang (ABC ) ?

¢) Tinh d¢ dai cua céc vecto tim dugc ¢ cau a.

T

m

Loi gidi

a) Co ba vecto la E,R‘ va AD .



b) Trong ba vecto AB,AC va AD chi c6 hai vecto AB va AC c6 gi4 nam trong mit phang
(4BC).

¢) Vi tir dién ABCD c6 d6 dai mdi canh béng 1 nén ‘ZEHZ@HE‘ =1

Twong ty nhu trudng hop ciia vecto trong mit phing, ta c6 cac khai niém sau déi véi vecto
trong khong gian:

- Hai vecto dugc goi 1a cung phuong néu chiing c6 gia song song hoic tring nhau.

- Néu hai vecto cuing phuong thi chiing cting hudng hoidc nguoc huéng.

- Hai vecto @ va b dugc goi la bang nhau, ki hi¢u a = b, néu chiing c6 cung d¢ dai va cung
hudng.

Chii y. Tuong ty nhu vecto trong mit phing, ta co tinh chit va cac quy ude sau dbi voi vecto trong
khong gian:

- Trong khong gian, véi mdi diém O va vecto a cho truée, c6 duy nhét diém M sao cho OM =a .

- Céc vecto c6 diem dau va diém cudi trung nhau, vi du nhu A4, BB,... goi la cac vecto-khong.

- Ta quy udc vecto-khong c6 do dai 1a 0, cung hudng (va vi vay cung phuong) voi moi vecto. Do
do, cac

vecto-khong déu bang nhau va duoc ki hiéu chung 1a 0.
Vi du 2. Cho hinh lang tru ABC- A'B'C" (H2.8).
a) Trong ba vecto BC,CC' va B'B, vecto nio bang vecto A4’ ? Giai thich vi sao.

b) Goi M la trung diém cta canh BC. Xac dinh diém M’ sao cho MM’ = AA' .

Loi giai

a) Hai duong thang A4’ va BC chéo nhau nén hai vecto AA' va BC khong cung phuong. Do do,
hai vecto A4’ va BC khong bang nhau.

T gidc ACC'A’ 12 hinh binh hanh nén AA4'//CC' va AA'=CC' . Hai vecto A4’ va CC' ¢6 cung
d6 dai va cung huéng nén hai vecto d6 bang nhau.
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Tuong tu, hai vecto AA' va B'B ¢6 cung do dai va nguoc hudng nén hai vecto AA' va B'B khong
bang nhau.

b) Goi M’ 1a trung diém ctia canh B'C’. Vi tir gidc BCC'B' 1a hinh binh hanh nén MM'//BB’ va
MM'=BB'.

Hinh lang try ABC-A'B'C' ¢6 AA'//BB' va AA'=BB', suyra MM'//AA" va MM' = AA'. Hai
vecto MM’ va AA' ¢c6 cung d¢ dai va cung hudng nén MM' = A’ Vay trung diém ciia canh B'C’
la diém M’ can tim.

2. TONG VA HIfUU CUA HAI VECTO TRONG KHONG GIAN

a) Tong ciia hai vecto trong khong gian

Trong khong gian, cho hai vecto a va b. Lay mot diém A4 bat ki va cac diém B, C sao cho
AB=a,BC =b . Khi dé, vecto AC duoc goi la tdng ciia hai vecto G va b, ki hidula G+b .

Trong khong gian, phép lay tong ciia hai vecto dugc goi 1a phép cong vecto.

Nhin xét. Quy tic ba diém va quy tic hinh binh hanh trong mat phang van ding trong khong gian:
- Néu 4,B,C1a ba diém bat ki thi AB+BC = AC;
- Néu ABCD 14 hinh binh hanh thi 4B+ 4D = AC.

Vi du 3. Cho hinh 1ap phuong ABCD- A'B'C'D’ ¢6 &6 dai mdi canh bang 1 (H2.12). Tinh do dai

ctia vecto BC+ DD’ .

______________

—_— — —

T gide ADD'A’ 13 hinh vudng nén AD' =+ AD* + DD =+/2, suy ra ‘Hj + ﬁ‘ -2



Chii y. Twong ty nhu phép cong vecto trong mit phing, phép cong vecto trong khong gian c6 cac
tinh chat sau:

- Tinh chét giao hoan: Néu a va b 1a hai vecto bAtkithi a+b=b+a.
- Tinh chat két hop: Néu @,b va & la ba vecto bat ki thi (G+b)+¢=d+(b+¢).
- Tinh chat cong v&i vecto 0 : Néu G 1a mot vecto batkithi a+0=0+d=a.

Tir tinh chat két hop cua phép cong vecto trong khong gian, ta c¢6 thé viét tong ciia ba vecto @ b va
¢lada+b+¢ ma khong can sir dung cac ddu ngodc. Tuong tu ddi v6i tong cia nhiéu vecto trong

khong gian.

Vi du 4. Cho t&r dién ABCD (H.2.13). Chimg minh ring AC +BD = AD + BC .

Loi gidi

Theo quy tic ba diém trong khong gian, ta co AC=A4D+DC.

Tir d6 1an luot 4p dung tinh chét cta phép cong vecto trong khong gian, ta dugc:
ﬁ+@=(ﬂ)+ﬁ€)+@=@+(ﬁ€+ﬁ) :E+(@+R):E+E.
Két qua sau diy duoc goi 1a quy tic hinh hdp.

Cho hinh hop ABCD-A'B'C'D'. Khi d6, ta c6 AB+ AD+ AA' = AC' .

Vi du 5. Cho hinh hop ABCD- A'B'C'D’' (H.2.14). Chiing minh ring BC + DC + A4’ = AC' .

Loi gidi




Vit gidc ABCD 1a hinh binh hanh nén BC =AD va DC = 4B. Ap dung quy tic hinh hop suy ra
BC+DC+AA' = AD+ AB+ A4 = AC' .
b) Hi€u cta hai vecto trong khong gian

Trong khong gian, vecto c¢6 cung dd dai va ngugc hudng voi vecto a dugce goi la vecto doi cta

vecto a ,kihiéula —a.

Chuy
- Hai vecto 1a dbi nhau néu va chi néu tong cua ching bang 0.
- Vecto BA la mét vecto ddi cua vecto AB .

- Vecto 0 duoc coi la vecto do1 cua chinh no.

Tuong tu nhu hiéu cta hai vecto trong mit phang, ta c6 dinh nghia vé hiéu cua hai vecto trong
khong gian:

Vecto a+ (—5 ) duoc goi l1a hi€u cua hai vecto avab vaki hiéula a ~b.
Trong khong gian, phép iy hiéu cua hai vecto duoc goi la phép trir vecto.
Nhin xét. Véi ba diém O, A, Bbat ki trong khong gian, ta c6 OB—0A=AB.

Vi du 6. Cho hinh chép S . ABCD c¢6 ddy ABCD 1a hinh binh hanh. Goi M, N lan lugt 14 trung
diém ctia AB,CD (H .2 .16). Ching minh rang;

a) AM va CN la hai vecto dbi nhau; b) SC—AM — AN = SA.

Loi gidi

a) Tt giac ABCD 1a hinh binh hanh nén 4B =CD va AB//CD ,suyra AM =CN va AM //CN .

Hai vecto AM va CN c6 cung do dai va nguoc hudng nén chiing 14 hai vecto ddi nhau.

b) Tt cau a, ta cd CN =—AM .



—_— — — — — —

3. TiCH CUA MOQT SO VOI MQT VECTO TRONG KHONG GIAN

Tuong tu nhu tich ciia mot s6 véi mot vecto trong mit phang, ta c6 dinh nghia vé tich cia mot sb
vo1 mot vecto trong khong gian:

Trong khong gian, tich cia mot s6 thuc & # 0 v6i mot vecto d # 0 1a mot vecto, ki hiéu 1a ka,
duoc xac dinh nhu sau:

- Cung hudng voi vecto a néu k > 0; nguoce hudng voi vecto a néu k<0
-Codo daibang |k|-|a].

Trong khong gian, phép 1y tich ciia mot sd véi mot vecto duoc goi 1a phép nhan mot s6 véi mot
vecto.

Chuy

- Quy udc ki =0 néu k=0 hodc @=0.

-Néu ki =0 thi k=0 hodc @=0.

- Trong khong gian, diéu kién can va du dé hai vecto a @ va b (l; # 6) cung phuong 13 c6 mot sb
thuc &k saocho a = kb .

Vi du 7. Cho hinh ling tru tam giac ABC- A'B'C". Goi M,N lan luot 13 trung diém cua AB, AC, goi
O la giao diém cia AB' va A'B(H .2 .18). Chimg minh ring CC’ = (-2)OM .

Loi gidi

Vi O 1a trung diém ciia 4B’ nén OM la dudng trung binh cia tam gidc AB'B. Suy ra B'B//OM va
B'B=20M . Tu giac BCC'B' 1a hinh binh hanh nén B'B//C'C va B'B=C'C.Dodo C'C//OM va
C'C =20M . Vi hai vecto CC' va OM nguge huéng nén CC' = (—2)OM .

Chii y. Tuong ty nhu phép nhan mot sé véi mot vecto trong mit phang, phép nhan mot s6 véi mot
vecto trong khdng gian c6 céc tinh chat sau:

- Tinh chét két hop: Néu A, k 12 hai s6 thuc va a 12 mot vecto bat ki thi h(ka@) = (hk)a .

- Tinh chét phan phdi: Néu A, k 14 hai sb thuc va @ 13 hai vecto bat ki thi (h+k)d = ha +ka va
k(a+b)=ka+kb .



- Tinh cht nhan véi 1 va -1: Néu a 1a mét vecto batkithi 1a=a va (-1)a=—a.

Vi du 8. Cho tir dién ABCD . Goi G 1a trong tdm cua tam giac BCD (H.2.19). Chirng minh rang
AB+AC+AD =34G .

Loi gidi

=34G+(GB+GC+GD)=34G+0=34G .

Chu y. Tuong ty nhu trong mit phang, néu G 1a trong tim ctia tam giac ABC thi v6i diém O tuy
y, ta co

OA+O0B+0C =30G.

4. TICH VO HUONG CUA HAI VECTO TRONG KHONG GIAN

a) Goc giira hai vecto trong khong gian

Trong khong gian, cho hai vecto a ,I; khac 0. Lay mot diém O bat ki va goi A,B 1a hai diém sao
cho OA=d,0B =b . Khi dé, g0c A/O\B(O <AOB< 1800) duoc goi 1a géc gitta hai vecto a va b,
ki hiéu 1a (@,b).

Chuy

- Bé xac dinh goc giira hai vecto AB va CD trong khong gian ta c6 thé 1dy diém E sao cho

AE =CD , khi d6 (4B,CD) = BAE(H.2.23).




- Quy udc goc gitra mot vecto bat ki va 0 6 ¢6 thé nhan mot gia tri tuy ¥ tir 0° dén 180"
Vi du 9. Cho hinh 1ap phuong ABCD- A'B'C'D’" (H .2 .24). Tinh goc giira cac cap vecto sau:
a) AD va B'C'; b) AC va AD'.

Loi gidi

T

a) Hai vecto 4D va B'C’ cung huéng nén (E, B’C') =0.

b) Vi tir gidc ADD'A’ 1a hinh binh hanh nén 4D = 4'D’. Do dé (AC, 4'D') = (AC, 4D) = CAD .
Tam gisc ADC vudng can tai D nén CAD =45, vi vay (A_é, A'D') =45,

b) Tich v6 huwéng ciia hai vecto trong khong gian

Trong khong gian, cho hai vecto a ,b déu khac 0. Tich vo hudng cua hai vecto a@ va b 1a mot sb,
ki hidula a-b , duoc xac dinh boi cong thiee: G-b =|d|-|b |-cos(d,b).

Chuy

- Quy udc néu d=0 hoic b=0thia-b=0.

- Cho hai vecto d@,b déukhic 0.Khido: @ Lb <> a-b=0.

-Véimoivectoaatacod @ =al .

b

bl

QU

-Néu @,b 1a hai vecto khac 0 thi cos(ﬁ,l;) =

|a

Vi du 10. Cho hinh chép tir giac déu S . ABCD c6 d6 dai tat ca cac canh bang a (H.2.26). Tinh cac
tich vo hudng sau:

a) AS-BC,

b) AS-AC.



Loi gidi

a) Tam giac SAD c6 ba canh bang nhau nén 13 tam giac déu, suy ra SAD =60". TG giac ABCD la
hinh vudng nén AD = BC, suy ra (A4S, BC) = (4S, AD)= SAD = 60". Do d6

2

IS'-%=|A—S\'|E’|-COS6OO=a-a-%=%.

b) Tt gidc ABCD 1a hinh vudng c6 d6 dai mdi canh 1a a nén d6 dai duong chéo AC la V2a. Tam
giac SACc6 S4=SC=a va AC = J2a nén tam giac SAC vuong can tai S, suy ra SAC =45".

Do d6 Z@ZE’#ZSW-|A_é|-cos§4\C=a-\Ea-g=a2.

Nhan xét. Tich vo hudng cta hai vecto trong khong gian ciing ¢ cac tinh chét giéng nhu cac tinh
chat cua tich vo hudng cta hai vecto trong mét phang. Cu thé, néu a,b,¢ 1a cac vecto trong khong
gian va k 1a mot s6 thuec thi ta co:

i-b=b-a k(d-b)=(ka)-b=a-(kb); d-(b+¢é)=d-b+a-c.

Vi du 11. Cho tir dién ABCD c6 AC va BD cling vudng goc véi AB. Goi MN 1an lugt 14 trung
diém ctia hai canh AB, CD (H.2.27). Ching minh rang:

a)]\TNz%(E+@) b) MN-AB=0.

Loi gidi




a) Ta co: MN =MA+AC+CN va MN =MB+BD+DN.
Do d6 2MN = (MA+ MB)+(AC + BD)+(CN + DN).
Vi M,N lan luot 1 trung diém cua AB,CD nén MA+MB =CN + DN =0.

Suy ra 2mzﬁ+@,hay M—N:%(RWE).

b) Tt gia thiét, ta c6 AC-AB=BD-AB=0.
Vivay,J\TN-@:%(TC+E)-E:%E-E+%E-E:O.

B. GIAI BAI TAP SACH GIAO KHOA
2.1. Trong khdng gian, cho ba vecto a,b,c phan biét va déu khac 0. Nhirng ménh dé nao sau day
la dang?

a) Néu a va b déu cung hudng voi ¢ thi a va b cung hudng.
b) Néu a va b déu nguoc hudng véi ¢ thi a va b cung hudng.
¢) Néu ava b déu cung hudng voi ¢ thi a va b nguoc hudng.
d) Néu dva b déu nguoc huéng véi ¢ thi a va b nguoc hudng.
Loi gidgi
Céc cau dung la:
a) Néu d va b ddu cung hudng véi @ thi @ va b cung hudng.
b) Néu a va b déu nguoc hudng voi ¢ thi a va b cung hudng.
2.2. Cho hinh hop chit nhat ABCD-A'B'C'D' ¢c6 AB=2,AD =3 va AA'=4. Tinh d0 dai cta cac
vecto ﬁ;,@ va BD'.

Loi gidi
D C
|
|
|
A |
| -~ B
-
1~
Dﬁ____-_ b C
/
/
/
A!b
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Vi ABCD.A'B'C'D' 1a hinh hop chit nhat nén 44'=BB'=D'=4.Suyra ‘ﬁ =4.
Xét DABD vudng tai A, cb BD =~/ AB> + AD* =/4+9 =+/13 . Suy ra ‘E)‘ =13,
Xét DDD'B vudng tai D, ¢6 BD' =+ DB*+DD? =13+16 =~/29 . Suy ra ‘EE’ =29

2.3. Mot chiéc ban can doi hinh chit nhat dugc dat trén mat san nam ngang, mat ban song song voi
mat san va bon chan ban vuéng gdéc véi mat san nhu Hinh 2.29. Trong luc tac dung 1én ban (biéu thi
boi vecto a) phan tan déu qua bon chan ban va gay nén cac phan lyc tir mat san Ién cac chan ban

(biéu thi bdi cac vecto b,c,d,e).
a) Hay chi ra modi quan h¢ vé phuong va hudng cua cac vecto a,b,c,d va é.

b) Giai thich vi sao céc vecto b,é,d,é doi mot bang nhau.

Hinh 2 29

Loi gidi
a) Cac vecto a,b,é,d va é déu cung phuong véi nhau.
Céc vecto b ,C ,67 ,é déu nguoc hudng véi @ nén cac vecto b ,C ,c? ,eé cung hudng voi nhau.
b) Do trong luc phan tan déu qua cac chan ban nén cac phan lyc c6 d6 1on nhu nhau.

Suy ra cac vecto b,c,d,e c6 do dai bang nhau hon nita b,¢,d,e cung hudéng véi nhau nén céac

vecto b ,C, d ,e d61 mot b?mg nhau.

2.4. Cho hinh hép ABCD- A'B'C'D'. Chiing minh rang:

a) AB+DD'+C'D'=CC'; b) AB+CD' —CC' =0; ¢) BC—-CC'+DC=AC.

Loi gidi

11



Af

a) AB+DD' +C'D'=CC’

Vi ABCD. A'B'C'D' 14 hinh hép nén céc mit 1a hinh binh hanh nén 4B = DC;C'D’' = CD

— ——— e e e

b) AB+CD'—CC'=0 vi AB=DC nén DC+CD'—CC'=DD'-DD' =0 .
¢) BC—-CC'+DC=AC

Ta co ﬁ—@+D—C:—(@+@+C—D):—@=TC (quy tac hinh hop).

2.5. Cho hinh lang tru tam gidc ABC-A'B'C' ¢6 A4 =ad,AB=0b va AC =¢ . Hay biéu dién cac

vecto sau qua cac vecto d ,5 ,C .
a) AB'; b) ﬁf; c) BC'.

Loi gidi

a) Vi A'ABB’ 14 hinh binh hanh nén AB' = A4’ + AB=ad+b
b) Vi A'ABB’ 14 hinh binh hanh nén A4’ = BB'=d. Ta c6: BC = BA+ AC =—b +¢
Vi C'CBB’ 1a hinh binh hanh nén BC'=BC =-b+¢;B'C=B'C'+BB=-b+¢—a

¢) Vi C'CBB' 1 hinh binh hanh nén BC'=BC+BB' =—-b+C+a

12



2.6. Cho hinh chép tir giac S. ABCD . Chiing minh rang tir giac ABCD 1 hinh binh hanh néu va chi
néu SA+SC=SB+SD.

Chirng minh: Néu tt gidc ABCD 14 hinh binh hanh thi S4+ SC =SB+ SD Goi O 1a tam hinh binh
hanh ABCD . Khi d¢, O 1a trung diém ctia AC,BD.Suy ra OC =—04,0D =-OB

Ta co: ﬂ+ﬁ:@+@+@+%:2@+(@—@):2@
S—B+S—D:@+@+@+O—D=2@+(O—B—@):2@

Do do, SA+SC =SB +SD

Chirng minh: Néu SA4+ SC =SB+ SD thi tir gisc ABCD 14 hinh binh hanh:
Ta c6: SA+SC =SB +SD < SA—SB =SD-SC < BA=CD

Suy ra, hai vecto BA va CD cung huéng va c6 o 1on bang nhau.

Suy ra, AB=CD,AB//CD.Khi do, tir glac ABCD 1a hinh binh hanh.

Vay tir gidc ABCD 14 hinh binh hanh néu va chi néu SA+ SC = SB+ SD
2.7. Cho hinh chép S. ABC . Trén canh SA, léy diém M sao cho SM =2AM . Trén canh BC, léy
diém N sao cho CN =2BN . Chimg minh ring MN = %(571 + R?) +AB.

Loi gidi
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M

C
Ta c6:MN =i+ AC+ CN = 54+ 4B+ BC+ 5 CB =S4+ BC - BC + 4B =~ (54+ BC)+ 4B (dpem)
2.8. Trong Luyén tap 8 , ta da biét trong tdm cua to dién ABCD la mot diém I thoa man Al =3G ,0
d6 G 1a trong tim ciia tam gidc BCD . Ap dung tinh chét trén dé tinh khoang cach tir trong tim ciia

mot khéi rubik (ddng chat) hinh tir dién déu dén mot mat cua nd, biét rang chiéu cao ciia khdi rubik
la 8cm (H 2.30).

8cm

Gia sir khoi rubik (d6ng chat) hinh ttr dién déu duoc mé phong nhu hinh vé.
G la trong tam DBCD, I 1a trong tam cua tr dién. Vi ABCD 1a hinh t&r dién déunén AG L (BCD)
va AG =8cm.

vi A1 =31G nén 3 diém A,L G thing hang va IG = iAG .

14



Do d6 IG L (BCD). Khi d6 d(I,(BCD)) = IG =%AG =2cm.

2.9. Ba soi day khong gidn voi khéi lugng khong déng ké duge bude chung mot dau va duge kéo
cing vé ba huéng khac nhau (H.2.31). Néu céac luc kéo 1am cho ba sgi dy & trang thai ding yén thi
khi d6 ba sgi diy nam trén ciing mot mit phang. Hay giai thich vi sao.

B

Gia su luc kéo trén moi sgi day dugc bicu dieén boi cac vecto OA4,0B,O0C véi la dau chung cia ba

soi day. Khi ba soi ddy can bang thi O4+OB+0C =0.

V& hinh binh hanh OADB. Theo quy téc hinh binh hanh thi OA+OB =0D .

Do d6 OA+OB+0C =0 0D+0C =0 0C=-0D .

Hay O 14 trung diém ctua CD. Do d6 cac diém O,A,B,C cung thudc mit phang ( ABCD ).

Suy ra ba s¢i ddy cling nam trong mat phang do.

2.10. Cho hinh ling try tir giac déu ABCD-A'B'C'D' ¢6 d6 dai mdi canh day bang 1 va do dai moi
canh bén bang 2 . Hay tinh gbc gilra cac cap vecto sau ddy va tinh tich vo hudéng cia moi cap vecto
do:

a) A4 va C'C ;

b) A4’ va BC;

¢) AC va B'A’'.

Loi gidi
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-
a) Vi AA4'//CC'nén hai vecto 44’ va Cc'C nguoc hudng nhau.

Suy ra, (44',C’'C)=180". Do do, ﬂ.c—’cz\ﬂ\- c'c

-COS(H,CT?):2-2-COSI80° =—4

b) Vi A’ADD' 14 hinh chit nhat nén A'AD = 90°
vi ABCD 1a hinh vudng nén BC = AD. Do d6, (TA',K’) = (H,E) = A"AD =90’
Ta co: ﬂﬁ,’:HE:‘ﬂHE

-cos(TA',E): 2-1-c0890" =0

¢) Vi A'ABB' 13 hinh chit nhat nén B'4' = BA .

vi ABCD 14 hinh vuéng nén CAB =45 va AC =2

Tacd: AC-B'A =—AC-AB = —‘ZEHZE‘-COS(ZE,ZE) = —\/E-l-c0s45° =-1

2.11. Trong khong gian, cho hai vecto a va b cung c6 do dai bang 1. Biét rang goc giita hai vecto
dé 1a 45", hay

tinh:

a) a-b; b) (@+3b)-(d—2b); ) (@+b).

Loi gidi
a) 67-5z‘a|-|l;‘-cos(iz,l;):1-1-00545° :%

2 2

b) (a+35).(a—25) =G +d-b—6b’ =1+°=-61=-5+=.

2

¢) (G+b) =a’+2d-b+b’ =1+2-7+1:2+\/§

2.12. Cho tir dién ABCD. Chirng minh rang:

a) AB-CD=AC-CD+BC-DC; b) AB-CD+ AC-DB+ AD-BC =0.

Loi gidi
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C
a)@-@:(%+@)-@=E-@+@-@zﬁ-@+ﬁ?-ﬁ
b)AB-CD+ AC-DB+AD-BC = AC-CD+BC-DC + AC-DB + AD - BC
:(A—C-@+A—C-lﬁ)+(ﬁ-ﬁi+ﬂ)-ﬁ?):A—C-(C—D+ﬁ)+B—C-(D—C+E)
- IC-CB+ BC(DC - Di) = AC-CB+ BC-AC = AC-(CB + BT) =0

C. CAC DANG TOAN

DANG 1: CHUNG MINH MQT PANG THUC VECTO

1. Phwong phap
Vian dung céc kién thic sau.

] Dinh nghia cac khai niém lién quan dén vecto;
1 Tinh chét hinh hoc cua cac da giac da hoc;

[ Céc quy tic tinh toan véi vecto;

] Mot sd hé thirc vecto hay dung;

1 Céc tinh chit cia cac hinh hinh hoc cu thé.

2.Vidu

Vi du 1: Cho hinh chép S.ABCD c6 day 14 hinh binh hanh tam 0. Dt SA=3, SB=b, SC=¢,
SD=d. Ching minh: 8+¢ = b+d.




SA+SC=2S0

Vi O la trung diém cia AC va BD nén .
SB+SD =280
Suy ra SA+SC=SB+SD hay d+E=b+d.

Vi du 2: Cho hinh chép S.ABCD c6 day la hinh binh hanh tim O. Goi G la diém thoa mén
@+@+@+@+@:6.Chﬁng minh: GS =4 0G.

Taco GS+GA+GB+GC+GD =0

& GS+4GO+|0A+O0B+0OC+0D

=0

=0 (do O 1a tm hinh binh hanh)

= GS+4G0 =0« GS=40G.

Vi du 3: Cho tir dién ABCD. Goi G la trong tim cua tir dién, M 1a mot diém trong khong gian.

Chimg minh: MG = %(MA +MB+MC+ MD)

Loi giai
Do G la trong tam tir dién nén ta co @—F@—FE—I—@ :6

:>(GM +MA)+(GM +MB)+(GM +MC)+(GM +MD):6, M

:>M—G:%(MA+MB+ MC + MD).

_ e — —_ _— —

Loi giai

— —_— RN —_ - _

Tacé: AB+BC +CD+DA=0« (D'/A+AB+BC'|+CD =0« D'C' +CD =0: ludn dung
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Vidu 5: Cho hinh hop ABCD.A’B'C'D’ tam O. Goi / 1a tim cua hinh hinh hanh ABCD. Chimg

mmh;a:_%(rc+m+@+@).

AI
Goi M, N lan luot la trung di€ém cia AB, CD.

Suyra / 1atrung diém cia MN nén OM +ON =201

OA +OB=20M

Taco{__ _ | .
OC+0D =20N

Tt d6 suy ra a:%(@+@+@+@)

4

(e em 155 155\ a6 il BD + DB
——AC'——CA'——BD'——DB'|=——(AC' +CA’+ BD' + DB/).
[ 2 27 2 2 ] 8( )

Vi du 6: Cho t& dién ABCD, goi M,N lan luot 1a trung diém cta cac canh 4D, BC va G 14 trong tAm
cta tam giac BCD chung minh rang:

] —
a) MN = E(AB +DC)
b) AB+AC+ AD =34G

Loi giai

a) Ta co:
—_— = ] = — = =] = = ] — —
MN = E(MB +MC) :E(MA+ AB+MD+DC) = 5((AB+DC)+ (MA+ MD)) = E(AB +DC)
b) Ta co:
AB=AG +GB
AC=4G+GC
AD = AG +GD
Cong cac dang thirc theo vé ta c6: AB+ AC + AD + (@ +GC+ G—D) 34G
Vi G la trong tam tam giac BCD nén GB+GC+GD =0.
suy ra AB+AC+AD =34G .
Vi du 7: Cho hinh hop ABCD.EFGH. Ching minh rang :
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a) AB+ AH +GC + FE = AD

b) AB+ AD+ AE+GH +GB = 0

Loi giai

a) Ta co: E+E+@+ﬁ:(ﬁ+ﬁ)+(ﬁ+@):6+(E+1@):ﬂ)

b) Ta cé: AB+AD+AE+GH+GB:(@+E+E)+(@+@):E+@:ﬂzﬁ

DANG 2: PHAN TiCH MOQT VECTO THEO CAC VECTO THANH PHAN

1. Phuong phap Dé phan tich mot véc to theo hé cac véc to thanh phan thi phai két hop hinh v&
véi cac quy tic véc to, ddc biét 1a quy tic 3 diém.

2.Vidu

Vi du 1. Cho tt dién ABCD. Goi [ va J 1a trung diém cta 4B va CD.

a) Hiy biéu dién vec to IJ theo 3 vecto AB; AC va AD.

b) Goi G 14 trong tAm tam gidc BCD. Hay biéu dién vec to AG theo 3 vec to AB; AC va AD.
Loi gidgi

a) Ta co: I—J=(H+AJ) mat khac IA=-Al ——%E

AJ = %(TC + E) (tinh chat trung diém)

Do do6: ﬁ:—lﬁ+lﬁ+l/l_5.
2 2 2

AB=AG+GB
b) Ta co: AC =AG+GC cong theo vé ta duoc:
AD=AG+GD

34G+GA+GB+GC = AB+ AD + AD

AB+ AC + AD

Mit khac GA+GB+GC (do G la trong tam tam giac ABC). Do vay AG =

Vi du 2. Cho tir dién ABCD. Liy cac diém M va N lan lugt thudc AD va BC sao cho
AM =3MD; NB=-3NC .Biét AB=a va CD=b.

a) Hay biéu dién vecto MN theo a va b .
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b) Goi G la trung diém cta PQ, chimg minh rang G 1a trong tim ti dién ABCD.
Loi gidgi

a) Ta co: M—N:m+ﬁ7+@(l).

Lai co: ]\T]\/zm+@+ﬁ(2).

Mit khéc: MA+3.MD =0; NB+3.NC =0.

Lay (2)+3.(1) ta duoc 4.MN = AB+3.DC.

Dodé MN=La_25.
4 4

b) Theo tinh chat trung diém ta co:

GA+GD=2GP — — — -
. =GA+GB+GC+GD=2(GP+GQ)
GB+GC =GO

Mit khac GP+GQ =0=> GA+GB+GC +GD = 0= G la trong tdm ti dién ABCD.
Vi du 3. Cho hinh hop ABCD.A'B'C'D' . Dt BA=a; BB =b; BC =c¢ . Goi M va N lan luot 12 hai

diém nam trén AC va DC' sao cho MB//BD' . Tinh ty sb %

Loi gidi

Gia su: ]\TC‘an;msz_'D.

Taco: BD'=BD+DD' =BA+BC+DD =a+b+c.

Lai ¢6: MN = MC +CC'+C'N =nAC +b+mC'D

~n(BC—BA)+5+m(CC+CD)
=n.(2’—21)+l;+m(—5+21)=(m—n)21+(1—m)l;+n2‘ .

Khi d6 MN //BD' = MN = k.BD'

2
m_nzl_m:ﬁ:k@ 3:>MN:k:l.
1 1 1 1 B'D’ 3
7’125

DANG 3: GOC GIUA HAI VECTO. TiCH VO HUONG GIUA HAI VECTO

1. Phuwong phap: Nam duogc dinh nghia goc giira hai vecto, cong thirc tich vo hudng cua hai vecto
trong khong gian
2.Vidu

Vi du 1. Cho hinh lap phuong ABCD.EFGH . Hay x4c dinh goc giita cap vecto 4B va DH ?

Loi gidi
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E H

".---.-

Vi DH = AE ( ADHE 14 hinh vudng)
Nén (E,ﬁ) = (E,E) = BAE =90° ( ABFE 1a hinh vuong).

Vi du 2. Cho hinh lap phuong ABCD.EFGH . Hay xac dinh goc gitta cdp vecto AB va EG ?
Loi gidgi

E H

".---.-

Vi EG=AC (AEGC 1a hinh vudng)
Nén (E; E) = (ER’; E) = BAC =45° ( ABCD 1 hinh vudng).

Vi du 3. Cho tir dién ABCD ¢b6 AB= AC = AD va BAC = BAD =60° . Hay xac dinh goc gitra cap
vecto AB va CD ?

Loi gidi

Ta o AB.CD - AB( 4D AC)~ 4B.AD - AB.AC
= |A—B||E| cos(ﬂ?; ﬂ)) — |@| |R| cos(ﬁ; R‘)
= |E|.|E|cos 60° —|E||E’| cos60° .

Ma AC:AD:E.@:O:(E;CT)’):%O.
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Vi du 4. Cho hinh chép S.4BC c6 SA=SB =SC va ASB=BSC =CSA, BAC = BAD = 60° . Hay
xac dinh goc gitra cap vecto AB va SC 2

Loi gidi

Ta o6 SC.AB = SC(35 - 54) = SC.58 - 5C.54
=[SC|[sB|cos (SC; SB) - SC|[$4|cos (SC; 54)

— SC.SB.cos BSC - SC.S4.cos ASC .

Ma S4 =SB =SC v BSC = ASC—>SC.AB =0
Do d6 (SC; B )=90° .

Vi du 5. Cho tt dién ABCD ¢6 AB= AC = AD v BAC = BAD =60°, CAD =90°. Goil va J

lan luot 14 trung diém cua AB va CD . Hiy xéc dinh goc giira cip vecto AB va IJ ?

Loi gidgi
A
!
B r
J
D
Xét tam giac ICD ¢6 J 1a trung diém
] — —
CD = 1J =—(IC+1ID)
2
, AB=AC ‘
Tam giac ABC c6 {3 = AABC déu = CI 1L AB
BAC =60°

Tuong ty ta c6 AABD déunén DI 1 AB
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Taco 1J.AB = (IC+ID).4B = IC.AB +- ID.AB =0
:ﬁiﬂ?:(@;ﬁ)z%“’

Vi du 6. Cho tir dién ABCD c6 AB 1 AC va AB L BD . Goi P va Q lan lugt 1a trung diém cia AB
va CD. Ching minh rang 4B 1 PO .

Loi gidi

Vi AB L AC va AB 1 BD nén AC.AB=0;BD.AB=0.

Ta co P—Q:ﬂ+z’+@ va P—Q:ﬁ+ﬁ+D—Q

Do d6 2P—Q:E+E§:>2P—Q.@:(E'+@).ﬂ§:E.ﬁ+@.@:0
Hay P—Q.E=O.

Vay 4B 1 POQ.

DANG 4. MOT SO BAI TOAN UNG DUNG VECTO GIAI TOAN THU'C TIEN

Vi du 1: Trong Hinh 4, cho biét ba vecto E,E ,E biéu dién lyc cang cua cac soi day cap
AB, AC, AD téac dung lén vat ndng. Gid cta ba vecto nay c6 cung nam trén mot mit phéng
khong?
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Hinh 4

Loi giai
Gia ctia ba vecto nay lan luot 1 ba duong thang AB, AC, AD . Chung khong cing ndm trong mot
mit phang vi bon diém A,B,C,D khong dong phing.
Vi du 2: Theo dinh ludt II Newton (Vat li 10 - Chén troi sang tao, Nha xuat ban Gido duc Viét

Nam, 2023, trang 60): Gia tdc cia mot vat c6 ciing hudng véi luc tac dung 18n vat. Do 16n cua
gia tdc ti 1é thudn voi do 16n cua luc va ti 18 nghich vai khdi luong cua vat:

F =ma

trong d6 @ 1a vecto gia toc (m / sz),F’ 1a vecto luc (N)

Hinh 20 tic dung lén vat, m( kg) 1a khdi luong ctia vat.

Mubn truyén cho qua bong co khdi lugng 0,5 kg mot gia tdc 50 m/s? thi cAn mot luc da co6 do
16n 1a bao nhiéu?

Loi giai
Taco F:mﬁ, suy ra ‘F’|= m|5‘ :O,5.50:25( N).

Vay mudn truyén cho qua bong khdi luong 0,5 kg mot gia tbc 50 m /s> thi can mot luc da co
dolonla 25 N.
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Vi du 3: Mot em nho can ning m =25 kg trugt trén cau truot dai 3,5 m. Biét rang, cdu trugt c6
gbc nghiéng so vo1 phuong nam ngang 1a 30° (Hinh 27).

a) Tinh d6 16n cta trong luc P =mg tac dung 1én em nho, cho biét vecto gia toc roi tw do g c¢o
dolénla g=9,8 m/s’.

b) Cho biét cong A (J) sinh b6i mot luc F ¢6 do dich chuyén d duoc tinh béi cong thirc

A=F.d. Hay tinh cong sinh boi trong Iyc P khi em nho truot hét chiéu dai cau truot.

M
/7 A T

Hinh 27
Loi giai

a) Taco |P|=m|g|=25.9,8 =245 N.
b)

o T 1 1T,

Theo dé ta c6 A=13-J,(f>,3)=60°

A=P-d =|P|{d|-cos(P,d)=245-3,5-cos60" ~ 428,75 ]

Vi du 4: Néu mét vat c6 khdi luong m (kg) thi luc hép din P cua Trai Dat tac dung 1én vat

dugc xac dinh theo cong thitc P =mg , trong 46 g 1a gia toc roi tu do c6 d6 16n g =9,8 m/s?.
Tinh d6 16n cta luc hap dan cua Trai Dét tac dung 1én mot qua tdo c6 khdi lugng 102 gam (Hinh
28).
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Hinh 28

Loi giai
D6i 102 gam =0,102 kg, ,
b0 16n cua lyc hap dan cta Trai Pat tac dung 1én mot qua téo la:

|P|=m]g|=0,102.9,8=0,9996 N

Vi du 5: Trong dién truong déu, luc tinh dién F (don vi: N) tac dung Ién dién tich diém c6 dién
tich q (don vii: C ) dugc tinh theo cong thic F =g -E, trong d6 E 1a cuong do dién trudng
(don vi: N/C). Tinh d0 16n cua luc tinh dién tac dung 1én dién tich diém khi g=10"C vado lén
dién truomg E =10° N/C (Hinh 29).

Hinh 29
Loi giai
g 16n cita lyc tinh dién 1a |F|= g {£|=10"-10° =10 N.
Vi du 6: Mot lyc tinh dién F tac dong lén dién tich diém M trong dién truong déu lam cho M

dich chuyén theo dudng gap khiic MPN (Hinh 30 ). Biét q=2-10"2C, vecto dién truong c6 do
16n E=1,8.10° N/C va d=MH =5 mm. Tinh cong A sinh béi luc tinh dién F.
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Hinh 30

Loi giai

Pbéi 5mm=5.10" m

Cong A sinh béi lyc tinh dién F 1a A=qEd=2-10"-1,8-10>-5-10" =18-10°( J).

D. TRAC NGHIEM 4 PHUONG AN

Caul: Cho ta dién ABCD.Pat AB=a, AC=b, AD=c.Goi G 1a trong tdm tam gidc BCD.
Piang thirc nao sau day ding?

A. AG=a+b+e. B. 4G =1 (a+b+c).
3
C. 4G=(a+b+e). D. 4G = (a+b+c).
Loi giai
Chon B

+Goi M 14 trung diém cua CD—)E:%W.
e 2 D | —
+ AG=AB+BG=AB+§BM =AB+§.E(BC+BD)

_ | — — —

:AB+—(AC—AB+AD—AB)
3
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:é(@+@+m)=§(a+z;+z).

Cau2: Chotrdién ABCD. bat AB=a , AC=bh , AD=c. Goi M 1a trung diém cua doan BC.
Piang thirc nao dudi diy ding?

A. DM =—(a+b-2c). B. DV = (a+25-¢).
C. DM =—(a-2b+¢). D. DM =—(a+2b-c).
Loi giai
Chon A
A

+ Vi M 1a trung diém cia BC—)W:%%.

— 4B - 4D+ (BA+AC)=14B+1ac - 4D
2 2 2
b-c=—(a+h-2)

Cau 3: Cho t dién ABCD. Goi M va P lan luot 13 trung diém cia cac canh AB va CD. Pit
AB=b, AC=c, AD=d. Khiang dinh nao sau day dung?

A MP=—(c+d+b). B. MP = (d+5-¢).

C. MP=(c+b-d). D. MP = (c+d-b)
Loi giai

Chon D
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P

2AM = AB

+ Vi M, P lan luot 13 trung diém ctia AB,CD — R,
AC+AD =2A4P
+ MP =M+ AP =AM + 4P = 45 +(4C + 4D)

—lhtirld-1(c+a-b)
2 2 2 2
Cau4: Cho tir dién ABCD vadiém G théamin GA+GB+GC+GD =0 (G latrong tam cuia tr

dién). Goi G, la giao diém ctia GA va mit phang (BCD) . Khing dinh nao duéi ddy ding?

A. GA=-2G,G. B. GA=4GG. C. GA=3GG. D. GA=2GG.
Loi giai
Chon C
A
B D
M
C

+Vi G, 1a giao diém clia AG va mit phang (BCD)
— G, la trong tdm tam giac BCD.

—-GB+GC+GD=0.

—_— — — —

— GA+3GG, =0—>GA=3G,G.

Cau5: Cho hinh chop S-ABCD ¢4 day ABCD 13 hinh binh hanh. Pat S4=a, SB=b SC=c
SD =d  Khéng dinh nao dudi day 1a dung?

A.a+c=b+d. B.a+b+c+d=0. C.a+d=b+c. D.a+b=c+d.
Loi giai
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Chgn A

y-----°

N
\:b-
rd

rd

;-
\

\

\
\

+ Goi O la tdm hinh binh hanh ABCD
{571 +8SC=280=a+c
_>

SB+SD=28S0=b+d

—>a+c=b+d

Cau 6:

Cau 7:

Cho hinh lang try ABC.A'B'C". Dat AA'=a, AB=b, AC=c.Goi G' la trong tam cua
tam gidc A'B'C"'. Vécto AG' bang?

A f(a+3bee).  Boo(3avbee).  Cogfarbesc).  Dog(arhec).

Loi giai

Chon B

C
+ Goi I 1a trung diém B'C'.
+ Vi G' 1a trong tdm tam giac A'B'C'—)A'G'z%f’l.

+ AG':AA'+A'G':A—A'+§ﬁ:A—A'+%(A'B'+A'C')

— 44"+ (4B + AC) = (344" + 4B+ AC) = (3a+bvc).

Cho hinh lang try ABC.A'B'C'.Dit A4'=a, AB=b, AC = c. Hiy biéu dién vecto B'C
theo ZZ,Z),E?

A.B'C=a+b-c. B. B'C=—a+b—c.
C.B'C=a+b+c. D. B'C=-a-b+c.

|

Loi gidi

Chon D
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Ay r B’

oV
+ Vi BB'C'C 1a hinh binh hanh nén
S>B'C=B'C'+B'B=BC—-AA'

——AA"+ BA+ AC =—AA'— AB+ AC

=—a-b+c.

Cho hinh lang tru ABC.A'B'C". Goi M 1a trung diém cua canh BB'. Pit CA=a, CB=b
, AA'=c. Khang dinh nao sau day dung?

A.mzzﬁz_%;;. B.W=B+E—%Zz.
- - - 1= _— - - 1=
C. AM =b—-a+—c. D. AM =a—-c+—b.
2 2
Loi gii
Chon C

+Vi M 1a trung diém BB'—)B—A/?:%B—B'.
+W=E+W=—ﬂ+%ﬁ=—@+@+%33'=—a+z§+%é

Cho hinh hp ABCD.A'B'C'D' tam O. Goi I 1a tdm cua hinh binh hanh 4BCD . Dit
AC'=u, CA'=v, BD'=x, DB'=y . Khi dé:

AL 200 == {u+v+3+7). B. 201 =~ (i +v+3+7).

C. 200 = (i +v+3+7). D. 207 =5 (i +v+x+7).
Loi giai

Chon A
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Cau 10:

Cau 11:

+Goi M,N lan lugt la trung diém A4B,CD
OA+ OB =20M
> .
OC +0D =20N
+Vi I 1a trung diém MN — OM +ON =20I .
201 =+ (0A+0B+0C +0D)
1( l— 1— 1 1

1 e Yer LepoLlpg
20 2 2 2 2

1/~ - - —

=—Z(u+v+x+y).

Cho hinh lang try tam gidc ABC.A'B'C". it A—A':Zz, ZE:B, ZE:E, §5:2.Kh§ng

dinh nao sau day la ding?

A.a=b+c. B.a+b+c+d=0. C.b—c+d=0. D.a+b+c=d.
Loi giai

Chon C

+ BC=AC-AB<d=c-bob—c+d=0.

Cho hinh 1ap phuong ABCD.A'B'C'D". Goi O 1a tim ciia hinh 1ap phuong. Khang dinh

nao sau day la ding?

A. 40 = (4B + 4D+ AT). B. AC (4B + AD+ ).
C. A—Oz—(E+E+A—A). D. Ez—(E+E+A—A').
4 3
Loi giai
Chon B
Al B/
D (o
6
A¥---|----4B
D ¥ C

+ AC'= AB+ AD + AA"

33



+ 0 litrung diém AC'—> 40— AC'=—(AB+ AD + A1)

Cau 12: Cho hinh hop ABCD.A'B'C'D'. Pit AB=a, AD=b, AA'=c . Phan tich vecto AC"

theo a,b,c?
A. AC'=—a+b+c. B. AC'=a+b-—c.
C. AC'=a+b+c. D. AC'=a-b+c.
Loi giai
Chon C
D’ lod
A B
D
?’ ‘4»-/ _________ e (i
F):;J" .,
A 7 B

Taco AC'= AA'+ AC=AA'+ AB+ AD=a+b+c.

Cau 13: Cho tr dién ABCD.Piém N xéc dinh boi ding thirc sau AN = AB+ AC — AD . Ménh d&

nao dung?
A. N latrung diém BD. B. N la dinh hinh binh hanh BCDN .
C. N ladinh hinh binh hanh CDBN . D. N=4.
Loi giai
Chon C

+Tacod AN = AB+ AC— AD <> AN — AB= AC— AD <> BN = DC .
— N la dinh tht tu ciia hinh binh hanh CDBN .

Ciu 14: Cho hinh hop ABCD.A'B'C'D'. Goi M 1a diém duoc xac dinh boi dang thic sau
MA+MB +MC +MD+MA'+MB'+MC'+MD" = 0. Ménh dé nao dung?
A. M latam mat day ABCD.
B. M latam matday A'B'C'D".
C. M 14 trung diém doan thang nbi hai tim ctia hai mat day.
D. tap hop diém M 13 doan thang ndi hai tAm cta hai mit ddy.
Loi giai

Chon C

OA+OB+0C+0D=0
OA+0'B'+0'C+0'D'=0

+Goi O=A4ACNBD va O'=A'C'mB'D'—>{

MA+ MB + MC +MD = 4MO +OA+ OB + OC +OD = 4MO
N .
MA'+ MB'+ MC'+MD'=4MO'+0O'A'+O'B'+0'C'+0O'D'=4MO'

—>4MO+4MO" =0 <> MO+MO'=0— M 1a trung diém cua 0O".
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Cau 15:

Cau 16:

Cau 17:

Cho hinh hop ABCD.A'B'C'D' ¢6 tdm O.Dit AB=a, BC =b.Diém M xéc dinh boi
dang thic OM = %(ZZ - l;) . Khing dinh nao sau ddy dung?

A. M latrung diém BB'. B. M 1a tim hinh binh hanh BCC'B".

C. M la trung diém CC". D. M 1atam hinh binh hanh 4BB'A4".
Loi giai

Chon A

+Goi 1,1' 1an lugt 1 tAm cac mat day ABCD,A'B'C'D".

— O 1a trung diém 1I'.

+ OM =~ (a~B)=1(4B-BC)=~(DC+CB)=~DE=1B.
2 2 2 2

— M 1a trung diém BB'.

Cho ba vecto a,B,E . biéu kién nao dudi day khéng dinh Zz,l;,g déng phéng?
A. Ton tai ba sd thuc m,n, p thoamin m+n+p=0 va mgz+n5+p2=().
B. Ton tai ba sb thuc m,n, p thbaman m+n+p#0 va ma+nl;+p226.
C. Ton tai ba s6 thuc m,n, p sao cho ma+nb + pZ’ =0.
D. Gia cia a,b,¢ dong qui.

Loi giai
Chon B
+Xétm=n=p=0talubncdé m+n+p=0 va m;z+nl;+pE:6 nhung khong thé suy ra
duoc a,b,c ddng phang.
+Xét m+n+ p =0 thi chic chin c6 mot trong ba sé m,n, p khac 0.

s - 7 - = - n - =7 T 4 2
Giast m#0—>ma+nb+ pc=0<>a=——b—"—c— a,b,c dong phang.
m m

Cho ba vécto a,b,c khong déng phang. Xét cic vécto x=2a+b va ;:21—5—0 va

=—3h—2¢ . Khing dinh nao duéi day la dung?

z

A. ;c,;/,; dong phang. B. x,a cung phuong.

C. x,b cung phuong. D. x,y,z d6i mot cung phuong.
Loi giai

Chon A
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+ Gia su ba vecto ;c,;,} dong phang khi d6 — x = m;+n2.
m=2
— — — — — m=2
<—>2a+b=ma—(m+3n)b—(m+2n)c<—> m+3n=—1<—>{ .

n=-1
m+2n=0

Vay ;c,;/,} dong phang.
Cau 18: Cho ba vécto a,b,c¢ khong ddng phiang. Khing dinh nao dudi ddy dung?

A. x=a+b+2c¢ va }1=2gz—3l;—62 va z=-a+3b+6¢ dong phing.

B. x=a—2b+4c va y=3a-3b+2¢ va z=2a—-3b-3c ddng phing.

C.x=a+b+c va y=2a-3b+c va z=—a+3b+3c dong phang.

D. x=a+b-c va y=2a-b+3c va z=—a-b+2c ddng phang.
Loi giai

Chon A

+ x,y,z ddng phing khi va chi khi Im,n:x=my+nz.
x=a+b+2c
Véi{dy=2a-3b—6c—>x =§}+§2 —> x,,z dong phéng.
z=—a+3b+6¢
Ciu 19: Ménh dé nao sau day 1a sai?
A. a,b,c ddng phing néu mot trong ba vecto d6 bang 0.
B. a,b,c ddng phang néu co hai trong ba vecto d6 ciing phuong.
C. Trong hinh hop ABCD.A'B'C'D" ba vecto AB',C'A',DA' ddng phing.
D. x=a+b+c ludng ddng phang vé6i hai vecto avab.
Loi giai
Chon D
+ Gia str cho hinh hop ABCD.A'B'C'D" va goi M 1a trung diém C'D' khi do:
AB+AD+CM = AM — AM khong ddng phang véi AB, AD .

Cau20: Cho hinh hop ABCD.A'B'C'D' va cic diém M,N,P x4c dinh bai
MA=kMB'(k#0),NB=xNC',PC =yPD'. Hiy tinh x,y theo k dé ba diém M,N,P

thang hang.

Aox2th 2 Byl 1
2—k k 1-2k 2k
|
—+k
; 1 1+k 1

Co X = s = - D.x:_, e
k7T 2k -k &

Loi giai
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C!

Chon D
Dit AD=a,AB=b,AA"'=c .

NP o ko - 7
Tur gia thiét ta co: AM_Tl(b+c) (1), AN_b+x—1

x(a+a (2)

,Zﬁ:£+5+y{1G—EXQ.

Tudotaco: MN=AN—AM = - L o[ X kYo x v )2
x—1 k-1 x—1 k-1

MP=dP—AM =a—(—2—+—Lype| 2 F |2
yv—1 k-1 yv—1 k-1

Ba diém M,N,P théng hang khi va chi khi tdn tai A sao cho MN = AMP (*) .
Thay céc vec to MN,MP vao (*) valuu y a,b,c khong ddng phang ta tinh dugc
1+k 1

X=——0y=——.
-7 Tk

Céu 21: Mot chiée dén tron dugc treo song song voi mét phang ndm ngang bai ba soi day khong

dan xuét phat tir diém O trén tran nha va 1an lugt budc vao ba diém 4, B, C trén dén tron

sao cho céc lyc cang 171 ,FZ,E lan luot trén mbi day OA4,0B,0C d6i mét vudng goc véi

£

=|F,|=|F;|=15 (N). Tinh trong luong cta chiéc dén tron do.

nhau va
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Cau 22:

A. 143(N). B. 15J3(N). C. 173(N). D. 16+/3(N).

Loi giai

Chon B

Goi 4,,B,,C, lan lugt 14 cac diém sao cho a =F1,O—B =F, ﬁ = f. Lay cac diém
Dy, A,B,, D, sao cho OA4D,B, -C,A D,B, 1 hinh hop (nhu hinh bén). Khi d6, ap dung quy
tac hinh hop ta c6

04 +0B, +0C, =0D..

| =16

E =15(N) nén

Mat khac, do cac lyc cang E,FZ,E d6i mot vudng goc va
hinh hop OA DB, -C,A D, B, c6 ba canh O4,,0B,, OC, d6i mot vuéng goc va bang nhau.
Vi thé hinh hop d6 14 hinh 1ap phuong c6 d¢ dai canh bang 15. Suy ra d6 dai duong chéo
OD, cua hinh 13p phuong d6 bing 154/3 .

Do chiéc dén & vi tri can bang nén E + fz + E = P, 0d6 P latrong lyc tac dung 1én chiéc

OD]|=15\3(N)

dén. Suy ra trong luong cua chiéc dén 1a | Pl=

Mot chiéc dén chum treo c6 khdi lugng m = 5kg duoc thiét ké véi dia dén duoc giir boi
bdn doan xich S4,SB,SC,SD sao cho S.ABCD 14 hinh chop tr giac déu c6 A/b%' =60".

Tim d6 16n cta lyc cing cho mdi soi xich. Liy g =10m/s”.

'

1543 2043 253 3043

A—N B—N C—N D—N
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Loi giai

Chon D

P

-Taco P=mg nén |Pl=m-|g|=5-10=50N.

Vay d¢ 16n cua trong luc P tac dong lén chiéc dén chum 13 50N .

- Goi O 1a trong tAm ctia chiéc dén chim ciing 1a chan dudng cao hinh chop déu S- ABCD

. V& OP biéu dién trong luc tac dong lén dén chum voi

OP 1 (ABCD).

Khi d6 luc cang mdi soi xich s& 1a 4S, BS,CS,DS .

Chiéc dén chum dung yén nén AS+BS+CS+DS+OP=0.

Cau23: Cho a va b 1a hai vecto cung huéng va déu khac vecto 0. Ménh dé nao sau day dung?
A ab=[a)[f] B. ab=0. C.ab=-1. . ab=—[alf|
Loi giai
Chon A

Do a va b 1a hai vecto cing huéng nén (21,5) =0° —)cos(Zz,l;) =1.

Vay ab= ZIB‘
CAu 24: Cho hai vecto a va b khac 0. X4c dinh goc o gilra hai vecto a va b khi ab=- ZzHZ;‘
A. a=180°. B. a=0°. C. a=90°. D. o =45°.

Loi giai
Chgn A

Ma theo gia thiét ab = —|Zz||l;

, suy ra cos(Zz,l;) = —1——)(21,5) =180°

CAu 25: Cho hai vecto a va b théa mén |Zz| =3, B| =2 va d.b =-3. Xéac dinh gbéc o giira hai vecto
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Cau 26:

Cau 27:

Cau 28:

avab

A. a=30°. B. a =45°. C.a=60". D. a =120°.
Loi giai
Chon D
el - N R
Tacod a.b:|a|.|b|.cos(a,b)——)cos(a,b): |ECI.|I;| :T:_E——)(a’b):uoo

. R N o B oy L 2= - s T
Cho hai vecto @ va ' thoa méan ‘a‘:‘b‘:lVahalvectOu:ga—Z%b vav=a+b vudng

gbc véi nhau. Xac dinh goc & gitra hai vecto ¢ va b.

A. a=90°, B. o =180°. C. a=60°. D. a =45°.
Loi giai
Chon B
Ta cb ﬁm—nj,v=0@@&—3BJ(ZI+5)=0®§7—%*13—3132 ~0
G AN S
Suy ra cos(Zz,l;) = |*T|)l;| = —1—)(21,1;) =180°
al.

Cho hai vecto @ va b thoa min diéu kién |Zl| = |Z;| =1va ab=3. Do dai vecto 3a+5b:
A. 545, B. \/24. C.8. D. 124.
Loi giai

Chon B
(30+5b) =9a" +30ab+255" =9+90+25=124.

= [pa+ 58| =124

Cho a, b c6 (a+2b) vudng goc véi vecto (Sa—4b) va |Z:|=|B| . Khi dé:

V2 V3

A. cos(Zz,B):T. B. cos(a,ls):90°. C. cos(Zz,l;):T. D. cos(a,g):

N | =

Loi giai
Chon D
+Vi (Zz + 25) vuong goc vai vecto (521 —45) nén:

-2 -2
-5a +8b

(5+213).(55—4B)=0©5212 _8h +6ab=0ab= -
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Taco || i = . suyra B35

+ cos(5,5)=|ziz|'|l;;|= 2162 =%.

Cau 29: Cho hai vecto Zz,l; théa man: ‘Zz‘ = 4;‘13‘ = 3;‘22 —E‘ =4. Goi a la gbc gilra hai vecto 21,5.

Chon khang dinh dung?
A. cosa:% B. o =30°. C. cosazé. D. a=60".
Loi giai
Chon A
- - -2 -2 - = - =
(a—h) = a| +|b| —2ab=>ab= %
Do d6: cosa = ﬁa'bﬁ zg.
- 8

- - . - - -2
Cau30: u va v 12 vecto déu khac 0. Khi do [u +2v| bing

—2 —2 —_— —2 —2 R —2 —2 —_ == =
A.u +2v —4uw. B.u +4v +4uyv. C.u +4v . D. 4u~v(u —v)

Loi giai
Chon C

2 2

— — - - —2 —2 —_
Tacd [u +2v :(u+2v) =u +4v +4u.wv.

41



Cau 1:

Cho hai vecto a va b co |a|=5, Z;|=12 va |Zz+l;|=13. Khi dé cosinctia goc giita hai

vecto @ —b va a +b bang

2 B. 2. c. -2 . 2.
13 12 169 169
Loi giai
Chon C

Nhan thdy v5° +12> =13 suyra a L b

o E L5

Mit khac: cos(a,)==—= =-—=a, =cos " —.
|a+b| 13 13

Do d6 goc gitra hai vecto a-b vaa+b béng o +a,=2a,= 2.cos” %

Vay Cos(:z —13,21+l;) = cos(2.cos1 i} __ 1o
13 169

Cho u=a+3b vudng goéc v6i v="Ta—5b va x=a—4b vudng géc v6i y =Ta—2b . Khi

d6 goc giira hai vecto a va b bang

A. (a,b)=75°. B. (a,b)=60°. C. (a,5)=120°. D. (a,b)=45°.
Loi giai

Chon B

Ta ¢6:

{;_;:0 (a+3b)-(7a-58)=0 | 7[af ~15f[ =-16ab |[f] =245
f— =
xy=0  |(a—4b)(7a-26)=0 |7[a

’ +8|l3|2 3040 |Zz|2 —2ab

|/§|2 =2ab

=9 _ .
/=



i
19

Cau 3: Cho hai vecto Zz,l; théa man: ‘ZJ‘ = 4;‘5‘ = 3;21]; =10. Xét hai vecto y =a-bx :ZI—ZZ;, .

[Su
S

Tu do, ta co: cos(Zz,E): = =% :(&,5)=60°

2

S

a

Goi a la goc gitra hai vecto ;c,; . Chon khang dinh dtng.

- 1 3 2

A. cosag =——. B. cosa=—. C. cosag=——. D. cosag =——.

V15 V15 V15 V15
Loi giai

Chon D

Taco xy=(a-2)(a~b)=(a) +2() ~3ab=4.
x| = \/ \/a 2 =\/Zz) +4(B) ~4ab =23
5=G) = \(a-8) =@ +() 235 -5

4 2

Xy .
R[] 255 s

cosa =

Cau4: Cho hai vecto 21,5 thoa man: ‘Zz‘ = 26;‘13‘ = 28;‘21 +l;‘ =48 . Do dai vecto a-b br:ing?

A. 25. B. V616 . C.09. D. V618.

Loi giai
Chon B

a5 =(a-B)" =a’+8"~2ab=2(a" +5"|~(a+B)
:2(|a| +|b| )—|&+B|2:2(262+282)—482=616

N NG

Cau5: Cho tirdign 4BCD ¢y AB=AC=AD BAC = BAD = 60" . Hay x4ac dinh goc gitra cap
vecto AB va @?
A. 60° B. 45, c. 120" D. 90",
Loi giai

Chon D



Ta co
AB.CD = ZE.(ZB—ZE) = AB.AD - AB.AC
= AB.AD.cos60° — AB.AC.cos60° =0
= (E,@) =90°
CAu 6:  Cho hinh chop S-4BC o S4=S5B=8C 3y ASB=BSC=CS4 Hay xac dinh goc giita

cip vecto 34 va BC?

A. 1200. B. 900. C. 600. D. 450.
Loi gidi
Chon B
S
A C
B
Ta co

SABC = S—A.(S_C"—S—B) — SASC—SA.SB
= SA.SC.cos ASC — SA.SB.cos ASB = 0
— (ﬂ,z?c) —90°

Cau7: Cho hinh chop S.ABCD g day 1a hinh vuong ABCD canh bang @ va cac canh bén déu

bing ¢. Goi M va N 1an luot 1a trung diém cia 4D va SD S do cua goc (MN,SC)

bang:



A. 45° B. 30° C. 90° D. 60°
Loi giai

Chon C

Taco: AC= a2
= AC? =2a* =S4’ + SC*

= ASAC yyong tai S.
Khi d6: NM .SC = %S?.ﬁ =0 (NM,SC)=90° = (MN,SC) =90°

Cau8: Cho tir dién ABCD déu canh bang a. Goi O la tim dudng tron ngoai tiép tam giac BCD
. Géc gitta A0 va CD bang bao nhiéu?
A0 B. 30", c. 90", D. 60",
Loi giai

Chon C




Cau 9:

Cau 10:

460D =(CO-Cd) D
Ta co

=CO.CD—CA.CD = CO.CD.c0s30° — CA.CD.cos 60°

a. aa.
3 2 2 2 2

Cho ti dién ABCD véi AB L AC, AB L BD . Goi P, Q lan luot 13 trung diém ciia AB
va CD. Goc giita PQ va AB 132

A. 90°. B. 60". c. 30°. D. 45
Loi giai

Chon A

AB.PO = AB 1 PQ

Cho tir dién ABCD ¢6 AB = AC = AD va BAC = BAD = 60°,CAD =90°. Goi I va J lin

luot 14 trung diém cua AB va CD. Hiy xac dinh goc giita cip vecto AB va 1J ?

A. 120°, B. 90°, C. 60°, D. 45°,
Loi giai
Chon B
A
7
B D
J
C

Xét tam giac ICD c6 J 1a trung diém doan CD.
Ta co: 1J :l(fé+713>
2

Vi tam gidc ABC c6 AB= AC va BAC = 60°
Nén tam giac ABC déu. Suy ra: CI 1L AB

Tuong tu ta c6 tam giac ABD déunén DI 1 AB.

Xét 1J.AB =~(C + ID).AB = IC.4B+~-ID.AB =0



Suy ra IJ 1 AB. Hay goc gitra cap vecto AB va IJ bang 90°.

Cau 11: Cho tir dién ABCD c6 hai mat ABC va ABD la cac tam giac déu. Khéng dinh nao sau

day dung nhat.
A. AB va CD chéo nhau B. AB va CD vudng goc véi nhau
C. AB va CD ddng phang D. AB va CD cit nhau
Loi giai
Chon B

Pit AB=AD=AC=a

Tac6 CD.AB = (E—%)@
= ‘EHE‘ cos 60° —‘EHE" cos60° = a.a%— a.a% =0

Vay AB LCD.

Céu 12: Cho hinh ling try tam giac déu ABC.A'B'C' ¢c6 AB=a va AA = V2a. Goc gitra hai
duong thang AB’ va BC'bing
A C

A’° c’

A. 60°, B. 45°, C. 90°, D. 30°,
Loi gidi

Chon A

A C

B
A' it wils - {C’
B'

Ta c6 AB.BC = (4B +BF)(BC+CC) = 4B.BC + AB.CC + BE.BC+ BE.CC



Cau 13:

Cau 14:

2 2
:ZE.EE*+Z§E§+W.EG+@755:—%+0+0+2a2=%.

-
Suy ra cos(A—F,B—C’)z‘j_Bf?:‘:‘]% =- 32\/5:%:(%7,3\@:600.

Cho hinh 1ap phuong ABCD.AB,C,D, c6 canh a. Goi M la trung diém AD. Gia trj

B,M.BD, la:
1. 3., 3.
A2 . B. @’ C. 4 D. 2
Loi giai
Chon A
4 B
D
1 Cl
v A B
D C

Ta co: &—M.B—Q=(ﬁ+ﬂ+m)(ﬂ+E+D—Dl)

~BBDD, +BA +AM.AD
2

=’ +d+ L
2

e
2

Cho hinh lap phuvong ABCD.EFGH . Hay xac dinh gbc gitta cdp vecto AB VAEG?
A. 90° B. 60° C. 45° D. 120°
Loi giai

Chon C



Cau 15:

B
Ta co: EG/IAC (do ACGE 13 hinh chit nhat)
:(E,E):(E,ﬁ)zﬂ\czw

Cho hinh 1&p phuvong ABCD.A'B'C'D". Goi M , N lan luot 1a trung diém cua AD, BB'.
Cosin ctia goc hop bdi MN va AC' bang

V3 V2 V5 V2
A. 3. B. 3 . Cc. 3. D. 4 .
Loi giai
Chon B
B C
|
A M D
~ N
~
~
I~
I W
\
/ B! CV
/
¥
A’ D’

* Xét hinh 1ap phuong ABCD.A'B'C'D' canh 4.
_a=A4B, b= 4D, E=A—A:>‘5‘=‘B‘=‘E‘=a, ab=bc=ac=0
* Pat .

* Ta cO:

VIR = AN~ AV = 4B + BN~ 0 =L+ Lo i =+ L L 2D

V2
=N’ +d*+a* =af3

A—C’:E+TD+H:&+B+E:>|A—C'

ACMN = & _%az LI



Cau 16:

v

2

cos(MN; AC') = ‘cos(W;A—C') _W =3

Cho hinh ling try ABC.A'B'C" ¢6 day ABC 1a tam gic déu canh a, tam gidc 4'BC déu
nam trong mit phang vuéng goc voi (ABC ) M 1a trung diém canh CC’. Tinh cosin goc

o gitta hai dudng thang 44’ va BM .

2322 J33 J11 J22
cCoOS =—— COS¥ =—— COS¥ =—— cosa =——
A. 11 B. 1T C. 1T D. 11
Loi giai
Chon B

Taco: AH = A'H =232 va AH | BC,AH | BC = BC L (AA'H)= BC 1 A4 hay

3
2

BC 1 BB'.Do d6: BCC'B' 1a hinh chit nhat.

a’.6 \/Z

16 4

Khi d6: CC'= 44" = = BM =,|a’ +

a\/g.\/fza\/g
2 2

2
Xét: AA.BM = AA’.(BC + CM) —0+ AA'.CM = 3% .

ﬁ
4
Suy ra cos(AA',BM)=a\/g irl :\/131_3.
2 4

Cau 17: Cho tam giac ABC | th cong thirc tinh dién tich nio sau day 1a ding nhat.



1 | ——
S=%x/ABzAC2 _BC? S=5\/A82AC2 +5(AB.AC)

A. B.
1 2 2 1 i—=—=y 1 2 > (7B 70V
S==|4AB*AC ——(AB.AC) S==.l4B*AC —(AB.AC)
C. 2 2 D. 2
Loi giai
Chon D

. 1 . _ 1 2 2 .2 _ 1 2 2 2
SABC—EABACsmA—E\/AB AB? sin A_E\/AB AC? (1-cos’ A)

=l\/ABzAC2 —(ZE.ZE)Z
2 .

Céu 18: Cho hinh lap phwong 4BCD.EFGH c6 canh bang a . Ta c6 AB.EG bing?

a*\2
A @2 B.a. c. V3 pD. 2
Loi giai
Chon B
A B
D ] c
E - R . F
H — G

AB.EG~ 4B.(EF + B | ~ AB.EF+ ABEH _ 45" 5.4 (5 = D) —a*
' - 1
AB 1 4AD)
Cau 19: Cho tt dién ABCD véi AC = %AD, CAB = DAB =60°,CD = AD . Goi ¢ 1a gbc giita AB
va CD. Chon khing dinh ding?
1
A. cosqp=%. B. p=60". C. p=30". D. cosp=—-.

Loi giai
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Chon D

C

Taco cos(ﬁ,@) = |ZZ]§ZT|E(%| — jigg

Mat khac
AB.CD - 4B( 4D~ AC) = 4B.AD - ABAC

= AB.AD.cos60° — AB.AC.cos 60°

= AB.AD.l— AB.EAD.l = —lAB.AD = —lAB.CD.
2 2 2 4 4

L AB.CD

e 1
Do co cos(AB,CD):4—:—l. Suy ra cosp=—.
AB.CD 4 4

Cau 20: Cho tir dién déu ABCD, M la trung diém ctia canh BC. Khi d6 cos(A4B,DM ) bing

B B 1 B
A 2. B. 6 . C. 2. D. 2.

Loi giai
Chon B

A

B D
M
C

11



Gia sir canh cua tir dién la ¢

—— ABDM  AB.DM

cos(AB,DM):‘A_B‘.‘W‘:aa\/g

Ta c6 2
Mat khac

AB.DM = AB (A_]\7I _ ZB) — ABAM — AB.AD = AB.AM .c0s30° — AB.AD.cos 60°

a«/gﬁ_a 1 3¢ & a&°

a. .
2 2 2 4 2 4

V3 V3

Do c6 COS(E,W)Z?. Suy ra cos(AB,DM):?.

=d.

E. TRA LOI DUNG SAI

Cau 1:

Cho tr dién ABCD c6 trong tam G . Xét tinh ding- sai cua cac ménh dé sau?
A. GA+GB+GC+GD =0

B. %:l(@+OB+OC+OD)
4

C. E:@+§f+@

D. TG=3(AB+AC+AD)
3

Loi giai
A. D | B.D C.Db D.S
'] Theo cong thuc vi G la trong tam tir dién ABCD — GA+GB+GC+GD=0 nén 4
dang
[l Taco:

OG=Z(OG+0G+0G+0G)=Z(0A+AG+OB+BG+OC+CG+OD+FG)
=%(@+@+Wﬁ+@) nén B ding

1 GA+GB+GC+GD=0<> GA+GC+GD=-GB =BG ngn C ding

0 E=A—O+ﬁ=TO+%(@+@+@+@):@+%(4@+E+E+E).

:F)+@+1(AB+AC+AD):—(AB+AC+AD) — D sai
4 4

Cho tir dién ABCD.Goi M va N lan luot 1a trung diém ctia 4B,CD va G 1a trung diém
MN . Xét tinh diing- sai cua cic ménh dé sau?

—_ —_ —_— B —

A. GA+GB+GC+GD =0

B. MA+MB+MC + MD = 4MG

C. N = (4B +CD)
2

12



D..2MN = AC + BD
Loi giai

N

C

GA+GB =2GM

(] Vi M,N lan luot 13 trung diém AB,CD — .
GC+GD =2GN

G 1a trung diém MN —>G—M+G—Af:6<—>@+@+@+G—l)=6.VéyAdt’mg
[l Khido A—/I,71+A_4]§+MC+MD:4MG+(EZ+5I§+55+§§) — 4MG

Vay B ding
] D& ching minh dugec MN = %(E+B—C;) nén C sai

1] Taco:

MN = MA+ AC +CN

MN = MB + BD + DN

Do doé: ZW:R’+E.V5deﬁng
Cho hinh hop ABCD.A'B'C'D' tim O. Xét tinh ding- sai clia cac ménh dé sau?
A. AC'=AB+ AD+ AA'.
B. AB+BC'+CD+D'A=0.
C. AB+AA'= AD+DD'.
D. AB+BC+CC'=AD'+D'0+0C".

Loi giai

A. D B.D C.S D.b

] Theo quy tac hinh hop thi AC'=AB+ AD+ AA' dang. Do d6 A ding
1 Taco AB+CD=0 vai BC'+D'4=0

Do d6: AB+BC'+CD+D'A=0.Do do B ding

13



D C

AB+ AA'= AB’
O Vl{ ma AB' = AD' = AB+AA'# AD+DD' 3y C sai

AD+DD'=AD"
] Tacod
®AB+BC+CC'= AC"
@AD'+D'O+0C"'= AC'
Vay AB+BC+CC'=AD'+D'0+0C". Do d6 D ding

Cho hinh hop ABCD.A'B'C'D'. Xét tinh dling- sai clia cic ménh d¢ sau?

A. BC+BA=B'C'+B'A". B. AD+D'C'+D'A'=DC.

C. BC+BA+BB'=BD". D. BA+DD'+BD'=BC.
Loi giai

A. D B.P [C.D D.D

'] Taco
BC+BA=BD
B'C'+B'A'=B'D'
Ma BD=B'D' nén A ding

[1 Tacd

AD+D'C'+D'A'=AD+D'B'=A'D'+D'B'=A'B'=DC
Vay B ding

[1 Ta co:

BC+BA+BB'=BD+BB'=BD' vay C ding

14



Cau 6:

—_— ———— e e ey ey ey e e

' Vi BA+DD'+BD'=BA+BB'+BD"'=BA'+BD'# BC . Vay D sai
Xét tinh dung- sai cia cac ménh dé sau?

A. Tt gidc ABCD 1a hinh binh hanh néu 4B =CD.

B. Tt gidc ABCD 1a hinh binh hanh thi 4B+ BC+CD+CB=0.

C. Tt gidc ABCD 1a hinh binh hanh thi AB+ AC = AD .

D. Chép S.ABCD c¢6 SB+SD = SA+SC thi ABCD la hinh binh hanh.
Loi giai

A. S B.P C.S D.P
I Ta gidc ABCD 1a hinh binh hanh khi va chi khi 4B =DC nén A sai

T gidc ABCD 14 hinh binh hanh thi 4B+BC+CD+CB = AD+CB =0 nén B dung

J

TG gidc ABCD 1a hinh binh hanh thi AB+ AD = AC nén C sai

J

I SB+SD=SA+SD <> SB-SA=SC—SD <> AB=DC — ABCD I hinh binh hanh
nén D diung
Cho hinh chép S.ABCD c¢6 ddy ABCD 1a hinh binh hanh tim O. Goi G 1a diém thoa
man GS +GA+GB+GC+GD =0. Xét tinh dung- sai ctia cac ménh dé sau?
A. AB+BC+CD+DA=SO0
B..0A+OB+0C+0D=0
C. SB+SD=SA4+S5C.
D. GS =30G.
Loi giai

— — ———

AB+BC+CD+DA=AA =0 nén A sai
Goi O 1a tm hinh binh hanh 4BCD — OA+OB+OC +0OD =0 nén B ding
[l Tacd
SB +SD =250
SA+SC =250
[ Taco

|

nén SB+SD = SA+SC. Do dé C ding

15



Cau 7:

Cau 8:

— —— ———

—_— — — —

< GS+4GO=0

<GS =40G nén D sai
Cho hinh 1ap phuong ABCD.A'B'C'D" ¢6 canh bang a.Goi I 13 tAm hinh vuéng ABCD
, 8201 G la trong tdm cua tam gidc AB'C (tham khdo hinh v€). Xét tinh dung- sai cua cac
ménh dé sau?

g o
N
A ;:’G ,
* . | J‘\ /’ D
\\ :f‘r /)‘/
RV o
Al ‘D;
A. AB+ AD+AA'= AC".
B. GA+GB'+GC =2GI .
C. AB+AD=A'C".
D. BD'=2BG .
Loi giai
A. D B.S C.D D.D

(1 Theo quy tic hinh hop thi AB+ AD+AA'= AC’ nén A diung
'] G latrong tam cua tam gidc AB'C nén GA+GB'+GC =0. Do di B sai
(] Taco

AB+AD=AC=A'C" nén C dang

'l Taco
ABIG ~AD'B'G —» 29 _ B _1
DVG DlBl 2
—>£:1—>E?23B—G nén D sai
BD' 3

Cho tir dién ABCD, goi M,N lan luot 1a trung diém 4D, BC . Xét tinh ding- sai cta cac

ménh dé sau?

A. AB,DC,MN ddng phang.
B. AB,AC,MN khong dong phang.
C. AN,CM ,MN dong phang.
D. BD, AC,MN dong phang.
Loi giai
A. D B.D | C.S D. P
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Cau 9:

J MN:%(Z@E@)—)ZE,H&MN ddng phing — 4 dung.

e AB,AC,MN khong ddng phing vi MN khéng nim trong
(ABC)— B ding.
e AN,CM,MN ddng phang sai vi AN khong nim trong (MNC)

. m:%@m—c')%@mm ddng phing — D diing.

Cho t& dién ABCD. Trén canh AD va BC lan luot léy cac diém M,N sao cho
AM =3MD via BN =3NC . Goi P,Q lan lugt la trung diém AD va BC . Xét tinh diing-
sai ciia cic ménh dé sau?
A. PQ=AC+DB
B. MN = MA+ AC+CN
C. MN =MD+ DB + BN
D. BD,AC,MN ddng phing.
Loi gidi

A. S

1 D& chitng minh dugc 2P0 = AC + DB nén A sai
] Theo gia thuyét ta co M, N 1a trung diém cia PD,QC

17



_ . __. __. __.NénBvaCdlng
MN =MD+ DB+ BN

[J Taco
MN =MA+ AC +CN
3MN =3MD +3DB +3BN

{M—N=m+ﬁ+ﬁ

> 4MN = AC —3BD %ﬁ* _ BD, AC,MN khéng dbng phing. Do d6 D diing

Céau 10: Xét tinh ding, sai cia cic ménh dé sau:

Ménh dé Piing | Sai

A:“ AB+BC=AC ".

B E+H1+C—D:E

C:“AB+ AD = AC véi ABCD la tt giéc ™.

D:“AB+ AD = AC v6i ABCD 14 hinh binh hanh .

Loi giai

A.D | B.P C.S D.D

+ Ménh dé¢ 4 dtng: Quy tic ba diém.

+ Ménh dé B ding: Quy tic da giac.

+ Ménh dé C sai: Vi ABCD la tir giac.

+ Ménh d&¢ D dung: Quy tic hinh binh hanh.

Cau 11: Xét tinh ding, sai ciia cic ménh dé sau:

Ménh dé Ping | Sai

A:“ AB-AC=CB .

B:“ AB-CB=AC ",

C:“ka=0¢>a=0".

D:“AB =k.AC <> Badiém phan biét 4,B,C thang hang ”.

Loi giai

A.D |B.D |C.8 D.S

+Ménh d& A ding: Quy tic trir vecto.
+ Ménh @& B ding: Quy tic trir vecto.
k=0 - =

+Ménh dé C sai: Vi < —>ka=0.
a#0

+Ménh dé D sai: Vik=0<> AB=0<> A=B.

Cau 12: X¢t tinh dang, sai cua cac m¢nh d¢ sau:
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Ménh dé Dung | Sai
A:“ MA+MB =2MI véi I 1 trung diém doan AB va diém M batky .
B:“ MA+MB+MC =3MG véi G 1a trong tim AABC va diém M bat ky

2

C:“MA+MB+MC +MD =4MG véi G 1a trong tam tir dién ABCD va
diém M batky .
D:“Néu SB+SD = SA+ SC thi chép S.ABCD c6 ABCD 14 hinh binh hanh

2

Loi giai

A.D | B.P C.D D.D
+ Ménh dé A ding: Vi ta co

_—

TA+IB=0> MA—MI + MB—MI =0<> MA+ MB =2MI .

+ Ménh dé B ding: Vi ta co

GA+GB+GC =0< MA—MG +MB—MG+MC-MG =0 < MA+MB+MC =3MG

+ Ménh dé C dung: Vita co

GA+GB+GC+GD =0< MA—MG +MB—MG +MC —MG +MD—-MG=0.

> MA+ MB+MC+ MD =4MG .

+Ménh d& D dang: Vi SB+SD = SA+SC <> SB—SA=SC—SD <> AB = DC nén

ABCD la
hinh binh hanh.
Cau 13: Cho hinh hop ABCD.A'B'C'D". Xét tinh dung, sai cuia cic ménh dé sau:
Ménh de Pung | Sai
A:“ AB+CC'=A'B'+ BB" .
B:“ AB=CD .
C:“AB-BC'=BD'”.
D:“AB+AD+ AA'= AC"”.
Loi giai

A.D B.S C.S D.b
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A B

D C

+ Ménh dé 4 ding: Vi AB=A'B'va CC'=BB'".

+ Ménh & B sai: Vi AB=DC.

—_

_  — — —s —

Ciu 14: Cho hinh ling tru ABC.A'B'C". Xét tinh diing, sai ctia cac ménh dé sau:

Ménh dé

Dung

Sai

A:“ BA+ A'C'=BC .

B: “ Goc gilra (?(—f,TA') = (?5,55) = (%,TB') ”,

C:-“AB+ AA'+B'C'= AC" ”.

D : “Goc gitra (ZE,H) = (ﬂ,ﬂ‘) 7,

Loi giai

A x t B’

oV

+Meénh d& 4 ding: Vi 4'C'= AC — BA+ A'C'=BA+ AC = BC .

+Ménh dé B ding: Vi 44'=BB'=CC".

+Meénh d& C ding: Vi AB+ AA'+B'C'=AB+BB'+B'C'= AC".

+Ménh d&& D sai: Vinéu o = (E,A—A') thi (Q,A—/I') =180° —«.
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Cau 15: Cho hinh hdp chii nhat ABCD-ABC'D' c6 canh AB= a;AD =a~/3; A4 =2a . Xét tinh

duing, sai cua cac khang dinh sau:

a) AB +CD =0. Al D'
b) AD+CB =0. s o
¢) |AB+AD|=a+5 . 5
d) ‘E+E+E=2ﬁa. AL _____________ P
B : C
Loi giai
A.S B.Db C.S D.Db

a) AB va CD khong d6i nhau nén AB +CD #0 nén A sai
b) A'D va CB dbinhaunén AB +CD =0 nén B dung

C) ]ﬁ+@|=|ﬁ|:AC:\/AB2+AD2 =2a nén C sai

d)[4B+4D +cC =‘TB+E+H‘=AC’ —JAB* + AD? + A4> =224 nén D ding

Ciu 16: Cho hinh 1ap phuong ABCD-A'B'C'D" c6 canh bang a . Xét tinh ding, sai cua cac khang

dinh sau:
a) ﬁ—ﬁgzﬁ. A D'
b) BA+BC+BB =BD. . :
—_— _ e I C"
o) ‘BA+BC+BB‘=ax/§. |
S — Aboooooo --4D
d) ‘BC—BA+CA‘:a. P
B C
Loi gidi
A.D B.S C.S D.D
a) Ta co

ﬁ—ﬁ:ﬁ+(—l§):ﬁ+ﬁ:ﬁ. nén A dung

b) Ap dung quy tac hinh hop ta co BA+BC+BB =BD .NénB sai
c) ‘EZ+§E+£‘=‘E‘=BD' =a~/3 nén C sai

d) Ta co BC-BA+C A=AC+CA=CC.

Do do ‘ﬁé—ﬂ+a‘=C'C:a nén D ding
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Ciau 17: Cho tir dién ABCD.Goi M, N lan luot 1a trung diém cua cac canh 4D va BC,I 1a trung

diém MN. Xét tinh dung, sai cta cac khang dinh sau:
a) AB—CD = AC—BD A
b) AB+CD = AD+CB
c) AB+DC =2MN .

d) IA+IB+IC+ID=0

Loi giai

A.S | B.D | C.D D.D

a) Str dung quy tic ba diém va quy tic hiéu, ta c6

AB—-CD =(AC+CB)—CD = AC +(CB—CD)= AC + DB = AC - BD.
b) Theo quy tic ba diém, ta co AB = AD+ DB . Do d6

AB+CD =E+ﬁ+@=@+(@+ﬁ)=@+@.

¢,d) Dé chirmg minh

Cau 18: Mot chiée 6 t6 duoc dat trén mat day dudi cua mét khung st c6 dang hinh hop chit nhat

v6i ddy trén 13 hinh chir nhat 4BCD, mit phang (4BCD) song song voi mit phang nam
ngang. Khung sit d6 duoc budc vao moc E cia chiée can ciu sao cho cac doan ddy cap
EA,EB,EC,ED c6 d6 dai bang nhau va cung tao voi mat phang (4BCD) mot goc bang
60" . Chiéc can cau kéo khung sit 1én theo phuong thang dung. Biét rang cac luc cing
E,E,E,E déu co cuong do 1a 4700N va trong lugng cta khung sat 1a 3000N .

a) F+F,=F+F,.

b) F+F=F+F,.

¢)

vi).
d) Trong luong cua chiéc xe 6 t6 1a 16282 N
(1am tron dén hang don vi).

F+F,

=8141N (1am tron dén hang do
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Léy cac diém M, N, P, Qlﬁn luot trén cac tia EA, EB, EC, ED sao cho

EM ~F,EN - F,EP-F,EO—F.

—_

Do ciac luc cang E,FZ,E,F; déu c6 cuong d 1a 4700N  nén
EM =EN =EP=FEQ=4700.

a) Ta co

-F,+F,=EM +EN =2EH ,véi H 1a trung diém cia MN
F,+F,=EP+EQ=2EK ,v6i K 14 trung diém cia PQ.
Suy ra 1?1+172¢173+174

b) Ta céd

E+E=W+E’=2ﬁ),véi O la trung diém ciia MP

F,+F,=EN+EQ =2EO, véi O la trung diém ciia MP.
Suy ra E+E:F2+174.
=|2EO0 |=2EO.

o) |F+F,

Theo gia thiét, goc giita £A voi (ABCD) bang 60, suy ra goc giita EM véi (MNPQ)
ciing bang 60" hay SMO =60’

Xét aAEMO cb EM =4700,SMO =60 . Suy ra EO = EM sin60° = 235043 .

Tir day, ta tinh duoc |F, + F;| = 2E0 =8141N.

Cau 19: Trong khong gian, cho hai véc-to a va b cling c6 d6 dai bang 1. Biét rang goc giita hai
véc-to do 1a 45°.
2

a) a-b=—.
) d 5
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2

b) (5+35)~(a—2z§)=—5+7.

o) |da+bl=2++2.

d) |a—~2b|=0.
Loi giai
A.D | B. D | C.S D.S
a) a-E=|a|~|E|cos(a,5)=g.
V2 2

b) (a’+315)~(a—25)=|a|2+-a-5—6|5|2=1+-7—6=—5+7.
— N2 =2 - 7 72 \/5 -
©) (G+b) =a>+2d-b+b :1+2-7+1:2+x/5.8uyra|a+b|=\/2+\/§.

d) (@—2b)’ =G> +232d b +2b> =1+2\/5-%+2:2. Suyra |G —~2b =2 .

Céu 20: Cho tir dién déu ABCD c6 canh bang ava M 1a trung diém cta CD.

a)AM -CD =0.
2
b)AB-AC=2.
2
¢)AB-CD=0
d)AM -AB = ——,
2
Loi giai
A.D B.D C.P D.S

a) Tam gidc ACD déu, suy ra AM vudng goc v6i CDnén AM -CD=0.

2

b) Ta co AB-AC :|E|-\R‘]-COS(E,R'):AB-AC-cosBAC:a-a-cos60° :%.

¢) Tacod AB-CD =(AM + MB)-CD = AM -CD+MB-CD.
Ma AM, BM 14 trung tuyén clia cac tam giac déu ACD, BCD nén AM 1 CD,MB L CD.
Suy ra AM -CD=MB-CD=0.

Tur céc két qua trén ta ¢ AM -CD =0. Suy ra (4B,CD)=90".
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Cau 21:

d) Ta co m:%(fmﬁ), suy ra

2 2 2

AB-AM = AB-L(AC + AD) = - (AB-AC + AB- AD) =~ © 4+ 9 |- L
2 2 202 2

Mot chét diém & vi tri dinh 4 cua hinh lap phuong ABCD-ABC'D'. Chét diém chiu tac
dong bdi ba lyc a,b,¢ lan luot cung hudng voi AD, AB va AC nhu hinh v&. b6 16n cua

cac luc 5,5 va ¢ tuong tng la ION,10N va 20N.

a) c7+b#:E. A D B
b) |d+b [=20(N). o/

— D 1 =*
o) |@+é=b+¢|. : \ c
d) |d+b+¢=32,59(N) (lam tron két qua dén Y

: s Ajoo N
hang phan muoi). L L B'
' c'
Loi giai

A.S B.S | C.D | D.D

Tir gia thiét, ta co d L l;;cos(é,E) = cosD/AE' = %;cos(l;,c?) = cos];lz' = % .

a) Giad st a +b=d . Theo quy tac hinh binh hanh thi d cung hudng véi AC . Suy ra
d+b#¢

b) |da+b|= 1042 (dudng chéo hinh vudng canh bang 10 ).

c) Taco

(@+c)’=af +2&-E+|5|2:102+2.10.20.L+202 :5004_400\/3'

NE) 3
Suyra |a+c¢ |=1f500+ 402\5 .
40043

(b+¢) =|b | +2b-¢+|¢ =10 £2.10.20-—2 4202 =500+ .

3 3
Suy ra |13+5|=1/500+402*/§ .

Vay |a+¢ = b+¢|.

d) Gia st lyc tdng hop 1a 7, tac 1a m=a+b+¢ .
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¢ o|mlP=(G+b+¢)’

N
I
Qy
+
S
+

24 b2 432 42G-b+2b-C+2C-G
1 1
oI mP=10>+10>+20°+0+2-10-20-—+2-10-20-—
i NG 5

=10 +10* +20° +0+2-10~20~L+2~10~20~
V3

ol

| ml’
| i |~ 32,59.

F. TRA LOI NGAN

Cho hinh hop ABCD.A'B'C'D'’ . Cé bao nhiéu vecto bing vecto BC .

Cau 1:
Loi giai

Tra loi: 3

Cac vecto bang vecto BC la: A_ZB, A'D', B'C'. Vay c6 3 vecto bang vecto BC .
Cau2: Cho hinh ling tru ABC.A'B'C" biét AABC c6 canh bang 3. Tim vecto tong ‘a +B'C’
Loi gidi

Tra loi: 3
A f Cf

Bf

B

:‘ﬂ‘:s.

Ta co: W:R:a+ﬁ=a+ﬁ:ﬂ:‘a+ﬁ

Cau3: Cho hinh lap phuong ABCD.A'B'C’'D" . Tinh géc giita hai vecto AB va A'C'.
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Loi giai

Tra loi: 45

D! C'

A B!

-
-
-
-
-
=

-
Pt
-
-
-
-
. -
-
* -
-
-

-

-

Taco: AC=AC'.
Do do: (ZE,A’C') = (ZE,ZE) = BAC = 45°
Ciud: Cho tir dién S-ABC ¢ SA=SB=SC = AB=AC =2,BC =22 . Tinh SC.4B
Loi giéii

Tra loi: -2

B

Co: BC? =SB +5C*(2.27 =27 +2*) = ASBC vuéng can tai S .

Lai c6: SA= AC = SC =2 => ASAC 1a tam giac déu.

2

e — 2
SC.AB = SC(SB - S4) = SC.SB—SC.84 = 0~ SC.5A.cos ASC = -2.2.¢05 60° = - =2

Vay SC.AB=-2.
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Cau5: Cho to dién ABCD. Goi E,F lan luot 1a trung diém cia AB, CD. Cho

AB=2a, CD=2b, EF =2c. V&6 M

la mot diém tay y, biét tong
MA* + MB*> = k. ME* +1.a°. Tinh k+1 .

Loi giai
Tra loi: 4
A
E
B D
F
C
Ap dung cong thirc d6 dai dudng trung tuyén, ta co:
MA* + MB* 4B’ ?

ME* =

= MA* + MB* =2ME* + 4B

5 =2ME’ +2a’.

Viy k+1=2+2=4,

Cau 6:  Cho hinh hop ABCDA'B'C'D" it MA= k-MC, NC'=I1.ND gnhi MN song song
véi BD' thi kK +1 ¢ gia tri 12 bao nhiéu?

Loi gii
Tra loi: -4
D c
A B!
b s C
A/' B

—

Pit AB=a,AD=b, A4 =¢ .
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Cau 7:

. . —k(Zz+Z;)+E
Co: MA’:k.MC<:>AA’—AM:k<AC—AM)<:>AM -\ J

1—k
co:ﬁ:l.ﬁ)@ﬁzw
Suy ra: MN = AM — AN = LI S P SV Y (L N I
-k 1-1 -k -k 1-1

—

Ma: BD=AD' — AB=—-a+b+c.

Vi MN//BD' nén MN //BD e 5 ko35 7-11.
Vay k+1=-4.
Cho hinh chop §.ABC ¢o 571:21, S?:E, SC =a va cac diém M, N lan luot 13 trung

diém cua cic canh AB,SC. Cac diém P,Q trén cac duong thang S4,BN sao cho
PO //CM . Hay biéu dién vecto PO theo ba vecto a,b,c. PQ//CM . Khi biéu didn

—

— - - = — m - - . m ro..,
vecto PQ theo ba vecto a,b,c, ta dugc: PQ=——a——b+—c (véi —,£,— la cac

n q z n q z
phén so toi gian va m,n, p,q,r,z € 7). Tinh UL
n o q z

Loi giai

Dat PA :x@,@:yﬁ

Suy ra:
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I_’Q:E’Z+Z§+§Q:x§2+§§—§2+y§ﬁ:(x—l)@+@+y(§ﬁ—@)

Z(x—1)21+(1—y)23+52.

Laico: CM = SM ~SC = (SA+ SB) - SC -

1

2
2
T I 73
PO/ICM < PO=kCM >~ =-"Y_ 7 .
0,5 05 -2 4
3

— 1~ 1: 2-
Viay PO=-—a—-—-b+—c
yPO=-ga=3b+s

Cau8: Cho hinh chép S.ABCD c6 day 14 hinh binh hanh tim O, M 1a diém thay doi trén SO .

Ti sb % sao cho P = MS* + MA* + MB* + MC? + MD? nhé nhét 13 bao nhiéu?

Loi giai

Tra loi: i
5

Goi I 1a diém thoa man SI =410 .
Suy ra: P:(M+I_S)2 +(]\7]+H)2 +(M+I§)2 +(W+E‘)Z +(M+13)2

=5M12+IS2+IA2+1B2+IC2+1D2+2]\_/I7(7§+7;1+7§+75+I_5)

=5MI* +IS* + I4* + IB* + IC* + ID?
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M 4
Vay P_. khi MEI:>S—=—.
SO 5
Cho tir dién ABCD c6 cac diém M, N, P lan lugt thudc cac canh BC,BD va AC sao
cho BC=4BM,AC =3A4P,BD =2BN . Mit phang (MNP) cét dudng thing AD tai

. . A
diém Q. Tinh ti s0 —Q
AD

Loi giai

Tra loi: i
5

Dit AB=a,AC =b,AD =¢,AQ =k AD = k¢

—

Theo d& bit, ta c6: AM =>a+~b; AN == (q+c); AP= 5.
4 4 2 3

MN-AN A =L 1p. 1z
47 4 2

Taco: \MP = AP—AM = —2a+ 5
4 12

M—Q:A—Q—W:—%Zx—%lgwcz

Vi M,N,P,Q dong phang nén

0,25x+0,75y =0,75

xXMN + yMP = MQ < O,25x—éy=0,25 Sy =

0,5x=k

N|W Ln|w |l
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— 3— 4 3
Vay AQ:—AD:—Q:—.
5 AD 5
Cau 10: Co ba lyc cung tac dong vao mot cai ban nhu hinh v€. Trong d6 hai lyc IT;, 17'2 tao vo1 nhau
mot goc 110° va ¢6 do 16n lan luot 1a 9N va 4N, luc E vuong goc voi mat phéng tao
boi hai luc F,F, vacodo16n 7N . D 1on hop luc cia ba lyc trén 1a a(N), tim gié tri

cua a.

Tra loi: 10

Theo dé bai ta ¢6 hinh v& sau:

D

Hop luc tac dong vao ba vat la F=E+E+E=@+@+O_€=@+%=@
Ap dung dinh 1y cosin trong AOAD , ta co:

OD? = 04> + AD* —20A4.4AD.cos OAD = 9* + 4> —2.9.4.c0s80° = 97 — 72 cos 80° .
Vi OC L (OBDA) nén OC 1. OD = ODEC 14 hinh chit nhat.
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Cau 11:

Cau 12:

Do d6 AOCE vuodng tai C nén:

OE* =0C* + EC* =4* +97-72c0s80° =113 —72c0s80°

= OFE =+/113-72c0s80° ~ 10

Suy ra d¢ 16n cua hop luc cua ba lyc trén khoang 10N .

Vay a=10.

Cho hinh hop ABCD.A'B'C'D'. Tim gia tri thuc cia A thoa min dang thic vecto
E+ﬂ+k(ﬁ+ﬁ) =02

Loi giai

Traloi: k=1

Ta cé

AC+BA'= AC+CD'= AD'
{ﬁ+c73=ﬁ—DC'=C'B=D'A'

> AD'+kD'A=0<>(k—1).D'A=0<>k=1.

Cho tir dién ABCD, goi M, N lan luot 13 trung diém céc canh 4C, BD. Goi [ 1a trung
diém doan MN va P 1a mot diém bat ky trong khong gian. Tim gia tri thyc ctia 4 thoa

N — —>)

mén dang thirc vecto Pl = k(PA +PB+PC+PD|?

Loi giai

Tra loi: k=
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Cau 13:

Cau 14:

+Vi M, N, lan luot 13 trung diém cta AC, BD, MN
IA+IC =2IM

—{IB+ID=2IN —> IA+IB+IC+ID =0,
IM+IN=0

—_— — — —

+Khido PA+ PB+PC+PD = 4P[ +JA+IB+IC+1ID = 4PI

+Maﬁ=k(ﬂ+ﬁ+?€+ﬁ)<—>Ffzk.4.ﬁ<—>1:4k<—>k:i

Cho hinh hop ABCD.A'B'C'D'. Goi M 1a diém trén canh AC sao cho AC =3MC . Lay
diém N trén doan C'D sao cho C'N =x.C'D . Véi gia tri ndo ctia x thi MN song song
BD'?

Loi giai

+ Goi O 1a tAm hinh binh hanh ABCD .
+ Goi [ 1a trung diém DD".
+N6i C'D cat CI tai N'— N'latrong tim ACDD'.
+ Ta ¢6 OI 1a duong trung binh cia ABDD'— OI || BD'.
CN'_CM
" co

+ Lai c6 — MN'||OI = MN'|| BD".

2 2

+Theobaitaco MN||BD'<> N'=N —->C'N = 3C‘D<—>x:§,
Cho tir dién ABCD va cic diém M,N dugc xac dinh boi AM =24B-34C va
DN =DB+x.DC . Tim x dé céc duong thang 4D, BC,MN cung song song v4i mot mat
phang.

Loi giai
Traloi: -2
+ bai toan tuong duong tim x dé MN, AD,BC dong phang.
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Cau 15:

Cau 16:

+ mzzzﬁ—s(ZE+§5)=—Zz§—3§5.

+

D—N:ﬁﬂcD—C(—)ﬁ—E:E—E+x(DA+AB+BC)<—>fV:(1+x)ﬁ—xﬁ+xB—C

—>Wzﬁ—ﬁz(2+x)ﬁ—xﬁ+(x+3)ﬁ.
+Dé MN, AD, BC ddng phing <>2+x=0¢>x=-2.

Cho hinh hop ABCD.AB,C,D,. Tim gi4 tri thyc ciia k thoa min dang thic vecto

AB+BC,+DD, =k AC, ?
A. k=4, B. k=1. C. k=0. D. k=2.
Loi giai

- A—C1 = kA—C1 —k=1.
Cho tir dién ABCD, goi M,N lan luot 1a trung diém cac canh AC, BD.Goi I la trung

diém doan MN . Tim gia tri thyc ctia k thoa mén dang thirc 1A+ (2k - 1) IB+kIC+ID=0
?

Loi giai

Tra loi: 1

+Vi M,N,I lan luot 13 trung diém cua 4C, BD, MN
IA+1C =2IM
—>{IB+ID=2IN —>IA+IB+IC+ID=0.
IM +IN =0
+Ta co IA+(2k—1)IB+kIC +ID
=IA+IB+IC+ID+(2k-2)IB+(k-1)IC =0
— (k-1)(21B+1C)=0.

+Ma2IB+IC#20k—-1=0ck=1.
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Cau 17:

Cau 18:

Cau 19:

Cho hinh hép ABCD.A'B'C'D' va cac $6 thuc m,n thoa man MA'=mMC va
NC'=nND.Khi MN song song voi BD' thi m+n bang bao nhiéu?

A.m—n:—%. B.m+n=-3. C. D.m+n=-2.

Loi giai

Tra loi: —4

+Dit x=BA, y=BC, z=BB".

+ MN =MC+CD+DN =

— (;_;+z)+;+l_1n(_;+;)

1 I \- I - 1 I )=
=| 1+ + X— y+ + z
m—-1 n-1 m—1 m—-1 1-n

+BD'=x+y+z.

+Vi MN ||BD'—> 1+ ! + ! =— ! = ! + ! om=-3,n=-1.
m—1 n-1 m—-1 m-1 1-n

- - -

Trong khong gian cho cac vecto a,b,c khong dong phing théa man
(x—y)Zz+(y—z)I;:(x+z—2)E .Tinh x+y+z?
Loi giai

Tra loi: 3
+Co (x—y)21+(y—z)5—(x+z—2)2 =0.Do Zl,[;,g khong dong phang nén mdi vecto
duoc ,
phén tich duy nhat qua ba vecto noi trén.

x—y=0

y—z=0 ©x=y=z=1->x+y+z=3.

x+z-2=0

Cho tir dién ABCD c¢6 BC=DA=a,CA=DB=b,AB=DC =c. Goi S la dién tich toan

A A ‘A ’ A 5 ) - ’ 7 s 1z A 5 1 1 1
phan (tong di¢n tich tat ca cac mat). Tinh gid tri I6n nhéat cua ——-+ + .
a’h® b’c® Jta’

Loi giai

36



Cau 20:

>

Tra loi: %

C

Do tir dién ABCD co BC=DA=a,CA=DB=b,AB=DC=c nén
ABCD = AADC = ADAB = ACBA . Goi S' la dién tich va R 1a ban kinh duong tron ngoai
tiép mdi mat do thi S=45'= aTl?c , nén bat dang thirc can ching minh

1 1 1 9
5 + e s?@ a’ +b*+c* <9R?.

Theo cong thiic Leibbnitz: V&i diém M bat ki va G 1a trong tdm cta tam giac ABC thi

MA? + MB* + MC? = GA*> + GB*> + BC? +3MG* = %(a2 Ty iy +9MG2)

Cho M tring véi tdm duong tron ngoai tiép tam gidc ABC ta duoc
OR* =aa’ +b* +c* +90G* > a’ +b° +¢”.

Cho hinh hop ABCD.A'B'C'D'. Mot dudng thang A cét cac dudng thang 44", BC,C'D"
lan lugt tai M, N, P sao cho NM =2NP . Tinh ﬂ
MA'
Loi giai

Tra loi: 2

o N

|

|

]

I

| D’
A — — | =
'+
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Cau 21:

Pat AD=a,AB=b,A4'=c.
Vi M e AA' nén AM =kAA'=kc
NeBC=BN=IBC=la, PeC'D'= C'P=mb
Tacd NM = NB+BA+ AM =—la—b+kc
N—P=W+B—B'+B'—C'+W’=(I—Z)Zz+ml§+2
Do NM =2NP = —la—b+kc=2[(1-1)a+mb+c]
~1=2(1-1)
&S<-1=2m <:>k=2,m=—5,l=2.
k=2
MA

Vay ——=2.
W MA'

Cho hinh chép S.ABC . Lay cic diém A4',B',C"' lan luot thudc cic tia SA4,SB,SC sao
S4 SB SC , o oomA s
cho —= =b -=c, trong d0 g,b,c la cac soO thay d6i. D€ mdt phang

a b b
S4' SB' SC
(A 'B'C ') di qua trong tim ctia tam gidc ABC thi a + b+ ¢ bing bao nhiéu?

Loi giai

Tra loi: 3

Blf
+ Goi G la trong tm AABC — GA+GB+GC =0,
—>3GS+SA+SB+SC=0.

SA=aSA’

+ Mi | SB=b3B" > 5G =2 54+ 2 55+ 5C".
SC =cSC'

+ Vi (A'B'C') di qua trong tdim AABC nén:

— GA',GB',GC" dong phing

31, m,n saocho I>+m*+n>#0 va IGA'"+mGB'+nGC'=0
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el(ﬁ+@)+m(ﬁ+§”)+n(ﬁ+§“)=6

& (I+m+n)SG =1SA"+mSB"+nSC" <> SG = SA'+—="—SB'+—"SC'
[+m+n [+m+n [+m+n
a b c [ m n a+b+c
> —+—+== + + =l<a+b+c=3.

3 3 3 Il+m+n [+m+n I[+m+n 3
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BAI 7. HE TRUC TOA PQ TRONG KHONG GIAN.

A. KIEN THUC CO BAN CAN NAM
1. HE TRUC TOA PQ TRONG KHONG GIAN

Trong khong gian, ba truc Ox,0y, Oz doéi mdt vuong goc vdi nhau tai géc O cuia mdi truc.

—

Goi i ,],12 1an luot 1a cac vecto don vi trén cac truc Ox, Oy,Oz.

- H¢ ba truc nhu vay duoc goi 1a hé truc toa do Descartes vudng géc Oxyz hay don gian 1a hé toa do
Oxyz .

- Piém O duogc goi la géc toa do.

- Cac mat phéng (Oxy),(0yz),(0zx) doi mot vudng goc voi nhau dugce goi la cac mat phéng toa
do.

Khong gian vdi hé toa dd Oxyz con duoc goi 1a khong gian Oxyz

Vi du 1. Cho hinh 1ap phuong ABCD.A'B'C'D' ¢ d6 dai mdi canh bang 1 (H.2.36). C6 thé lap mot
hé toa d0 Oxyz co géc O trung v6i dinh B’ va cac vecto f,j,lg lan luot 1a cac vecto
B'A,B'C',B'B khong? Giai thich vi sao.

o

ot

2. TQA PO CUA PIEM, TOA PQ CUA VECTO TRONG KHONG GIAN

Trong khong gian Oxyz cho mot diém M tuy y. Bo ba sd (x;y,z) duy nhét sao cho
OM =xi + y] +zk duoc goi la toa do cua diém M dbi véi hé toa do Oxyz . Khi do, ta viét
M =(x;y,z) hoac M(x;y,z),trong d6 x la hoanh d9, y 1a tung do va z la cao dd cua M .

Vi du 2. Hinh 2.38 minh hoa mdt h¢ toa d0 Oxyz trong khong gian cung véi cac hinh vuong cé
canh bang 1 don vi. Tim toa d6 cua diém M .
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Vi du 3. Trong khong gian Oxyz , cho hinh hop chit nhat ABCD.A'B'C'D’ ¢6 dinh A’ tring véi gdc
O va cac dinh D', B’, A 1an luogt thudc cac tia Ox, Oy, Oz (H.2.40). Gia st dinh C c6 toa do 1a
(2:3;5) ddi voi hé toa d Oxyz, hiy tim toa d0 cia cac dinh D', B', 4 d6i véi hé toa do do.

N
»,

i

Nhan xét. Néu diém M c6 toa dd (x;y;2) dbi véi hé toa do Oxyz thi:

- Hinh chiéu vudng goc ctia M trén cac truc Ox, Oy va Oz ¢6 toa d6 1an luot 1a (x;0;0), (0; v;0)
va (0;0;z).

- Hinh chiéu vuéng goc cia M trén céc mit phing (Oxy), (Oyz) va (0zx) c6 toa d6 lan luot 1a
(x;%50),(0; ,2) va (x;0;2).

Ngudi ta chimg minh duge rang bo ba sé (x;y,z) trong HD3 1a duy nhat.

Trong khong gian Oxyz cho vecto @ tuy y. Bo ba sé (x; y;z) duy nhat sao cho @ = xi + yj + zk

duoc goi 1a toa d cua vecto a ddi vé6i hé toa do Oxyz . Khi do, ta viét d = (x;¥;z) hoac a(x;y;z).
Nhén xét
- Toa do cua vecto d cling la toa do cua diém M saocho OM =ad.

- Trong khong gian, cho hai vecto @ = (x; y;z) va b= (x';y'; z'). Khi d6, @ =b néu va chi néu

Vi du 4. Trong khong gian Oxyz hiy tim toa do cta cac vecto 7,/ va k.



Vi du 5. Trong khong gian Oxyz cho hinh lang tru tam gidc ABC.A'B'C" c6
A(1;052), B(3;2;5),C(7;,-3;9) va A'(5;0;1).

a) Tim toa d6 cua A

b) Tim toa d6 cua cac diém B',C’.

B(3; 2; 5)
A(1: 0: 2']/,‘\(;(?; _3:9)
i
:
A'(5; 0; 1) c
Hinh 2.42

B. GIAI BAI TAP SACH GIAO KHOA

2.13. Trong khong gian Oxyz cho ba vecto a ,b,¢ déu khac 0 va co gia d6i mot vudng goéc. Nhirng
ménh dé nao sau day 1a dung?

a) Co thé 1ap mot hé toa d§ Oxyz c6 céc truc toa do lan luot song song v&i gid clia cac vecto a ,l; ,C .
b) Co thé 1ap mot hé toa d§ Oxyz c6 cac tryc toa do lan lugt trung véi gid cla cac vecto a ,l; ,C .

c) Co thé 1ap mot hé toa d§ Oxyz c6 céc vecto f,]', k 1an luot béng cac vecto a ,I; ,C .

d) Co thé 1ap mot hé toa do Oxyz co cac vecto f,],lg lan luot cung phuong cac vecto a Ez,l; ,C.

2.14. Hay mo ta hé toa d6 Oxyz trong cin phong & Hinh 2.44 sao cho gbc O tring véi goc trén cua
can phong, khung tranh ndm trong mat phang ( Oxy ) va mit tran nha tringvéi mit phang (Oxz) .

Hinh 2.44

2.15. Trong khong gian Oxyzxac dinh toa d§ cua vecto AB trong mdi truong hop sau:
a) A(0;0;0) va B(4;2;-5);
b) A(1;-3;7) va B(1;-3;7);

c) A(5;4;9) va B(-5;7;2).



2.16. Trong khong gian Oxyzxéc dinh toa d¢ ctia diém A trong mdi truong hop sau:
a) A trung voi gdc toa do;

b) A ndm trén tia Ox va O4=2;

¢) A nam trén tia d6i ciia tia Oy va O4=3.

2.17. Trong khong gian Oxyzcho hinh hop chit nhat ABCD- A'B'C'D' ¢6 dinh A tring véi goc O
va cac dinh D, B, A" ¢6 toa d0 lan luot 1a (2;0;0),(0;4;0),(0;0;3) (H.2.45). Xac dinh toa do cua cac
dinh con lai cia hinh hdp chit nhat.

m

2.18. Trong khong gian Oxyz cho hinh hop OABC.O'A'B'C" c6 A(L;1;-1),B(0;3;0), C'(2;-3;6).
a) Xac dinh toa do cua diém C.
b) Xéc dinh toa dd cac dinh con lai cia hinh hop.

2.19. Trong Van dung 2, hdy giai thich vi sao tai mdi thoi diém chiéc méay bay di chuyén trén dudng
bing thi toa d6 cta né ludn c6 dang (x; v;0) voi x, y 13 hai sb thue nao do.



BAI 8. BIEU THUC TOA PQ CUA CAC PHEP TOAN VECTO

A.KIEN THUC CO BAN CAN NAM ,
1. BIEU THUC TQA PQ CUA PHEP CONG HAI VECTO, PHEP TRU HAI VECTO, PHEP
NHAN MOT SO VOI MOT VECTO

Trong khong gian Oxyz , cho hai vecto @ =(x;y;z) va b =(x;';z'). Ta co:

5+5:(x+x’;y+y’;z+z'); Zi—bz(x—x';y—y';z—z');

ka = (kx;ky;kz) véi k 1a mot sb thue.

Nhin xét. Vecto @ =(x;y;z) clng phuong véi vecto b =(x';»';z’) # 0 khi va chi khi ton tai sb
x=kx'

thuc k£ sao cho {y =k
z=kz'.

Vi du 1. Trong khong gian Oxyz, cho hai vecto @ =(2;1;5) va b =(2;2;1). Tim toa d¢ ciia mdi

vecto sau.

a)a—b;
b) 3G +2b .

Vi du 2. Trong khong gian Oxyz cho ba diém A(1;2;3), B(3;2;1) va C(2;—1; 5). Tim toa do trung
diém M cua doan thang AB va toa do trong tdim G cua tam gidc ABC.

2. BIEU THUC TQA PQ CUA TiCH VO HUONG

Trong khong gian Oxyz , tich vo hudng cua hai vecto a = (x; V5 Z) va b= (x'; y';z') duoc xac dinh
boi cong thie: G-b = xx'+ yy' +zz'

Nhan xét

- Hai vecto @ va b vudng goc v4i nhau néu va chi néu xx'+ yy'+zz'=0.

-Néu a=(x;p;z) va b= (x';»';2") 1a hai vecto khac 0 thi

a-b xx'+ yy' +zz'

cos(ﬁ,b) ) ‘Zz|~|5‘ ) J 4y 42 x4

Vi du 3. Trong khong gian Oxyz, cho hai vecto a = (1;4;2) va b = (—4;1;0).

a) Tinh d-b va cho biét hai vecto @ va b ¢6 vuong goc voi nhau hay khong.

b) Tinh d6 dai cta vecto a.

Vi du 4. Cho hinh chép S. ABCD c6 ddy ABCD 14 hinh chir nhat va SA vudng goéc voi mit phang
(ABCD).Giastt SA=2,AB=3, AD=4. Xét hé¢ toa dd Oxyz véi O trung A va céc tia

Ox, Oy, Oz lan lugt tring v&i cac tia AB, AD, AS(H .2 .48).



a) Xac dinh toa do cua cac diém S, A,B,C, D.
b) Tinh BD va SC.

c¢) Tinh (ﬁ), ﬁ) .

C

Hinh 2.48

Chii . Néu A(x,37,52,) Ve B(x,59,52,) thi AB = AB|=(x,—x,) +(vs =3, ) +(z5—2,) -

Dic biét, khi B trung O ta nhan dugc cong thire OA=/x" +y, +z. .

3. VAN DUNG TQA P CUA VECTO TRONG MQT SO BAI TOAN CO LIEN QUAN DEN
THU'C TIEN

Vidu 5. Tror,lg khong gian voi rp(f)t hé truc tf)a do cho trude (don qVi do le:iy theo kilomét), ra (;Ia phfit

hién mot chiéc may bay di chuyén vdi van toc va hudng khong doi tir diem A4(800;500;7) dén diém
B(940;550;8) trong 10 phat. Néu méy bay tiép tuc giir nguyén véan toc va hudng bay thi toa d6 cua

may bay sau 5 phut tiép theo 13 gi?

Vi du 6. Hay tra 10i cau héi trong tinh hudng mé dau.

Vi du 7. Hai chiéc khinh khi cau bay 1én tir ciing mét dia diém. Chiéc thir nhat nim cach diém xudt
phat 2km vé phia nam va 1km vé phia dong, dong thoi cach mit dat 0,5km . Chiée thir hai nam
cach diém xuat phat 1km vé phia bic va 1,5km vé phia tay, dong thoi cach mat dat 0,8km .

Chon h¢ truc toa d0 Oxyz voi géc O dit tai diém xuét phat cua hai khinh khi cAu, mat phéng (Oxy)
trung v6i mat dat véi truc Ox hudng vé phia nam, truc Oy hudng vé phia déng va truc Oz hudng
thang dimg 1én troi (H.2.50 ), don vi do 1dy theo kilomét.



a) Tim toa d§ cua moi chiéc khinh khi cau doi voi hé toa do da chon.

b) Xac dinh khoang cach giita hai khinh khi cau (Iam tron két qua dén chit s6 thap phan thi hai).

Hinh 2.50

iai
B. GIAI BAI TAP SACH GIAO KHOA
2.20. Trong khong gian Oxyz cho ba vecto a = (3;1; 2),5 =(-3;0;4) va ¢ =(6;-1;0).
a) Tim toa do cua cac vecto G+b+¢ va 2d-3b—5¢.
b) Tinh céc tich v6 huéng G- (-b) va (24)-¢c .
2.21. Trong khong gian Oxyz cho ba diém M (—4;3;3), N(4;—4;2) va P(3;6;-1).
a) Tim toa dd cua cac vecto MN ,]\Z’, tir 46 chimg minh rang ba diém M,N,P khong thang hang.
b) Tim toa d6 cua vecto NM + NP, tix d6 suy ra toa do ctia diém Q sao cho ttr giac MNPQ 14 hinh
binh hanh.
¢) Tinh chu vi cta hinh binh hanh MNPQ
2.22. Trong khong gian Oxyz cho tam giac ABC c6 A(1;0;1), B(0;-3;1) va C(4;-1;4).
a) Tim toa d6 trong tam cua tam giac ABC.
b) Chmg minh ring BAC =90 .
¢) Tinh ABC.

2.23. Mot phong hoc c6 thiét ké dang hinh hop chir nhat voi chiéu dai 1a 8 m, chiéu rong 1a 6 m va
chiéu cao 1a 3 m. Mot chiéc dén duoc treo tai chinh giita tran nha ctia phong hoc. Xét hé truc toa do
Oxyz c6 gbc O triung v6i mot goc phong va mit phing (Oxy) trung v61 mat san, don vi do dugc

lay theo mét (H,2.51). Hay tim toa d¢ cua diém treo dén.

am Okevend == e

X 8”1

Hinh 2.51



2.24. Trong khong gian, xét hé toa 40 Oxyz c6 gbc O tring véi vi tri cia mot gian khoan trén bién,
mit phang (Oxy ) tring v&i mit bién (duoc coi 1a phang) véi truc Ox hudng vé phia tay, truc Oy
hudng vé phia nam va truc Oz huéng thang dimg 1én troi (H.2.52) . Pon vi do trong khong gian
Oxyz lay theo kilomét. Mot chiéc ra da dat tai gian khoan c6 pham vi theo doi 1a 30 km . Hoi ra da
c6 thé phat hién duoc mét chiée tau tham hiém c6 toa do 1a (25;15;-10) ddi véi hé toa dd néi trén

hay khong? Hay giai thich vi sao.

C. CAC DANG TOAN

DANG 1: TQA PQ CUA PIEM VA VECTO

1. Phwong phap: St dung khai niém
2.Vidu )
Vi du 1: Trong khong gian vdi hé toa d§ Oxyz, biét:

a) d= 2i+ 3}' —57(, b= —3}' +47c, ¢ = —;—2}'. Tim toa do cac vecto Zz, b, c.
b) OM =5i — j +2k,ON =i —3k. Tim toa do cac diém M, N .

Vi du 2: Trong khong gian véi hé toa 46 Oxyz, biét:

a) a=(-3;2;—1),b =(3;0;12). Tinh @,b theo cc vecto i, /, k.

b) A(-5;-2;1), B(0;4;—11). Tinh OA, OB theo céc vecto i, /, k.
Vi du 3: Trong khong gian Oxyz, cho hinh hop chit nhat ABCD-A'B'C'D’ ¢6 dinh A tring véi gbc

[

0, cic vecto AB, E,H theo th tw cung hudng véi 7, j,k vacé AB=5A4AD=6, A4 =9.
Tim toa do cac vecto ZE,Z@,E va AM véi M 1a trung diém cta canh C'D'.

Vi du 4: Cho tir dién SABC c6 ABC la tam gidc vudng tai B,
BC =3,BA=2,54 vudng goc v6i mit phang (4BC) va c6 do
dai bang 2.

S

a) Xac dinh mot hé toa do dua trén goi y cua hinh vé.

b) Tim toa d6 cac diém 4, B, C, S.

DANG 2: XAC PINH TQA PQ CUA VEC TO, VA PO DAI CUA POAN THANG

1. Phwong phap: Ap dung biéu thirc toa do ctia cic phép toan véc to.




2.Vidu
Vi du 1: Trong khong gian v&i hé truc toa do Oxyz, cho ba vecto

a=(1;2;3);b =(2:2;-1);¢ = (4;0,~4). Tim toa do cita vecto d =a—b +2¢

Vi du 2: Trong khong gian véi hé toa o Oxyz, cho a=(2;-3;3), b=(0;2;-1), c=(3;-1;5)
Tim toa do cua vecto u=2a+3b-2c.

Vi du 3: Trong khong gian Oxyz , cho hai diém 4(1;—2;-1), B(1;4;3). Tinh d6 dai doan thing 4B

Vi du 4: Trong khong gian Oxyz, cho a= (-2; 2;0);1; = (2;2;0);2 =(2;2;2). Tinh gia tri clia

|Zz +b+ E| :

Vi du 5: Trong khong gian véi hé toa ¢ Oxyz, cho cac vecto a =(3;m+1;3),b = (1;-3;2r). Tim

m,n dé cac vecto a,b cung hudng.

Vidu 6: Trong khong gian vdi hé toa do Oxyz, cho hai vecto m =(4;3;1), n=(0;0;1). Goi p 1a

vecto cung hudng véi [%,ﬂ (tich c6 hudng cua hai vecto m va 13). Biét |;| =15, tim

toa do vecto ; .

DANG 3: XAC PINH TQA PQ PIEM

1. Phwong phap:
Dung cong thirc biéu thirc toa dd trung di€ém, toa d trong tdm ctia tam gidc...
2. Vidu

Viduy 1: Trong khong gian Oxyz , cho hai diém A4(2;-4;3) vaB(2;2;7). Tim toa do trung diém cia
doan thang AB.

Vi dy 2: Trong khong gian véi hé toa d0 Oxyz cho tam giac ABC biét A(5;-2;0),B(-2;3;0),
C(O; 2;3) . Tim toa do trong tAm G cua tam giac ABC .

Vi du 3: Trong khong gian véi hé toa d6 Oxyz , cho cac diém A(1,0;3), B(2:3;—4), C(-3:12).
Tim toa d6 diém D sao cho ABCD 14 hinh binh hanh.

Vi du 4: Trong khong gian vé6i hé toa dd Oxyz, cho cac diém A(2;-5;0), B(-113), C(3,3,0).

Tim toa d6 diém D trén truc hoanh sao cho AD = BC.

Vidu5 Trong khong gian v6i hé truc toa do Oxyz , cho hinh hop ABCD.A'B'C'D’. Biét toa do céc
dinh 4'(-3,2,1),C(4,2:0), B'(-2;1,1),D(3;5;4) . Tim toa d6 diém A’ cua hinh hop.

Vidu 6: Cho hinh chop S.ABCD biét A(—2; 2;6),B(—3;1;8),C(—1;0;7),D(1;2;3) .Goi H latrung
diém ctia CD, SH L (ABCD). Dé khdi chép S.4BCD ¢6 thé tich bing % (dvtt) thi co

hai diém S,, S, thoa min yéu cau bai toan. Tim toa d¢ trung diém I cta S,S,



DANG 4: XAC PINH TiCH VO HUONG VA UNG DUNG

1. Phwong phap: Ap dung biéu thirc toa do cta tich c6 hudng va cong thirc tng dung cua tich c6
hudng.

2.Vidu

Vidu 1: Trong khong gian véi hé toa dd Oxyz, cho vecto "= (3;0;1) va V= (2;1;0). Tinh tich vo

hudng uy.

Vi du 2: Trong khong gian v6i hé tryc toa d6 Oxyz, cho hai vecto ;= (2; 1;2) va l:= (1,' 0;—2).

Tinh cos (Z,E) .

Vi du 3: Trong khong gian v&i hé truc toa dd Oxyz, cho hai véc to u = (2;3;-1) va V= (5;—4;m).

Tim m dé u Lv.

Vi du 4: Trong khong gian Oxyz, cho 4(2;1;-1), B(3;0;1), C(2;-1;3) va D nim trén truc Oy
va thé tich t&r dién ABCD bﬁng 5. Tim toa dd cua diém D.

Vi du 5: Cho ba diém A(5;-1;2), B(1;-3;7) va M (x; y;1). Véi gid tri ndo cua x,y thi ba diém
A B M théng hang ?

Vidu 6: Cho u = (2;—1;1),\7 = (m;3;—1),§ =(1;2;1). Timm dé ba vecto trén dong phang.

Vi du 7: Trong khong gian v6i hé toa d0 Oxyz cho AABC c6 A(4;0;2), B(1;—4;-2) va C(2;1;1).
Tinh di¢n tich S cua tam giac ABC'.

Vi du 8: Trong khong gian véi hé truc toa 46 Oxyz, cho hinh binh hanh 4BCD . Biét 4 (2;1;-3),
B(0;—2;5) va C(1;1;3). Tinh dién tich hinh binh hanh 4BCD.

Vi du 9: Trong khong gian toa dd Oxyz cho ba diém A(2;5,1),B(—2;-6;2),C(1;2;-1) va diém

M (m;m;m) . Tim gid tri m dé |]\E - 2/TC1 dat gia tri nho nht.

Vi du 10: Trong khong gian toa 46 Oxyz cho ba diém A(2;51),B(-2;-6;2),C(1;2;-1) va diém

M (m;m;m), Tim gid tri m dé MA* — MB* —MC” dat gi4 tri 16n nht.

DANG 5: UNG DUNG GIAI CAC BAI TOAN THU'C TIEN |

Cau 1. Trong khong gian chon hé truc toa do cho trudc, don vi do léy kilomét, ra da phat hién mot
méy bay chién dau ctia Nga di chuyén véi van tdc va hudng khong doi tir diém M (500; 200;8) dén
diém N (800;300; 10) trong 20 phut. Néu may bay tiép tuc giit nguyén van tdc va hudng bay thi toa

d6 ctia may bay sau 5 phut tiép theo bang bao nhiéu?



Cau 2. Trong khong gian chon hé truc toa do cho trudce, don vi do léy kilomét, ra da phat hién mot
mdy bay chién d4u cia My di chuyén véi vén toc va huéng khong doi tir diém M (1000;600;14) dén
diém N trong 30 phut. Néu may bay tiép tuc giit nguyén van toc va hudng bay thi toa do ctia may

bay sau 10 phut tiép theo bang Q(1400;800;16). X4c dinh toa d0 vi tri diém N .

Cau 3. Mot chiéc khinh khi ciu bay 1én tai diém. Sau mot thoi gian bay, chiéc khinh khi ciu cach
diém xuét phat vé phia Dong 10(km) va vé phia Nam 5(km), dong thoi cach mat dat 400(m).

Chon hé truc toa do Oxyz, véi gbc dit tai diém xuét phat cta khinh khi ciu, mét phang (Oxy) tring
v6i mat dét, truc Ox hudng vé phia Nam, truc Oy hudng vé phia Pong, truc Oz hudng thang dimg

lén troi, don vi do léy theo kilomét (xem hinh v¢).
a) Tim toa d6 ctia chiéc khinh khi cau dbi véi hé truc toa do da chon.

b) Xac dinh khoang céch cua chiéc khinh khi cau vai vi tri tai diém xuat phat cua no.



o

Cau 4. MOt chiéc may bay khong nguoi 1ai bay 1én tai diém. Sau mot thoi gian bay, chiéc may bay
cach diém xuat phat vé phia Bic 50(km) va vé phia TAy 20(km), dong thoi cach mat dét 1(km).

Chon hé truc toa &6 Oxyz , voi gbc dit tai diém xudt phat ctia chiéc may bay, mit phang (Oxy) tring
v6i mat dat, truc Ox hudng vé phia Béc, truc Oy hudng vé phia Tay, truc Oz huéng thang dtng 1én

troi, don vi do 13y theo kilémét (xem hinh v§).
a) Tim toa d6 cta chiéc khinh khi cau ddi véi hé truc toa do da chon.

b) Xac dinh khodang céach ctia chiéc may bay vai vi tri tai diém xuat phat cua no.

L]

- Tav
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Cau 5. Hai chiéc may bay khong ngudi lai ciing bay 1én tai mot dia diém. Sau mot thoi gian bay,

chiéc mdy bay thir nhat cach diém xuat phat vé phia Bic 20(km) va vé phia Tay 10(km), dong thoi
cach mat dét 0,7(km) . Chiéc may bay thr hai cach diém xuat phét vé phia Dong 30(km) va vé phia

Nam 25(km), dong thoi cach mit dat 1(km). Xac dinh khoang céch gitra hai chiéc may bay.



Ciu 6. Hai chiéc khinh khi cau cing bay 1én tai mot dja diém. Sau mot thoi gian bay, chiée khinh

khi cau thir nhét cach diém xuat phat vé phia Dong 100(km) va vé phia Nam 80(km), dong thoi
cach mt dt 1(km). Chiéc khinh khi cau tht hai cdch diém xuét phat vé phia Bac 70 (km) va vé phia

Ty 60(km), dong thoi cach mat dét 0,8 (km).

a) Xac dinh khoang cach cua chiéc khinh khi cau thi nhat véi vi tri tai diém xuat phét ciia nd.

b) Xéc dinh khoang céach giira chiéc khinh khi cau thtr nhat va chiéc khinh khi cau tht hai.

Cau 7. Ba chiéc may bay khong ngudi 1ai cting bay 18n tai mot dia diém. Sau mét thoi gian bay,
chiéc mdy bay thir nhat cach diém xuét phat vé phia Dong 60 (km) va vé phia Nam 40(km), dong
thoi cdch mit dat 2(km). Chiéc méy bay thtr hai cach diém xuat phat vé phia Bac 80 (km) va vé phia
Ty 50(km), dong thoi cach mat dat 4(km). Chiéc méy bay thir ba ndm chinh giita cta chiéc méay

bay thir nhat va thir hai, dong thoi ba chiéc may bay nay thang hang.



a) Xéc dinh khoang cach giita chiéc may bay thir nhat va chiéc may bay thir hai.

b) Xac dinh khoang cach ctia chiéc may bay thir ba v6i vi tri tai diém xuat phat cta no.

D. TRAC NGHIEM 4 PHUONG AN

Cau 1:

Cau 3:

Cau 4:

Cau 6:

Cau 7:

Trong khong gian véi hé truc toa 46 Oxyz, cho G =—i + 2}' —3k . Toa dd cua vecto d 1a
A. (-1;2;-3). B. (2;-3;-1). C. (2;-1;-3). D. (-3;2;-1).
Trong khong gian Oxyz véi i, },7{ lan lugt 1a cac vecto don vi trén céac truc Ox, Oy, Oz.
Tinh toa do cua vecto i+ } —k.

A. i+ j—k=(-1-11). B. i+

—k=(-L1L1).
C.i+j—k=(L-1). D.i+/—k

J
Jj—k=@1-L1),

Cho hinh chép S.4BCD cé day 1a hinh vudng canh bang 3, SA=4 va S4 L (ABCD).
Chon h¢ truc Oxyz co géc toa d0 tai A; cac diém B,D,S lan lugt trén céc tia Ox, Oy, Oz.
Xac dinh toa do diém C?

A. (3;0,0) B. (0;0;3) C. (0;3;3) D. (3;3;0)

Cho hinh h¢p chit nhit ABCD.A’B’C’D’ c6 AB =2; 4D =3; AA'=4. Chon h¢ truc toa do
Oxyz c6 géc O trung voi A, céc diém B; D; A’ 1an luot thudc Ox; Oy; Oz. Toa dg cua C’
la:

A. (2;3;0). B. (2;3;4). C. (0;3;4). D. (2;0;4).

Cho hinh h¢p chit nhit ABCD.A’B’C’D’ c6 AB =8; AD =6;4AA"'=4. Chon h¢ truc toa do
Oxyz c6 géc O trung véi A, cac diém B; D; A’ lan luot thudc Ox; Oy; Oz. Goi M 1a trung
diém D’C’. Toa d6 diém M la:

A. (4;,6;0) B. (0;6;4) C. (4;,6;4) D. (4;0;4)

Trong hé toa d6 Oxyz, cho u=i+3j-2k va v= (2;-1;1). Tinh uy.

A. uv=-3. B. uv=1. C.uv=2. D. uv=>5/2.
Trong khong gian Oxyz, cho hai diém A4(L;1;—2) va B(2;2;1). Vecto AB c6 toa do 1a
A. (-;-1;,-3) B. (3;11) C. (L1;3) D. (3;3;-1)



Cau 9:

Cau 10:

Cau 11:

Cau 12:

Cau 13:

Cau 14:

Cau 15:

Cau 16:

Cau 17:

Cau 18:

Trong khong gian Oxyz, cho diém A(2; 2;1) . Tinh d6 dai doan thang OA .

A. 04=A/5. B. 04=5. C. 04=3. D. 04=9.
Trong khong gian Oxyz,cho hai vecto d =(1;2;3),E =f+]'—21€. Tinh toa d0 vecto
ii=d+bh.

A. (0;-1;-5). B. (2;-1;1). C. (2;3;1). D. (0;-L1).
Trong khong gian Oxyz, cho ba vecto a =(I; 2;3);1; =(2;2;-1);¢ =(4;0;,—4). Toa dd cua
vecto d =a—b+2¢ la

-

A. d =(-T7,0;-4). B. d =(-T7;0;4). C. d =(7;0;-4). D. d =(7;04).
Trong khong gian Oxyz, cho 5=(2;3;2) va b =(1;1;—1). Vecto a—b cotoaddla
A. (3;4;1). B. (—1;—2;3). C. (3;5;1). D. (1;2;3).

Trong khong gian Oxyz, cho ba vecto d = (2;—3;3) s b= (0; 2;—1) , C= (3;—1;5). Tim toa

do clia vecto i =24 +3b —2C .

A. (10;-2;13). B. (-2;2;-7). C. (-2-2,7). D. (-22:7).
Trong khong gian Oxyz , cho vecto & = (~2;1;3). Vecto cling phuong véi vecto i la
A. b =(-413). B.¢=(2%-1-3).  C.d=(-423). D.
é=(-4-2;3).

Trong khong gian Oxyz , cho ba diém A(1;-2;3),B(-1;2;5),C(0;0;1). Tim toa d¢ trong
tam G cuatam giac 4BC.

A. G(0;0;3). B. G(0;09). C. G(-1;0;3). D. G(0;0;1).
Trong khong gian Oxyz, cho hai diém A4 (1;-3;1), B(3;0;-2). Tinh d¢ dai doan thang AB .
A. 26. B.22. C. 26 D. V22.

Trong khong gian Oxyz, cho cac vecto Zz=(2;m—l;3),5 =(1;3;-2n). Tim m,n dé céc
vecto a,b cung huéng.

A.m=7;n:—%. B.m=4,n=-3. C.m=1Ln=0. D.m=7;n=—§

Trong khong gian Oxyz, cho hai diém A(-1;5;3) va M (2;1;—2). Tim toa do cua diém
B, biét M 1a trung diém cta 4B .

1 1
A. 8(5;3;5]. B. B(—4;9;8). C. B(53;-7). D. B(5-3;-7).
Trong khong gian Oxyz, cho ba diém A(2;-1;5),B(5-5;7),M (x;y;1). V6i gia tri nao
cia x,y thi 4,B,M thing hang.
A x=4y=7 B. x=-4;y=-7 C.x=4y=-7 D. x=-4;y=7



Cau 19:

Cau 20:

Cau 21:

Cau 22:

Cau 23:

Cau 24:

Cau 25:

Cau 26:

Cau 27:

Cau 28:

Trong khong gian Oxyz , cho cic véc to u=2i—2j+k, v= (m; 2;m+ 1) v6i m 13 tham sb
thuc. C6 bao nhiéu gié tri cia m dé |;t| = |\7| .
A. 0. B. 1. C.2. D. 3.

Trong khong gian Oxyz, cho vecto ;t(2;0;—1) . Tim vecto v biét v cung phuong voi u

va uy =20
A. (4,0;,-2) B. (-8;0;4) C. (8,0;,-4) D. (8;0;4)
Trong khong gian Oxyz, cho hai vecto a =(2;1;0) va b=(—1;0;—2). Tinh cos(a,5).

A. cos(&,l;):—% B. cos(a,g):—é C. cos(&,z):% D. cos(zz,l;):

o | N

Trong khong gian Oxyz cho ba diém M(2;3;—1), N(—l;l;l) va P(l;m—l;Z) .Tim m dé

tam gidc MNP vuodng tai N .
A.m=2 B. m=-6 C.m=0 D. m=—4

Trong khéng gian Oxy, cho tam giac ABC biét A(1;3;0), B(-2;-2;0), C(3;1;0). Tinh
cosin goc A4 cua tam giac.

1
A. cosA:i B. cosA=—— C.cosd=—— D. cosAz—L

N T 7 NT NE

Trong khong gian Oxyz , goc giita hai vecto i va u = (—x/§ ; 0; 1) la

2
7

A. 120°. B. 60°. C. 150°. D. 30°.

Trong khong gian Oxyz, cho @ =(-3;4;0), b=(5;0;12). Césin ciia goc gitta a va b

bang
=S B.2. c.-2. D. -2
13 6 6 13

Trong khong gian Oxyz cho cac diém A(5:1;5); B(4:3;2); C(-3;-2:1). Piém I(a;b;c)
1a tim dudng tron ngoai tiép tam giac ABC . Tinh a+2b+c¢?
A. 1. B. 3. C. 6. D. -9.

Trong khong gian Oxyz, cho ba diém A(L1;1),B(5;-1;2),C(3;2;-4) . Toa dd diém M
théa mian MA+2MB—MC =0 1a
A. M 4;—3;2 . B. M 4;—2;—2 . C M 4;3;2 . D.

22 2

2 2°2
M(—4;—§;2j.
2°2

Trong khong gian v6i hé toa dd Oxyz cho cac véc to u=2i—2+k, v= (m;Z;m + 1) voi
m 14 tham sb thuc. C6 bao nhiéu gia tri cia m dé |&| = |\7| .

A. 0. B. 1. C.2. D. 3.



Cau 29:

Cau 30:

Cau 31:

Cau 32:

Cau 33:

Cau 34:

Cau 35:

Cau 36:

Cau 37:

Trong khong gian véi hé toa dd Oxyz, cho hinh hop ABCD.A'B'C'D’ ¢b A(O; O;O) ,
B(a;0;0); D(0;2a;0), A'(0;0;2a) véi a=0. Do dai doan thing AC' 1a

A ld. B. 2|d]. C. 3ld. . 2Ja|.

Trong khong gian vé6i hé truc toa dd Oxyz, cho a = (2;3;1), b= (-15:2), ¢ = (4,-1;3)
va x = (—3;22; 5) . Péang thirc ndo ding trong cac dang thirc sau?

A. x=2a-3b-c. B. x=-2a+3b+c.

C. x=2a+3b-c. D. x=2a-3b+c.

Trong khong gian voi hé toa d6 Oxyz, cho cac vecto a = (2;m —1;3) , b= (1;3;— Zn). Tim
m, n dé cac vecto a, b cung hudng.

A.m:7;n=—%. B.m:7;n=—§. C.m=4;n=-3. D. m=1; n=0.

Trong khong gian Oxyz, cho hai diém 4(2;-2;1), B(0;1;2). Toa d¢ diém M thudc mit
phang (Oxy) sao cho ba diém 4, B, M thing hang la

A. M (4;-5;0). B. M (2;-3;0). C. M(0;0;1). D. M (4;5;0).
Trong khong gian véi hé toa d6 Oxyz, cho céac diém A(l; 0;3) , B(2; 3;—4) , C(—3;l;2).
Tim toa d6 diém D sao cho ABCD 1a hinh binh hanh.

A. D(—4;,-2;9). B. D(—4;2;9). C. D(4-2;9). D. D(4;2;-9).
Trong khong gian voi hé toa dd Oxyz, cho 2 diém B(1;2;-3), C(7;4;-2). Néu diém E

thoa min dang thirc CE =2EB thi toa do diém E la:

A. (3;§;—§j B. (§;3;—§]. C. (3;3;—§j D. (1;2;)
373 3 3 3 3

Trong khong gian véi hé truc toa A0 Oxyz, cho hai diém A(O;l;—2) va B(3;—1;1). Tim
toa do diém M sao cho AM =34B.

A. M(9-57). B. M (9;5,7). C. M (-9;5;,-7). D. M (9;-5;-5).
Trong khong gian véi hé truc toa dd Oxyz, cho hai diém A(1; 2;—1),@ =(1;3;1) thi toa
do cua diém B la:

A. B(2;50). B. B(0;-1;-2). C. B(0;1;2). D. B(-2;-5;0)
Trong khong gian Oxyz, cho hinh binh hanh ABCD. Biét A= (1;0;1) , B= (2;1;2)Vé
D=(1;-1;1). Toa do diém C 1a

A. (2;0;2). B. (2;2;2). C. (2;-2;2). D. (0;-2;0).



Cau 38:

Cau 39:

Cau 40:

Cau 41:

Cau 42:

Cau 43:

Cau 44:

Cau 45:

Cau 46:

Trong khong gian vdoi hé toa do Oxyz cho hinh hop ABCD.A'B'C'D’. Biét A(2;4;0),
B(4;0,0), C(-1;4;—7)va D'(6;8;10). Toa d¢ diem B’ 1a

A. B'(8;4;10). B. B'(6;12;0). C. B'(10;8;6). D. B'(13;0;17).
Trong khong gian Oxyz, cho hinh hop ABCD.A'B'C'D' cb A(l;O;l), B(2;1;2),
D(1;-1;1), C'(4;5—5). Tinh toa d9 dinh 4’ ctia hinh hop.

A. A'(4,6;,-5). B. 4'(2;0;2). C. 4'(3;5,-6). D. 4'(3;4;-6).
Trong khong gian véi hé toa do Oxyz, cho ba diém A(l; 2;—1) , B(2;—l;3) , C(—4;7;5).

Toa do chan duong phan giac trong goc B cua tam giac ABC la

A. —E;E;l . B. E;—2;1 . C. E;E;l . D. (-21L1).
3°3 3 3 3°3

Trong khong gian v6i hé toa dd Oxyz , cho hinh hop ABCD.A'B'C'D', biétrang A(-3;0;0)
, B(0;2;0), D(0;0;1), 4'(1;2;3). Tim toa do diém C'.
A. C'(10;4;4). B. C'(-13;4;4). C. C'(13;4;4). D. C'(7;4;4).

Trong khong gian Oxyz, cho véc to U= (1;1; —2), V= (1; O;m). Tim tat ca gia tri cua m dé
goc gitra ii, v bang 45°.

A m=2. B. m=2++6. C. m=2-6. D. m=2+/6.
Trong khong gian vé6i hé toa do Oxyz, cho hai diém A(1;1;0),B(2;0;,-3). Diém M chia

doan AB theo ti sb k = —% co toa do la:

A M i;g;—l ) B. M g;g;—2 . C. M l;—z;l ) D.
3'3 3°3 373

M(z;—g;%).
373

Trong khong gian vé6i hé toa dd Oxyz, cho vecto u(2;0;—1). Tim vecto v biét v cung
phuong véi u va uy=20.

A. (4,0,-2). B. (-8;0;4). C. (8,0,—4). D. (8;0;4).
Trong khong gian vdi hé toa dd Oxyz, cho hai vecto a= (2;m —1;3),[3 = (1;3;—2n). Tim

m,n d¢€ cac vecto a,b cung hudng.

A.m=7;n=—%. B. m=4,n=-3. C.m=1n=0. D.m=7;n=—§

Trong khong gian véi hé toa dd Oxyz, cho A(1;0;0), B(0;1;0), C(0;0;1), D(L;1;1). Goi
M, N lan luot 13 trung diém ctia 4B,CD . Toa d6 diém G la trung diém MN la:



Cau 47:

Cau 48:

111 111 222 111
A | ——— 1. B.| ——;—|. C.|=——]|. D.|—;—;—|.
(333] (222) (333) (444)

Trong khong gian Oxyz, cho bon diém O, A, B, C sao cho O, A, B khong thing
hang. Tap hop nhitng diém M sao cho ]\TC(M—O—ZW +m) =0 la

A. mot mit phang. B. mot diém. ,

C. tap hop rong. D. mot duong thang.

Trong khong gian véi hé toa @ Oxyz, cho ba diem 4(-2;3;1), B(21;0), C(-3;-1L1).
Tim tat ca cac diém D sao cho ABCD 14 hinh thang c6 ddy AD va S, =35, sc
D(-8-7;1) c D(8;,7;-1)

A. D(8;7;—-1). B. . . .
( ) D(12;1;-3) D(-12;-1;3)

D. D(-12;-1;3)

E. TRA LOI DUNG SAI

Cau 1:

Cau 2:

Cau 3:

Cau 4:

Cho hinh hép ABCD.4'B'C'D'. Biét A(1;0;1),B(2;1;2),C'(4;5-5),D(L;-11). Cac
khang dinh sau dung hay sai?

A. AC'+CA'+2C'C =0

B. C(2;0;4)

C. B'(4;6;,-5)

D. D'(4;4;6)

Trong khong gian Oxyz, goi i,j,k la cac vecto don vi, diém M(2; 0;1),N(3;2;4). Cac
khang dinh sau dung hay sai?

A. MN =2i + } +k

B. OM =2i+k

C. ON =2i+3j+4k

D. [NO|=+27

Trong khong gian v6i hé toa do Oxyz gia st u=2i+ 3}' —k . a=—i+2j—3k. Cac khing
dinh sau ding hay sai?

A u=(2;0;-1)

B. a=(-1;2;-3)

C. u+v=(12;3)

D. uv=-1

Cho hinh chép S.ABCD c6 day 1 hinh vudng canh bang 3, S4=4 va S4 L (ABCD).
Chon h¢ truc Oxyz co géc toa d0 tai A; cac diém B, D, S lan luot trén cac tia Ox, Oy, Oz.
Céc khang dinh sau dting hay sai?

A. A4(0;0;0)



Cau 5:

Cau 6:

Cau 7:

Cau 8:

Cau 9:

B. B(0;3;0)

C. C(3;0;0)

D. 5(4;0;0)

Cho hinh hgp chit nhat ABCD.A’B’C’D’ ¢c6 AB =2;4D =3;AA"'=4. Chon h¢ tryc toa do
Oxyz co géc O trung véi A, cac diém B; D; A’ 1an luot thudc Ox; Oy; Oz. Céc khéng dinh
sau ding hay sai?

A. AA'=—4k

B. AB=2i

C. AD=3i

D. C '(2;3; 4)

Cho hinh chép S.ABCD c6 day ABC]? la hinh vuéng canh 3; §A vuong g(’?c voi day va
SA=4. Chon h¢ truc Oxyz sao cho goc O trung vdi A; cac di€ém B; D; S 1an lugt thude
Ox; Oy; Oz. Cac khang dinh sau ding hay sai?

A. AD=3i+0+0k

B. AS=0i+0/+4k

C. AC=3i+3j+0k

D. SC=3i+3/+4k

Trong khong gian v6i hé toa d6 Oxyz, cho hinh hop ABCD.A'B'C'D' c6 A(O;O; 0) ,
B(a;0;0); D(0;2a;0), A'(0;0;2a) véi a#0. Céc khang dinh sau ding hay sai?

A. AB= (a;0;0)

B. A4 = (0;0;a)

C. AC' = (a;2a;2a)

D. AD = (a;2a;0)

Trong khong gian Oxyz, cho hai diém A(1;-1;2) va B(-1;3;0).
A. Toa d6 trung diém cua doan thang (0;1;1).

B. Toa d0 vecto AB = (2;—4;2).

C. Toa do vecto OA=1 + ] +2k.

D. Toa do vecto OA+OB = (—2:4;-2)

Trong khong gian Oxyz, cho a=(2;3;2) va b=(L1;-1).

A. Toa d0 vecto a—b = (1;2;3).

B. Tich v6 hudng cua hai vecto a va b bang 6.

C. Hai vecto d@ va b khong cung phuong.

J51

D. Cosin goc gitra vecto a va b bang o



Cau 10: Trong khong gian Oxyz, cho hai vécto a= (—2; 1;—3),13 = (~1;-3;2) va diém A(4; 6; —3).
A. Toa d0 vecto a—2b = (0;1;-1).
B. Toa d6 diém B(2;7;—6) thi d = AB.
C. Hai vecto G va b cung phuong hudng.
D. Goc gilra vecto a va b bang 120°.
Cau 11: Trong khong gian Oxyz, cho ba vecto a= (—1;1;0),5 =(1; 1;0),2 =(LL1).
A. Do dai vecto @ bang V2.
B. Vecto b vudng goc voi a.
C. Vecto b vudng goc voi ¢ .

D. Toa do vecto 3a + 2b-¢ bang (—2;4;-1).

Cau 12: Trong khong gian Oxyz, cho ba vecto a = (—1;1;0),[; =(L 1;0),; =(L;1;1). Xét tinh dung
sai cua cac ménh dé sau?
A. |;,| =2.
B.bla.
C.blc.
D. 2‘2‘ =6..
Ciu 13: Trong khong gian Oxyz, cho ba diém A4(4;2;1), B(2;1;3), C(-1;3;-2).
A. Toa do trong tdm tam giac ABC béng (%, 2;%).

B. Toa d9 trung diém doan thing 4B bang [3;%;2)

C. Tu giac ABCD 1a hinh binh hanh thi toa do diém D= (1; 4; —4).
D. Ba diém A4,B,C thing hang.

Céu 14: Trong khong gian Oxyz, cho ba diém 4(3;5;-1), B(7;x;1), C(9;2;y).
A.Ba diém 4,B,C thang hang thi x+y =5.

B. Diém G(?;%;fﬁj la trong tdm tam giac ABC thi x=1;y =3.

C. Tam giac ABC vudngtai 4 thi x=13,y=-1.
D. Tich v6 huéng cia AB.AC =—3x+2y+41.

Cau 15: Trong khong gian Oxyz, cho ba vecto a = (1;2;3); b= (2;2;-1), c= (4;0,—-4).
A. 3a=(1;6;9).
B. G+b =(3;4;2).
C.a-c=(3;-2;-7).
D. a—b+2c =(7;0;,-4).

QI Q

Céu 16: Trong khong gian Oxyz, cho hai vecto @ =—i +3j +4k; b =2i +4] +k.



Cau 17:

Cau 18:

Cau 19:

Cau 20:

Cau 21:

A. Toa d6 vecto a =(—1;3;4).
~ 1
B. Cosin goc gitra hai vecto d,b bang 5

C. Tich vb hudng ctia hai vecto @,b bang 14.

D. Hai vecto d,b vudng goc voi nhau.

Trong khong gian Oxyz, cho ba vecto G = (2;1;—2),5 =(1;2;-4),¢ =(-1,-3;3).

A. G=2b.
B. [d|=3[p|.
C.ib=12

D. 2G—3b+5¢ = (—4;—-19;23).

Trong khong gian Oxyz, cho bén vecto d= (2;3;1),5 =(-1;5;2),¢ =(4;—-1;3) va
X =(-3;22;5).

A. ¥=2a+3b-¢.

B. Hai vecto @ va b cung phuong.

C. Hai vecto a va ¢ khong cung phuong.

D. Hai vecto d@,b vudng goc voi nhau.

Trong khong gian  Oxyz, cho hinh binh hanh  4BCD. Biét
A(-11;2),B(1;0;3),C(0;2;-2).

A. Toa do vecto BC =(~1;2;-5).

B. Toa d0 vecto AB = 2;—}'+7c .

C. Toa dd diém D 1a D(-2;3;-3).

D. Toa do vecto AD =i+ 2}' +5k.

Trong khong gian voi hé toa do Oxyz, cho hinh hop ABCD.A'B'C'D’, biét réng
A4(2:1;0),C(0;3;0),C'(-1;2;1),D'(0;-2;0).

A. Toa do cac diem A, B' 1a 4'(1;0;-1),B'(0;4;2).

B. Toa d6 cac diém B,D 1a B(1;5;1),D(1;-1;-1).

C. Toa do6 vecto AB 1a AB :;+4}'+l;.

D. Toa do vecto AB 1a B'D :f—S}'—3l; .

Cho hinh chép S.ABCD day la hinh thang vudng tai 4 va B, AD=2A4AB=2BC =2a,
canh bén S4 vudng goc v6i mét phang day (4BCD), SA=2a.Goi H l1a hinh chiéu diém
C trén canh AD.



Cau 22:

Cau 23:

/o ¢
A. Toa d0 cac diém 4, B la A(00;0),B(a;a;0).
B. Toa do cac diém C,D la C(a;a;0),D(2a;0;0).
C.Toa dd diém S 1a 5(0;0;2a).
D. Toa do diém H la H(a;O;O).

Cho hinh chép S.ABCD c6 ddy ABCD la hinh vudng c6 cac canh bang 1, SAD 1a tam

giac déu va nam trong mat phang véi day. Goi O,M

va N lan luot 13 trung diém cua

AD,BC va CD. Thiét 1ap hé truc toa 40 Oxyz nhu hinh vé&.

A. Toa d6 cac diém A4,B la A(O;—%;OJ,B(I;—%;OJ.
B. Toa d6 cac diém C,D 1a C(l;%;Oj,D 0;

B3

C. Toa d6 diém S la 5[0;0;7}.

D. Toa do cac diém M, N la M(I;O;O),N(%'l;oj.

2

Trong khong gian Oxyz, cho vecto a = (2;—2; —4), b=

(L-1;1).



Cau 24:

Cau 26:

Cau 27:

a) a=2i +2k .
b) Toa do b =(0;2;2).
¢) Toa do AB =(-2;2;0) e

A. G+b=(3;-3;-3)

B.dvab cung phuong

C. |p|=3

D. G=2i-2j-4k

Trong khong gian v&i hé truc toa dd Oxyz, cho a =(2;-5;3), b =(0;2;-1), ¢ =(1;7;2) .
A. ii=3i-b+5¢ véi ii =(11;22;18).

B. = a—gﬁ—za voi ¥ =(—1;—£;—1].

Trong khong gian Oxyz, cho 5=f+3l€—4j va Ez(m—n;4m—6n;n2—3m+2), véi
m,n 1a tham sb.
a) Toa d0 a =(1;3;-4).

b) Dung diém A thoa OA=a thi A4(1;—4;3).

—

c) Ton tai gia tri cia m va n dé b=0.
d)Néu a=b thi m+n=9.

Trong khéng gian Oxyz , cho @=(2;2;0),b = 2; +2k . Dung OA=d va OB=b.

z

d) Géc AOB =45". /o 7 '

Cau 28: Trong  khong  gian Oxyz , cho  hinh  hop OABC.O'A'B'C’ cd
A(1;1;-1),B(0;3;0), BC' = (2;-6;6). Goi H,K 1an luot 14 trong tAm cua tam giac OA'O’
va CB'C'.

a) Toa do diém C' 1a (2;-3;6) 9 o
b) Toa d diém O’ 1a (3;-5:5). N, g

¢) Toa d véc to AB = (-2;3;-6).

d) Toa do véc to ﬁ:(—l;z;—l). O’ """"" ¢




Cau 29: Cho hinh chop S.ABCD c6 day ABCD 1a hinh chit nhat, 4B =1,A4AD =2,584 vudng gbéc
vo1 mat day va SA=3. V6i hé toa d0 Oxyz duogc thiét 1ap nhu sau: Gbc toa do O trung
voi diém A, céc vée to AB, AD, AS 1an lugt cung hudng voi 7, va k . Xét tinh dung sai
ctia cac khang dinh sau

a) Toa do D(0;2;0).

b) Toa dd C(1;2;3).
¢) Toa do S(2;0;0)
d) Toa d¢ 1(1;1;0).

Céu 30: Cho hinh lap phuong 4BCD- A'B'C'D’ ¢6 canh bang 2. Vi hé toa dd Oxyz duoc thiét 1ap
nhu hinh bén (gbc toa 46 O trung véi tAm hinh vuéng ABCD ), hiy xét tinh dung sai ctia
cac khang dinh sau:

a) Toa do A(-1,0;0).

b) TC':(zﬁ;o;z).
c) Toa do D'(O;\/E;Z).
d) BD' =(00;2).

Céu 31: Cho hinh ling tru ABC-A'B'C' ¢6 ddy ABC la tam gidc déu canh bang 2 nhu hinh vé.
Hinh chiéu vudng goc ctua 4’ 1én (ABC ) trung v6i trung diém canh AB, gbc A 40 =60°
. Vb1 hé toa do0 Oxyz duoc thiét 1ap nhu hinh bén (géc toa d0 O trung voi trung diém cua

doan BC ), hiy xét tinh dung sai ctia cac khang dinh sau:

a) Toa d diem A4(-1;0;0). :
b) Toa d6 diém C(O; \/3;0). A ¢
¢) Toa do diém A’(O;—l;\/g ) -
d) Toa d¢ diém C'(l;\/g;\/g) .
___________ ¥
4 - - C
[#)
B

Cau 32: Cho cac diém A(1;-2;3),B(-2:;1;2),C(3;-1;2).



a) AB=(-3;3;-1).

b) AC =(-2;-11).

¢) AB=34C.

d) Ba diém 4, B,C khong thang hang.

Cau 33: Cho ba diém A4(3;3;-6),B(1;3;2) va C(-L-3;1). Goi M,N,K lan luot 14 trung diém
ctia AB,BC va CA.
a) Toa d0 M (2;3;2).

b) V6i G 1a trong tAm tam gidc ABC thi GC =245 .
¢) Trong tAm tam gidc MNK 1a E(1;1;-1).

d) Véi D(-3;-3;9) thi tr gide ABDC 1a hinh binh hanh.

A
M /\ K
| M |
N
Ciu 34: Cho hinh hop ABCD-A'B'C'D', biét diem A4(0;0;0), B(100),C(1;2;0),D'(-13;5).
Goi M, N la tdm cia cac hinh binh hanh ABB'A', ADD'A’ .

a) Toa do D(0;2;0).b) Toadd A'(-L1L5).

¢) Toa do MN =(~1;1;0). d) [4B + 4D +CC| =29,




Cau 35:

Cau 36:

Cau 37:

Hai chiéc khinh khi cau bay 1én tir cing mot dia diém. Chiéc thir nhat cach diém xuat phat
2 km v¢ phia nam va 1 km vé phia dong, dong thoi cach mat dat 0,5 km. Chiéc thtr hai
nam cach diém xuét phat 1 km vé phia bic va 1,5 km vé phia tdy, dong thoi cach mat dat
0,8 km.

Chon h¢ truc Oxyz véi gboe O dit tai diém xuat phat ctia hai khinh khi cau, mat phang
(Oxy) tring voi mat dat voi truc Ox hudng vé phia nam, truc Oy hudéng vé phia dong

va truc Oz hudng thang dimg 1én troi (Hinh bén dudi), don vi do 14y theo kilomet.

.
Bac .7

Déng
a) Voi hé toa do da chon, toa do khinh khi cau thir nhat 1a ( 2;1;0,5).
b) V&i hé toa d6 da chon, toa do khinh khi ciu tht hai 1a (—1,5;—1; 0, 8) .

¢) Khoang céch tir diém xuét phat dén khinh khi cu thir nhét bing /21 km.

d) Khoang cach hai chiéc khinh khi cau 1a 3,92 km (Két qua lam tron dén hang phan

tram).

Cho ba vec-to d =(—1;1;O),Z; =(LL0) va ¢ =(L1L1).
a) |a|=2.

b) Je|=+3.

Cho hai vécto 4 =(0;2;3) va v =(m—1;2m;3).

a) [a| =13

b) ‘ﬁ|:|17‘<:>m:—%.



Cau 38: Cho tam gidc ABC c6 A(1;2;0),B(0;1;1),C(2;1;0).
a) Tam gidc ABC vudngtai 4.

b) Chu vi tam gidc 13 /7 ++/3 +/2 .
c) Dién tich tam gidc ABC la J6.

LA . 1
d) Tam duong tron ngoai tiép tam giac ABC 1a [ (I;I;EJ .
Cau 39: Hinh minh hoa so d6 mot ngdi nha trong h¢ truc toa do Oxyz, trong do nén nha, bon buc
tuong va hai mai nha déu 1a hinh chir nhat.
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a) Toa d0 cua cac diém A(S;O;O).
b) Toa do clia cac diém H (0;5;3).

¢) Géc nhi dién c6 canh la duong thang FG , hai mit lan luot 1a (FGQOP) va (FGHE)
goi 1 goc dbc ctia mai nha. S6 do cua goc dbe ctia mai nha bang 26,6° (1am tron két qua
dén hang phan mudi cua do).
d) Chiéu cao ciia ngoi nha 1a 4.

F. TRA LOI NGAN

Cau 1: Trong khong gian Oxy, cho hai vecto d = (3;2;5) va b = (3m +2;3;6—n). Tinh gia tri biéu

thitc 6m +2n dé hai vecto @,b bang nhau.



Cau 2:

Cau 3:

Cau 4:

Cau 6:

Cau 7:

Cau 9:

Cau 10:

Cau 11:

Cau 12:

Cau 13:

Cau 14:

Cau 15:

Trong khong gian Oxyz, cho tam gidc ABC c6 ba dinh A4(1;2;3), B(-1;2;0),C(3;2;-3)
va G(a;b;c) la trong tAm cuia tam gidc ABC. Tinh gia tri biéu thic P=a+b+c.

Trong khong gian Oxyz, cho tam gidc ABC cb A(I;O;O), B(O;O;l), C(Z; 1;1). Dién tich
ctia tam giac ABC bang:

Trong khong gian Oxy, cho hai diém A(1;2;3) va B(2;1;1). Cho diém M (x,;y,;z,) thudc
mit phing (Oyz) sao cho ba diém 4, B,M thing hang. Tinh gia tri biéu thirc Xy + Y, + 2,
Trong khong gian Oxy, cho ba diém A(L;-1;1), B(3;1;2) va C(—1;0;3). C6 bao nhiéu diém
D sao cho tir gidc ABCD 1a hinh thang ¢6 2 canh day 4B,CD va c6 goc tai D bang 45°.
Trong khong gian Oxy, cho tam giac ABC, biét A(2;0;0),B(0;3;1),C(-3;6;4). Goi M la
diém trén canh BC sao cho MC =2MB. Tinh d6 dai AM .

Trong khong gian Oxy, cho ba diém A(1;2;-1),B(2;—-1;3),C(-2;3;3). Piém M (a;b;c) la
dinh tht tu caa hinh binh hanh 4ABCM. Tinh gia tri cta biéu thic P =a’ +b* —¢°.

Trong khong gian Oxy,cho hai diém trén truc hoanh ma khoang cach tir d6 dén diém
M (=3;4;8) bang 12. Tinh tong hai hoanh d9 ciia chiing.

Trong khéng gian Oxy, cho hai vecto a = (2;5;-3),b = (0;—4;0). Tinh tich v6 huén cua hai
vecto 5,5.

Trong khong gian véi hé toa d6 Oxyz, cho cac didm OA =i+ O}' +3k , OB =2i+ 3}' —4k ,
OC=-3i+j+2k. Diém D(x;y;z) sao cho ABCD 1a hinh binh hanh. Tinh
P=2x+y-z.

Trong khong gian véi hé toa do Oxyz, cho a=2i+ 37(; h=3i+ 3}' . Toa d0 vec to
a =(x;0;3); l;=(3;y;0). Tinh P=x>+ .

Trong khong gian voi hé toa d§ Oxyz, cho OM =2i- 3}' +4k; ON =—i+ 3} —k. Toa do
diem M (2;-3;a); N (~1;b;-1). Tinh T =2a-3b.

Trong khong gian voi hé toa do Oxyz.cho a= (3;—5;2) ; b= (2;1;—1) . Vecto
Zz=3;—y;'+2];; I;:Z;+}'+Z/;. Tinh P=y*>-2*

Trong khong gian v6i hé toa do Oxyz, M(I;O; —2),N(5;l; —6) . Tinh
OM =i+yj—2k;ON =xi+ j—6k.Tinh P=x"+)".

Cho hinh chép S.4BCD c6 ddy 1a hinh vudng canh bang 5, S4=2 va S4 L (ABCD).

Chon hé truc Oxyz c6 gdc toa d6 tai A; cac diém B, D, S 1an luot trén cac tia Ox, Oy, Oz.
Toa d¢ diém C(x;y;z). Tinh P=x’+)’ +2°.



Cau 16:

Cau 17:

Cau 18:

Cau 19:

Cau 20:

Cau 21:

Cau 22:

Cau 23:

Cau 24:

Cau 25:

Cau 26:

Cau 27:

Cau 28:

Cho hinh hdp chit nhat ABCD.A’B’C’D’cd AB =2;AD =3; AA'=4. Chon h¢ tryc toa do
Oxyz c6 géc O trung véi A, cac diém B; D; A’ 1an lugt thudc Ox; Oy; Oz. Tim toa d§ cua
C'(x;3;z). Tinh P=x-=z.

Cho hinh chép S.ABCD c6 day 1a hinh vudng canh bang 3, S4=4 va S4 L (ABCD).
Chon h¢ truc Oxyz c6 géc toa d0 tai A; cac diém B, D, S lan luot trén céc tia Ox, Oy, Oz.

Goi M la trung diém SC. Tim toa do diém M (x;y;z). Tinh T=x+y —%z .

Cho hinh hép ABCD.A'B'C'D'. Tinh |A—C‘ +CA'+ 2C—C'| .

Cho hinh hdp chit nhdt ABCD.A'B'C'D' ¢c6 AB =8;AD =6; AA'=4. Chon h¢ truc toa do
Oxyz c6 géc O trung véi A, cac diém B; D; A’ 1an luot thudc Ox; Oy; Oz. Toa do diém
C'(x;y;z) .Tinh P=x-2y+z.

Trong khong gian v6i hé truc toa d6 Oxyz, cho ba diém 4(1;2;-1), B(2;-1;3),C(=2;3;3)
.Piém M (a;b;c) 1a dinh thtr tu ctia hinh binh hanh 4BCM , khi d6 P=a”+b> —c* ¢ gid
tri bang

Trong khong gian Oxyz , cho ba vecto a = (-2;2; 0);5 =(2;2;0) va 2(2; 2;2). Gid trj cia
|Zz +b+ Z'| bang

Trong khong gian véi hé toa d0 Oxyz, cho tam giac ABC c¢o6 A(I;Z;—l), B(2;—l;3> ,
C<—4;7;5). Goi D(a;b;c) la chan duong phan giac trong goc B cua tam giac ABC . Gia
tri cia @ +b+2c bang

Trong khong gian vé6i hé toa @6 Oxyz, cho ba diém A4(2;-3;4),B(1;y;-1)C(x;4;3) . Bé
ba diém 4, B, C thang hang thi tong gia tri 5x +yla:

Trong khong gian Oxy, cho ba vecto a = (1;m; 2),[; =(m+1;2;1),¢ =(0;m—2;2). Téng cac
gia tri thuc cia tham s6 m dé |& +I;| = |E|

Trong khéng gian Oxy, cho hai vecto a = (1;—1;0),b = (2;2¢—1;0). Xéac dinh gia tri ¢ dé
hai vecto d@,b cung phuong.

Trong khong gian Oxy, cho hai vecto ad =(1;2; —2),[; =(-1;-1,0). S6 do do cua goc gilra
hai vecto a@,b ?

Trong khong gian v6i hé toa do Oxyz, cho hai diém A(O; 2;—2), B(2; 2; —4). Gia su
I(a;b;c) 1a tam dudng tron ngoai tiép tam gidc OAB. Tinh T=a’ +b° +¢”.

Trong khong gian véi hé toa dd Oxyz, cho ba diém A(-2;3;1), B(21;0), C(-3;-11).
Gid sir diém D(a,b,c) sao cho ABCD la hinh thang c6 ddy 4D va S,,., =3S, ... Tinh

a+b+c



Cau 29:

Cau 30:

Trong khong gian véi hé truc toa do Oxyz cho hinh thang 4BCD vudng tai A va B . Ba
dinh A(1;2;1), B(2;0;—1), C(6;1;0) Hinh thang c6 dién tich bang 62 . Gia st dinh
D(a;b;c). Tinh a+b+c

Trong khong gian toa d0 Oxyz cho hai diém A(2; 2;1) , B(—§;4;§]. Biét I(a;b;c) la

W |

tam duong tron ndi tiép ciia tam gidc OAB. Tinh S=a+b+c.



BAI 7. HE TRUC TOA PO TRONG KHONG GIAN.

A. KIEN THUC CO BAN CAN NAM
1. HE TRUC TOA PQ TRONG KHONG GIAN

Trong khong gian, ba truc Ox, Oy, Oz d6i mot vudéng goc voi nhau tai gde O ctia mdi tryc.
Goi 7,j,l€ 1an luot 1a cac vecto don vi trén cac truc 0x,0y,0z.

- H¢ ba truc nhu vay duogc goi 1a hé truc toa d§ Descartes vudng géc Oxyz hay don gian 1a hé toa do
Oxyz .

- Piém O dugc goi la géc toa do.

- Cac mit phang (Oxy),(Oyz),(Ozx) d6i mot vudng goc véi nhau duogc goi 1a cac mit phang toa
do.

Khoéng gian véi hé toa dd Oxyz con dugce goi 1a khong gian Oxyz

Vi du 1. Cho hinh 1ap phuong ABCD.A'B'C'D’ c6 dd dai mbi canh bang 1 (H.2.36). C6 thé 1ap mot
hé toa d§ Oxyz cé géc O trung vai dinh B’ va cac vecto f,f,l; 1an luot 1a cac vecto

W, B'C ’,ﬁ khong? Giai thich vi sao.

(93
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Loi gidi

Hinh 1ap phuong ABCD.A'B'C'D' ¢b cic canh B'A',B'C' va B'B d6i mot vudng goc voi nhau,

Vi hinh 14p phuong c6 d6 dai mdi canh bang 1 nén cac vecto B'_A',B'—C',ﬁ cung c6 diém dau la B’
va déu co do dai bang 1 . q )

Tuir cac diéu trén, suy ra c6 thé 1ap mot hé toa dd0 Oxyz c6 goc O trung vaGi dinh B’ va cac vecto

i ],Ig lan luot 1a cac vecto W, W,ﬁ.

2. TQA PO CUA PIEM, TOA PO CUA VECTO TRONG KHONG GIAN

Trong khong gian Oxyz cho mot diém M tuy y. Bo ba sd (x;y,z) duy nhét sao cho
OM = xi + yj +zk duoc goi la toa d§ cua diém M d6i v6i hé toa do Oxyz . Khi do, ta viét
M =(x;y,z) hoac M(x;y,z), trong d6 x la hoanh do, y 1a tung d6 va z la cao d6 cua M .

Vi du 2. Hinh 2.38 minh hoa mdt h¢ toa d0 Oxyz trong khong gian cung véi cac hinh vuong cé
canh bang 1 don vi. Tim toa d6 cua diém M .
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Loi gidi
Trong Hinh 2.38, ABCM .FODE la hinh hop chir nhat.
Ap dung quy tic hinh hop suy ra OM =OF +OD+OB =3i + 47+ 3k.
Vi vay, toa do cua diém M 1a (3;4;3).

Vi du 3. Trong khong gian Oxyz , cho hinh hp chit nhat ABCD.A'B'C'D’ ¢6 dinh A’ tring véi gbe
O va cac dinh D', B, 4 1an luot thudc cac tia Ox, Oy, Oz (H.2.40). Gia sir dinh C c6 toa do 1a
(2;3;5) ddi voi hé toa dd Oxyz, hdy tim toa do cua céc dinh D', B', 4 dbi voi hé toa d do.

M
Lt

.'...-'hd-.---JI A .
P A= y
Loi gidi

Vidinh D' thudc tia Ox nén hai vecto oD vai cling phuong, suy ra ¢6 s6 thuc m sao cho
oD =mi Tuong t, c6 cac sb thuc 7, p sao cho OB’ = n va OA = plg . Theo quy tic hinh hop,
suy ra OC=0D +0B'+04 = m;+nj+pl_€ va do d6 diém C c6 toa d6 1a (m;n;p).

Mit khac, dinh C c6 toa dd 1a (2;3;5) nén m=2,n=3,p =5, tic la OD' =2i,0B'=3] va

OA =5k .

Tur day suy ra D'(2;0;0),B'(0;3;0) va A4(0;0;5).

Nhan xét. Néu diém M c6 toa do (x;9:2) dbi v&i hé toa do Oxyz thi:

- Hinh chiéu vudng goc ctia M trén cac truc Ox, Oy va Oz ¢6 toa d6 1an luot 1a (x;0;0), (0; y;0)
va (0;0;z).

- Hinh chiéu vudng goc ctia M trén cac mit phang (Oxy), (Oyz) va (Ozx) c6 toa d¢ lan luot 1a
(x;;0),(0;,2) va (x;0;z2).



Ngudi ta chimg minh dugc ring bd ba sé (x; v,z) trong HD3 1a duy nhat.

Trong khong gian Oxyz cho vecto @ tuy y. Bo ba sé (x;y;z) duy nhét sao cho @ =xi + yj + zk

duoc goi 1a toa do cua vecto a dbi v&i hé toa do Oxyz . Khi do, ta viét d = (x;y;z) hoac a(x;y;z).
Nhén xét
- Toa d6 cta vecto d ciing 13 toa do cuia diém M sao cho OM =a.

- Trong khdng gian, cho hai vecto & = (x;;2) va b =(x;y';z'). Khi d6, @=b néu va chi néu

y=y

zZ=7Zz.
Vi du 4. Trong khong gian Oxyz hiy tim toa d6 clia cac vecto 7, va k.

Léi gidi

Vii=1-7i+0-j+0-k néni=(1;0;0). Vi j=0-i +1-j+0-k nén j =(0;10).
Vik=07+0-7+1-k nén k =(0;0;1).
Trong khong gian Oxyz cho hai diem M (x,,;¥,;2, ) v& N(x;»y;zy ). Khi dé:
MN =(%y = X)3 ¥y = Yu3 25 =20 ):

Vi du 5. Trong khong gian Oxyz cho hinh lang try tam gidc ABC.A'B'C’ c6
A(1;0;2), B(3;2;5),C(7;-3;9) va A'(5;0;1).

a) Tim toa d6 cua A

b) Tim toa d6 cua cac diém B',C’.

Loi gidi
a) Ta co: H:(xA, =XV, "V, _ZA):(4;0;_1)-

b) Goi toa d ctia diém B’ 1a (x;y;z) thi BB = (x—3;y—2;z-5). Vi ABC.A'B'C’ 1a hinh lang tru
nén ABB'A' 1a hinh binh hanh, suy ra A4’ = BB’ .



x-3=4

Dodd 1 y—2=0 hay x=7,y=2 va z=4.Vay B'(7;2;4).
z—5=-1

Lap luan tuong ty suy ra C'(11;-3;8).

B. GIAI BAI TAP SACH GIAO KHOA
2.13. Trong khong gian Oxyz cho ba vecto d,b,¢ déukhac 0 vaco gia d6i mot vuong goéc. Nhitng
ménh dé nao sau day la ding?

a) C6 thé 1ap mot hé toa 46 Oxyz o céc truc toa do 1an luot song song véi gia ciia cac vecto 5,5 ,C .

b) Co thé 1ap mot hé toa d§ Oxyz c6 cac tryc toa do lan luot trung vi gia cua céc vecto a”,lg ,C .

—

¢) C6 thé 1ap mot hé toa dd Oxyz co céac vecto i, ',lg lan luot bang cac vecto @ ,l; ,C .

d) C6 thé 1ap mot hé toa do Oxyz cb cac vecto 17,],12 lan lugt cung phuong cac vecto a a,b,c.
Loi gidi

Ca 4 dap 4n trén déu dung.

2.14. Hiy mo ta hé toa @ Oxyz trong cin phong & Hinh 2.44 sao cho gbc O tring véi goc trén cua
cin phong, khung tranh nam trong mit phiang ( Oxy ) va mat trin nha tringvdi mat phang (Oxz) .

Hinh 2.44
Loi giai

Hinh v& phu hop 1a

2.15. Trong khong gian Oxyzxac dinh toa do cua vecto AB trong moi trudng hop sau:

4



a) A(0;0;0) va B(4;2;-5);
b) A(1;-3;7) va B(1;-3;7);
c) A(5;4;9) va B(-5;7;2).
Loi gidi
a) AB =(xB — X3V — V452 —ZA)=(4;2;—5)
b) AB=(x, =355 =325 —24) = (0;0;0)
¢) AB=(x,=X,375 = V432, —2,) = (-10;3,=7)
2.16. Trong khong gian Oxyzxéac dinh toa do ctia diém 4 trong mdi truong hop sau:
a) A trung voi géc toa do;
b) A nam trén tia Ox va 04=2;
¢) A nim trén tia d6i cta tia Oy va O4=3.
Loi gidi
a) A trung voi gde toa do nén A(0;0;0).
b) Vi A ndm trén tia Ox va O4 =2 nén O4=2i . Do d6, A(2;0;0).
¢) Vi A nidm trén tia ddi cta tia Oy va O4 =3 nén OA = -3/ . Do dé, 4(0;-3;0).

2.17. Trong khong gian Oxyzcho hinh hop chit nhat ABCD- A'B'C'D’ ¢6 dinh A tring véi goc O
va cac dinh D, B, A" ¢6 toa do lan luot 1a (2;0;0),(0;4;0),(0;0;3) (H.2.45). Xac dinh toa do cua cac
dinh con lai cia hinh hdp chit nhat.

m
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Loi gidi

Dinh A trung véi géc toa dd nén A(O; O;O).

Ta c6 D(2;0;0) nén OD = 2i;B(0;4;0) nén OB = 4j;A'(0;0;3) nén 04 =3k .
Theo quy tic hinh hop, ta c6: OC' = 0D+ OB+ 04 =2i +4j +3k . Do d6 C'(2;4;3).
Theo quy tic hinh binh hanh, ta cé: OC=0D+0B=2i + 47 .Do d6 C(2; 4;0).



Theo quy tac hinh binh hanh, ta co: OD'=0D + 04’ =2i +3k . Do d6 D'(2; 0;3) .

Theo quy tic hinh binh hanh, ta c6: OB =0B+04' = 47+ 3k . Do d6 B'(O; 4;3) .

2.18. Trong khong gian Oxyzcho hinh hop OABC.O'A'B'C" ¢6 A(1;1;-1), B(0;3;0), C'(2;-3;6).
a) Xac dinh toa do cua diém C.

b) Xac dinh toa do cac dinh con lai ctia hinh hop.

Loi giai
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a) Ta co: O(O; O;O)

Vi OABC.O'A'B'C' 1a hinh hop nén AOBC 1a hinh binh hanh. Do d6:

X, =Xp— X, Xe=x,—x5=1
OA=CB=y, =Yy —Vc = yc=yA—yB=—2:>C(l;—2;—1)
Z,=Zp— 2 Zo=z,~2z5=-1

b) Vi OABC. O’'4'B'C’ 1a hinh hdp nén

Xo =Xo —Xc =1
00 =CC' =1 yy =ye—ye =—1=0'(;-1;7)

Zy =Zp—Zo =1

Xp—X,=Xo—X:=1 X, =2
AA=CC =1y, v, =ve—ve=-1=1y,=0= 4(2;,0;6)
Zp—Z,=Zo—Zp =1 z,=6
xB,—xB:(xC,—xC)zl Xy =1
BB'=CC' = yB'_yB:(yc'_yC):_1:> yB,:2:>B'(1;2;7)
zB,—ZB:(zC,—ZC):7 Zp =TT

2.19. Trong Véan dung 2, hiy giai thich vi sao tai mdi thoi diém chiéc may bay di chuyén trén duong
bing thi toa 6 cta nd ludn c6 dang (x;y;0) voi x, y 14 hai sé thue nao do.

Loi gidi
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Khi may bay di chuyén trén duong bang tirc 1a may bay di chuyén & trén mit dat, tirc 1 thudc mat
phing (Oxy) . Do d6 may bay khi di chuyén trén duong bang thi toa do ctia n6 ludn ¢ dang (x ;v ;
0) v6i x, y la hai s6 thuc nao do.



BAI 8. BIEU THUC TOA PQ CUA CAC PHEP TOAN VECTO

A.KIEN THUC CO BAN CAN NAM ,
1. BIEU THUC TQA PQ CUA PHEP CONG HAI VECTO, PHEP TRU HAI VECTO, PHEP
NHAN MOT SO VOI MOT VECTO

Trong khong gian Oxyz , cho hai vecto @ =(x;y;z) va b =(x";)";z'). Ta co:

ﬁ+5:(x+x’;y+y’;z+z’); a-b=(x-xy-yiz-2);
ki = (kx;ky;kz) v6i k 1a mot so thuc.
Nhin xét. Vecto G =(x;y;z) clng phuong véi vecto b = (x';»';z’) # 0 khi va chi khi ton tai sb
x=kx'
thuc k saocho {y =k
z=kz'
Vi du 1. Trong khong gian Oxyz , cho hai vecto d@ =(2;1;5) va b =(2;2;1). Tim toa do clia mdi
vecto sau:
a) a-b;
b) 3@+2b .
Loi gidi
a) Vi d=(215) va b=(2;2;1) nén a-b=(2-21-25-1)=(0;-1;4).
b) Taco 3d =(3-2;3-1;3-5)=(6;3;15) va 2b =(2-2;2-2;2-1) =(4;4;2).
Do d6 3d+2b = (6+4;3+4;15+2)=(10;7;17).

Trong khong gian Oxyz cho ba diém khong thang hang A(xA;yA;ZA ),B(xB;yB;zB) va
C(xc; 0320 ). Khi do:

- Toa d6 trung diém cua doan thang AB 1a (XA ;xB ;y“ eryB ;ZA ;ZBJ;

. A . (X, +x,+x +Y,+ V. z, vz, 42
-Toad()tr(_)ngtamcuatamglacABCla(A 33 C;yA Vs yc; 4 58 C}.

3 3

Vi du 2. Trong khong gian Oxyz cho ba diém A(1;2;3),B(3;2;1) va C(2;—1; 5). Tim toa do trung
diém M cua doan thing AB va toa do trong tim G ciia tam giac ABC.
Loi gidai
1+3 2+2 3+1
27272

5

Vi M 1a trung diém ctia doan thang AB nén toa d6 cua diém M 1a ( ] , Suy ra

M(2;2;2).



Vi G 1a trong tAm ctia tam giac ABC nén toa d6 cua diém G 1a (1+i+2;2+2;(_1);3+;+5j=

suy ra G(2;1;3)

2. BIEU THUC TQA PQ CUA TiCH VO HUONG

Trong khong gian Oxyz , tich v huéng ciia hai vecto @ =(x;;z) va b =(x;»';z') duoc xdc dinh
boi cong thirc: d@-b = xx'+ yy' +zz'

Nhan xét

- Hai vecto @ va b vudng goc vdi nhau néu va chi néu xx'+ yy' +zz'=0.

- Néu Zz=(x;y;z) thi |a|=\/a-a =\Jx*+y*+2° .

-Néu d=(x;y;z) va 15=(x';y';z') 1a hai vecto khac 0 thi

_ =\ a-b xx'+ yy' +zz'
cos(a,b>_ ‘&H[;‘ =

\/x2 +y*+2° -\/x'2 +y?+z°

Vi du 3. Trong khong gian Oxyz, cho hai vecto G =(1;4;2) va b =(-4;1,0).

a) Tinh a -b va cho biét hai vecto @ va b c6 vuong gdc voi nhau hay khong.
b) Tinh d¢ dai cua vecto a.

Loi gidi
a) Tacé: d-b=1-(-4)+4-1+2-0=0. Do d6, hai vecto d va b vudng goc voi nhau.

b) D dai ciia vecto @ 1a |d] =/1” +47 +2* =21.

Vi du 4. Cho hinh chép S. ABCD c6 ddy ABCD 14 hinh chit nhat va SA vudng gbéc voi mit phang
(ABCD).Giastt SA=2,4A4B=3, AD=4.Xét hé toadd Oxyz véi O trung A va céc tia
Ox, Oy, Oz lan luot trung vai cac tia AB, AD, AS(H .2 .48).

a) Xac dinh toa do cua cac diém S, A,B,C, D.

b) Tinh BD va SC. ¢) Tinh (BD, SC).




Loi gidi
a) Vi 4 tring gbc toa dd nén A(0;0;0). Vi B thudc tia $O x$ va 4B =3 nén B(3;0;0). Vi D
thudc tia Oy va AD =4 nén D(0;4;0). Vi S thudc tia Ozva A4S =2 nén S(0;0;2). Vi hinh chiéu
cua C lén cac truc Ox,0y,0z lan luot 1a B,D,A nén C(3;4;0).

b) Ta cd BD =(0—3;4—0;0—0)=(=3;4;0), suy ra BD =| BD |=+/(-3)> +4°+0> =5. Ta c6
SC=(3-0;4-0,0—2)=(3;4;-2), suy ra SC =| SC [= /3% +4*> +(=2)*> =~/29 .

BD-SC  (-3)-3+4-4+0-(-2) _

7
|BD|-|SC | 529 529

¢) Ta co cos(BD,SC) = , suy ra (E,%) ~ 74,9,

2

Chii y. Néu A(xA;yA;zA) va B(xB;yB;zB) thi 4B :|ﬁ|:\/(x3—xA)2+(yB—yA) +(ZB—ZA)2 )

Ddc bi¢t, khi B trung O ta nhan dugc cong thiic 04 = \/xj + yf1 + zj .

3. VAN DUNG TQA P CUA VECTO TRONG MQT SO BAI TOAN CO LIEN QUAN DEN
THUC TIEN

Vidu 5. Tror}g khong gian voi nql(f)t hé truc toa dd cho trude (don WVi do lafly theo kilomét), ra Qa pl{ét
hién mot chiéc may bay di chuyén vdi van toc va hudng khong doi tir diem A4(800;500;7) den diém
B(940;550;8) trong 10 phit. Néu may bay tiép tuc giit nguyén vén tdc va hudng bay thi toa do cua
may bay sau 5 phut tiép theo 1a gi?

Loi gidi

Goi C(x;y;z) 1a vi tri clia may bay sau 5 phut tiép theo. Vi huéng ctia may bay khong d6i nén AB

va BC cung huéng. Do van tdc cia may bay khong ddi va thoi gian bay tir 4 dén B gép doi thoi
gian bay tr B dén C nén AB=2BC.

b

Do d6 Eé:%ZE=(940_800-550_500;8;7}(70;25;0,5).

2 2
x—940=70 x=1010
Mat khac, ﬁ'z(x—940;y—550;z—8) nén ¢ y—550=25.Tuwdo {y =575 vavivay
z—8=0,5. z=28,5

C(1010;575;8,5).

Vay toa do ctia may bay sau 5 phut tiép theo 1a (1010;575;8,5).
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Vi du 6. Hay tra 10i cau hoi trong tinh hudng mé dau.

Loi gidi
Vi diém A4’ ¢6 toa d0 la (240;450;0) nén khoang céch tir 4 dén céc truc Ox,Oy lan luot 1a
450 cm va 240 cm. Suy ra A'A =450 cm va A'O’ =240 cm. Tir gia thiét suy ra
AB'=(~120;0;300), do do A'B'=[4'B| = (120’ + 0> +300° = 603/29 ~323( em).
Vi 0'0=A4'4A=450 cm va O' nam trén truc O yén toa d6 cua diém O’ 1a (0;450;0 ).
Do d6 O'B' = (120;0;300) va O'B'=|0'B'|= V120" +0” +300 = 60529 ~323( cm).

Vay moi cdn nha go c6 chiéu dai 1a 450 cm, chiéu rong la 240 cm, moi canh bén cia mat tién co
d6 dai la 323 cm.

Vi du 7. Hai chiéc khinh khi cau bay 1én tir ciing mét dia diém. Chiéc thir nhat nim cach diém xuat
phat 2km v¢ phia nam va 1km vé phia dong, dong thoi cach mat dat 0,5km . Chi€c thir hai nam
cach diém xuat phat 1km vé phia bac va 1,5km vé phia tiy, dong thoi cach mat dat 0,8km .

Chon h¢ truc toa d0 Oxyz voi géc O dat tai diém xuAt phat cua hai khinh khi cAu, mat phéng
(Oxy) trung v6i mit dat véi truc Ox hudng vé phia nam, truc Oy huéng vé phia déng va truc Oz
hudng thang dimg 1én troi (H.2.50 ), don vi do 14y theo kilomét.

a) Tim toa d6 ctia mdi chiéc khinh khi cdu ddi v6i hé toa do da chon.

b) Xac dinh khoang cach giita hai khinh khi cau (Iam tron két qua dén chit s6 thap phan thi hai).

Bong

Hinh 2.50

iai
Loi gidgi
a) Chiéc khinh khi cau thtr nhét va thtr hai c6 toa d6 1an luot 1a (2:1;0,5) va (-1;—1,5;0,8).

b) Khoang cach giira hai chiéc khinh khi cau 1a

\/(—1—2)2 +(-15-1)>+(0,8-0,5)* =4/15,34 ~3,92(km).

B. GIAI BAI TAP SACH GIAO KHOA
2.20. Trong khong gian Oxyz cho ba vecto a = (3;1; 2),b =(-3;0;4) va ¢ = (6;-1,0).

a) Tim toa do cua cac vecto G+b+¢ va 2d-3b-5¢.
b) Tinh céc tich vo huéng a-(-b) va (2a)-c .
Loi gidgi
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a) Toa d6 cua vecto G+b+¢ 1a 3-3+6;1+0-1;2+4+0)=(6;0;6).
Co 2a = (6;2;4);35 =(-9;0;12);5¢ = (30;-5;0).
Toa d0 cua vecto 26-3b-5¢ 1a (6+9-30;2+5;4—-12)=(-15;7,-8).
b) C6 —b =(3;0;—4).
Do d6 d-(—b)=3-3+1.0+2-(-4)=1.(2a)-¢ =6-6+2-(~1)+4.0 = 34
2.21. Trong khong gian Oxyz cho ba diém M(—4;3;3),N(4;-4;2) va P(3;6;-1).
a) Tim toa dd cua cac vecto MN ,W, tir 46 chimg minh rang ba diém M,N,P khong thing hang.

b) Tim toa d6 cua vecto NM + NP , tr d6 suy ra toa do cua diém 0 sao cho tr gidc MNPQ 1a hinh
binh hanh.

¢) Tinh chu vi cua hinh binh hanh MNPQ
Loi gidi
a) Ta c6: MN = (4—(—4);—4-3;2-3) = (8;-7;-1), MP(7;3;-4)

Vi g # _?7 # _Tl nén hai vecto MN, MP khong ciing phuong. Do d6, ba diém M, N,P khong thing

hang.

b)Ta c6: NM (-8;7;1), NP(-1;10;-3) .

Suy ra: NM + NP = ((=8)+(=1);7+10;1-3) = (-9;17;-2)
Goi toa do diém Q la Q(x;y;2), ta co: @(x —4;y+4;,2-2)
Dé tr giac MNPQ 12 hinh binh hanh thi NM + NP = NO

x—4=-9 x=-5
Suyra: < y+4=17=<y=13.Vay O(-5;13;0)
z=2=-2 z=0

¢) Ta c6: NM =| NM |=/(-8)> + 7* +1> =114, NP =| NP |= \/(~1)> +10% +(=3)> =+/110

Vay chu vi hinh binh hanh MNPQ la: C =2(NP+ NM)=2(~/114 ++/110)

2.22. Trong khong gian Oxyz cho tam giac ABC c6 A(1;0;1), B(0;-3;1) va C(4;—-1;4).
a) Tim toa dd trong tdm cua tam giac ABC.
b) Chimg minh ring BAC =90 .
¢) Tinh ABC.
Loi gidi
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a) Goi G la trong tam cua tam giac ABC.

X, +X,+x. 5
T3 T3
: 4
Khi do, { v, =W=§.
ZG:ZA+Z3B+ZC _»

Vay toa do trong tdm cua tam giac ABC la: G(g;%; ZJ.

b) Ta co: AB(~1;-3;0),4C(3;-1;3)

¢) Ta co: BA=+1*+3> =10; AC = /3% +(=1)* +3% =+/19

Vi tam gidc ABC vuong tai A nén tan ABC =£ V1o ABC ~54°

==
BA 10

2.23. Mot phong hoc co thiét ké dang hinh hdp chir nhat vai chiéu dai 1a 8 m, chiéu rong la 6 m va
chiéu cao 12 3 m . Mot chiéc dén duogc treo tai chinh gitra trin nha cta phong hoc. Xét h¢ truc toa do
Oxyz ¢6 gbe O trung véi mdt géc phong va mit phang (Oxy) tring v6i mit san, don vi do duge

lay theo mét (H,2.51). Hay tim toa d6 cua diém treo dén.

Gia str can phong hinh hdp chit nhat dugc mé phong nhu hinh vé.
Khi d6 ta c6 B'(6;8;3) va 0’(0;0;3). Goi I 1a diém chinh giita tran nha cta phong hoc.
Vi O'A'B'C' 13 hinh chit nhat nén I 1a trung diém cta O'B’ .

13



6+0

xI:T
80 x, =3
Do d6 y1:%<:> y, =4.
343 & =3

Z,:T

Vay toa do diém treo dén 1a (3;4;3).

2.24. Trong khong gian, xét hé toa d0 Oxyz c6 géc O tring véi vi tri cia mot gian khoan trén bién,
mit phang (Oxy ) tring véi mit bién (dwogc coi 1a phing) véi truc Ox hudng vé phia tay, truc Oy
huéng vé phia nam va truc Oz huéng thang dimg 1én troi (H.2.52). Don vi do trong khong gian
Oxyz lay theo kildmét. Mot chiéc ra da dat tai gian khoan c6 pham vi theo dai 1a 30 km . Hoi ra da
6 thé phat hién dugc mot chiéc tau tham hiém c6 toa do 1a (25;15; —10) ddi voi hé toa d6 nodi trén

hay khong? Hay giai thich vi sao.

Hinh 2.52

Loi gidi

bé x4c dinh xem ra da co thé phat hién duoc tau tham hiém hay khong, ta can xé4c dinh khoang cach
gitra ra da va tau tham hiém.

Theo dé ta co toa do cua ra da la (0;0;0), toa do cua tau tham hiém la (25;15;-10).

Khi d6 khoang cach giita ra da va tau tham hiém la:
d =+/(25-0)° + (15— 0)’ +(~10-0)> =538 ~ 30,82

Vi pham vi theo ddi ctia ra da 1a 30 km ma khoang khoang cach giita ra da va tau tham hiém 1a
30,82km nén ra da khong phat hién duoc tau tham hiém.

C.CAC DANG TOAN

DANG 1: TQA PO CUA PIEM VA VECTO

1. Phuwong phap: Stir dung khai niém
2. Vidu )
Vi du 1: Trong khong gian v6i hé toa do Oxyz, biét:

a) G=2i+3/-5k, b=-3j+4k, ¢ =—i—2j. Tim toa dd cic vecto a, b, c.

b) OM =5i — j +2k,ON =i —3k. Tim toa do cac diém M, N .
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a

Loi giai
a) d=(2;3;,-5), b=(0;-3;4), ¢ =(-1;,-2;0).
b) M (5-1;2), N(1;0; -3)

Vi du 2: Trong khong gian v6i hé toa dd Oxyz, biét:
a) a=(-3;2;—1),b =(3;0;12). Tinh @,b theo céc vecto

k.
b) A(=5;-2:1), B(0;4;—11). Tinh OA, OB theo céc vecto

la]a
i,j

=

Loi giai
a) d=(-3;2;-1)< a=-3i+2j-1k
b=

(3;0;12) < b =3i +12k.

b) Od=-5i-2+1k

OB=4j-11k.

Vi du 3: Trong khong gian Oxyz, cho hinh hop chit nhat ABCD- A B'C'D’ ¢6 dinh 4 tring véi gbc
0, céc vecto @,E,E theo thi tw cung huéng v6i 7, j,k vacd AB=5,A4AD=6, A4 =9.

Tim toa do céc vecto E,A—C,E va AM v6i M 1a trung diém ctia canh C'D’.

Loi giai
A
A n
I Fl
] - -
, .
S
[ e
i k- M
¥ ) o U—)-
—h =
i¥y )
ul‘" 1
’ 1
rl '
] 3 =
B 7 ¢
¢ L]
i/ A
+ !
& 1
’
,’ “
’ \
A
B

Dé tim toa d0 clia vecto AB, ta can biéu dién 4B theo ba vecto i, /,k
Do AB cung huéng véi i va | AB|= AB=5=5|i | nén AB=5i hay AB=5i +0] +0k
Tuong tu, ta cling co: A—l)=0f+6]+0E,E =0f+0]+9l€.
Trong hinh binh hanh ABCD, ta c6: AC = AB+ AD =5i +6 +0k .
Trong hinh binh hanh 44'C'C, ta co: AC = AC+ 44 =57 + 67+ Ok .

Suy ra 4B = (5;,0;0); AC = (5:6;0); AC' = (5;6,9).
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Vi AM =2 (AC+ D) =2 (4C+ 4D + 44
I - = 7 = = 5+ = -
=5(51 +6j+9% +6j +9k)=51 +6j+9%k
— 5
:>AM=(5;6;9).
Vi du 4: Cho tit dién SABC c6 ABC latam giac vuong tai B,

BC =3,BA=2,54 vudng goc voi mit phing (ABC) va cb do
dai bang 2.

a) Xac dinh mot hé toa d6 dua trén goi y cua hinh vé.

b) Tim toa d6 cac diém 4, B, C, S.

Loi gidi
a) Quan sat hinh anh xét day 1a hé truc toa do Oxyz véi diém B = O.

b) Vi B=0= B(0; 0; 0)

Do BC cing huéng véi i va |BC|=BC=3=3|i | nén AB=3i hay
BC =30 +0j +0k < OC =3i +0] + 0k < C(3;0;0).

Tuong tu, ta cling co:

BA=0i +2] +0k < 04 =0i +2j +0k < A4(0;2;0)

BH' =07 +0 +2k <> OH = 0i +2 +0k < H (0;2;0)

Trong hinh binh hanh BASH , ta cé:

BS =BA+BH =0i +2j +2k < OS =0i +2j +2k < 5(0;2;2).

Vay 4(0;2;0), B(0; 0; 0), C(3;0;0), (0;2;2).

DANG 2: XAC PINH TQA PQ CUA VEC TO, VA PO DAI CUA POAN THANG

1. Phwong phap: Ap dung biéu thirc toa do ctia cac phép toan véc to.
2.Vidu
Vi du 1: Trong khong gian véi h¢ truc toa do Oxyz, cho ba vecto

Zz=(1;2;3);5:(2;2;—1);E=(4;0;—4). Tim toa do cta vecto d =d —b +2¢
Loi gidi
Taco:d=a—b+2¢=(523)—(22-1)+2.(40;—4)=(1-2+82-2+0;3+1-8) =(7;0;—4)
Vi du 2: Trong khong gian v4i hé toa d0 Oxyz, cho &:(2;—3;3), 5:(0;2;—1), Z:(3;—1;5)
Tim toa d cia vecto u =2a +3b—2¢.

Loi giai
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Ta co: 2a = (4,-6:6); 3b= (0;6;-3); —2¢= (—6;2;-10).
Khi d6: u=2a+3b-2c=(-2;2;-7).
Vidu 3: Trong khéng gian Ox)z , cho hai diém A(l; -2; —1) , B (l; 4; 3) . Tinh d0 dai doan théng AB

Loi giai

Tacd AB=,(1-1) +(4+2)’ +(3+1) =2413.

Vi du 4: Trong khong gian Oxyz, cho Zz=(—2;2;0);l;=(2;2;0);E=(2;2;2). Tinh gia tri cta
)

Loi giai
Ta co: a+b+c=(-2;2;0)+(2;2;0)+(2;2;2)=(2;6;2).

Vay |Zz+l;+2|:\/22+62+22 — 211

Vi du 5: Trong khong gian v6i hé toa dd Oxyz , cho céc vecto a = (3;m+ 1;3),13 =(1;-3;2n). Tim

m,n d¢€ cac vecto a,b cung hudng.

Loi gidi
3=k k=3 1
avab cung huéng < a=kb (k>0) = {m+1=-3k & m==10.Vay m==10;n=—
3=k2n 1
n=—
2

Vidu 6: Trong khong gian v6i hé toa dd Oxyz , cho hai vecto m = (4:3:1), n= (0;0;1). Goi p la
vecto cung hudng véi [_n;, ﬂ (tich c6 hudng cuia hai vecto m va 71). Biét ‘;‘ =15, tim
toa do vecto ; .
Loi gidi
Taco: [n?,ﬂ =(3;-4;0)

Do ; la vecto cung hudng voi [n?,ﬂ nén ; = k[n?,ﬂ , k>0

Mgt khic: [p|=15 < k[ m.n ]| =15 & k5=15 & k=3. Vay p=(%-120).

DANG 3: XAC PINH TQA PQ PIEM

1. Phwong phap:
Dung cong thirc bi€u thirc toa do trung diém, toa do trong tdm cua tam gidc...
2.Vidu
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Vidu 1: Trong khong gian Oxyz , cho hai diém 4 (2; —4;3) VéB(2; 2; 7) . Tim toa d¢ trung diém cua
doan thang 4B .

Loi giai
+
xI:—xAsz:2
. \ R Y , A [p4 \ yA+yB
Goi 7 la trung di€m cua AB,ta co toadd diem [ la y,=T=—l.
+
z,:ZAzzB =5

Vay 1(2;—1;5) .

Vi du 2: Trong khong gian voi hé toa dd Oxyz cho tam gidc ABC biét 4(5-2;0),B(-2;3;0),
C(0;2;3). Tim toa do trong tim G cua tam giac ABC.

Loi gidi
Goi G(x,y,z).
Vi G 1a trong tdm cua tam gidc ABC nén
MEETRET R x=5+(_2)+0=1
3 3
=2l o y:—_2+33+2:1 Vay G(1;L1).
Z=ZA+ZB+ZC Z=O+O+3=1
3 3

Vi du 3: Trong khéng gian vdi hé toa @6 Oxyz, cho cac diém A(l; 0;3) , B(2;3;—4) , C(—3; 1;2).
Tim toa d6 diém D sao cho 4BCD 14 hinh binh hanh.
Loi giai

Goi D(x;y;z). D& 4BCD 1a hinh binh hanh

x=—4
© AB=DC < (1;3;-7)=(-3-x1-y;2-z) & y=-2.
z=9

Vay D(-4;—-2:9).

Vi dy 4: Trong khong gian véi hé toa do Oxyz, cho cac diém 4(2;-5;0), B(-L1;3), C(3,3,0).

Tim toa d6 diém D trén truc hoanh sao cho AD = BC.

Loi giai

Vi D € Ox nén D(x;0;0)

Taco: AD=BC < \(x=2) +25=J(3+1) +(3-1) +(0-3)’.
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0

o (x—2)2+25=\/5<:>x2—4x=0<:>{x y
X =

Vay D(O; 0;0) , D(4; 0;0)
Vidu5 Trongkhong gian voi hé truc toa do Oxyz , cho hinh hop ABCD.A'B'C'D’ . Biét toa do cac

dinh 4'(-3,2;1),C(4,2;0),B'(-2;1,1),D(3;5;4) . Tim toa do diém 4’ cua hinh hp.

Loi giai
4 i
P___..—-"'h____ I ]
-~ I -
- | T - |
D r' Il | I: |
| ! [ [ I
f
| ! I |
' I I I |
|I rr r |
A i o _—— =
II .  p— —L g j.-_-"*ﬁ'
f - - L-- -
o' C'

Goi 7 la trung diém cia AC 31(5;2;;]

Goi J 1a trung diém cia B'D' = J(—;3;§j .

Taco IJ =(0;1;2).
x,+3=0 X,=-3

Tacod Ad' =1J =y, -2=1<1y, =3
z,—1=2 z,=3

Vay 4'(-3;3;3).
Vidu 6: Cho hinh chop S.4BCD biét A(—2;2;6),B(—3;l;8),C(—l; 0;7),D(1;2;3) .Goi H latrung
2

diém ctia CD, SH L (ABCD). Dé khoi chép S.4BCD c6 thé tich bang 77 (dvtt) thi c6

hai diém S|, S, thoa man yéu cau bai toan. Tim toa d6 trung diém I cia .S,

Loi gidi
lf—= —=1 33
—‘[AB,AC] ==

Tacé AB=(-1-1;2),AC=(1;-2;1)= S, =
DC =(-2;-2;4), 4B =(~1;-1;2) = DC =2.AB = ABCD la hinh thang va

93

SABCD = 3SABC = T
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1
ViV e =5 SH-S 5cp = SH = 33

Lai ¢6 H 1a trung diém cua CD = H (0;1;5)

Goi S(a;b;c)= SH =(—a;1—b;5—c):>§ﬁ=k[2§,za] =k (3;3;3) =(3k;3k;3k)

Suy ra 3v3 = VOK® +9k> +9k> = k = £1
+) V6i k=1=> SH =(3;3;3) = §(-3;-2;2)
+) Vé6i k=—1= SH =(-3;-3;-3) = 5(3;4;8)

Suy ra 1(0;1;3)

DANG 4: XAC PINH TiCH VO HUONG VA UNG DUNG

1. Phwong phap: Ap dung biéu thirc toa d6 cua tich co hudng va cong thirc ing dung cua tich co
hudng.

2.Vidu
Vidu 1: Trong khong gian véi hé toa do Oxyz, cho vecto u = (3;0;1) va v= (2;1;0). Tinh tich vd
hudng uv.
Loi giai
Taco uv=32+0.1+1.0=6.
Vi du 2: Trong khong gian véi hé truc toa dd0 Oxyz, cho hai vecto a= (2;1;2) va b= (1,0;-2).
Tinh Cos(a,g).
Loi gidi

Taco: cos(n§) =2 2.1+1.0+2.(-2) 25

allol V2rerer o2 15
Vi duy 3: Trong khong gian véi hé truc toa dd Oxyz, cho hai véc to u =(2;3;-1) va v=(5-4;m).
Tim m & u Lv.
Loi giai
Tacoulv ©uv=0 <10-12-m=0 < 2-m=0 < m=-2.
Vi du 4: Trong khong gian Oxyz, cho 4(2;1;-1), B(3;0;1), C(2;-1;3) va D nam trén truc Oy
va thé tich ta dién 4BCD br:ing 5. Tim toa do cua diém D.
Loi gidi
Vi D e Oy nén D(0;y;0)
Tacd: AB= (1;,-12), AC = (0;—2;4) = [E,E] = (0;—4;—2) , AD = (—2;y—1;1)
y=-

V e =%‘[@,A—C]ﬁ‘=%|2—4y|. Vay Ve =5 = 2-4)] =3o@[y:8
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Vay D(0,-7;0) ; D(0;8;0)

Vi du 5: Cho ba diem A(5;-1;2), B(1;-3;7) va M (x;:1). Vi gié tri ndo cua x,y thi ba diém
A,B, M thing hang ?

Loi giai

Tacod AB=(-4,-2;5), AM =(x-5;y+1;-1).

. 29
Pé ba diém 4, B, M thang hang thi X5 =y_;1 = _51 = 53 ,
Y= 5

Vidu 6: Cho u = (2;—1;1),17 = (m;3;—1),§ =(1;2;1). Tim m dé ba vecto trén dong phang.
Loi giai

Ta co: [5,;]=(—2;m+2;m+6), [&,5].&:3;7”8
;,\:,Q dé)ng phéng @[ﬁ,ﬂ.W:O@m:—§

Vi du 7: Trong khong gian v6i hé toa A0 Oxyz cho AABC c6 A(4;0;2), B(l;—4;-2) va C(2;1;1)
Tinh dién tich S cua tam gidc ABC .

Loi giai
Céch 1: Tacod AB =(-3;-4;-4);
AC =(-2;1;-1); BC =(1;5;3).
Vi BC.AC=-2+5-3=0 nén tam giac ABC vuong tai C.

Vay dién tich tam gidc ABC la S—%ACBC— 1\/_\/__ 210

Cach 2: Taco ‘[ﬂ?, A_C] = (8;5;—1 l) )

S isc :%‘[E,R]‘zé\/gz +5%+(=11)% = 210

Vi du 8: Trong khong gian voi hé truc toa dd Oxyz, cho hinh binh hanh ABCD. Biét A4(2;1;-3),
(0;-2;5) va C(1;1;3). Tinh dién tich hinh binh hanh 4BCD.

Loi giai

Ta co: AB=(-2;-3;8) va AC =(~1;0;6) :>[E,A—C]=(—18;4;—3)-
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Viy dién tich hinh binh hanh 13 S ,,, = ‘[E,ZJ] = J(-18) +4” +(-3)’ =349

Vi du 9: Trong khong gian toa dd Oxyz cho ba diém A(2;5;1),B(-2;,-6;2),C(1;2;-1) va diém
M (m; m;m) . Tim gia tri m dé ‘m - 2%‘ dat gia tri nhd nhét.
Loi gidi

R‘(—l;—3;—2),@(—2—m;—6—m;2—m)

[MB ~2AC| = \m* +m* +(m~6) =3m* ~12m+36 =\3(m~2)’ +24 2424,

Dau “=" xdy ra khi va chi khi m—-2=0

Vaym=2 thi |1W3 - 2Tc| nhé nhét.

Vi du 10: Trong khong gian toa d6 Oxyz cho ba diém A(2;5;1),B(-2;-6;2),C(1;2;-1) va diém
M(m;m;m) , Tim gia tri m dé MA* — MB* — MC? dat gi4 tri 16n nhat.
Loi giai

Ta co:

MA = (2—m;5—m;1—m),m =(—2—m;—6—m;2—m),m =(1-m;2—m;—1—m)

MA*> — MB*> - MC* = -3m* —24m—20 = 28—3(m —4)2 <28

Véy m = 4 thi MA> — MB* — MC? dat gia trj 16n nhAt.
Cau 1. Trong khong gian chon hé truc toa dg cho trudce, don vi do léy kilomét, ra da phat hién mot
may bay chién d4u ctia Nga di chuyén véi van tc va huéng khong doi tir diém M (500;200;8) dén
diém N (800;300;10) trong 20 phut. Néu méy bay tiép tuc git nguyén van téc va huéng bay thi toa

d6 ctia may bay sau 5 phut tiép theo bang bao nhiéu?

Loi giai

Goi O(x;;z) 1a toa do clia mdy bay sau 5 phut tiép theo.
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MN =(300;100;2)
NO = (x-800; y—300;z-10)

Vi may bay gilt nguyén hudng bay nén MN va N—Q cung hudng.

Do may bay tiép tuc gitt nguyén van toc va thoi gian bay tr M — N gip 4 lan thoi gian bay tir
N — Q nén MN =4NQ

300=4(x-800) (x=875
Suy ra MN =4NQ < 1100=4(y-300) < 1 » =325 = 0(875;325;10,5)
2=4(z-10) z=10,5

Toa d¢ ctia mdy bay sau 5 phut tiép theo la (875;325;10,5)

Cau 2. Trong khong gian chon hé truc toa dd cho trudc, don vi do léy kilomét, ra da phat hi¢n mdt
may bay chién déu cia My di chuyén véi vén toc va huéng khong doi tir diém M (1000;600;14) dén
diém N trong 30 phtt. Néu may bay tiép tuc gitt nguyén van téc va hudng bay thi toa do ctia may

bay sau 10 phut tiép theo bang Q(1400;800;16). Xac dinh toa do vi tri diém N .

Loi giai

Goi N(x;y;z) 1a toa do ciia mdy bay sau 10 phut tiép theo.
MQ =(400;200;2)
NQ = (1400 - x;800 - ;16— z)

Vi mdy bay giltr nguyén hudng bay nén M—Q va @ cung hudng.

Do méy bay tiép tuc giir nguyén van toc va thoi gian bay tir M — Q gip 4 lan thoi gian bay tir

N — O nén MQ =4NO
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400 = 4(1400 - x) ¥ =1300
Suy ra MO =4NQ <1200 =4(800-y) <1y =750 = N(1300;750;15,5)
2=4(16-z) z=15,5

Toa d¢ vi tri diém N 1a (1300;750;15,5)

Cau3. Mot chiée khinh khi cau bay lén tai diém. Sau mot thoi gian bay, chiéc khinh khi cau cach
diém xuét phat vé phia Pong IO(km) va vé phia Nam 5 (km) , ddng thoi cach mat dat 400 (m) .
Chon hé truc toa 0 Oxyz, v6i goc dit tai diém xuat phat cua khinh khi cau, mit phang (Oxy) tring
v6i mit dat, truc Ox hudng vé phia Nam, truc Oy hudéng vé phia Dong, truc Oz hudng thing ding

1én troi, don vi do 1dy theo kildmét (xem hinh v&).
a) Tim toa d6 cua chiéc khinh khi ciu ddi véi hé truc toa d6 da chon.

b) Xac dinh khoang céach cua chiéc khinh khi cau voi vi tri tai diém xuat phat cua no.

Fal

o

a) Chiéc khinh khi cau c6 toa do (5;10; 0,4) .

b) Khoang céch cuia chiéc khinh khi cau véi vi tri tai diém xuat phat 1a:

5 +107 +(0,4)" ~11,2(Jm)

Cau4. Mot chiéc may bay khong ngudi 14i bay 1én tai diém. Sau mot thoi gian bay, chiéc may bay

cach diém xuat phat vé phia Béc 50(km) va vé phia Tay 20(km), dong thoi cach mét dat 1(km).
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Chon h¢ truc toa d§ Oxyz, voi géc dat tai diém xuét phat cua chiéce may bay, mat ph'fmg (Oxy) trung
vGi mit dat, truc Ox hudng vé phia Bac, truc Oy hudng vé phia Ty, truc Oz hudéng thang dimg 1én

troi, don vi do léy theo kilomét (xem hinh v¢).
a) Tim toa d6 cta chiéc khinh khi cau ddi véi hé truc toa do da chon.

b) Xéc dinh khoang cach cua chiéc méy bay vai vi tri tai diém xuat phat cia no.

o

e S .

Loi giai

a) Chiéc mdy bay c6 toa d (50;20;1).

b) Khoang céch ciia chiéc méy bay véi vi tri tai diém xuét phat 1a: /50% +20° +1° ~ 53,9 (km)

Cau 5. Hai chiéc may bay khong nguoi 1ai cling bay 1én tai mot dia diém. Sau mot thoi gian bay,
chiéc may bay thir nhat cach diém xuit phat vé phia Bic 20(km) va vé phia Tay 10(km) , ddng thoi
cach mit dat 0,7(km) . Chiéc méy bay thir hai cach diém xuat phat vé phia Dong 30(km) va vé phia

Nam 25 (km) , ddng thoi cach mat dat l(km) . Xac dinh khoang cach giira hai chiéc may bay.
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Chon hé truc toa do Oxyz , voi géc dat tai diém xuat phat ctia hai chiéc may bay, mat phéng (Oxy)
trung voi mat dat, truc Ox hudng vé phia Bic, truc Oy hudng vé phia Tay, truc Oz hudng thing

dung 1én troi, don vi do 1dy theo kilomét (xem hinh v&).

e
Y

Chiéc méy bay thtr nhat ¢6 toa d¢ (20;10;0,7).

Chiéc may bay thi hai ¢6 toa d§ (-30;-25;1).

Do @6 khodng cich giita hai chiéc may bay 1a: y/(20+30)" +(10+25) +(0,7-1)" = 61(km)

Ciu 6. Hai chiéc khinh khi cau cing bay 1én tai mot dja diém. Sau mot thoi gian bay, chiée khinh
khi cdu thtr nhét cach diém xuat phat vé phia Dong 100(km) va vé phia Nam 80(km), dong thoi
cach mit dat 1(km). Chiéc khinh khi cau th hai cdch diém xuét phat vé phia Bac 70(km) va vé phia

Téy 60(km), dong thoi cach mat dat 0,8(km).

a) Xac dinh khoang cach cua chiéc khinh khi cau thir nhat véi vi tri tai diém xuét phat cua no.
b) Xéc dinh khoang céach giira chiéc khinh khi cAu thtr nhat va chiéc khinh khi cau thi hai.
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Loi giai
Chon hé truc toa d§ Oxyz, voi géc dat tai diém xuat phat cua hai chiéc khinh khi ciu, mat ph'fmg
(Oxy) tring véi mit dat, truc Ox huéng vé phia Béc, truc Oy huéng vé phia Tay, truc Oz huéng

thang dtng 1én trdi, don vi do ldy theo kilomét (xem hinh v&).

Biac

Chiéc khinh khi cau thir nhat c6 toa do (—100;-80;1).
Chiéc khinh khi cau thir hai ¢ toa do (70;60;0,8).

a) khoang cach ctia chiéc khinh khi cau thir nhét véi vi tri tai diém xuét phat ctia né 1a:

J(=100)” +(=80)’ +17 ~ 128 (km)

b) khoang cach giita chiéc khinh khi cau thir nhat va chiéc khinh khi cau thtr hai la:

J(=100=70Y’ +(-80—60)’ +(1-0,8)" ~220 (/)

Cau7. Ba chiéc may bay khong nguoi lai cung bay 1€n tai mét dia diém. Sau mot thoi gian bay,
chiéc méay bay thir nhat cach diém xuat phat vé phia Dong 60(km) va vé phia Nam 40(km) , dong
thoi cdch mit dat 2(km). Chiéc may bay thir hai cach diém xuét phat vé phia Bdc 80(km) va vé phia
Tay SO(km) , dong thoi cach mit dat 4(km) Chiéc méay bay thi ba ndm chinh giita ciia chiéc may

bay thir nhét va thi hai, ddng thoi ba chiéc may bay nay thang hang.
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a) Xéc dinh khoang cach giita chiéc may bay thir nhat va chiéc may bay thir hai.
b) Xac dinh khoang cach ctia chiéc may bay thir ba v6i vi tri tai diém xuat phat cta no.
Loi giai
Chon hé truc toa dd Oxyz , véi goc dit tai diém xuat phat cua hai chiéc méy bay, mét phang (Oxy)

trung voi mat dit, truc Ox hudng vé phia Bic, truc Oy hudng vé phia Téy, truc Oz hudng thing

dtng 1én troi, don vi do 1ay theo kilémét (xem hinh v§).

O

-

[
1
i
'
*

Chiéc may bay thtr nhat c6 toa do (—60;-40;2).
Chiéc méy bay thtr hai c6 toa do (80;50;4).

Do chiéc may bay thir ba ndm chinh giita ciia chiéc may bay thir nhét va thtr hai, ddng thoi ba chiée
may bay ndy thang hang nén & vi tri trung diém, suy ra chiéc may bay thir ba c6 toa do

60480, 4050 244) 1 53y
2 2 2

a) khoang céch giita chiéc may bay thir nhat va chiéc may bay thi hai:
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J(~60—80Y" +(~40—50)’ +(2-4)’ ~166,4(km)

b) khoang cach cta chiéc may bay thtr ba véi vi tri tai diém xudt phat ciia n6 1a:

V10® +5° +3% ~11,6(km)

D. TRAC NGHIEM 4 PHUONG AN

Cau 1:

Cau 3:

Trong khong gian vé6i hé truc toa d0 Oxyz , cho G =—i+2j —3k . Toa do clia vecto a 1a

A. (-1;2;-3). B. (2;-3;-1). C. (2;-1;-3). D. (-3;2;-1).
Loi giai

Chon A

G=-i+2j-3k=ad=(-1;2-3).

Trong khong gian Oxyz voi E,}',/} lan luot 1a cac vecto don vi trén céc truc Ox, Oy, Oz.

—

Tinh toa d§ cua vecto i+ } —k.

A. i+ j—k=(-L-11). B. i+j—k=(-LLI)

C.i+j—k=(11-1). D. i+j—k=(1-11)
Loi giai

Chon C

u=i+j—k=u=(LL-1).
Cho hinh chép S.ABCD c6 ddy 1a hinh vudng canh bang 3, S4=4 va SA L (ABCD).

Chon hé truc Oxyz c6 gdc toa do tai A; cac diém B, D, S lan luot trén cac tia Ox, Oy, Oz.
Xac dinh toa do diém C?
A. (3;0;0) B. (00;3) C. (0;3;3) D. (3;3;0)

Loi giai

Chon D

.
Taco: AC=AB+ AD =3i+3+0k . Suy ra: C(3;3;0)

Cho hinh hgp chir nhat ABCD.A’B’C’D’ ¢6 AB=2;AD =3; AA'=4. Chon hé truc toa do
Oxyz c6 géc O trung voi A, céac diém B; D; A’ 1an luot thudc Ox; Oy; Oz. Toa dg cua C’
la:
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Cau 5:

Cau 6:

Cau 7:

Cau 8:

A. (2;3;0). B. (2:3;4). C. (0;3;4). D. (2;0;4).
Loi giai
Chon B
Ta co:
AB=2i+0/+0k; AD=0i+3/+0k; AA'=0i+0 + 4k
AC'=AA'+ AC+ AD =2i+3j+4k ; suy ra C'(2;3;4)
Cho hinh hgp chit nhit ABCD.A’B’C’D’ c6 AB =8; AD =6;AA"'=4. Chon h¢ truc toa do

Oxyz c6 géc O trung véi A, cac diém B; D; A’ 1an luot thudc Ox; Oy; Oz. Goi M la trung
diém D’C’. Toa d6 diém M la:

A. (4:6;0) B. (0;6;4) C. (4:6;4) D. (4;0;4)
Loi giai

Chon C

Ta co:

AB=8i+0j+0k; AD=0i+6j+0k; AA'=0i+0 +4k
Trong hinh binh hanh ABCD: AC = AB+ AD =8i+6j + 0k
Trong hinh binh hanh ACC’A’: AC'= AC+ AA"'=8i+6, +4k
ViM I trung diém ctia D’C’ nén:

AM =%(AC'+AD')=%(AC'+E+TA')=4§+6}'+4I€

Vay M (4;6;4).
Trong hé toa dd Oxyz, cho u=i+3/-2k va v= (2;—1;1). Tinh uy.

A uy=-3. B. uy=1. C.uv=2. D. uv=>52.
Loi giai

Chon A

Tir u=i+3j-2k=u=(1;3-2).

Do do, uv=1.2+3.(-1)+(-2).1=-3.

Trong khong gian Oxyz, cho hai diem A(1;1;—2) va B(2;2;1). Vecto AB cotoado la

A. (-;-1;-3) B. (3;1;1) C. (1;3) D. (3;3;-1)
Loi giai

Chon C

AB=(2-1;2-1;1-(-2)) hay 4B =(L;1;3).

Trong khong gian Oxyz, cho diém A(Z; 2;1) . Tinh d¢ dai doan thing OA.

A. 04=+/5. B. 04=5. C.04=3. D. 04=9.
Loi giai
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Cau 9:

Cau 10:

Cau 11:

Cau 12:

Cau 13:

Chon C
OA=~N2"+2°+1* =3.
Trong khéng gian Oxyz,cho hai vecto d=(1;2;3),b =i +j —2k. Tinh toa do vecto

—Gd+b.

u

A. (0;-1;,-5). B. (2;-1;1). C. (2;3;). D. (0;-1;1).
Loi giai

Chon C

a=(1,2;3),b = (;1;-2).

i=d+b=(231)

Trong khong gian Oxyz, cho ba vecto a =(I; 2;3);5 =(2;2;-1);¢ =(4,0;,—4). Toa do cua

vecto d =a—b+2¢ la

A. d =(-T,0;-4). B. d =(-7;0;4). C. d =(7,0;-4). D. d =(7;0;4).
Loi giai

Chon C

Taco: d=d-b+26=(1-2+24;2-2+2.0;3+1+2.(-4))=(7;0,-4).

Trong khong gian Oxyz, cho d =(2;3;2) va b = (1;1;—1). Vecto @ —5 ¢6 toa dd 1a

A. (3:4:1). B. (—1;—2;3). C. (3:5:1). D. (1;2;3).
Loi gidi

Chon D

Taco: a—b=(2-1;3-1;2+1)=(1;2;3).

Trong khong gian Oxyz, cho ba vecto d@ =(2;-3;3), b= (0;2;-1), ¢ =(3;-1;5). Tim toa

do cla vecto ii =24 +3b —2¢ .

A. (10;-2;13). B. (-22;-7). C. (-2-2,7). D. (-22:7).
Loi gidi

Chon B

Ta c6: 2d =(4;-6;6), 3b =(0;6;-3), —2¢ =(—6;2;-10)

=i =23 +3b -2¢ =(-2;,2;-7).

Trong khong gian Oxyz, cho vecto a = (—2;1;3). Vecto cung phuong véi vecto d 1a

A. b=(-41;3). B. ¢ =(2-1-3).
C.d=(-423). D. é=(-4;-2;3).

Loi giai
Chon B
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Cau 14:

Cau 15:

Cau 16:

Cau 17:

Taco: ¢ =(2;-1;,-3)=—a = d,¢ cung phuong.

Trong khong gian Oxyz, cho ba diém A(1;-2;3),B(-1;2;5),C(0;0;1). Tim toa do trong

tam G cua tam giac ABC.

A. G(0;0;3). B. G(0;09). C. G(-1;0;3). D. G(0;0;1).
Loi giai

Chon A

Toa d6 trong tAm G cuia tam gidc ABC bang

Xg :xA+xB+xC :1_1+0 =0
3 3
= Vit Vet Ve =_2+2+O :0:>G(O;O;3)
3 3
Zg ZZA+ZB+ZC :3+5+1 =3
3 3

Trong khong gian Oxyz, cho hai diém 4 (1;-3;1), B(3;0;-2). Tinh d6 dai doan thdng AB .
A. 26. B.22. C. J26. D. \/22.
Loi giai
Chon D
AB =(2;3;-3) = AB=+/2>+3*+(-3)? =
Trong khong gian Oxyz, cho cac vecto a=(2;m~1;3),b=(1;3;-2n). Tim m,n dé cac

vecto a,b cung hudng.

A.m:7;n=—%. B. m=4;n=-3. C.m=Ln=0. D.m=7;n=—§
Loi giai
Chon D
2=k k=2
avab cing huongs a=kb (k>0) < im-1=3k < m=7 .V%wn=%n=—%
3:k(—2n)
n=-——

Trong khong gian Oxyz, cho hai diém A(-1;5;3) va M (2;1;—2). Tim toa do cua diém
B, biét M 1a trung diém ctia 4B .

A. B(%ﬁ;%j. B. B(-4;9;8). C. B(5;3;-7). D. B(5-3;-7).
Loi gidi

Chon D
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Cau 18:

Cau 19:

Cau 20:

Gia su B(xB;yB;ZB).

Vi M 1atrung diém cta 4B nén ta cé:

X _ Xt X Q_M
M 2 2 X, =5
B
M:yA;yBC> 1:54_% = yB:—3.VéyB(5;—3;—7)-
Z,+z, 3+zy =7
ZM:— —2:—
2 2

Trong khong gian Oxyz, cho ba diém A(2;-15),B(5-57),M (x;»;1). Véi gia tri nao
cua x,y thi 4,B,M thrfmg hang.

A x=4y="7 B. x=-4;y=-7 C.x=4y=-7 D.x=-4,y=7
Loi giai
Chon D
Taco AB=(3;-4;2),AM =(x-2;y+1;—4)
, B _ _ —_4
A,B,M thang hang < 4B, AM cung phuong @xT2:y_—;l=74c>{x .
—_ y:

Trong khong gian Oxyz , cho cac véc to u=2i- 2}' +k,v= (m;2;m + 1) v6i m 1a tham sb
thuc. C6 bao nhiéu gia tri ciia m dé |ﬁ| = |\:|
A. 0. B. 1. C.2. D. 3.
Loi giai
Chon C
Taco u=(2-21)

Khi do i =(2° +(-2)° +1° =3 va [y| = Jm* +2° +(m+1)" =2’ +2m+5

Do d6 M=M<Z>9:2m2+2m+5 <:>m2+m—2:0<:>{m:1
m=-2

Vay c6 2 gia tri cua m thda yéu cau bai toan.

Trong khong gian Oxyz, cho vecto u(2;0;—1). Tim vecto v biét v cung phuong véi u

Vi uv =20

A. (4;0;-2) B. (-8;0;4) C. (8;0;,—4) D. (8;0;4)
Loi gidi

Chon C

Vi v cing phuong véi u nén v =ku = (2k;0;—k), voi k> 0.
Taco uv=4k+k=5k=20 k=4
Vay v=(8;0;-4)
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Cau 21:

Cau 22:

Cau 23:

Cau 24:

Cau 25:

Trong khong gian Oxyz, cho hai vecto @ =(2;1;0) va b =(—1;0;—2). Tinh cos(a,5).

- = 2 - = 2 - =y 2 -y 2
A. cos(a,b)=—§ B. cos(a,b)=—g C. cos(a,b)—g D. cos(a,b)—g
Loi giai
Chon B
- ab 2 2
T O: za—.:—:—_.
aco cos(a,b) |Zz||5| NGNG S

Trong khong gian Oxyz cho ba diém M (2;3;-1), N(-LL1) va P(Lm—1;2). Tim m dé

tam gidc MNP vudng tai N .
A.m=2 B. m=-6 C.m=0 D. m=-4

Chon C
MN (=3;-2;2); NP(2;m—-2;1).

Tam giac MNP vudng tai
N&MNNP=0&—6-2(m-2)+2=0m-2=-2cm=0.

Trong khong gian Oxy, cho tam giac ABC biét A(1;3;0), B(-2;-2;0), C(3;1;0). Tinh

cosin goc A4 cua tam giac.

2 1 2 1

A. co0sSA=—— B. cosd=—= C.cosd=—— D.cosd=——

J17 J17 J17 J17

Loi giai
Chon B
Taco: AB =(-3;-5,0), AC =(2;-2;0).
. — —— AB.AC -3.2+5.
Khi d6: cosA=cos(AB;AC)= C= 32+52= ! .
ABAC 3422 17

Trong khong gian Oxyz , goc giita hai vecto i va U= (—x/§ ;05 1) la
A. 120°. B. 60°. C. 150°. D. 30°.

Loi gidi
Chon C
Taco i=(1;0;0).
Viy: cos(i.i) - o 1.(~V3)+0.0+0.1 G
M R v oo

:(?,&):1500.

Trong khong gian Oxyz, cho a=(-3;4;0), b=(5;0;12). Césin cia goc giita a va b
bang
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A2 B. 2. c. -2 3
13 6 6 13
Loi giai
Chon D
-3.5+4.0+0.12 -3

Ta co: cos a b =—.
| ||b| J(3)Y #4102 57107 4122 13
Ciu 26: Trong khong gian Oxyz cho céc diem A(5;1;5); B(4:3;2); C(-3;-2;1). Piém I (a;b;c)
1a tam duong tron ngoai tiép tam giac ABC . Tinh a+2b+c?
A. 1. B. 3. C. 6. D. 9.
Loi giai

Chon B

AB=(-1,2,-3) . __ . .
Taco s | = AB.BC =0 = tam giac ABC vuong tai B.
BC =(-7;-5;-1)

= tdm / cua dudng tron ngoai tiép tam gidc ABC 1a trung diém cua canh huyén AC .

N 1(1;—%;3).\/@ a+2b+c=3.

Céu 27: Trong khong gian Oxyz, cho ba diém A(L1;1),B(5;-1;2),C(3;2;—4) . Toa dd diém M
théa mian MA+2MB—-MC =0 1a

A. M 4—22 . B. M 4;—3;—2 .
2°2 2 2
c. m[42.2). D. M| 422,
2°2 272

Loi giai

Chon C
Goi M (x;y;z),taco:

m+zm_m:a©zm+a:a@zmzrc@m’:%%

1
5-x=—(3-1
x==(3-1)

=S —l—y:%(2—1)<:> y=—%<:>M(4;—E;—j

2—z=%(—4—1) z:%

Cau 28: Trong khong gian véi hé toa do0 Oxyz cho cac véc to u= 2;—2}' +k, v= (m;2;m +1) voi

m la tham so thuc. C6 bao nhiéu gia tri cua m dé |u| = |v| .
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A. 0. B. 1. C.2. D. 3.
Loi giai

Chon C

Taco u =(2;-21)

Khi do i =(2° +(<2)° +1° =3 va [§| = Jm* + 27 + (m+1)’ =\2m* +2m+5

m=1

Do do |&|:|\7|<:>9:2m2+2m+5 <:>m2+m—2:0<:{
m=-2

Viy ¢6 2 gia tri ciia m thoa yéu cau bai toan.
CAau 29: Trong khong gian véi hé toa dO Oxyz, cho hinh hop ABCD.A'B'C'D' ¢o A(O; 0;0) ,
B(a;0;0); D(0;2a;0), A'(0;0;2a) véi a#0.Do dai doan thang AC’ 1a

3
A. |al. B. 2|d|. C. 3|a|. D. §|a|.
Loi giai
Chon C
A’ D’
B/, E c’
Ao /D
BE. c

Ta co Ez(a;O;O); E:(Oﬂa;o); A—A':(O;O;2a).
Theo quy téc hinh hop ta c6 AB+ AD+ A4’ = AC' @A—C":(a;2a;2a).

Suyra AC = ‘Z@‘ = \/a2 +(2a)2 +(2a)2 = 3|a|.
Véy d6 dai doan thang AC' =3|d].

Cau 30: Trong khong gian v6i hé truc toa dd Oxyz, cho a =(2;3;1), 3=(—l;5;2), c =(4-1,3)
va x = (=3;22;5). Péng thirc ndo diing trong cac dang thirc sau?
A. x=2a-3b-c. B.x=-=2a+3b+c.
C. x=2a+3b—-c. D.x=2a-3b+c.
Loi giai
Chon C
bat: ;:m.;+n.z+p;, m,n,peR.
2m—n+4p=-3
= (—3;22;5) =m.(2;3;1)+n.(—1;5;2)+p.(4;—1;3) =3m+5n—p=22 ([)
m+2n+3p=>5
m=2
Giai hé phuong trinh (1) ta duge: {n=3 .
p=-1
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Viy x =2a+3b-c.
Cau 31: Trong khong gian v6i hé toa dd Oxyz , cho céc vecto @ =(2;m—1;3), b= (1;3;—2n). Tim

m, n dé cac vecto a@, b cung hudng.

A.m:7;n:—%. B.m=7;n:—%. C.m=4;n=-3. D. m=1;n=0.
Loi giai

Chon A

Céc vecto a , b cung hudng khi va chi khi ton tai sé thuc duwong k sao cho a=kb

2=k 2=k 2=k
Sim-1=3k < im-1=6 <<m=7 .
3=k(-2n) (3=2(-2n) | _3

4
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Cau 1:

Cau 2:

Trong khong gian Oxyz , cho hai diém A(2;—2;1), B(O;I;Z). Toa dd diém M thudc mat

phang (Oxy) sao cho ba diém 4, B, M thiang hang 1a

A. M(4;-5;0). B. M(2;-3;0). C. M (0;0:1). D. M (4;5;0).
Loi gidi

Chgn A

Tacd M e(Oxy)= M (x;y;0); ﬁ:(—2;3;1);m:(x—2;y+2;—1).

x—2 =y_+2= -1

-2 3 1

Dé 4, B, M thang hang thi AB va AM cung phuong, khi do:
x=4

S .
y=-3

Vay M (4;-5;0).

Trong khong gian véi hé toa dd Oxyz, cho cc diém A4(1;0;3), B(2;3;-4), C(-3;12).
Tim toa d6 diém D sao cho ABCD 1a hinh binh hanh.
A. D(—4;-2;9). B. D(—4;2;9). C. D(4,-29). D. D(4;2;-9).

Loi gidi
Chgn A

Goi D(x;y;z). Dé ABCD la hinh binh hanh

x=-4
& AB=DC < (1,3;-7)=(-3-x;1-y;2-z) & {y=-2 < D(~4-29).
z=9

Trong khong gian véi hé toa do Oxyz, cho 2 diém B(1;2;-3), C(7;4;-2). Néu diém E

théa man déng thirc CE =2EB thi toa do diém E 1a:
A. 3;§;—§ B. §;3;—§ . C. 3;3;—§ D. 1;2;l
33 3 3 3 3

Loi giai
Chon A
Goi E(x;y;z)
Taco: CE=(x~T,y—42+2);2EB =(2-2x;4—2y;—6-22)

x=7=2-2x
CE=2EB<{y—-4=4-2y <{y=
z+2=-6-2z




Cau 4:

Cau 5:

Cau 6:

Cau 7:

Trong khong gian véi hé truc toa d0 Oxyz, cho hai diém A(O;l; —2) va B(3;—1;1) . Tim
toa d6 diém M sao cho AM =3A4B.

A. M (9;-5;7). B. M (9;5;7). C. M (-9;5;-7). D. M (9;-5;-5).
Loi giai
Chon A
Goi M (x;y;z). Ta co: AM =(xy-Lz+2); AB =(3;,-2;3).
x=9 x=9

AM =34B < y—-1=—61y=-5.Vay M (9;-57).
z+2=9 z="
Trong khong gian véi hé truc toa dd Oxyz, cho hai diém A(1;2;—1),E:(1;3;1) thi toa
do cua diém B 1a:
A. B(2;50). B. B(0;-1;-2). C. B(0;1;2). D. B(-2;-5;0)
Loi gii
Chon A
Goi B(x; y;z) .ta co E:(x—l;y—Z;szl)
x=2
ma 4B =(1;3;1) =1 y =5= B(2:5,0)
z=0
Trong khong gian Oxyz, cho hinh binh hanh ABCD. Biét 4 =(1;0;1) , B =(2;1;2)Vé
D=(1;-1;1). Toa do diém C 1a
A. (2;0;2). B. (2;2;2). C. (2;-2;2). D. (0;-2;0).
Loi gidi
Chon A
Goi toa do diem C 1a (x;y;z)
Vi ABCD 14 hinh binh hanh nén DC = 4B
Taco DC=(x-1;y+1;z-1) va AB=(1;1;1)
x—1=1 x=2

Suyraiy+1l=1=<y=0
z—1=1 z=2

Vay toa do diém C 1a (2;0;2).

Trong khong gian v&i hé toa d6 Oxyz cho hinh hop ABCD.A'B'C'D'. Biét A(2;4;0),
B(4;0,0), C(-1;4;—7)va D'(6;8;10). Toa do diém B’ 1a

A. B'(8;4;10). B. B'(6;12;0). C. B'(10;8;6). D. B’(13;O;17).

Loi giai



Cau 9:

Chon D

ar B’
| <
D'(6; 8;10)|
|
|
|
|
|
G U
_ /— ~ —\—\).— :_ — B(4; 05 0)
D C(-1; 4;-7)
Gia sit D(a;b;c), B'(a’;b';c")
a=-3
i 1 =7
Goi O=ACNBD = 0(5;4;7 =.b=8
c=-7

Vay DD’ =(9;0;17), BB =(a'-4;b';c"). Do ABCD.A'B'C'D' 1a hinh hdp nén
a'=13
DD'=BB ={b'=0 . Vay B'(13;0;17).
c'=17
Trong khong gian Oxyz, cho hinh hop ABCD.A'B'C'D' c¢6 A(1;0;1), B(21;2),
D(1;-1;1), C'(4;5;—5). Tinh toa d6 dinh 4’ cua hinh hop.
A. A'(46,-5). B. A'(2;0;2). C. 4'(3;5;-6). D. 4'(3;4;-6).
Loi giai
Chon C
Theo quy tic hinh hop ta cé: AB+ AD+ AA' = AC'.
Suy ra AA' = AC'—AB—-AD .
Lai c6: AC'=(3;5,-6), AB=(L;1;1), AD=(0;-1,0).
Do d6: A4 = (2;5;-7).
Suyra A4'(3;5;—6).

Trong khong gian v6i hé toa dd Oxyz, cho ba diém 4(1;2;-1), B(2;-1;3), C(—4;7;5).
Toa d¢ chan duong phan giac trong goc B cua tam giac ABC la

A. [_% u 1j B. (E 2 1] c. (E;E;lj. D. (-2111).
3°3 3 333
Loi giai

Chon A
Ta cé: BA= )=>|B4| =26, BC = (=6;8;2) =|BC| = 2/26.
Goi D la chan du’O'ng phan giac trong ké tr B 1én AC cua tam giac ABC
Suyra: — DA _ B4 — DC =-2DA :>D(—2 A lj

DC  BC 3'°3

3



Cau 10: Trong khong gian voi hé toa do Oxyz , cho hinh hop ABCD.A'B'C'D’, biét réng A(—3; 0;0)
, B(0;2;0), D(0;0;1), 4'(1;2;3). Tim toa do diém C'.
A. C’(10;4;4). B. C'(—13;4;4). C. C'(13;4;4). D. C’(7;4;4).

Loi giai

Chon C

Goi C'(x;y;2). Taco AB=(3;2;0); AD=(3;0;1); A4 =(4;2;3).
x=10+3
Ma AC'= AB+ AD+ A4 = AC' =(10;4;4) = 1 y=4-0 = C'(13;4;4).
z=4-0
Cau 11: Trong khong gian Oxyz, cho véc to ﬁ=(1;1; ~2), v=(1;0;m). Tim tat ca gia trj cia m dé
goc gitra ii, ¥ bang 45" .
A.m=2. B. m=2++6. C.m=2-6. D. m=2++/6.
Loi giai

+(;,;)=45°<:>cos(ﬁ,;)=g < ur gQ%:%

-
1
e J3(m’ +1) =1-2m @{1—22;4120 L © "=y & m=2-+6.
3m +3=1-4m+4m s _
m —4m—-2=0

Ciu 12: Trong khong gian véi hé toa dd Oxyz, cho hai diém A(l;l;O),B(2;O;—3). Diém M chia

doan 4B theo ti sb k = —% co toa do la:

A M i;g;—l ) B. M g;g;—Z .
33 33
C. M l;—%;1]. D. M(E;—g;—z).
3 3 33
Loi giai
Chon A

Gia sit M (x;y;2) 1a diém can tim.



Vi M chia doan AB theo ti s6 k = —% nén ta co: MA = —%m .

1—x=—%(2—x) x=%

1 2
l-y=—+(0- =—
=1l-y=—2(0-y) e qy=7.
—Z:—l(—:’a—z) z=-1

4 2
Vay M(—;—;—lj .
33

Cau 13: Trong khong gian v6i hé toa dd Oxyz, cho vecto u(2;0;—1). Tim vecto v biét v cung
phuong véi u va uv=20.
A. (4;0;-2). B. (-8;0;4). C. (8;0;-4). D. (8;0;4).
Loi giai
Chon C
Viv cung phuong véi unén v=ku= (2k;0;,-k), v6i k>0.
Taco uv=4k+k=5k=20k=4.
Vay v =(8;0;—4).
Cau 14: Trong khong gian vdi hé toa dd Oxyz, cho hai vecto a= (2;m —1;3),5 = (l; 3; —2n). Tim

m,n d€ cac vecto a,b cung hudng.

A.m:7;n:—%. B. m=4;n=-3. C.m=1n=0. D.m:7;n:—§
Loi giai
Chgn A
Ta co:
2=k k=2
a vab cinghuonge a=kb (k>0)=im-1=3k < im=7 .Vélym:7;n:—%.
3=k(-2n) 3
n=—=

Cau 15: Trong khong gian vdi hé toa do Oxyz, cho 4(1;0;0), B(0;1;0), C(0;0;1), D(1;1;1). Goi
M, N lan luot 13 trung diém ctia 4B,CD . Toa d6 diém G 1a trung diém MN la:

111 111 222 111
A | === 1. B.| ———|. C.|=——]|. D.|—;—;—|.
(3 3 3) (2 2 2) (3 3 3) (4 4 4)



Cau 16:

Cau 17:

Loi gidi
Chon B

: 11
Vi M 1a trung diém cua 4B nén M[E;E;Oj .

. 11 111
N la trung diém cia CD nén N| —;—;1|. Do d6 G| —;—;—|.
2°2 222

Trong khong gian Oxyz, cho bon diém O, A, B, C sao cho O, A, B khong thang
hang. Tap hop nhiing diém M sao cho ME‘(A_/[B— 2MA +1\7§) =0 la

A. mdt mat phfmg. B. mot diém.
C. tip hop rong. D. mot duong thing.
Loi giai

Goi 7 1a trung diém cia OB

Ta co:

< 2MC. Al =0 < MC | Al .

Vay tap hop nhitng diém M 14 mit phang qua C va vudng goc voi Al .

Trong khong gian v6i hé toa d0 Oxyz, cho ba diém A(—2;3;1) , B(2;1;0) s C(—3;—l;1) .
Tim tat ca cac diém D sao cho ABCD la hinh thang c6 ddy 4D va S sep = 3Susc

D(-8,-7;1) D(8;7;-1)
A. D(87;-1). B. : C. . D. D(-12;-1;3)
D(12;1;—3) D(—12;—1;3)
Loi giai
Chon D

Tac6: 8 ey = 5(AD+BC)d(A.BC) & S ey == (AD+BC) 222
(AD+ BC).S, e
BC
Ma ABCD 14 hinh thang c6 ddy AD nén AD=2BC (1).

&3S, 50 = <3BC=AD+BC < AD =2BC.

BC=(-5-2;1), AD =(x, +2;y, -3z, -1).
X, +2=-10  (x,=-12
(1) &1y, -3=—4 ©1y,=-1 .Vay D(-12;-1;3).

zy,—1=2 z,=3

E. TRA LOI PUNG SAI

Cau 1:

Cho hinh hop ABCD.4'B'C'D'. Biét A(1;0;1),B(2;1;2),C'(4;5-5),D(L;-1;1). Cac
khing dinh sau dung hay sai?



Cau 2:

Cau 3:

A. AC'+CA'+2C'C=0
B. C(2;0;4)
C. B'(4;6;—5)
D. D'(4;4;6)
Loi gidi

A. Dung

Tacd: AC'=AC+CC'; CA'=CC'+C'A va C'A'=CA
Suy ra: AC'+CA'+2C'C=2CC'+ AC+CA+2C'C=0 (dpcm)
B. Sai

C(2;0;2)

C. Dung
D. Sai
D'(3;4;-6)

Trong khong gian Oxyz, goi i,j,k la cac vecto don vi, diém M(2; 0;1),N(3;2;4). Cac
khang dinh sau dung hay sai?
A. MN =2i+ j+k
B. OM =21 +7
C. ON =2i+3 +4k
D. [NO|=27
Loi giai
A. MN =1i+2+3k nén A Sai

B. Dung
C. Dung

D. |N—0| =22 432 +4% =29 nén D Sai

Trong khong gian v6i hé toa d0 Oxyz gia su u=2i+ 3}' —k . a=—i+2j—3k. Céac khing

dinh sau ding hay sai?

A. u=(2;0;-1)
B. a=(-1;2;-3)
C. u+v=(123)
D. uy=-1
Loi giai
A. Duing
B. Duing



Cau 5:

C. ﬁ+\7=(l;5;—4) nén C sai
D. uv=2.(-1)+(-1).(-3)=1 nén D Sai

Cho hinh chép S.ABCD c6 day 1a hinh vudng canh bang 3, SA=4 va S4 L (ABCD).
Chon hff: truc Oxyz co géc toa d0 tai A; cac diém B, D, S lan luot trén cac tia Ox, Oy, Oz.
Céac khang dinh sau ding hay sai?
A. A4(0;0;0)
B. B(0;3;0)
C. C(3;0;0)
D. S (4; 0;0)

Loi giai
A. Dung

B. bung
C. Sai

Ta c6: AC = AB+ AD =3i+3j+0k . Suy ra: C(3;3;0)

D. Sai
S(O; 0;4)

Cho hinh hdp chir nhat ABCD.A’B’C’D’ ¢c6 AB=2; 4D =3; A4"'=4. Chon h¢ tryc toa do
Oxyz co géc O trung véi A, cac diém B; D; A’ 1an luot thudc Ox; Oy; Oz. Cac khéng dinh
sau ding hay sai?
A. AA'= -4k
B. AB=2i
C. AD=3i
D. C'(2;3;4)
Loi giai
A. Sai
AA' = 4k
B. bung
C. Sai
AD=3j
D. Dung
Ta co:

AB=2i+0j+0k; AD=0i+3j+0k; AA'=0i+0/ +4k

AC =44+ AC+AD =2i+3] +4k; suy ra C'(2:3;4)



Cau 6:  Cho hinh chép S.ABCD c6 day ABCD la hinh vudng canh 3; SA vudng goc voi day va
SA =4. Chon hé truc Oxyz sao cho géc O trung véi A; cac diém B; D; S 1an luot thudc
Ox; Oy; Oz. Cac khang dinh sau ding hay sai?
A. AD =3i+0j+0k
B. AS =Of+0}'+47c
C. AC=3i+3j+0k
D. SC=3i+3j+4k
Loi giai
A. Sai
AD =3i+3)+0k

B. Ping
C. bing
D. Sai

SC=AC—AS =3i+3j-4k
Cau7: Trong khong gian véi hé toa dd Oxyz, cho hinh hop ABCD.A'B'C'D' c¢6 A(0;0;0),
B(a;0;0); D(0;2a;0), A'(0;0;2a) v6i a#0. Cac khang dinh sau ding hay sai?
A. 4B =(a;0;0)
B. 44'=(0;0;a)
C. AC' = (a;2a;2a)
D. 4D =(a;24;0)
Loi giai
A. Dung
B. Sai

A4 =(0;0;2a)

C. bing
D. Sai

AD =(0;24;0)

Cau 8: Trong khong gian Oxyz, cho hai diém A(1;-1;2) va B(-1;3;0).
A. Toa do trung diém cua doan théng (0;1;1).
B. Toa d0 vecto AB = (2;-4;2).
C. Toa d vecto OA=1i + j +2k.
D. Toa do vecto OA+OB = (-2:;4;-2)
Loi gii



xo_xA;—xB _1;1=0
1 ,
A.Dbing. Vi <y, = s ;yB = 2+3 =1. Vay toa do trung diém la (0;1;1).
ZO:ZA-lz-ZB :2;-0:1

B. Sai. Vi 4B =(-2;4;-2).
C.Sai. Vi Od=7 - j+2k.
04 = (1;-1;2)

OB =(-1;3;0)

D. Dlng. Vi { — OA+ OB = (-2;4;-2)
Cau9: Trong khong gian Oxyz, cho a = (2:3;2) va b= (L1;-1).
A. Toa dd vecto a—b = (1;2;3).
B. Tich v6 hudng cua hai vecto a va b bang 6.
C. Hai vecto @ va b khong cung phuong.
D. Cosin goc gitlta vecto a va b bang g
Loi giai
A.Ping. Vi a—b=(2-1;3-1;2—(-1)) = (1;23).

B.Sai. Vi @b =2.1+3.1-2.1=3
C. bing. Vi gqté;ti.

1717 -1
2.1+3.1-2.1 3

V22 43 +22.\/12 +12+ (=1 NG

D. Sai. Vi cos(c?;l;)

Cau 10: Trong khong gian Oxyz , cho hai vécto a = (-2;1;-3),b = (-1;-3;2) va diém A(4,6,-3).
A. Toa do vecto a—2b = (0;1;-1).
B. Toa d6 diém B(2;7;-6) thi d = AB.
C. Hai vecto d@ va b cung phuong hudng.
D. Goc gilra vecto @ va b bang 120°.
Loi giai

A. Sai. Vi a—2b = (0;7;-7).

—2=x,-4 Xz =2
B.Ding. Vid=AB < 1=y, -6 <{y,=7 = B(27;-6).

-3=2z,+3 Z, =6

1 -3

C. Sai. Vi _—2¢—¢—.
-1 -3 2
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Cau 11:

Cau 12:

D. Ping. Vi cos(@:h) = DFEIIHEN2 1 G py o

2 AP+ (3P P32 +20 2

Trong khong gian Oxyz, cho ba vecto a = (-1 1;0),13 =(1; 1;0),2 =(L1L1).
A. Do dai vecto @ bang V2.
B. Vecto b vuodng goc voi a.
C. Vecto b vudng goc voi ¢ .
D. Toa d0 vecto 3a + 2b-¢C bang (-2;4;-1).
Loi giai
A. Dung. Vi |Zz| = (=12 +12+0 =42
B. Bing. Vi @b =(-1).1+1.1+0=0
C.Sai. Vi bé =1.1+1.1+0.1=2.
D. Sai. Vi 3d +2b —¢ = (-2;4;-1).
Trong khong gian Oxyz, cho ba vecto a = (—1;1;0),5 = (1;1;0),2 =(L;1;1). Xét tinh dung
sai cia cac ménh dé sau?
A. |2,| -J2.
B.hla.
C.hlc.
D. 2[c|=6..

Loi giai

B.Db C.S D.S

A.D |
"1 Ta co: ‘2‘ = «/(—1)2 +1240* =2 nén A diung

[ ha=0nén b L a.Suy ra B ding

0 be=1.1+1.140.1=2 = b khong vudng gbc véi c.

. 2\2\:2\6

Cau 13:

nén D sai

Trong khong gian Oxyz , cho ba diém A4;2;1), B(2;1;3), C(—1;3;-2).

A. Toa d6 trong tdm tam gidc ABC bang (%, 2;%).

B. Toa d¢ trung diém doan théng AB bﬁng (3;%; 2)

C. T gisc ABCD 1a hinh binh hanh thi toa d¢ diém D = ( 1;4; —4).
D. Ba diém 4,B,C thang hang.
Loi giai

b 2

3 3

b b

A. Pung. Toa d¢ trong tdm tam giac ABC (4+2_1'2+1+3'1+3_2j:(5 2 2)

3 3’73 )
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B. Ding. Toa d6 trung diém doan thrfmg AB (4;2;2;1;1;3j:(3;%;2j.

C. bung. Tt giac ABCD 1a hinh binh hanh:
2-4=-1-x, x, =1

AB=DC <{1-2=3-y, <1y, =4 = D(1;4;,-4).
3-1=-2-2z, z, =4

AB =(-2;-1;2) Tacs 2 2

-1 ,
. aco —# T # 3 = A, B,C khong thang hang.

D. Sai. Vi
AC = (-5;1;-3) =5

Céu 14: Trong khong gian Oxyz, cho ba diém A4(3;5;-1), B(7;x;1), C(9;2;y).
A.Badiém 4,B,C thang hang thi x+y=5.

B. PBiém G(?;%;f&j la trong tdm tam giac ABC thi x=1;y =3.

C. Tam giac ABC vudng tai 4 thi x=13,y=-1.
D. Tich v6 huéng cua AB.AC = -3x+ 2y+41.

Loi giai
A. Dung.
Ta co: E:(4;x—5;2), E:<6;—3;y+1)
2
4=k6 k=3
Pé ba diém 4, B, C thiang hang & AB=kAC & x—5:k(—3)<:) x=3.
2=k(y+1) y=2
Vay x+y=35.
3+7+49 19
3 3
=1
B. bung. Taco : 5+x+2:§ = * .
3 3 y=3
—1+1+y:3
3

C. Dlng.
Ta co: E:(4;x—5;2), ﬁ:(6;—3;y—|—1)
AB.AC =24+ (x=5)(=3)+2(y +1)

C|x=13  —
Véi = AB.AC =0
y=-1

D. Dung. Vi AB.AC =24+ (x=5)(=3)+2(y+1) =—-3x+2y+41.

Cau 15: Trong khong gian Oxyz, cho ba vecto a = (1,2;3); b= (2:2;-1), c= (4;0,—4).
A. 3@ =(1;6;9).

12



Loi giai
A. Sai. Vi 3@ =3(1;2;3) = (3;6;9)
B.Ding. Vi d+b =(1+2;2+2;3-1)=(3;4;2).
C.Sai. Via—-c=(1-42-0;3+4)=(-3;2;7).
D.DPung. Vi a—b+2c=(1-2+2.42-2+2.0;3—(=1)+2.(=4)) = (7;0;,—4).
Cau 16: Trong khong gian Oxyz , cho hai vecto G =—i +3) +4k; b =20 +4] +k.
A. Toa d6 vecto a =(—1;3;4).

B. Cosin goc giira hai vecto d@,b bang 5

C. Tich v6 hudng cia hai vecto @,b bang 14.
D. Hai vecto d@,b vudng goc voi nhau.
Loi giai
A. Pung. Dua theo dinh nghia suy ra a =(—1;3;4).
~1-2+3-4+41 V546

B. Sai. Vi cos(ﬁ,b)= \/(_1)2 FETIE .\/22 AVENNE - 39

C.Dung. Vi a-b =-12+3.4+4.1=14.

D. Sai. Vi tich v hudng cua hai vecto @,b khac 0.

Cau 17: Trong khong gian Oxyz, cho ba vecto a =(2; 1;—2),5 =(1;2;-4),¢ =(-1;-3;3).

A. G =2b.
B. [a|=3[p].
C.a-b=12
D. 2d —3b+5¢ = (-4;-19;23).
Loi giai
A. Sai. Vi d@,b khéng ctng huéng.
ld|=2" +1* +(-2)* =3 321

B. Sai. Vi |z§ |

. =ld|=—"—
B = \1+2 + (-4)" =21 21
C.DPung. Vi a-b=2-1+1.2+(=2).(-4)=12.

D. Dung.

Ta c6 2a =(4;2;-4),-3b=(-3;-6;12),5¢ = (-5;-15;15)
Vay 2a-3b+5c =(-4;-19;23).

13



Ciu 18: Trong khong gian Oxyz, cho bbén vecto = (2;3;1),5 =(-1;5;2),¢ =(4;—-1;3)va
X =(-3;22;95).
A. X=2d+3h-C.
B. Hai vecto @ va b cung phuong.
C. Hai vecto a va ¢ khong cung phuong.
D. Hai vecto d@,b vudng goc voi nhau.
Loi giai
A. Dung.
2m—-n+4p=-3 m=2
bat X=m-5+n-l§+p-5c> 3m+5n—-p=22 & n=3 .

m+2n+3p=>5 p=-1
Viy X =2d+3b—C.
B.Sai.Vii:E:l.
-1 5 2
C.Saivi Z=2=1
-1 5 2

D. Sai. a.b=2-(-1)+3-5+1-2=15
Cau19: Trong khong gian Oxyz, cho hinh binh hanh  4BCD. Biét

A(—1;1;2),B(l;0;3),C(0;2;—2).

A. Toa d6 vecto BC = (-1;2;-5).

B. Toa d6 vecto AB = 2?—}'+I; .

C. Toa d¢ diem D 1a D(-2;3;-3).

D. Toa do vecto AD = —i + 2}' +5k.

Loi giai

| AD | B. P C.D D.S

] BC =(~1;2;-5) nén A dung
] AB = (2;-1;1) nen B ding
1 Goi toa d6 diém D 1a (x;y;z)
AB =(2;-1;1)
DC =(-x;2—y;—2-z)

Vi ABCD 1a hinh binh hanh nén DC = 4B
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—x=2 x=-2
Suyrai2—y=-l<1{y=3
—2-z=1 z=-3

Vay toa do diém D la D(—2;3;—3) vay C ding
] AD=—-i+2j -5k ngn D sai
Ciau 20: Trong khong gian voi hé toa do Oxyz, cho hinh hop ABCD.A'B'C'D', biét ring
A4(2;1;0),€(0;3;0),C'(-1;2;1), D'(0;-2;0).
A. Toa d¢ céc diém A',B' 1a 4'(1;0;~1),B'(0;4;2).
B. Toa d§ céc diém B,D la B(1;5;1),D(1;-1;-1).
C.Toadd vecto AB 1a AB=i+4)+k.

D. Toa do vecto AB 1A B'D =;—5}'—37c.
Loi giai

A. S

1 Goi toa do diém A' 1a (x;52)
A'—C':(—l—x;2—y;1—z)
AC =(-2;2;0)
Vi A'C'CA 1a hinh binh hanh nén 4'C' = AC

Suyraq2—y=2 <<y=0= A4'(1;0;1) nén A sai
1-z=0 z=1

Lam tuong tu ta co: B'(0;4;2)
- B(1;5;1);D(1;—1;—1) nén B dung
1) AB=(1;4;1)=> AB=i+4j+knén C dung

0 B'D=(1;-5-3)= B'D=i-5j-3k nenD ding
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Cau 21: Cho hinh chép S.ABCD day la hinh thang vuong tai 4 va B, AD=2A4AB=2BC =2a,
canh bén S4 vudng goc véi mét phang day (ABCD), SA=2a.Goi H la hinh chiéu diém

Cau 22:

C trén canh 4D .

/o ¢
A. Toa do cac diem 4, B 1a A4(0;0;0), B(a;a;0).
B. Toa d¢ céc diem C,D 1a C(a;a;0),D(24;0;0).
C. Toa d¢ diém S 1a S(0;0;2a).
D. Toa do diém H 1a H(a;0;0).

A.S | B. P C.Db

B Al
7y ¢

Dé tinh dugc AB=BC=AH =a

Gén hinh chép vao hé truc toa do Oxyz véi O= A, AB=1i,AH = j, AS =2k

Khi d6 taco 4(0;0;0),B(a;a;0),C(a;a;0),D(2a;0;0),5(0;0;2a),H (a;0;0)
Cho hinh chép S.ABCD c6 ddy ABCD 1a hinh vudng c6 cac canh bang 1, SAD 1a tam
gidc déu va nim trong miat phang véi day. Goi O,M va N lan luot 13 trung diém cua

AD,BC va CD. Thiét lap hé truc toa 6 Oxyz nhu hinh v&.

16



A. Toa d0 cac diém A4,B 1a A(O;—%;OJ,B(I;—%;OJ .
0

B. Toa do cac diém C,D la C(l;%;Oj,D :

3

C. Toa d6 diém S 1a S(O;O;TJ.

D. Toa d6 cac diém M, N la M(l;O;O),N(%;%; ]

Loi giai

A.D B.P |

Chon h¢ toa o Oxyz nhu hinh vé.
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Cau 23:

Cau 24:

SAD 1a tam giac déu c6 canh bang 1 nén SO = ?

A 0;—1;0 ,B l;—l;O C l;l;O ,D 0;1;0 S 0;0;£ , M(l;O;O),N(l;l;Oj
2 2 > 2 2 ’ 2 2°2

Trong khong gian Oxyz, cho vecto @ =(2;-2;-4), b =(1;-1;1).
A. a+b=(3;-3-3)
B.dvab cung phuong
c. fl=+3
D.a=2i-2j-4k
Loi giai

AD | B.S C.D D.D

® Xét dap an A: G+b =(3;-3;-3) dung.

® Xétdap an B:a =2(1;-1;-2) # b= (,-1;1).Suyra a va b khong cung phuong. Pép

an B sai.
. |l;| =3 dung.
°i=2i-2j—4k dung.

Trong khong gian véi hé truc toa d6 Oxyz , cho d = (2;—5;3), b= (O; 2;—1), ¢ = (1;7;2) )
A. ii=3i-b+5¢ v6i ii =(11;22;18).

B. x:l*—fﬁ—zz voi X = —1;—2;—Z .
27 3 6 6
C.v=a+b v6i v=2i-3j+2k.
D. y=b—c véi y =—i+5)-3k.
Loi giai

AD | B.D | C.b D.S
A. @i =3d—b +5¢ vé6i ﬁ=(11;22;18). PUNG

34 =(6:-15:9)
+Tacod: b= o;—z;l) :>3a—15+55=(11;22;18)=ﬁ

5¢ = (5;35;10)
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B. x:l*—fﬁ—zz voi ¥=| -1;———:—— |. PUNG
2 3 6 6

1
2
+ Ta co: %5 :£O;§;—EJ :%a-%é—za :(—l;—g;—zjzi

373 6 6
25:(2;14;4)
C.v=a+b v6i v=2i-3j+2k.PUNG

b
v=a+b=v=(2-32)=v=2i-3+2k
y=b-c v6i y =—i+5/-3k.SAI
=b-c=y=(-1;-5-3)= y =—i-5j-3k
Cau 26: Trong khong gian Oxyz, cho Zizf+3l€—4]’ va l;:(m—n;4m—6n;n2 —3m+2),véi m,n

1a tham s6.
a) Toa do a =(1;3;-4).
b) Dung diém A thoa OA=a thi A(1;—4;3).

¢) Ton tai giatricia m va n dé b=0.
d)Néu a=>b thi m+n=9.
Loi giai
Dap an: a sai; b dung; c sai; d diang
a) Toadd a= (1; —4;3).
b) Khi OA=a thi toa dd a cling la toa do diém A . Suy ra A(l; —4;3) .

m—-n=0 m=0
c)l;:6<:> dm-6n=0 << n=0 . (v0 nghi¢m).
n*=3m+2=0 n*—=3m+2=0

Vay, khong ton tai m,n dé b=0.

m—n=1
d) d=b<{4m—-6n=-4 @{

2 n=
n -3m+2=3

Suyra m+n=9.
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Cau 27: Trong khong gian Oxyz, cho d =(2;2;0),5 = 2j+2k .Dung OA=ad va OB=b.

a) a=2i +2k.

b) Toa do b =(0;2;2).
¢) Toa do AB=(-2;2;0)
d) Goc AOB =45°.

z

Loi gidai
F4
S B
“ :
A w------ e LN '
k 1
AN i ;
; . LK
_ 5 ¥
> /0 i
______________ o
H M

Pap an:a sai, b dung, ¢ dung, d sai
a) Tacod a=(2;0;2)=a=2i +2k.
b)Tacod b=2]+2k =b=(0;2;2).

c) Tacod OA=a thi toa do véc to @ cling chinh la toa o 4. Suyra A(2;0;2). Tuong tu
B(0;2;2) . T day, ta tinh duge 4B = (=2;2;0)

d) Nhan xét OHMK . PANB 14 hinh lap phuong. Suy ra aO4B déu. Vay AOB =60".

Cau 28: Trong  khong  gian Oxyz, cho  hinh  hop OABC.O'A'B'C’ co
A(L;1;,-1),B(0;3; O),B—C’ =(2;-6;6).Goi H,K 1an luot 13 trong tAm cua tam giac 04’0’
va CB'C'.

a) Toa do diém C' 1a (2;—3;6) o' o
b) Toa d6 diem O' 1a (3;-5;5). A B

¢) Toa dd véc to AB' = (—2:3;-6).
d) Toa o véc to HK =(-1;2;-1

,
) R ;
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Loi gidi
bép an: a ding; b dung; c sai;d sai
x—0=2 x=2

a) Goi C'(x;y;2). Taco BC' =(2;-6;6) =1 y-3=—-61{y=-3
z—0=6 z=6

Vay C(2;-3;6).

x—1=2 x=3
b) Goi O'(x;;2). Theo hinh v& thi A0'=BC" < {y-1=-61y=-5
z+1=6 z=5

Vay 0'(3;-5;5).
c¢) Theo hinh v¢ thi AB' =0C' = (2; -3; 6) .
d) Tacé HK = AB=(-1;2;1).

Cau 29: Cho hinh chop S.ABCD c6 day ABCD la hinh chit nhat, AB=1,4D =2,54 vudng goc
voi mat day va S4=3. Vi hé toa dd Oxyz dugce thiét 1ap nhu sau: Gbc toa dd O trung
véi diém A4, céc véc to AB, AD, AS 14n luot cung huéng véi 7,7 va k . Xét tinh dung sai
ctia cac khang dinh sau

a) Toa do D(0;2;0).

b) Toa do C(1;2;3).

¢) Toa do S(2;0;0)

d) Toa do 1(1;1;0).

Loi giai

Dap an: a dung; b sai; c dung; d sai
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Cau 30:

Vi hé truc da chon nhu hinh vé thi

a) Diém D e Oy va AD =2 nén D(0;2;0).

b) Diém C €(Oxy) va c6 hinh chiéu 1én Ox,Oy lan luotla diém B va D.Do AB=1 va
AD =2 nén C(2;2;0).

c) DPiém S €Oz va AS =3 nén S(O;O;S).

d) Biém 7 € (Oxy) va va c6 hinh chiéu lén Ox,Oy lan luot 1a trung diém ctia 4B va
AD nén 1(0,5;1;0).

Cho hinh lap phwong ABCD- A'B'C'D’ ¢ canh bang 2. Vi hé toa 46 Oxyz duoc thiét lap
nhu hinh bén (gbc toa d6 O trung véi tAm hinh vuéng ABCD ), hdy xét tinh diing sai cta
cac khang dinh sau:

a) Toa do A4(-1;0;0).

b) AC = (2&;0;2) .

¢) Toa do D'(o;\/E;z).

d) BD'=(0;0;2).

Léi gidi

Dap an: a sai; b ding; c dung; d sai

Do dai AC =2+/2. Véihé truc Oxyz da chon nhu hinh vé thi

22



A [ n'

B.l'

a) Piém A4 e Ox, nam nguoc chiéu duong va OA4 = \/5 nén A(—\/E ; 0;0) .
b) Toa do C'(v/2;0;2). Suy ra AC'=(24/2;0;2).

¢) Diém D' ¢ hinh chiéu vudng goc xubng ( Oxy) 1a diém D(o;ﬁ;o) va DD'=2 nén

D’(O;\/E;2).
d) Toa do B(o;—ﬁ;o),D'(o;ﬁ;z). Suy ra ﬁ:(o;zx/i;z).

Céu 31: Cho hinh ling tru ABC-A'B'C’ ¢6 day ABC la tam giac déu canh bang 2 nhu hinh vé.
Hinh chiéu vudng goc ctia 4’ 1én (ABC ) tring voi trung diém canh 4B, goc A0 =60
. Véi hé toa d§ Oxyz duoc thiét 1ap nhu hinh bén (géc toa dd O trung véi trung diém cua
doan BC ), hiy xét tinh dung sai ctia cac khang dinh sau:
a) Toa do diém A(-1;0;0). :
. A c'
b) Toa d¢ di€ém C(O;\/g;()).
¢) Toa d¢ diém A’ (o,—1,\/§ ) -
d) Toa do diém C' (1, 3 3)
A k--qeoofoann- ==
0
B
Loi gidi

Dap 4n: a ding |[b ding [c sai |d dung

\/_

bodai OC=2-—

trén thi
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a) Piém A4 e Ox, nam nguoc chiéu duong va O4 =1 nén A(—I;O;O).
b) Diém A’ € Oy, nim cing chidu duong va OC =+/3 nén c(o; NE) ;0).
¢) A' € Oz, ndm cung chiéu duong va 04’ = J3 nén A'(O; 0;\/§) .

x—0=1 x=1
d) Goi C'(x;y;z).TaC(') AC=4AC = y—OZ\/§<:> y:\/g.

z—\/§=0 Z=\/§
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Ciu32: Cho cic diém A(1:72:3).B(-2:1:2).C(3:-1:2)

a) AB=(-3;3;-1).

b) AC =(-2;-11).

¢) AB=3AC.

d) Ba diém 4, B,C khong thang hang.

Loi gidi

Dap an: a dung; b sai; c sai ;d dung
a) A—B:(XB_XA;yB_yA;ZB_ZA):(_3;3;_1)-
b) AC=(xc—x30c —Vis2e—z,)=(21-1)

c) AB = (-3;3; —1),% =(2;1;-1). Hai vec to nay khong cing phuong nén khong ton tai
sb thuc k d& AB=FkAC.

d) Hai vec to AB va AC khong cing phuong nén ba diém 4, B,C khong thang hang.

Cau 33: Cho ba diém A4(3;3;-6),B(1;3;2) va C(-L,-3;1). Goi M,N,K lan lugt 1a trung diém
ctia AB,BC va CA.
a) Toa do M(2;3;2).

b) Véi G 1a trong tAm tam giac ABC thi GC =245 .
c¢) Trong tdm tam giac MNK la E(l;l;—l) .

d) Véi D(—3;—3;9) thi tir gidc 4ABDC 1a hinh binh hanh.

A
M K
B /\/\ C
N
Loi giai

Dap an: a sai; b sai; ¢ dung; d dung
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a) M latrung diém cua 4B, suy ra M(xf‘ erxB Ya eryB ZZBJ hay M (2;3;-2).

b) Tacod G(1;1;-1). Suyra GC = \/(—1—1)2 +(=3-1)%+(1+1)* =26.
c¢) Hai tam gidc ABC va MNK co6 cung trong tam. Suy ra E trung voi G(l; 1;—1).

d) Taco AC =(—4;-6;7),BD =(~4;—6;7), suy ra AC = BD. Vay ABDC 14 hinh binh
hanh.

Céu 34: Cho hinh hop ABCD-A'B'C'D', biét diem A(0;0;0), B(1;,0;0),C(1;2;0),D'(-13;5).
Goi M, N la tdm cuta cac hinh binh hanh ABB'A', ADD'A’ .
a) Toa do D(0;2;0).b) Toadd A'(-1;15).

c) Toa do m:(—l;l;O).d) \E+E+@\=\@.

AJ'.-

Loi gidi

Pap an: a dung;b dang ;c sai; d sai

I

a) Theo qui tic hinh binh hanh, ta c6 4D = AC — AB = (0;2;0)= D(0;2;0).

b) Tacod A4 = DD’ =(~1;1;5)= 4'(-1;1;5).
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Cau 35:

¢) Theo hinh v& W:R‘:(O;Z;O).
d) Tacé AC'= AB+ AD+ A4 =(0;3;5). Xét

A—(J":\/Oz+32+52 =34

AB+ AD+CC’

~[4B+4D+ 44| -

Hai chiéc khinh khi ciu bay 1én tir ciing mot dia diém. Chiéc thir nhat cach diém xuit phat
2 km vé phia nam va 1 km vé phia dong, dong thoi cach mat dat 0,5 km. Chiéc thur hai
nam cach diém xuat phat 1 km vé phia bac va 1,5 km vé phia tiy, dong thoi cach mat dat
0,8 km.

Chon hé truc Oxyz voi goc O dat tai diém xuat phat cua hai khinh khi cau, mat phang
(Oxy) tring voi mat dat voi truc Ox hudng vé phia nam, truc Oy hudng vé phia dong

va truc Oz hudng thang ding 1én troi (Hinh bén dudi), don vi do 1ay theo kilomet.

. Tay

.
Bae .7

a) Vi hé toa d6 da chon, toa do khinh khi cau thir nhét 1a ( 2;1;0,5).
b) Véi hé toa dd da chon, toa d§ khinh khi cau thir hai la (—1, 5;,—1; 0,8) .

¢) Khoang cach tir diém xudt phat dén khinh khi cdu thir nhit bang V21 km.

d) Khoang cach hai chiéc khinh khi cau 14 3,92 km (Két qua lam tron dén hang phan

tram).
Loi gidi

D4p 4n: a ding |b sai [c sai |[d ding
a) Chiéc khinh khi cu thtr nhit c6 toa do la (2;1; 0,5) .
b) Chiéc khinh khi cau th hai ¢6 toa d¢ 1a (-1;-1,5;0,8).

¢) Khoang céach tir diém xuat phat dén khinh khi ciu thir nhét bang

27+ 17 +0,5° :@( km)
2
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d) Khoang cach hai chiéc khinh khi cau 1a
JE1-2) +(1,5-1)° +(0,8—0,5)° =4/15,34 ~ 3,92( km).

Cau36: Cho ba vec-to d=(-L10),b=(110) va ¢ =(LL1).
a) |d|=2.

b) [¢|=+/3.

¢) cos(a,c)=

Al

d)bLé.
Loi gidi

D4p 4n: a sai |b dang [c sai |d sai

a) |d|= (=1 +1 =4/2.b) [¢| =2+ + 12 =43

o)

a-

HH =0d)b-¢=2,suyra b khong vudng ¢ .
a

c) cos(a,c)=

o)

Cau 37: Cho hai vécto i =(0;2;3) va v =(m—1;2m;3).

a) |ﬁ|:\/§

b) ‘ﬁ|=|\7‘<:>m=—%.

Loi gidi

D4p 4n: a ding |b.sai [c dung |d sai

a) [il| =v0* +2 +3* =13

b) \a|=|§\@\/ﬁ=\/(m—1)2+4m2+9 & 5m*—2m-3=0<m=1 hoic mz—%.

c¢)khi m=1 thi v=(0;2;3). Suyra i =v.
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d) LYJ_L7<:>4m+9:O<:>m:—%.
Cau 38: Cho tam gidc ABC c6 A(1;2;0),B(0;1;1),C(2:1;0).
a) Tam gidc ABC vuongtai 4.
b) Chu vi tam gidc la xﬁ+\/§+x/§.
c¢) Dién tich tam giac ABC la J6 .

d) Tam duodng tron ngoai tiép tam giac ABC 1a I (l;l;%j .

Loi giii
D4p 4n: a diing |b sai |c sai |[d dung

Tacod AB=(-L-L1)= AB=+/3,4C=(1;-1;0) = AC=+2,
BC =(2;0;-1)= BC =+/5.

a) AB-AC =0 do do AB 1 AC, tam gidc ABC vudng tai A4.
b) Chu vi cua tam giac la AB+ AC+BC =-3+~/2++/5.

c¢) Dién tich la S=%-AB-AC:§

i 2 1
d) Tam dudng tron ngoai ti€p la trung diém cua BC c6 toa dd 1 (I;I;Ej .
CAau 39: Hinh minh hoa so d6 mot ngoi nha trong hé truc toa d§ Oxyz, trong do nén nha, bdn buc
tudng va hai mai nha déu 13 hinh chit nhat.

Q(2:5:4)

H
————————————————— (G(4:5;3)

E(0;0;3)

I
]
I
1
I
)
I
1
I
:
1
CF--mmmmm - ----) B4:5:0)

;
¢

¢
¢
i
’
’
’

0O(0;0;0) A x

a) Toa d§ cuia cac diém A(5;0;0).
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b) Toa do cua cac diém H(0;5;3).

c) Géc nhj dién c6 canh 1a duong thing FG , hai mat 1an luot 1a (FGOP) va (FGHE)
goi 1a goc dbc ctia mai nha. S6 do cua goc doc ctia mai nha bang 26,6° (lam tron két qua
dén hang phan mudi cua d).
d) Chiéu cao clia ngdi nha 1 4.

Loi gidgi
Pap an: a sai ;b sai ;c sai ;d sai

a) Vi nén nha 1a hinh chir nhat nén tr gid<c OABC 14 hinh chit nhat, suy ra

X, =xy,=4,y.=y,=5.Do 4 nam trén truc Ox nén toa do diém 4 la (4;0;0).

b) Tudng nha 1 hinh chit nhat, suy ra y,, = y. =5,z, =z, =3. Do H nam trén mat
phrfmg (Oyz) nén toa do diém H la (0;5;3).

¢) Bé tinh goc ddc ciia mai nha, ta di tinh s6 do gbc nhi dién c6 canh 1a duong thang FG ,
hai mit phang lan luot la (F GQP) va (F GHE ) . Do mit phing (Ozx) vuong gbc voi hai
mit phang (FGQOP) va (FGHE) nén géc PFE 1a géc phang nhi dién mg véi goc nhi
dién do.

Tacd FP=(-2;0;1),FE =(-4;0;0).

FP-FE _ (-2)-(~4)+0-0+1-0 25

S PFE = cos(FP,FE )= —— = =
Uy ra cos cos| ) FPI{FE| (27 +0*+ 1 -4y +0°+0* 5

Do do, PFE ~ 26,. Vay goc dbc cua mai nha khoang 26,6°.

d) Chiéu cao bang cao d¢ ctia diém P.Suyra h=4.

F. TRA LOI NGAN

Cau 1:

Trong khong gian Oxy, cho hai vecto a = (3;2;5) va b= (3m+2;3;6—n). Tinh gia tri biéu

thite 6m +2n dé hai vecto d,b bang nhau.

Loi giai
Tra 1oi: 2
.
Ta co a,5©3m+2=2=6—n© 6 = 6m+2n=2.
3 2 5 -3
n=—
2
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Cau 3:

Cau 4:

Trong khong gian Oxyz, cho tam gidc ABC c6 ba dinh 4(1;2;3), B(-1;2;0),C(3;2;-3)
va G(a;b;c) la trong tdm cua tam giac ABC. Tinh gia tri biéu thuc P=a+b+c.

Loi giai
Tra loi: 3

Do G latrong tdm tam gidc ABC nén

a:1+(—1)+3:1

3
b=2+§+2 =2 = G(1;2;0)
c:3+0;r(—3) 0

Vay P=a+b+c=1+2+0=3.

Trong khong gian Oxyz, cho tam giac ABC ¢o A(I;O;O), B(O;O;l), C(2;l;l). Dién tich
ctia tam giac ABC bang:

Loi giai
Tra loi: ?

Taco: AB=(-1;0;1),AC=(L;1;1) = (-1).1+0.1+1.1=0= 4B L AC .

Nén dién tich tam gidc ABC 1a S = %AB.AC = %
Trong khong gian Oxy, cho hai diém A4(1;2;3) va B(2;1;1). Cho diém M (X595 2,) thudc
mit phang (Oyz) sao cho ba diém A, B, M thang hang. Tinh gié tri biéu thirc Xy + Vot 2
Loi giai
Tra loi: 8
Diém M e (Oyz) = M(0;y;2)
Taco: AM =(=1;y—2;z-3), AB =(1;—1;-2)
Pé A,B,M thang hang thi AM , AB cung phuong

_ _ _ =3
e Y=2 X3 1T 0035
1 -1 =2 |z=5

Suyra x,+y, +z,=38.

Trong khong gian Oxy, cho ba diém A(1;—1;1), B(3;1;2) va C(-1;0;3). Co6 bao nhiéu diém

D sao cho tir giac ABCD 1a hinh thang ¢6 2 canh day 4B, CD va c6 goc tai D bang 45°.
Loi giai

Tra loi: 2
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Goi D(x; y;z2)
AB=(2;2;1),DC = (-1-x;-y;3-2)
TG gidc ABCD 1a hinh thang ¢6 2 canh ddy 4B,CD nén AB,DC cing phuong.
_1— — — x=2z-17
1—x _Ty_ 3—z 3{

2 2 1 y=2z-6
AD=(x-1Ly+1l;z-1) |AD=(z-8;2z-5;z—1)
_ =>4
CD=(x+1;y;z-3) CD=(2z-6;2z—6;z-3)
— 2 —
cos(AD,CD): oz-3) = 23 :L.
SO —6z+10)9(z=3) 2 —6z+10 2

z=4 {le;yzZ
=

x=-3;y=-2

=2(z"-6z+9) =2 —6z+10c>{
z=2

Vay D(1;2;4) hodac D(-3;-2;2).

C6 2 diém D théa diéu kién.

Trong khong gian Oxy, cho tam giac ABC, biét A(2;0,0), B(0;3;1),C(-3;6;4). Goi M 1a

diém trén canh BC sao cho MC =2MB. Tinh d0 dai AM .

Loi giai
Tra loi: 5,39
A
B IY; - C

Goi M (x;y;2)

CM =(-3-x;6-y;4—x)

MB=(x;y-3;z-1)

—3-x=2x x=-1

Theo dé ta co, CM =2MB < {6-y=2(y-3) <1 y=4 = M(-1;4;2)
4—z=2(z-1) z=2

AM = (-1-2)* +4* +2° =29 ~ 5,39

Trong khong gian Oxy, cho ba diém A(1;2;-1),B(2;-1;3),C(—2;3;3). Piém M(a;b;c) la
dinh thir tw cia hinh binh hanh 4BCM. Tinh gia tri ctia biéu thirc P = a® +b* —c>.
Loi giai

Tra loi: 44
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Cau 9:

Cau 10:

Cau 11:

MC =(-2-a;3-b;3—¢)
AB = (1;-3;4)
Tt gidc ABCM 13 hinh binh hanh < AB = MC
2—-a=1 a=-3
S13-b=-3=<b=6 = P=44.
3—c=4 c=-1

Trong khong gian Oxy,cho hai diém trén truc hoanh ma khoang cach tir d6 dén diém
M (-3;4;8) bang 12. Tinh tong hai hoanh d¢ ciia chiing.

Loi giai
Tra loi: -6

N(x;0;0)

x=5

MN:12<:>\/(x+3)2+42+82:144<:>(x+3)2:64<:{ .
X=-
Téng hoanh d6 cia ching bang —6

Trong khong gian Oxy, cho hai vecto a = (2;5;-3), b= (0;—4;0). Tinh tich v6 hudn cuta hai
vecto &,E.
Loi giai
Tra loi: -20
G-b=2-0+5-(—4)+(-3)-0=-20

Trong khong gian voi hé toa dd Oxyz , cho cac diém OA=i+0/+3k, OB=2i+3 -4k,
OC =-3i+ j+2k. Piém D(x;y;z) sao cho ABCD la hinh binh hanh. Tinh
P=2x+y-z.

Loi gidi
Tra loi: :19
Goi D d& ABCD la hinh binh hanh.
TC=E+E@E:A_C'—E:@—@—(@—@i)=o—c-@:—5?—2}'+612
& OD~0A=-5i~2j+6k < OD =-4i -2 +9% < D(-4;-2;9)
P=2x+y—z=2.(-4)-2-9=-19
Trong khong gian voi hé toa d0 Oxyz, cho Zz=2;+376; 1323;+3}'. Toa dd vec to
a=(x;0;3); b=(3;;0). Tinh P=x"+".

Loi gidi
Tra loi: 13

a=(20;3); b=(33;0). P=x’+)"=22+3"=13
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Cau 12:

Cau 13:

Cau 14:

Cau 15:

Cau 16:

Trong khong gian véi hé toa 40 Oxyz, cho OM = 2;—3}' +4k ; ON =—i+ 3}' —k. Toa do
diém M (2;-3;a); N(~1;b;-1). Tinh T =2a-3b.
Loi giai
Tra loi: -1
M(2;—3;4),N(—l;3;—1) .T=2a-3h=24-33=-1

Trong khong gian véi hé toa d0 Oxyz.cho a= (3;-5;2); b= (2;1;,-1). Vecto
a=3i—yj+2k; b=2i+ j+zk.Tinh P=y* -2’
Loi giai
Tra loi: 26
a=3i-5j+2k; b=2i+j—k. P=y—z* =(=5)* +(~1)> =26
Trong khong gian v6i hé toa d0 Oxyz, M(1;0;-2),N(51;-6). Tinh
oM =;—I—y}'—27€;5]\7:xf+}—67€ .Tinh P=x"+)".
Loi giai
Tra loi: 125
OM =i-2k; ON =5i+j—-6k. P=x'+) =0’ +5° =125
Cho hinh chép S.4BCD c6 déy 1a hinh vudng canh bang 5, S4=2 va SA L (ABCD).
Chon hé truc Oxyz c6 gdc toa d0 tai A; cac diém B, D, S 1an luot trén cac tia Ox, Oy, Oz.
Toa do diém C(x;y;z). Tinh P=x"+y’ +2°.
Loi giai
Tra loi: 250
Ta co: AC = AB+ AD =5i+5 +0k . Suy ra: C(5;5:0).
P=x+y'+2 =5 +5+0’=250
Cho hinh hop chir nhat ABCD.A’B’C’D’ ¢6 4B =2; AD =3; AA'=4. Chon h¢ truc toa do
Oxyz c6 géc O trung véi A, cac diém B; D; A’ 1an lugt thudc Ox; Oy; Oz. Tim toa d§ cua
C'(x;3;z). Tinh P=x—z.
Loi giai
Tra loi: -2
Ta co:

AB=2i+0/+0k; AD=0i+3/+0k; AA'=0i+0 + 4k

AC'=AA"+ AC+AD =2i+3j+4k;suyra C'(2;3;4). P=x—z=2-4=-2.
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Cau 17:

Cau 18:

Cau 19:

Cau 20:

Cho hinh chép S.4BCD cé day 1a hinh vudng canh bang 3, S4=4 va S4 L (ABCD).
Chon hé truc Oxyz c6 gdc toa do tai A; cac diém B, D, S 1an lugt trén cac tia Ox, Oy, Oz.
Goi M la trung diém SC. Tim toa d6 diém M (x;y;z). Tinh T=x+y —%z .

Loi giai
Tra loi: 0
Ta co: A—C:ﬁ+ﬂ):3;+3}+07c.
ViM la trung diém SC nén:

T T B P Y A s e A
AM=E(AS+AC)=5(01+0]+4k+31+3]+0k)—§z+51+2k

=M 3;2;2 .T:x+y—iz:§+i—i.2:0
22 2 2 2 2
Cho hinh hop ABCD.A'B'C'D'. Tinh |AC'+CA'+2CC'|.
Laoi giai
Tra loi: 0
Ta co: TC'ZR#@; CA'=CC'+C'A va C'A'=CA

Suy ra; AC'+CA'+2C'C=2CC'+ AC+CA+2C'C=0
:‘Z@+@f‘+2?€"z0

Cho hinh hop chir nhiat ABCD.A’B’C’D’ ¢6 AB=8; 4D =6; A4' =4 . Chon hé tryc toa do
Oxyz c¢6 gbc O tring v6i A, cac diém B; D; A’ 1an luot thude Ox; Oy; Oz. Toa do diém
C'(x;y;z) .Tinh P=x-2y+z.
Loi giai

Tra loi: 0
Ta co:
AB=8i+0j+0k; AD=0i+6j+0k; AA'=0i+0/+4k
Trong hinh binh hanh ABCD: AC = AB+ AD =8i+6j +0k
Trong hinh binh hanh ACC’A>: AC'= AC + AA'=8i+6 +4k

=C'(8;6;4). P=x-2y+z=8-2.6+4=0

Trong khong gian véi hé truc toa do Oxyz , cho ba diém A(1;2;-1), B(2;-1;3),C(-2;3;3)
.Diém M (a;b;c¢) 14 dinh thit tu caa hinh binh hanh ABCM , khi d6 P =a’ +b> —c* c6 gia
tri bang
Loi giai
Tra loi: 44
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Cau 21:

Cau 22:

Cau 23:

M(x;y;z) , ABCM 1a hinh binh hanh thi

x—1=-2-2
AM =BC=1{y-2=3+1 = M(-3;6;—-1)= P =44.
z+1=3-3

Trong khéng gian Oxyz , cho ba vecto a = (-2 2;0);5 =(2;2;0) va 2(2; 2;2). Gié tri cta
|Zz +bh+ E| bang
Loi gii

Tra loi: 2411
Ta co: ;1+l;+2=(2;6;2).
Vay ‘5+B+E‘=2\/ﬁ.
Trong khong gian vdi hé toa dd Oxyz, cho tam giac ABC ¢6 A(l;2;—1), B(2;—l;3) s
C(—4;7;5). Goi D(a;b;c) 1a chan dudng phan giac trong goc B cua tam giac ABC . Gia
tri cia a +b+2c bang

Loi gidi
Tra loi: 5
B
a4 b ¢
Taco AB=~/26, BC=~/104 =226 .
Goi D(x;y;z), theo tinh chét phan gidc ta c6 b4 _B4_1 Suy ra DA = 156 (*).
DC BC 2 2

Ta co mz(l—xﬂ—y;—l—z) va FC’:(—4—x;7—y;5—z).

1—x=—%(—4—x> x:—§
Do d6 (*)= 2—y:—%( —) @«yzl?)—l :D[—%;g—l;l]:a+b+2c:5.
—l—Z:—l(S—Z> z=1

Trong khong gian véi hé toa dd Oxyz, cho ba diém 4(2;-3;4),B(1;y;-1)C(x;4:3) . Dé
ba diém 4, B, C thang hang thi tong gia tri 5x +yla:
Loi giai

Tra loi: 41
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Cau 24:

Cau 25:

Co AB=(~Ly+3;-5);AC =(x~2;7;-1).

. , , — — -1 -
bé ba diém 4, B, C thang hang thi AB cung phuong AC < 5 =yT+3 =—?.
x_ f—
9
=>x=—;y=32
5 y
= 5x+y=41

Viy Sx+y=41.

Trong khong gian Oxy, cho ba vecto a = (1;m; 2),5 =(m+1;2;1),¢ =(0;m—2;2). Téng cac
gia tri thuc cia tham s6 m dé |Zz +l;| = |E|

Loi giai
Tra loi: -12

5+l;:(m+2;m+2;3)

c

a+B|=|e < |a+b| =fef

S (m+2Y +(m+2) +9=(m-2)"+4
S m*+12m+9=0
o m=—6+/3.
Téng cac gia tri cua m bang —12.
Trong khéng gian Oxy, cho hai vecto a = (1;—1;0),b = (2;2¢ —1;0). Xac dinh gia tri ¢ dé
hai vecto G@,b cing phuong.
Loi giai
Tra loi: -0,5

Hai vecto @,b cung phuong thi

1=2k
Lo 1=2k k=
a=kb <<-1=2t-DNk < 1—(2 1kc> 2

0= 0k “I=@EDE L s

1
Véi t = % —{" " 2 (v nghiém.

Vay ¢=-0,5.
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Cau 26:

Cau 27:

Cau 28:

Trong khong gian Oxy, cho hai vecto d = (1;2;-2),b = (-1;—1;0). S do d6 cua goc giira

hai vecto a,b ?

Loi giai

Tra 16i: 130

cos(:5) = 1-(=1)+2-(=1)+(=2)-0 e
JE+2 (22 1)+ (12 0> N2

— (d@;b) =135°

Trong khong gian véi hé toa do Oxyz, cho hai diém A(O; 2;—2), B(2; 2;—4). Gia st
I(a;b;c) la tam dudng tron ngoai tiép tam gidc OAB. Tinh T =a’ +b° +¢*.
Loi gidi
Traloi: 8
Taco OA=(0;2;-2), OB =(2;2;—4). (O4B) ¢6 phuong trinh: x+y+z =0
Ie(OAB) =a+b+c=0.

Al =(a;b-2;¢+2), Bl =(a-23b-2;c+4), O =(a;bic).

C (Ar=BI |d+(c+2) =(a=2) +(c+4) (a—c=4
Ta co hé & , , &
Al =01 (b-2) +(c+2) =b*+¢ ~b+e=-2
a—-c=4 a=2
a-c=4
Tacohé <-b+c=-2 <:>{ =b=0 .
—b+c=-2
a+b+c=0 c=-2

Vay 1(2;0;-2) =>T=a’+b"+c* =8

Trong khong gian véi hé toa dd Oxyz, cho ba diem A4(-2;3;1), B(2;1;,0), C(-3;-1L1).
Gia sir diém D(a,b,c) sao cho ABCD 1a hinh thang c6 diy AD va S ., =35, 5c. Tinh

a+b+c
Loi giai
Tra loi: -10
, 1 1 28, isc
Ta co: S 0 = 5(AD+BC).d(A,BC) &S pep = 5(AD+BC).—.
(AD+BC).S,5c
38, e = % & 3BC=AD+BC < AD =2BC.

Ma ABCD 14 hinh thang ¢6 ddy 4D nén AD=2BC (1).
BC=(-5-2;1), AD=(x,+2;y, -3z, -1).
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Cau 29:

Cau 30:

x,+2=-10 x,=-12
(1) ©@y,-3=—4 <y,=-1.

z,—1=2 z, =3
Vay D(-12;-1;3).
Trong khong gian véi hé truc toa d§ Oxyz cho hinh thang ABCD vudng tai 4 va B. Ba
dinh A(1;2;1), B(2;0;—1), C(6;1;0) Hinh thang c6 dién tich béng 6\/5. Gia st dinh
D(a;b;c). Tinh a+b+c

Loi giai

Tra loi: 6
Taco 4B =(1;-2;-2) =[4B|=3; BC =(4;1:1) = |[BC|=3V2.

Theo gia thiét ABCD 1a hinh thang vudng tai 4 va B va co dién tich bang 672 nén

%AB(AD+BC):6x/§ @%.3.(AD+3\/§)=6\/§ = AD =12 :AD:%BC.

Do ABCD 1a hinh thang vudng tai 4 va B nén AD :%ﬁ

4 7
a-1=— a=—
3 3
L o . 1 7
Gia st D(a;b;c) khi do tacod b—2:§© b= E:>a+b+c-6
c—lzl c=i
3 3
. . R a2 8 4 8 .
Trong khong gian toa d0 Oxyz cho hai diém A(2;2;1), B(_E 5 gj Biét I(a b; c) la

tam dudng tron ndi tiép ciia tam gidc OAB. Tinh S=a+b+c.

Loi giai
Tra loi: 2
o
1
A D B
Ta co: @1’:(2;2;1), OB = —§;i;§ :>_;1.5-:—E+8+§_0 = 041 OB.
3’33 3 3 3

Laico: O4=3, OB=4—= AB=5.
Goi D la chan duong phan giac trong géc AOB=D thudc doan 4B .
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Theo tinh chit ctia phan gi4c trong ta co:

%_%—E:m:—%ﬁ:Dz(O;%;Ej-

DB OB 4 7

Tam gidc OAB c6 dién tich S = %.OA.OB =6,nuachuvi p= W =6
S . .

= r =—=1 la ban kinh duong tron ndi tiép; chiéu cao OH = 01:{4.28 = %
p

Goi 7 la tam duong tron ndi tiép tam gidc OAB = I thudc doan OD .

a=0
Tacé:ﬂ=L=i:ﬁ:im = 1=(0;1;1) hay 1b=1.
DO OH 12 12 !

c=

Vay S=a+b+c=2.
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BAI TAP CUOI CHUONG 11

PHAN 1. GIAI BAI TAP SACH GIAO KHOA
A - TRAC NGHIEM , 7
2.25. Cho tor dién ABCD . Lay G la trong tam cua tam gidc BCD . Khang dinh nao sau day la sai?

A. BG+CG+DG =0. B. AB+AC+AD =34G.
C. BC+BD=3BG. D. GA+GB+GC+GD =0.
2.26. Cho hinh hop ABCD- A'B'C'D'. Ly M 1a trung diém cua doan thing CC'. Vecto AM bing
A. AB+AD+ A4 . B. B+ AD+ A4’

SN (R q— e —
C. AB+—AD+—AA". D. —4AB+AD+ AA".

2 2 2

2.27. Cho hinh hop ABCD.A'B'C'D’ . Khang dinh nao dudi déy 1a sai?

A. AB+CC' = 4B’ . B. AB+ AD+ A4 = AC'.

C. AD+BB' = AD'. D. AB+CC' = AC'.

2.28. Cho ttr dién déu ABCD c6 d6 dai canh bang a, goi M 1a trung diém ctia doan thang CD.
Tich v6 huéng AB- AM bang

2 2
a

2
AL B. L. c. L D. .
4 2 3

A. a+b=(-5-25). B. d-b=(3-2-1).

C. 3d =(3;-2;2). D. 2d+b =(0;-4;7).

2.30. Trong khong gian Oxyzcho hinh binh hanh ABCD c6 A(—1;0;3), B(2;1;-1)va(C(3;2;2). Toa
do cua diém D la

A. (2;-1;0). B. (0;-1;-6) .

C. (0;1;6). D. (-2;1;0).

2.31. Trong khong gian Oxyzcho A(1;0;-1), B(0;—-1;2) va G(2;1;0). Biét tam gidc ABC c6 trong
tam la diém G . Toa d¢ cia diém C la

A. (5;4;-1). B. (-5;-4;1).

C. (,2;-1). D. (-1;,-2;1).

2.32. Trong khong gian Oxyz cho a =(2;1; —3),]5 =(-2;-1;2). Tich vd huéng a b bang
A.-2. B.-11. C.11. D. 2.
2.33. Trong khong gian Oxyzcho a = (2;1;—2),5 =(0;-1;1) . Goc gitra hai vecto a,b bang

A. 60°. B. 135". C.120". D. 45,



2.34. Trong khong gian Oxyz, cho a =(-2;2;2),b =(1;-1;-2). Cbsin cua goc giira hai vecto a,b
bang

A.#. B.#. C.g. D.%.

B - TU LUAN .
2.35. Cho hinh chép S.ABCD c¢6 day ABCD 1a hinh chit nhat. Chirng minh rang:
SA+SC =SB +SD.

2.36. Cho tt dién ABCD, 13y hai diém M, N thoa man MB+2MA=0 va NC =2DN .
Hay biéu dién MN theo 4D va BC.

2.37. Cho hinh hép ABCD.A'B'C'D’, goi G la trong tim cua tam giac BDA' :
a) Biéu dién AG theo E,E va A4’
b) Tl cau a, hiy chimg to ba diém 4,G va C' thang hang.

2.38. Trong khong gian Oxyz, cho céc diem 4(2;-1;3), B(L;1;-1) va C(=1;0;2).
a) Tim toa dd trong tam G cua tam giac ABC.
b) Tim toa d§ diém M thudc truc Oz sao cho duong thang BM vudng goc voi dudong thang AC .

2.39. Trong khong gian Oxyz , cho hinh hop OABC. O'A'B'C' va cac diém A(2;3;1), C(—1;2;3)
va O'(1;-2;2) . Tim toa d6 cac dinh con lai ciia hinh hop.

2.40. Trong khong gian Oxyz cho hai vecto a = (-2;1; 2),5 =1;-1).

a) Xac dinh toa do cta vecto u =a — 2b .

b) Tinh d6 dai vecto u .

¢) Tinh cos(d@,b).

2.41. Trong khong gian Oxyz cho cac diém A(4;2;-1),B(1;-1;2) va C(0;-2;3).
a) Tim toa d6 cua vecto AB va tinh d0 dai doan théng AB

b) Tim toa d6 diém M sao cho AB+CM =0.

c¢) Tim toa d6 diém N thudc mat phfmg ( Oxy), sao cho A,B,N théng hang.

2.42. Hinh 2.53 minh hoa mét chiéc dén duoc treo cach trin nha 13 0,5m, cach hai tuong 1an luot
1a 1,2m va 1,6m. Hai birc tudng vudng goc voi nhau va ciing vudng goc véi tran nha. Ngudi ta di
chuyén chiéc dén d6 dén vi tri méi cach trin nha 1a 0,4m, cach hai tuong déula 1,5m.

a) Lap mot hé truc toa d6 Oxyz phu hop va xac dinh toa do cua bong dén lic dau va sau khi di
chuyén.

b) Vi tri méi ctia bong dén cach vi tri ban dau 1a bao nhiéu mét? (Lam tron két qua dén chir s6 thap
phan thir nhat).



PHAN 2. PE KIEM TRA KET THUC CHUONG

PE KIEM TRA KET THUC CHUONG 2

PHAN 1. TRAC NGHIEM 4 PHUONG AN

Cau 1:

Cau 3:

Cau 5:

Cau 6:

Trong khong gian Oxyz, cho i =(-1;3;2), ¥ =(-3;-1;2) khi d6 i.V bang
A. 10. B. 2. C. 3. D. 4.
Trong khong gian Oxyz, cho ba vécto Z‘z:(—l;l;O), 5:(1;1;0) , E:(l;l;l). Trong céc

ménh dé sau, ménh dé nao sai?

A.blec. B. |E|=J§. C. |5|=J§. D.hla.

Trong khong gian Oxyz, cho vecto a biéu dién cua céc vecto don vi la a=2i+k— 3} )
Toa dd cua vecto ala

A. (,2;,-3). B. (2;-3;1). C. (21,-3). D. (,-3;2).
Trong khong gian Oxyz , cho diém A(l; 2; 3) . Tim toa d6 diém 4, 1a hinh chiéu vuong goc
ciia 4 1én mit phang (Oyz).

A. Al(l;O;O). B. AI(O;2;3). C. AI(I;O;S). D. A1(1;2;0).
Trong khong gian véi hé toa dd Oxyz , cho hai diém A(1;—2;-1) va B(1;4;3). P dai doan
AB la:

A. 2413 B. 2./3. C. 6. D. 3.

Trong khong gian v&i hé toa dd Oxyz, cho tam gidc ABC véi A(1;0;2), B(L;1;4),
C(1;—4;0). Trong tim G cua tam giac ABC c6 toa d6 1a

A. (L-1;2). B. (-;-12). C. (L12). D. (L-1;-2).

Cho hinh binh hanh 4BCD vé6i A(-2; 3;1),B(3; 0;-1),C(6; 5; 0). Toa d6 dinh D 1a
A. D(1; 8;-2). B. D(11;2; 2). C. D(1;82). D. D(11; 2;-2).

Trong khong gian véi hé truc toa d Oxyz, cho cac diém A(O; -2; —1) va A(l; -1 2)
. Toa do diém M thudc doan AB sao cho MA=2MB la



Cau 10:

Cau 11:

Cau 12:

PHAN 2 :
Caul:

Cau 2:

Cau 3:

A. M(g;—i; lj. B. M(l;—z; lj
33 22

C. M(2; 0; 5). D. M (-1;-3;-4).
Tim toa do diém M trén truc Ox céch déu hai diém 4(1;2;-1) va diem B(2;1;2).

A. M(l;O;Oj. B. M(l;O;Oj. C. M(E;O;Oj. D. M(E;O;O).
3 2 2 3

Trong khong gian v6i h¢ truc toa d0 Oxyz , cho hai vecto a= (0;3;1) , b= (3;0;—1) . Tinh
cos(Zz,Z;) .
1

A. cos(&,l;) = —m .

e — B
B. COS(a,b) =100 C. cos(a,b) =—E. D. cos(a,b) :E
Trong khong gian véi h¢ toa dd Oxyz, cho hinh hop ABCD.A'B'C'D" c¢6 A(0; 0; 0),
B(3;0;0), D(0;3;0), D'(0; 3; —3). Toa do trong tam tam gidc 4'B'C 1a
A (L1 -2). B. (2:1; -2). C. (1; 2 —1). D. (2;1;-1).

Trong khong gian v6i hé toa d0 Oxyz, cho ba diém A(l; 2;—1) , B(2;-1;3), C(-47;5).

Toa d6 chan duong phan giac trong goc B cua tam giac ABC 1a

A. (—3;2;1) B. (E;—z;lj. C. (3;2;1) D. (-2111).
373 3 37373

TRAC NGHIEM DPUNG- SAI
Cho hinh chép tir giac déu S.ABCD c6 do dai tat ca cac canh déu bang a.
a) Tt gidc ABCD 1a hinh vuong
b) Tam gidc SBD vudng can tai S'.
c) (SB,BD)=45".
d) SB-BD=-d".
Trong khong gian Oxyz cho céc diem A(1;-2;3), B(-2;1;2), C(3;-12).
a) AB =(-3;3;-1).
b) AC =(-2;-11).
C) AB=3AC.
d) Ba diém 4, B, C khong thang hang.
Trong khong gian Oxyz, cho hinh binh hanh ABCDc6 A(2;-1;-2),B(3;1;2), C(1;-1;1)
va D(xD;yD;zD).
a) AB=(1;2;4).
b) DC=(1-xp;-1-yy;1-2,).

C) DC = 4B.
d) Toa do diém D 1a (0;3;3).



Cau 4: Hinh minh hoa so d6 mot ngdi nha trong hé truc toa dd Oxyz, trong d6 nén nha, bon bic
tuong va hai mai nha déu 1a hinh chir nhat.
02:5:4)
Heooofonaneaen 3, G415 3)
z4 P2:0:4)
E0a0e2 (:,i-i ,,,,,,,,,,,,,, - B(4:5:0)
u’m (0:0) A v
Xét tinh diing sai ctia cac ménh dé sau:
a) Toa do diém F 1a (4;0;3).
b) Toa do AH =(4;5;3)
) AH AF =3
d) Goc dbc ctia mai nha, tic 13 s6 do cta goc nhi dién ¢ canh 1a dudng thang FG , hai
mat 1an luot 1a (FGOP) va (FGHE) bang 26,6  (lam tron két qua dén hang phan mudi
cua do)

PHAN 3. TRA LOI NGAN

Cau 1:  Cho hinh 1ap phuong ABCD-AB'C'D . Goi M, N lan luotla trung diémcua A D va C'D
. Goi ¢ 1a goc giira hai vecto MN va AB. S6 do ciia goc @ bang bao nhiéu do?

CaAu2: Cho hinh lap phuong ABCD-A'BC'D" c6 canh bﬁng a.Goi M,N lan luot la trung diém
ciia AD va C'D . Tichvo huéng MN -C B = na® ( n 1a sé thap phan). Gia tri cia n bing
bao nhiéu?

Cau 3: Trong khong gian Oxyz,cho tam gidc ABC c6 A(1;3;5), B(1;1;3),C(4;-2;3). S6 do cua
gbc ABC bang bao nhiéu d6?

Cau4: Trong khong gian voi hé toa 46 Oxyz , cho ba diém M (3;2;8), N(0;1;3) va P(2;m;4).
Tim m dé tam gidc MNP vudng tai N .

Cau5: Mot ngudi dimg & miat dat diéu khién hai flycam dé phuc vu trong mot chuong trinh cua

dai truyén hinh. Flycam 1 & vi tri 4 cach vi tri diéu khién 150m vé phia nam va 200m
vé phia déng, dong thoi cach mit dit 50m. Flycam II & vi tri B céach vi tri diéu khién
180m vé phia bac va 240m vé phia tay, dong thoi cach mat dat 60m.

Chon h¢ truc toa d6 Oxyz voi géc O 1a vi tri nguoi diéu khién, mat phfmg (Oxy) trung
v6i mat dét, truc Ox c¢6 hudng tring véi hudng nam, truc Oy c6 huwong tring véi hudng
dong, truc Oz vudng gbéc véi mat dat hudng 1én bau troi, don vi trén mdi truc tinh theo
mét. Khoang cach giita hai flycam d6 bang bao nhiéu mét (lam tron két qua dén hang don
vi)?



Cau 6:

Mot chiée xe dang kéo cing soi ddy cap AB trong cong trudng xdy dyng, trén d6 da thiét
1ap hé toa @0 Oxyz nhu Hinh véi do dai don vi trén cac truc toa do bang 1m . Tim duoc

toa do cia vecto AB =(a;b;c),khid6 a+c=?




BAI TAP CUOI CHUONG II
PHAN 1. GIAI BAI TAP SACH GIAO KHOA
A - TRAC NGHIEM , 7
2.25. Cho tor dién ABCD . Lay G la trong tam cua tam gidc BCD . Khang dinh nao sau day la sai?

A. BG+CG+DG=0. B. AB+ AC+ AD =3A4G .
C. BC+BD=3BG . D. GA+GB+GC+GD=0.
Loi gidi
Chon D
A
D
B

C

+) Vi G la trong tdm cua tam giac BCD nén GB+GC+GD=0.Do d6 dap an A4 dung.

vi GB+GC+GD=0.Do d6 dép an B dung.

BC+BD=BG+GC+BG+GD=2BG+GC+GD=2BG—-GB=3BG
GB+GC+GD=0=GC+GD=-GB

Do d6 dép an C dlng.
2.26. Cho hinh hop ABCD-A'B'C'D’. Ly M 1a trung diém cta doan thing CC’. Vecto AM bing
A. AB+AD+ A4 . B. AB+AD+ AA
SN RN — [P —
C. AB+§AD+§AA . D. EAB+AD+AA .

Loi gidi

Chon B



/
Taco AM = AC+CM . Vi ABCD 1 hinh binh hanh nén AC = AD + AB.
ViM la trung diém ctia CC' nén C—M=%@=%A—A’

Do ds AM = 4B+ D+ AX
2.27. Cho hinh hép ABCD.A'B'C'D’ . Khang dinh nao dudi déy 1a sai?

A.EJr@:ﬁ. B.E+E+TA’:TC’

C. AD+BB = AD' . D. AB+CC = AC'.
Loi gidgi

Chon D

+) Vi ABCD. A'B'C'D' 14 hinh hdp nén theo quy tic hinh hop ta co: AB+ AD+ A4

Do d6 dap &n B dung.

+)E+B—B':ﬁ+ﬁ)+B—B':A—D’( viD'D+ BB =0 ). Do d6 dap 4n C ding.

=AC



2.28. Cho ttr dién déu ABCD c¢6 d6 dai canh br:ing a, goi M latrung diém cua doan théng CD.
Tich vo hudng AB-AM bing

2 2 2
AL B. L. c. L. D. d.
4 2 3
Loi gidi
Chon B

y : Ty oI
Vi M la trung di€ém cua doan thang CD nén AM ZE(AC +AD) . Khi do
AB-AM = 4B -1 (AC + AD) =1 4B AC+ L. 4B 4D.

2 2 2
CoAB-AC =|4B|| 4C|-cos( 4B, AC) = a-a-cos60’ ==

2

ZE.ZB:‘ZEHZB‘-COS(ZE,E):a-a-cos60° -4
2

— = a

2
44 2

2.29. Trong khong gian Oxyz, cho a =(1; —2;2),5 =(-2;0;3). Khing dinh nao duéi déy 1a sai?

A. a+b=(-1-2;5). B.d—b=(3-2-1).

C. 3d =(3;-2;2). D. 2d+b =(0;-4;7).
Loi gidi

Chon C

G+b=(1-2;-2+0;2+3)=(-1;—2;5) nén A dung.
d—-b=(1+2-2-0;2-3)=(3;-2;—1) nén B ding.

3a =(3.1;3.(-2);3.2) =(3;-6;6) nén C sai.



2d+b=(2.1-2;2-(=2) +0;2.2+3) = (0;—4;7) nén D ding.

2.30. Trong khong gian Oxyzcho hinh binh hanh ABCD c6 A(—1;0;3), B(2;1;—-1)va(C(3;2;2). Toa
do cua diém D 1a

A. (2;-1;0). B. (0;-1;-6) .
C. (0;1;6). D. (-2;1;0).
Loi gidgi
Chon C
Goi D(x;y;z).

Vi ABCD 4 hinh binh hanh nén 4B = DC < (3;1,—4) =(3-x;2-;2-z)
3-x=3 x=0

S2-y=1 &qy=1
2—z=-4 z=6

Vay D(0;1;6).

2.31. Trong khong gian Oxyzcho A(1;0;-1), B(0;—-1;2) va G(2;1;0). Biét tam gidc ABC c6 trong
tam la diém G . Toa d¢ cia diém C la

A. (5;4;-1). B. (-5;-4;1).
C. (1;2;-1). D. (-1;-2;1).

Loi gidgi
Chon A

x,=32-1-0 X, =5

Vi G 1a trong tdm cua tam gidc ABC nén < y. =3.1-0+1< 3y, =4 . Vay C(5; 4; -1).
z.=3.0+1-2 z.=-1

2.32. Trong khong gian Oxyz cho @ = (2;1;-3),b = (-2;—1;2). Tich v6 huéng @-b bing

A.-2. B.-11. C.11. D. 2.

Loi gidgi

Chon B

G-b=2-(=2)+1-(-1)+(-3)-2=—11.

2.33. Trong khong gian Oxyzcho a = (2;1;—2),5 =(0;-1;1). Goc gitra hai vecto a,b bang

A. 60", B. 135". C. 120" D. 45".

Loi gidi



Chon B

b 2:0+1:(-D+(-2)-1_ -1
1G@|-1b] A+1+4-Jo+1+1 2

2.34. Trong khong gian Oxyz , cho d =(-2;2;2),b =(1;~1;-2). Cdsin clia goc giita hai vecto a,b

C6 cos(d,b) = Suy ra (d,b) =135’

bang
3 3 ; :
Loi gidi
Chgn A
Co Cos(d,l;): a-lz :(_2)'1+2-(—1)+2.(_2):_2\/5.
@b | a+araivle4 3
B - TU LUAN

2.35. Cho hinh chép S.ABCD c6 day ABCD 1a hinh chir nhat. Ching minh ring:
SA+SC =SB+ SD.

Loi gidi

Vi ABCD 14 hinh chit nhat nén AD = BC <> SD—SA =SC - SB <> SA+ SC = SB + SD

2.36. Cho tir dién ABCD, 14y hai diém M, N thoa man MB+2MA=0 va NC=2DN .
Hay biéu dién MN theo AD va BC.

Loi gidi



COMB +2MA =0

NC =2DN < 2DN+CN =0

COMN = MA+ AD + DN = 2MN =2MA +2AD +2DN (1)

W=m+%+m(z)

Cong timg vé (1) va (2): 3MB+2MA+BC +2A4D +CN +2DN
<:>3M—N:(m+2m)+B—C+2E+(CTV+2D—N) < 3MN =BC+24D <:>M—N:§ﬁf+§ﬂ)

2.37. Cho hinh hop ABCD.A'B'C'D', goi G 1a trong tdm cua tam giac BDA' :
a) Biéu dién 4G theo AB,AD va AA'.
b) Tir cdu a, hily ching t6 ba diém 4,G va C’ thiang hang.

Loi gidi

a) Vi G la trong tdm cua tam gidc BDA' nén
GB+GD+GA =0(1) < GA+ AB+GA+ AD+GA+ A4 =0

3GA+ 4B+ AD+ A4 =0 <> 4G = (4B + 4D + A7)

b) Vi ABCD.A'B'C'D' 14 hinh hop nén theo quy tic hinh hop ta c6: AC' = AB+ AD + H(z)



Tu (1) va (2), ta c6 AG =§A—C' .
Viy ba diém A,G va C' thang hang.
2.38. Trong khong gian Oxyz, cho céc diem 4(2;-1;3), B(L;1;-1) va C(=1;0;2).

a) Tim toa d0 trong tdim G cua tam giac ABC'.
b) Tim toa d§ diém M thudc truc Oz sao cho duong thang BM vudng goc voi dudong thang AC .

Loi gidi
xG:2+1—1 )
3 Xe ==
3
. N A . A =-1+1+0
a) Vi G la trong tam tam gidc 4ABC nén y:TQ y=0 .
L3142 o2
3 3

Vay G(E;O;ij.
3773

b) Vi M thugc Oz nén M(0;0;z).
Khi d6 BM =(-1;-1;z+1) va AC =(-3;1;-1).
Vi duong thaing BM vuéng goc voi dudng thing AC nén BM-AC=0
& (1)-(3)+ (1) 1+ (z41) (1) =0 = z =1
Vay M(O; 0;1) .
2.39. Trong khong gian Oxyz , cho hinh hop OABC. O'A'B'C' va cac diém A(2;3;1), C(—1;2;3)

va O'(1;-2;2) . Tim toa d6 cac dinh con lai ciia hinh hop.

Loi gidi

Ta c6 O(0; 0; 0)

Goi B(x,3532;)-

Ta c6 OA :(2;3;1);R’ :(—1;2;3);@ =(xy5¥5:25)

Vi OABC 14 hinh binh hanh nén theo quy tic hinh binh hanh ta co:



xy=2-1 xy =1
OB =04+0C < Vy=3+2 9y, =5
z, =1+3 z, =4

Vay B(1;5;4).

C60—0’=(1;—2;2);C—C’=(xc, +Lye =220 —3)
B—B'=(xB,—l;yB, —S;ZB,—4);A—A'=(xA,—2;yA -3z, 1)

Xo+1=1 X =0
Vi OABC.0'A'B'C" 14 hinh hop nén: 00" = CC" & 4y —2=-2={y. =0
Zp—3=2 Zo =3
x,—2=1 x,=3
00 =44 <y, -3=-2c 1y, =1.Vay 4(3;1;3).
z,—1=2 z,=3
Xy —1=1 Xy =2
00 =BB <1y, -5=-2< 1y, =3Vay B'(23;6).
Zp—4=2 Zp =6

2.40. Trong khong gian Oxyz cho hai vecto a = (-2;1; 2),5 =;1;-1).
a) Xac dinh toa do cta vecto u =a — 2b.
b) Tinh d6 dai vecto u .
¢) Tinh cos(a@,b).
Loi gidi
a) C6 2b =(2;2;-2). Khidb i =a—2b =(-2-2;1-2;2+2) = (—4;—-1;4).

b) |ii |= 16 +1+16 =+/33 .

b (-2)-1+1-1+2-(-1) -3
ld|-|b| ~A+1+4-1+1+41 3

c) cos(d,l;) =

2.41. Trong khong gian Oxyz cho cac diém A(4;2;-1),B(1;-1;2) va C(0;-2;3).
a) Tim toa d6 cua vecto AB va tinh d6 dai doan thang AB

b) Tim toa do didm M saocho AB+CM =0.

¢) Tim toa do diém N thudc mit phing ( Oxy), sao cho A,B,N thang hang.



Loi gidi

a) Taco AB=(1-4;—-1-2;2+1)=(-3;-3;3). C6 | AB|= \/(—3)2 +(=3)>+3% =343.

b) Gia stt M (x;y;z). Khidé CM =(x;y+2;z-3)

-3+x=0 x=3
Vi AB+CM =0nén {-3+y+2=0 <{y=1
3+z-3=0 z=0

Vay M(3; 1; 0).
¢) Gia st N(x;;0). Khi d6 AN =(x—4;y—-2;1);BN = (x-1;y+1;-2).

Pé A,B,N thang hang thi AN va BN cung phuong tic la AN =kBN .

(x—4) ==~ (x-1)
(x—4) = k(x—1) 2 x=3
Suyra sy-2=k(y+1) & y—2:—%(y+l) Say=1
1=k(-2) 1 po L
> 2

Vay N(3;1;0).

2.42. Hinh 2.53 minh hoa mdt chiéc dén duoc treo cach tran nha 1a 0,5m, cach hai tuong lan luot
1a 1,2m va 1,6m. Hai birc tudng vudng goc voi nhau va ciing vudng goc véi tran nha. Ngudi ta di
chuyén chiéc dén d6 dén vi tri méi cach trin nha 1a 0,4m, cach hai tuong déula 1,5m.

a) Lap mot hé truc toa dd Oxyz phu hop va xac dinh toa do cua bong den luc dau va sau khi di

chuyén.

b) Vi tri méi ctia bong dén cach vi tri ban dau 1a bao nhiéu mét? (Lam tron két qua dén chir s6 thap
phéan thir nhat).

Loi gidi



Chon h¢ toa 6 Oxyz nhu hinh vé.

Toa d6 bong dén ltc dau 1a A(1,2;1,6;0,5).

Toa dg bong den luc sau 1a B(1,5;1,5;0,4).

b) C6 AB =(0,3;-0,1;-0,1). Khi d6 | 4B |= /0,3 +(=0,1) +(=0,1)* ~0,3.

Vay vi tri moi céach vi tri ban dau ctia bong dén 1a 0,3m.

PHAN 2. PE KIEM TRA KET THUC CHUONG

PE KIEM TRA KET THUC CHUONG 2

PHAN 1. TRAC NGHIEM 4 PHUONG AN

Cau 1:

Trong khong gian Oxyz , cho u = (—1;3;2) , V= (—3;—1;2) khi d6 i.v bang

A. 10. B. 2. C.3. D. 4.
Loi giai
Chgon D

iv=3-3+4=4,

Trong khong gian Oxyz, cho ba vécto a = (-11,0), b= (1,1;0), c= (I;1;1). Trong cac

ménh dé sau, ménh dé nao sai?

A.blec. B. |E|=J§. C. |a|:\/§. D.bla.
Loi giai
Chgn A

be=2#0= b vac khong vudng géc voi nhau.

Trong khong gian Oxyz, cho vecto a biéu dién cua céc vecto don vi la a=2i+k— 3} .

Toa d0 cua vecto ala

A. (1,2;-3). B. (2;-3;1). C. (21;-3). D. (1,-3;2).
Loi giai

Chon B



Cau 4:

Cau 5:

Caiu 6:

Cau 7:

Cau 8:

a=2i+k-3j=2i-3j+k nén a=(2-31).

Trong khong gian Oxyz , cho diém A(1;2;3). Tim toa d¢ diém 4, 1a hinh chiéu vuéng géc

clia A4 1én mit phang (Oyz).

A. 4,(1;0,0). B. 4,(0;2;3). C. 4,(1;0;3). D. 4,(1;2;0).
Loi giai

Chon B

Toa do diém A4, 14 hinh chiéu vudng goc clia A 1én mit phang (Oyz) la: 4 (0;2;3).

Trong khong gian v6i hé toa d Oxyz, cho hai diém A4(1;—2;—1) va B(1;4;3). D¢ dai doan
AB 1la:

A. 2413 B. 243 C. V6. D. 3.
Loi giai
Chon A

Ta co: 4B = (0;6;4) nén 4B =[4B|=\0"+6" +4’ =213

Trong khong gian véi hé toa dd Oxyz, cho tam giac ABC véoi A(1;0;2), B(1;1;4),

C(1;-4;0). Trong tam G cua tam gidc ABC c6 toa do la

A. (,-1;2). B. (-1;-1;2). C. (L1;2). D. (1;-1;-2).
Loi gii

Chon A

Xg :é(xAerBerc):l

. , 1
Goi G (x43¥5325) tacod § v, :E(y“yBerC):_l = G(1;-1;2).

Zg =%(ZA+ZB+ZC)=2

Cho hinh binh hanh 4BCD vé6i A(-2; 3;1),B(3; 0;-1),C(6; 5; 0). Toa d6 dinh D 1a
A. D(1; 8;-2). B. D(11;2;2). C. D(1; 8 2). D. D(11; 2;-2).
Loi giai

Chon C

Trong khong gian vai hé truc toa d§ Oxyz, cho cac diém A(O; -2; —1) va A(l; -1 2)
. Toa dd diém M thudc doan AB sao cho MA=2MB la

A. M(E;_i; lj. B. M(l;—i; lj- C. M(2; 0; 5). D.
373 27 2

M(-1;-3;-4).



Cau 9:

Cau 10:

Cau 11:

Loi gidi
Chon A
Ta co6: AM =2MB
Xy =X, =2(x;—x,,)

9V V4 :z(yB _yM)

Zy — 2, =2z5—2y)

X, ==
3x,, =2x,+x, 34
S V3yy =20ty e yM=—§-
3z, =2z,+z
M B A z, =1

Tim toa do diém M trén truc Ox céch déu hai diém 4(1;2;-1) va diem B(2;1;2).

A. M(l;O;OJ. B. M(l;O;Oj. C. M(E;O;Oj. D. M(E;O;O).
3 2 2 3
Loi giai
Chon C
Goi M (x;0;0) € Ox.
Ta co:

MA=MB < MA> = MB @(1—x)2+4+1=(2—x)2+1+4@x=%:>M8;0;0j.

Trong khong gian véi hé truc toa dd Oxyz , cho hai vecto a = (0;3;1), b= (3;0;—1). Tinh

cos(Zz,I;).
A. cos(c#z,l;):—ﬁ. B. cos(Zz,B):ﬁ. C. cos(&,5)=—%. D. cos(Zz,l;)=—
Loi gidi
Chon C
0.3+3. 0+1 1

b & cos =——.
‘ ‘ ‘b‘ N{) +32+121/32+02 10
Trong khong gian voi hé toa do Oxyz, cho hinh hop ABCD.A'B'C'D" c6 A(0; 0; 0),
B(3;0;0), D(0;3;0), D'(0; 3; —3). Toa do trong tdm tam gidc A'B'C la
A. (1; 1;—2). B. (2; 1;—2). C. (1; 2;—1). D. (2;1;—1).

Loi gidi

Ta co cos (a

Chon B



Cach 1: Taco E:(& 0;0). Goi C(x;y; z):FC':(x; y-3;z)

ABCD 1a hinh binh hanh = 4B = DC = (x; y; z) =(3; 3; 0)= C(3; 3; 0)

Tacod AD =(0;3;0).Goi 4'(x; ;') = AD' =(—x";3-);-3-2)

ADD'A’ 14 hinh binh hanh = AD = A'D' = (x'; y'; 2') = (0; 0; —3) = 4'(0; 0;-3)
Goi B' (%, ¥o5 2,) = A'B = (X3 o3 2, +3)

ABB'A’ 13 hinh binh hanh = 4B = A'B' = (x05 ¥o3 29) =(3: 0;=3) = B'(3; 0;—-3)
0+3+3
3

~0+0+3
Yo = 3
-3-3+0

Zo=——=-2

3

=2

xG:

G la trong tAm tam giac ABC = =1 =G(21;-2).

Céach 2: Goi I 1a trung diém cua doan thang BD' . Ta c6 [ %;

trong tim tam gidc A'B'C

Ta c6: DI =3IG véi

Vay G(Z;l;—Z).

Cau 12: Trong khong gian véi hé toa d0 Oxyz, cho ba diém A(l; 2;—1) , B(2;—1;3) , C(—4;7;5).
Toa d¢ chan duong phan giac trong goc B cua tam giac ABC 1a

A 210 1) B. (E 2 1} C. (3;5;1) D. (-2111).
373 3 37373

Loi giai
Chon A
Ta c6: BA= ‘BA‘ J26;BC = (-6;8;2) = ‘BC‘ 2426.

Goi D la chan duorng phan giac trong ké tr B 1én AC cua tam giac ABC



PHAN 2 :
Cau l:

Cau 3:

Suyra: b4 = B4 — DC=-2D4 = D(—E;E;lj.
DC BC 3
TRAC NGHIEM PUNG- SAI
Cho hinh chép tir giac déu S.ABCD c6 d6 dai tat ca cac canh déu bang a.
a) Tu gidic ABCD 1a hinh vudng
b) Tam gidc SBD vudng can tai S'.
¢) (SB,BD)=45".

d) SB-BD =—d".

Papan:a)D;b)P;¢)S;d) b

Hinh 4

Vi tir gidc ABCD 1 hinh vudng c6 d6 dai canh bang a nén d6 dai duong chéo BDbing
a2

Tam giac SBDcd SB=SD =a va BD =a~/2 nén tam giac SBD vudng can tai S, suy ra
SBD =45
Do d6 (SB, BD)=180"—SBD =135". Suy ra

SB-BD =| SB|-| BD|-cos135’ =a-a\/§-[—g]=—a2.

Trong khong gian Oxyz cho céc diem A4(1;-2;3), B(-2;1;2), C(3;-1;2).
a) AB=(-3;3;-1).
b) AC =(-2;-11).
C) AB=3A4C.
d) Ba diem A4, B, C khong thang hang.
Loi giai
Papan:a)D;b)S;¢)S;d) b
Trong khong gian Oxyz, cho hinh binh hanh ABCD c6 A(2;-1;-2),B(3;1;2), C(1;—-1;1) va
D(xp3¥p32p)-
a) AB =(1;2;4).
b) DC =(1-x,;-1-yp31-2,).
¢) DC = A4B.
d) Toa dé diem D la (0;3;3).
Loi giai



Cau 4:

Papan:a)D;b)S;¢)S;d) D
Taco: AB=(1;2;4),DC = (1-x,;~1-y,;1~2,). Vi ABCDI1a hinh binh
l-x,=1 x,=0
hanh nén DC = AB. Suyra {-l1-y, =24y, =-3.
l-z,=4 z,=-3
D(0;-3;-3).
Hinh minh hoa so dd mot ngdi nha trong h¢ truc toa do Oxyz, trong do nén nha, bdn buc
turong va hai mai nha déu 1a hinh chir nhat.

02:5:4)

B3 G415 13)

z4 P2:0:4)

E0;0:3)

o A— L) B@;s:0)

00:0:0) A |
Xét tinh dung sai ciia cac ménh dé sau:

a) Toa do diém F 1a (4;0;3).
b) Toa do AH =(4;5;3)

¢) AH AF =3
d) Goc dbc cua mai nha, tic 13 sb do cua g6c nhi dién co6 canh 1a duong th'fmg FG , hai
mat 1an luot 13 (FGOP) va (FGHE) bang 26,6  (lam tron két qua dén hang phan muoi
cua do)

Loi giai

Papan:a)D;b)S;¢)S;d) D

a) Vi nén nha la hinh chit nhat nén ti gidc OABC 1a hinh chit nhit, suy rax , =x, =4,
Ve=y;=5.Do 4 nam trén truc Ox nén toa d6 diém A 1a (4;0;0). Tuong nha 1 hinh
chir nhat nén tor gidc OCHE 1a hinh chit nhat, suy ra y, =y.=5, z, =z, =3.Do H
nam trén mat phang (Oyz) nén toa do diém H 1a (0;5;3). T gidc OAFE 14 hinh chit nhat
nén x, =x,=4,z, =z, =3. Do F nam trén mat phang (Ozx) nén toa do diém F 1la
(4;0;3).

b) Nén AH =(~4;53) va AF =(0;0;3)

¢) Suyra AHAF =0+0+9=9



PHAN 3.
Cau l:

d) bé tinh goc dbc cuia mai nha, ta di tinh sd do cua gdc nhi dién c6 canh la duong théng
FG , hai mit lan luot 1a (FGOP) va (FGHE). Do mit phang (Ozx) vudng goc voi hai
mit phiang (FGOP) va ( FGHE) nén goc PFE 1a goc phang nhi dién tmg v6i goc nhi

dién d6. Ta co: FP =(=2;0;1), FE = (—4;0,0).

— — . FP-FE
Suy ra cos PFE =cos(FP,FE) = ————
| FP|-| FE|

(=2)-(~4)+0-0+1-0 25

CJE 0 a0 0 S

Do d6, PFE ~ 26,6 . Vay gbc déc clia mai nha khoang 26,6 .

TRA LOI NGAN

Cho hinh lap phwong ABCD- A B'C'D . Goi M, N lan luot 1a trung diém ctia 4D va C'D’

. Goi ¢ la gdc gitra hai vecto MN va AB.Sbdo cia goc ¢ bang bao nhiéu do?

Loi giai
Tra loi: 60°
N
M €
Al 1 B.
:
|
i
it . v A c
A : B

L —

Vi MN//AC nén (W,E):(A’C',ﬁ):C’A’B.

Tam gidc C' AB 1a tam giac déu vi ABCD-A'B'C'D 1a hinh lap phuong. Suy ra
CAB=60".

Viy (W,E) —CAB=60.
Cho hinh 1ap phuong ABCD-AB'C' D’ ¢6 canh bang a.Goi M, N lan luot 13 trung diém
cia AD va C'D' . Tich vd huéng MN -C'B = nd’ ( n 14 86 thap phan). Gi trj ciia n bang
bao nhiéu?

Tra 10i

Tra loi: 0,5

—

Vi MN//AC nén (1\7\/ C’B) - (A’C’,C’B) —180—ACB=120".




Cau 3:

Ta c6: MN = ,CB=a"2 .Suyra

a2
2

W-@#WL‘@‘-COS(W,@): a22

a2 -cos120” = —-0,54>.

Vay n=-0,5.

Trong khong gian Oxyz, cho tam gidc ABC c6 A(1;3;5), B(1;1;3),C(4;-2;3). Sb do cua
gbc ABC bang bao nhiéu d6?
Loi giai
Tra loi: 120°
Ta c6: BA=(0;2;2),BC =(3;-3;0). Suy ra

$ cos ABC = cos(BA, BC) = BABC __ 0-3+2-(=3)+2-0 _-t

|BA|-|BC| N0P+22+2° \[F +(37+0° 2

Suy ra goc ABC =120".
Trong khong gian v6i hé toa dd Oxyz, cho ba diém M (3;2;8), N(0;1;3) va P(2;m;4).
Tim m dé tam giac MNP vudng tai N .
Loi giai
Tra loi: —10
Taco NM =(3;1;5), NP=(2;m-1;1).

Do tam gidc MNP vudngtai N nén NM.NP=0=6+m—1+5=0=m=-10.

Mot ngudi ding & mat dat diéu khién hai flycam dé phuc vu trong mot chuong trinh cia
dai truyén hinh. Flycam I & vi tri 4 cach vj tri diéu khién 150m vé phia nam va 200m
vé phia dong, dong thoi cach mat dat 50m. Flycam II & vi tri B cach vi tri diéu khién
180m vé phia bac va 240m vé phia tay, dong thoi cach mat dat 60m .

Chon hé truc toa do Oxyz véi gbc O 1a vi tri ngudi diéu khién, mat phang (Oxy) tring
v6i mat dat, truc Ox c6 hudng triung v6i hudng nam, truc Oy c6 huong tring v6i huéng
dong, truc Oz vudng goc v6i mit dat hudng 18n bau troi, don vi trén mdi truc tinh theo
mét. Khoang cach gitta hai flycam dé bang bao nhiéu mét (1am tron két qua dén hang don
vi)?

Loi gidi
Tra loi: 550
Vitri 4,B c6 toa dd lan lugt 1a: (150;200;50), (—180;—-240;60) .

Suy ra khoang cach giira hai flycam d6 bang:

AB =J(~180-150)* + (240 —200)* + (60 — 50)* ~ 550(m).



Mot chiée xe dang kéo cing soi ddy cap AB trong cong trudng xdy dyng, trén d6 da thiét
1ap hé toa 40 Oxyz nhu Hinh véi d6 dai don vi trén céc truc toa d6 bang 1m . Tim duogc

toa do cia vecto AB = (a;b;c), khido a+c="?

Loi giai

Tra loi: 2,5

04 =10k => A(0;0;10)

153
2

0K=OB-cos(9o°—3o°)=%5

= B(E;—IS\B;OJ

Ta cé: OH =O0B-cos30 =

22

_ (15 153 J

=>AB=| —;————;-10
22

Viy a+c=2,5
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