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HAM SO LUONG GIAC VA PHUONG
TRINH LUONG GIAC

§1. GOCLUGNG GIAC
Y/ 1Y THUYET CAN NHG

B cocruonGaiic

¥ Géc lugng giac va sb do clia goc lugng giac: Trong mit phang, cho hai tia Oa, Ob. Xét tia
Om cling nam trong mit phang nay.

Ghi nhé 1:

e Néu tia Om quay quanh diém O, theo mdt chiéu nhit dinh tit Oa dén Ob, thi ta néi n6 quét
mot géc lugng gidc véi tia dau Oa, tia cudi Ob va ki hiéu 1a (Oa, Ob).

Ghi nhé 2:
e Khi tia Om quay mot géc a°, ta néi sd do ctia géc ludng gidc (Oa, Ob) biang o°, ki higu
sd(Oa,0b) = a° hodac (Oa,0b) = &°.

e Mbi goc lugng gidc gbe O dudc xac dinh béi tia dau Oa, tia cudi Ob va s6 do «° ctia no.
m

+ .-
N [0
’ b \_A, ¢
a,b /_\‘~\Zn
sd(Oa, Ob) = 360° sd(Oa, Ob) = 405° sd(Oa, Ob) = —540°

e S6 do clia cac goc luong gidc c6 clng tia ddu Oa va tia cudi Ob sai khac nhau mot boi
nguyén ctia 360° nén c6 cong thic tdng quat 1a

sd(Oa,0b) = a° + k360°, véi k € Z

l_ I TOAN 11 - CHAN TROI SANG TAO
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{3 Heé thitc Chasles: Véi ba tia Oa, Ob, Oc bat ki, ta c6
sd(Oa, Ob) + sd(0b,0c) = sd(0a,Oc) + k360°  Véi k € Z.

PON VI PO GOC VA PO DAI CUNG TRON

X Don vi do g6c va cung tron

e Don vi d6 (°): Chia dudng tron thanh 360 cung tron bang nhau thi géc & tim chin bdi cung
d6 sé c6 s dola1°.

e Don vi radian (rad): Trén dudng tron, néu mot cung tron c6 do dai bang ban kinh thi ta n6i
cung d6 c6 s6 do 1a 1 rad. Khi dé, géc & tam chan cung d6 ciing c6 sb do 1 rad.
A Khiviét s6 do mot géc theo don vi rad, ta thuong khong viét chit rad sau sé do. Chdng

han goc > ta hiéu la goc 5 rad.

e Mai lién hé giita d6 va radian: Do dai dudng tron 1 2R nén c6 sd do 1a 27 rad tuong ting

v6i 360°. Suy ra

1 o
1°:Lrad va lrad:<78ro>

{3 D6 dai cung tron: Mot cung ctia dudng tron ban kinh R c6 s6 do o rad thi sé c6 do dai l1a
I =Ra.

PUGNG TRON LUGNG GIAC

e Trong mit phang toa do, duding tron tim O ban kinh 1, cing véi y
gbc A(1;0) va chiéu quay duong (nhu quy uéc) goi 1a dudng tron B
luong giac.

e Cho gbc luong gidc sd do a. Trén dudng tron lugng gidc, ton \+

tai duy nhét diém M sao cho géc lugng gidc (OA,OM) bing o

(hinh bén). Khi d6, M goi 1a diém biéu dién ctia géc c6 sd do o A’

trén dudng tron lugng gidc.

ol A

B/

Y PHAN LOAI VA PHUONG PHAP GIAI TOAN

DT Iol Pdi don vi gilra dé va radian. Pd dai cung trén

@ Si dung cong thiic chuyén ddi gitta s6 do do va sb do radian:
180\°
1°:irad e lrad= (?> .

@ Xét dusng tron c6 ban kinh R.
e Cung tron ¢6 s6 do a (0 < a < 27) thi c6 do dai la l = Ra.

2 T
o Cung tron c6 sé do a® (0 < a < 360) thi c6 do dailal = KCE).R.
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— 4 R A < - 2 .
=Vidu 1. Dai so6 do clia cac goc sau ra radian.

a) 72° b) 600°; c) —37°45'30".

— ’ A A > - e A
=Vidu 2. Dai so do clia cac goc sau ra do.

57r.

RY3
— — —4,
a) 3 b) 5 )

=Vidu 3. Mot dudng tron c6 ban kinh 36 m. Tim do dai ctia cung, biét s6 do tuong ing

3r 1
— b) 51° =
a) 7 ) ©) 3
— , c 17 1> A N N s s A 1 ° <A A N s N
=Vidu4. Mot hai 1i 1a do dai cung tron xich dao c6 so do (@> = 1. Biét do dai xich dao la
40.000 km, hoi mét hai 1i dai bao nhiéu km?

DT 'e' $6 do clia géc lvong gidc. Hé thirc Chasles

e Khi xdc dinh sb do ctia géc luong gidc, ta cin chi y dén chiéu quay (chiéu duong ngugc kim
dong ho, chiéu am cung kim dong ho). Tir d6 xac dinh chinh xéc sb do ctia goc luong gidc
(Oa,OD).

e Gia st «° 1a mot sd do clia goc luong gidc (Oa, Ob). Suy ra sb do cic goc lugng gidc ¢
cung tia dau Oa, tia cudi Ob c6 dang a® +k - 360°, véi k € Z.

e Hg thuc Chasles: sd(Ob, Oc) = sd(Oa,Oc) — sd(Oa, Ob) +k360° véi k € Z.

=Vidu 5. Xdc dinh s6 do cla goc lugng gidc (Oa,Ob) dugc biéu dién trong hinh bén duéi.

=Vidu6. Cho MON = 45°. Xéc dinh s6 do ciia cdc gbc lugng giac duge biéu dién trong hinh bén
duéi va viét cong thiic tdng quat ctia sd do goc lugng gidc (OM, ON).

N

N
A Q? P
a) © M b) M 5 M

=Vidu?7.
Xdc dinh s6 do céc goc lugng giac (Ou, Ov), (Ov,0m) va (Ou,0Om) dudc
minh hoa & hinh bén.

TOAN 11 - CHAN TROI SANG TAO 3
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=Vidu 8. Hay biéu dién trén mit phang géc lugng gidc trong mdi trudng hop sau:

a) Goc lugng gidc gbc O c6 tia dau Ou, tia cubi Ov va cé sb do 510°;

. .. A L. X . 4. N A m
b) Goc lugng giac goc O co tia dau Ou, tia cuoi Ov va c0 so do B

— , . A N 3 ~ ., » A N Sﬂ
=Vidu9. Cho géc lugng gidc (Ou,Ov) c6 so do la Tﬂ, goc lugng giac (Ou, Ow) c6 so do la i

Tim sb do céc goc lugng gidc (Ov, Ow).

DT Iel Biéu dién géc lvong gidc trén dudng trdn luong gidc

Chon gbc A (1;0) lam diém dau. D€ biéu dién goc lugng giac c6 s6 do a trén dudng tron lugng

gidc ta can chon diém cubi M trén dudng tron lugng gidc sao cho (OA,OM) = «.

A Néu \a| > 27 ta phan tich o = B + k27, véi —1 < B < 7. Khi dd, ta chi cdn xdc dinh diém
cudi M trén duong tron lugng gidc sao cho (OA,0OM) = 3.

=Vidu 10. Biéu dién céc goc (cung) lugng gidc trén dudng tron lugng gidc c6 sd do sau

11
2 b) ——

altad 120°: d) —765°.
2 5 c) 120°; )

=Vidu 11. Trén dudng tron lugng gidc, biéu dién cic géc lugng gidc c6 sb do sau (véi k 1a sb
nguyén tuy y).

a) x1 = km; b) x; = §+k7t.

DT IQ' Véan dung thuc tién

=Vidu 12. Kim phiit va kim git ctia dong ho 16n Buu dién Ha Noi theo thi ty dai 1,75 mét va 1,26
mét. Hdi trong 15 phut, mii kim phiit va kim gi vach dudc cung tron c¢6 d6 dai biang bao nhiéu mét?

=Vi du 13. Mot vé tinh dudc dinh vi tai vi tri A trong khong gian. Tu vi tri A, vé tinh bat dau chuyén
dong quanh Trai Dét theo quy dao 1a dudng tron v6i tam 14 tim O ctia Trai DAt, ban kinh 9000 km.
Biét rang vé tinh chuyén dong hét mot vong clia quy dao trong 2 h.

a) Hay tinh quiang dudng vé tinh da chuyén dong dugc sau: 1 h; 3 h; 5 h.

b) Vé tinh chuyén dong dudgc quing dudng 200000 km sau bao nhiéu gid (lam tron két qua dén
hang don vi)?

IS BAITAPTU LUYEN

4

o Tinh do dai cung tron trong cic trudng hop sau
a) Pudng tron ¢ ban kinh R = 5 va cung c6 sb do 72°.

b) Pudng tron ¢6 ban kinh R = 18 va cung c6 s6 do 150°.

o Cho MON = 60°. Xic dinh s6 do ctia cdc goc luong gidc dugc biéu dién trong hinh bén dudi va
viét cong thiic tdng quat ctia sd do goc lugng gidc (OM, ON).

TOAN 11 - CHAN TROI SANG TAO



© Trudng THPT Baio Son Tay 1. coc wone clAc | ONUAGCTHE

N N N

£ £

M M
a O M b) )

Biéu dién goc luong gidc trén dudng tron ludng gidc c6 sé do nhu sau:

%4

a) i b) —765°. c) x=km, v6ik € Z.
Z T . 29m 22 6m 41z )
Cho géc lugng giac (Ou, Ov) c6 s6 do — Trong cac so —T; —7; 7; — nhiing so nao la

s6 do ctia mot goc ludng gidc c6 cung tia dau, tia cudi véi goc da cho?

. oo O omm
Hai gbc lugng giac c¢6 so do — va o (m 1a sO nguyén ) c6 thé cung tia dau, tia cudi dudc
khong?

Cho mot géc lugng gidc (Ox, Ou) c6 sb do —270° va mot goc lugng gidc (Ox, Ov) c6 sb do 135°.
Tinh sb do cla cac goc lugng gidc (Ou,Ov).

kmw o ox
Bi€u dién cic cung lugng giac ¢6 so do x = 5 vGi k 1a sO nguyén tuy y.

© © 6 0 O

Banh xe c¢6 dudng kinh (tinh ¢4 16p) 12 55 cm. Néu xe chay véi vén téc 40 km/h thi trong mot
gidy banh xe quay dudc bao nhiéu vong?

LY/ BAITAP TRAC NGHIEM

Cdu 1. Déi sb do clia géc 108° sang don vi radian.

A 2T B. ~. c. T p. »
2 10 5 4
~ o 2 . ., T . xa
Cdu 2. Dadi s6 do cia goc B rad sang don vi do.
A. 6°. B. 15°. C. 10°. D. 5°.
Cdu 3. Trén dudng tron cung c6 s6 do 1 rad 12?
A. Cung c6 do dai bang nita dudng kinh. B. Cung c6 do dai bang dudng kinh.
C. Cung c6 d6 dai bang 1. D. Cung tuong ting vé6i goc 6 tam 60°.
Cdu 4. Khiang dinh nao sau day 1a ding?
1 [0}
A. 1rad = 60°. B. 1rad = (%) . C.lrad=1°. D. 1 rad = 180°.
Cdu 5. Mot cung tron c6 do dai bang 2 14n ban kinh. S6 do radian clia cung tron d6 1a
A. 3. B. 4. C. 1. D. 2.
Cadu 6. Ddi s6 do ciia goc 70° sang don vi radian.
7 i 70 7
A —. B. —. c. —. D. —.
18 18 T 187

~ 2. A 9 , 3 . A - [N
Cdu 7. Dadi s6 do cia goc _1_76[ rad sang don vi d, phut, gidy.
A. —33°45 B. —32°55. C. 33°45’. D. —29°30'.

TOAN 11 - CHAN TROI SANG TAO
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Cdu 8. Pdi s6 do ciia goc —5 rad sang don vi do, phuit, gidy.
A. —286°. B. 286°28'44" . C. —286°44'28". D. —286°28'44".
Cau 9. Péi s6 do ciia goe 45°32/ sang don vi radian véi do chinh xac dén hang phan nghin.
A. 0,794. B. 0,7947. C. 0,795. D. 0,7948.
Cau 10. Tinh do dai £ clia cung trén dudng tron c6 ban kinh bing 20 cm va s6 do 1—72
A. /=294 cm. B. /=3,39 cm. C. /=149 cm. D. /=393 cm.
Cdu 11. Tinh d6 dai ctia cung trén dudng tron c6 s6 do 1,5 va ban kinh biang 20 cm.
A. 40 cm. B. 60 cm. C. 30 cm. D. 20 cm.

Cdu 12. X4c dinh s6 do ctia goc lugng gidc dudc biéu dién trong hinh bén.

A. 405°. B. 385°. C. —405°. D. 45°. j

Cdu 13. Xdc dinh sb do ctia géc lugng gidc duge biéu dién trong hinh bén.
A. 450°. B. —450°. C. 810°. D. 90°.

@W

Cdu 14. X4c dinh s6 do clia goc lugng giac dudc biéu dién trong hinh bén.

A. 45°. B. —315°. C. 315°. D. 405°. j

Cdu 15. Cho géc lugng gidc (Ou, Ov) c6 s6 do 1a _Z’ gbc lugng gidc (Ou, Ow) ¢6 sb do la T Tim

s6 do ctia cdc géc lugng gidc (Ov, Ow).

A. g+k27r,k€Z. B. k2m. ke 7. C. n+km.ke€Z. D.kmkeZ.

Cau 16. Mot chiéc dong ho, c6 kim chi gid OG chi s6 9 va kim phit OP chi
s6 12. S6 do cac géc lugng gidc (OG,OP) 1a

A. —270° +k360° k € 7. B. —90° +k180°,k € Z.

C. 90° +k360°,k € Z. D. 270° +k360°,k € Z.

Cadu 17. Trén dudng tron ludng gidc c6 diém gbc 12 A. Diém M thudc dudng tron sao cho géc lugng
gidc (OA,0M) c6 sb do 45°. Goi N la di€ém dbi xting véi M qua truc Ox. S6 do cac géc lugng gidc

(OA,ON) 1a
A. 135° +k360°. B. —45°.
C. 315°. D. —45° +k360°,k € Z.
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Cdu 18. Trén dudng tron luong gidc gbc A, cung lugng gidc nio c6 cic diém biéu dién tao thanh tam
gidc déu?
k2w km

km

—. B. k. C. . D. —.

3 3 2

Cdu 19. Banh xe dap cua nguoi di xe dap quay dugc 2 vong trong 5 gidy. Hoi trong 2 gidy, banh xe
quay dugc 1 goc bao nhiéu do.

A.

5 8 5 3
A. —m. B. —m. C. -m. D. —m.
g7 7 37 57
Cau 20. Trén dudng tron lugng gidc gbc A, cung lugng gidc nao c6 cac diém biéu dién tao thanh hinh
vudng?
k2w km km
A. —. B. —. cC. —. D. krx.
3 2 3 g

- - - TOAN 11 - CHAN TROI SANG TAO 7



WA/ chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC

GIAC

Y/ LY THUYET CAN NHG

8

@ sin?a+costa = 1. @ 1+tan’o =

@ l+cotta=

TOAN 11 - CHAN TROI SANG TAO

BN GIA TRI LUGNG GIAC CUA GOC LUGNG GIAC

® Tung dd y( ctia di€ém M goi 1a sin ctia a va ki hiéu la

§2. GIATRI LUGNG GIAC CUA MOT GOC LUONG

Ghi nhé 1:  Gid st M(xo;yp) trén dudng tron lugng gidc biéu dién cho géc lugng gidc c6 s6 do

@ sina va cos a xac dinh v6i moi o € R. Hon nira, Vk € Z ta c6

sin(a+k2m) =sino ;  cos(o+k2mw) = cosa.

y
sin @, hay sina = yy. B
@ Hoanh do x( ctia diém M goi 1a cosin cta o va ki hiéu M/ Y0
la cos &, hay cos o0 = xj. !
I a
ing Al N A
® Néu xo # 0 thi ti s6 22 goi 12 tang ctia géc o, ki 10 0 X
X COS O
. e sina .
hi€u tan . Nghia la tano = , VOi cos o # 0.
cos o B
. .., zXocoso ... .
@ Neu yg # 0 thi ti s0 20 goi la cotang cua goc a,
Yo SIn¢
P 1A = T cosa . .
ki hi€u cot oc. Nghia la cotor = — ot v6i sin o # 0.
Ghi nhé& 2: Ta c6 céc két qua sau dudc suy ra tif dinh nghia
® Vi—1<xp;y0<1nén
—1<sina<1, —-1<cosa<]l.

v/
@ tan o xac dinh v6i moi o # > +km (k € Z); cota xac dinh v6i moi o # km (k € Z) va

tan (ot +km) =tano ;  cot(o+kmw) = cotor.

Déi véi céc gia tri luong gidc, ta ¢ cac hang dang thifc sau:

cos- o

sin?

HE THU'C CO BAN GITA CAC GIA TRI LUGNG GIAC CUA GOC LUQNG GIAC

v/
,Véi(X#E-FkTC.

) . km
, VOl ¢ # k. @ tana-cotoczl,vdla;é?.




© Trudng THPT Bao Son Tay

2. GIATRI LUONG GIAC CUA MOT GOC LUONG GIAC

GIA TRI LUGNG GIAC CUA CAC GOC CO LIEN QUAN DAC BIET

\ \

Gé6c dbi nhau: | o va —o | tuong tng v6i hai diém "dai dién" 1a diém M va diém M’. Mudn so
sanh sin, ta so sanh tung do; mudn so sanh cos, ta so sdnh hoanh do. Hinh vé bén, hai diém M va
M’ d6i xting nhau qua truc hoanh nén ta c6 két qua sau:

e cos(—a)=cosa

e sin(—o —sinQ

e cot(—a

()=
o tan(—q) = —tanq
(—o) = —cota

Géc bu nhau: Hinh vé bén, hai diém M va M’ dbi xting nhau qua truc tung nén ta

c6 ket qua sau:

Géc hon kém 7: Hinh vé bén, hai diém M va M’ d6i xiing nhau qua gbc O nén ta

c6 ket qua sau:

e cos(ax+m) =—cosa
e sin(o+ ) = —sina
e tan (0 + ) =tan o

(a+7)

e cot(x+ ) =cotx

T
Géc phu nhau: |o va E_a

nhau nén ta cé ket qua sau:

cos(7r ) sin o
° —— =1
2

e sin

YRS
|
Q
Il
(@]
@)
w2
Q

e Cot 04

Il
S
5
R

[ ]
—+
[
=
e e R
|
K
N ~—
Il
(@)
Q
=
Q

DI Y
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[/ Chuong 1. HAM 5O LUONG GIAC VA PHUONG TRINH LUONG GIAC
JEYS  PHAN LOAI VA PHUONG PHAP GIAI TOAN

DT 'o' Tinh cdc gia tri lwong gidc clia mét géc luong gide

{3 Phuong phap: St dung nhém cong thiic lién hé gitta cic gid tri luong gidc d€ tinh toan.

{3 Cha y:
Néu dé bai c¢6 gidi han mién clia géc «, thi ta cin xem trén
mién d6, cac ti s6 luong gidc tuong ng sé mang diu nhu thé

nao. Cuy thé: N !
Goc phan tu
Giatrilugng giac | I | II | IIT | IV L X

sina + |+ = | - A
cos o + 1 -] - | * \ /
tan o + =1+ 1 = m ot IV
cota + | — | + — B

= /¢ I e 2017~

=Vidu 1. Tinh céc gia tri lugng gidc cia goc o = 3

=Vidu 2. Tinh céc gi4 tri lugng gidc (néu c6) cia mbi géc lugng gidc sau

3
a) §+k2n. b) _Tﬂ tioT. o) g+k7r.

=Vidu3. Tinh cdc gia tri lugng gidc con lai cla géc a, biét

1 2 3n
a) sinoczgvél90°<a<180°; b) sina:—gvéﬂ:<a<7.

3 /4 4 3rm
c)cosa=§VéO<a<5. d)cosa:§V37<a<2ﬂ:.

=Vidu 4. Tinh céc gid tri lugng gidc con lai cla géc o, biét
3n T

a) tana:2vé7r<oc<7; b) tanoc:\/§v210<a<§;
c) sinx=0,8 vatana < 0. d) cosax =0,8 vatana +coto > 0.

DT lel Tinh gid tri ctia biéu thire M lién quan dén cdc gid ti lvong gidc

{3 Huéng 1:
o Tir ti s6 luong gidc da cho, ta tinh todn cdc gid tri lugng gidc c6 trong biéu thic M.
e Thay tAt ca gi4 tri virta tim dudc vio M, suy ra két qua.
X Huéng 2:
e Bién ddi biéu thitc M vé ti sd luong gidc da cho.
e Thay két qua vao M, suy ra két qua.

= /s 3 .7 D Y S :
=Vidub5. Chocosa = ~3 vOi B < a < «. Tinh gia tri cua biéu thuc M = 3sina +2cos .

10 TOAN 11 - CHAN TROI SANG TAO




© Trudng THPT Bao Son Tay 2. GIATRILUONG GIAC CUA MOT GOC LUONG GIAC \ \

=Vidu6. Cho tan o = 2. Tinh gid tri biéu thiic M = cos? o —sin® ..

2sin —3cos o

=Vidu7. Cho coto = 3. Tinh gia trj biéu thiic M = — 3 .
5sin” o0 +cos? o

— Ve . A . 1 s .z . R 2, ﬂ’.
=Vidu 8. Biét sinx = . Tinh gid trj biéu thiic A = cos (5 +x> +cos (2w —x) +cos (3w +x).

[8)

=Vidu9. Tinh gia trj cta biéu thic B = cos20° + cos40° + cos 60° + ... + cos 180°.

=Vidu 10. Huyét dp ctia mbi ngudi thay d6i trong ngay. Gia st huyét ap tdm truong (tic 1a ap luc
madu 1én thanh ddong mach khi tim gidn ra) ctia mot ngudi nao do & trang thai nghi ngoi tai thoi diém ¢
dudc cho bdi cong thiic:

Tt
B(t) =80+ 7sin —
(1) + sm12

trong d6 ¢ 12 s6 gio tinh tif lic nita dém va B(¢) tinh bang mmHg (milimét thuy ngan). Tim huyét 4p
tAm truong clia ngudi ndy vao céc thoi diém sau:

a) 6 gio sang; b) 10 gis 30 phut sang;

c) 12 gio trua; d) 8 gio tbi.

DT Iel RGt gon biéu thirc, chirng minh déng thirc

=Vidu 11. Rut gon cic biéu thic sau:

. . 2sin o — 1
a) A = sin®a +sin® atan® o; b) B=—— : ;
sin” o¢ — sin ¢t cos O
. 5 5 5 4 1 —coso 1
¢) C =sin” otcos” o +cos” o +sin”™ Q5 dD=— — ;
sin” o 1 +coso
— , 2, . N 2 Slnza
=Vidu 12. Ching minh rang 1+—2 =3tan? o +2.
—sin“

=Vidu13. Cho A,B,C la cic gbc clia tam gidc. Chiing minh cic dang thiic sau:

a) sin(A+ B) =sinC. b) cos(A+B)+cosC =0.
A+B C
¢) sin 5 os 5 d) tan(A —B+C) = —tan2B.

BAITAP T LUYEN

12 .= . . N
o Chocosa:—ﬁvai<a<n. Tinh sin & va tan .

N

. 12  n PRSP P
e Cho sino = B va 5 < a < . Tinh cac gia tri lugng giac con lai cua goc o.

3n
o Chotana =3 va o € (71'; 7) Tinh cac gia tri lugng giac con lai cua goc o.
0 Cho tam gidc ABC, chiing minh ring sin(A + B+ 2C) = —sinC.

] TOAN 11 — CHAN TROI SANG TAO 11



WA/ chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC = 10 TOAN

e Trong Hinh bén, vi tri cabin ma Binh va
Cudng ngdi trén vong quay dudc danh diu
v6i diém B va C.

a) Chiing minh ring chiéu cao tit diém B
dén mit dat bang (13 + 10sin ) mét véi
o 12 56 do ctia mot goc lugng gidc tia dau
OA, tia cudi OB. Tinh dd cao ctia diém B
so véi mit dét khi o0 = —30°.

b) Khi diém B cach mit dit 4 m thi diém
C cach mit dat bao nhiéu mét? Lam tron
két qua dén hang phan trim.

h=13m

Mat dat

0 Riit gon céc biéu thiic sau: (khdong con cdn thiic)

1 —cosx 1 +cosx

_ : b) B=+/1—cot2x-sinx+ 1.
1+cosx 1—cosx

a) A=

€) Tinh gid tri cac biéu thic sau:
a) A = sin®10° +sin?20° + - - - + sin” 170° + sin” 180°.
b) B=tan10°.tan20°...tan80°.
¢) C=cot20° +cot40° + - - - 4 cot 140° + cot 160°.

o Riit gon céc biéu thiic sau:

2 2

1 —sin“ o - cos” o

a) E = —cos? a; b) F = 2(sin4x+cos4x) + 4sin®xcos? x.

cosZ

0 Riit gon céc biéu thiic sau (gid sit cdc biéu thiic sau déu co nghia).

3 3
a) A =cos (5T —x)—sin (; +x) + tan (; —x) +cot (3w —x);

1 \/ 1 1 .
b) B=+v2— : Gl <x<2m.
) V2 sin (x+20137) l—Hzosx+ 1 —cosx . *

sin o — cos &
sinot +3cos3ar + 2sino

S

Cho tan @ = 3. Tinh gia trj bi€u thic B =

m Chung minh cac hé thuc sau

p—

. 2
a) cos* ot —sin*or = 2cos?a — 1; b) 1 —cot*or = — — — ——
sin“o  sin” o

1 +sin?
c) ——

‘ =1+ 2tan’a; d) 2(1 —sina)(1 +cosa) = (1 —sinax +
I —sin“ o

cos o).

@ Chung minh cac hé thuc sau

12 TOAN 11 - CHAN TROI SANG TAO




© Trudng THPT Bao Son Tay 2. GIATRILUONG GIAC CUA MOT GOC LUONG GIAC \ \

1+ sin*a — cos* a 2 b) sin® (1 +cos ) _ sina+tana
1—sinfa—cosba 3cos?a’ cos2a (1 +sine)  cosa+cotar’
2 .2
tan @ — tan cos“a — s~ o )
—B = tanrtan f3; d) 5 5 = sin? @ cos? q.
cotff —cota cot’ @ —tan? o
® Chung minh cac hé thuc sau
1 —4sin®xcos?x ) ’ sin?x — cos2x + cos* x 4
a) . = (sinx —cosx)*; b) — —— = tan"x.
(sinx + cosx) cos?x —sin“x + sin” x
@ Chiing minh cac hé thic sau khong phu thudc vao x.
sin6x+cos6x+2. I 4 cotx 2+2cot’x

a) A= b) B=

sin*x +costx 41’ 1—cotx (tanx—1)(co?x+1)

LY/ BAITAP TRAC NGHIEM

Cadu 1. Cho o thudc géc phan tu thd nhit ctia dudng tron luong gidc. Hay chon két qua diing trong
cac két qua sau day.

A. sino > 0. B. cosa < 0. C. tana < 0. D. cota < O.

Cdu 2. Cho « thudc géc phan tu thit hai cia dudng tron luong gidc. Hay chon két qua duing trong cic
két qua sau day.

A. sina > 0; cosa > 0. B. sina < 0;cosoa < 0.
C. sino > 0;cosa < 0. D. sina < 0; cosa > 0.

Cdu 3. Cho « thudc géc phan tu thi ba ctia dudng tron ludng gidc. Khang dinh nao sau day 1a sai?
A. sina > 0. B. cosa < 0. C. tana > 0. D. cota > 0.

Cdu 4. Cho « thudc géc phin tu thi tu clia dudng tron lugng gidc. Khang dinh nao sau day la
diang?

A. sina > 0. B. cosa > 0. C. tanax > 0. D. cota > 0.
~ T 2 . N A 2z
Caus. Cho0< a< 5 Khang dinh nao sau day diung?

A. sin(a—m)>0. B. sin(a—m) <0. C. sin(a—m) <0. D. sin(a—7m) < 0.
- 89
CdAu 6. Tinh gid tri cda cot Tﬂ:
891 891 89w V3 89w V3
A. cot— =+/3. B. cot— = —v/3. C. t— = —. D. cot— = ———.
cot— V3 cot— V3 cot— 3 cot— 3
CaAu 7. Tinh gid tri biéu thiic P = tan10° - tan20° - tan 30° .. . tan 80°.
A. P=0. B. P=1. C. P=4. D. P=8.
CaAu 8. Tinh gid tri biéu thiic P = tan1°tan2°tan3°...tan 89°.
A. P=0. B. P=1. C. P=2. D. P=3.

Cdu 9. Ménh dé nao sau day ding?
A. sin60° < sin150°. B. co0s30° < cos60°. C. tan45° < tan60°. D. cot60° > cot240°.
N . 9 N

Cau 10. Vé6i moi so thuc «, ta ¢6 sin (Tn + Oc) bang
A. —sina. B. cosa. C. sino. D. —cosa.

Cau 11. V6i moi a € R thi tan (20177 + &) bing

TOAN 11 - CHAN TROI SANG TAO 13



WA/ chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC = 10 TOAN

14

A. —tana. B. cota. C. tana. D. —coto.

~ co 1 ) T .
Cau 12. bon gian biéu thiic A = cos (Oc — 5) +sin(o — 7), ta dudc

A. A=cosa+sina. B. A=2sinaq. C. A=sinacosa. D. A=0.
Cdu 13. Biét A,B,C l1a cic goc ctia tam gidac ABC, ménh dé nao sau diy ding.
A. sin(A+C) = —sinB. B. cos(A+C) = —cosB.
C. tan(A+C) =tanB. D. cot(A+C) = cotB.
o 12
Cau 14. Cho goc o thdéa man sin o = - va g < o < 7. Tinh cos .
1 5 5 1
A. cosoc:ﬁ. B. cosoc:ﬁ. C. cosa:—ﬁ. D. cosa:—ﬁ.
- , . 5 . 3z .
Cau 15. Cho géc a théoa man cos o = 3 vam <a< > Tinh tan .
3 2 4 2
A. tana = ———. B. tano = —. C. tanad = ———. D. tanox = ———.
V5 V5 V5 V5
o 12
Cadu 16. Cho goc a thdéa man cos @ = T va g < o < 7. Tinh tan c.
12 5 5 12
A. =——. B. =—. . =——. D. =—.
tan ¢ 5 tan o 3 C. tanox 3 tan 5
o 4 2017 2019
Cdu 17. Cho géc o théa man tan o = —3 va > 7r <o< Tﬂ Tinh sinc.
3 3 4 4
A. sina:—g. B. sinoc:§. C. sinoc:—g. D. sin(x:§.
A . 3 .z . tan o
Cdu 18. Cho goc a théaman sina = — va — < o < . Tinh P = _and
5 2 1 +tanZa
3 12 12
A. P=-3. B. P=_. C. P=—. D. P=——.
7 25 25
o 3sinot —2
Cadu 19. Cho goc o thdéa man tana = 2. Tinh P = Sma cc')soz.
Scosa+7sino
4 4 4 4
A. P=——. B. P=—. C. P=——. D. P=—.
9 9 19 19
. 1 3sina+4cosa
Cadu 20. Cho goc a thdéa man cotox = —. Tinh P = s%n +acos )
3 2sino —S5cos o
15 15
A. P=——. B. P=—. . P=-13. D. P=13.
13 13 ¢ 3 3
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3. CAC CONG THUC LUCONG GIAC “-

§3. CAC CONG THU'C LUGNG GIAC

LY THUYET CAN NHO

n Cong thitc cong:

® sin(a+b) = sinacosb+ sinbcosa.
® cos(a+b) =cosacosb —sinasinb.

tana +tanb

Y Emleb) = 1 —tanatanb’

Cong thitc nhan doi:

@® sin2a = 2sinacosa.

® cos2a=2cos’a—1=1-2sin%a.

Cong thirc ha bac:

D sin2q— 1 —cos2a
2

® tanza: w_

1+ cos2a

n Céng thiic bién déi tich thanh tong:

1
@ sinacosh = 5 [sin (a4 b) +sin (a — b)].

H Cong thiic bién déi tong thanh tich:

a—>b
5

a—>b
7

a
® cosa-+cosb =2cos cos

® sina+sinb = 2sin a

COS

1
@ cosacosb = 5 [cos (a+ D) +cos (a—D)).

sin(a — b) = sinacosb —sinbcosa.
cos(a—b) = cosacosb + sinasinb.

tan( b) tana —tanb
a—b)=————.
1 +tanatanb

2 2

€c0s2a = cos~a — sin“ a.
2tana
tan2a = =
1 —tan“a
’ 1+cos2a
cos“a = —

1
sinasinb = 5 [cos (a+b) — cos (a— b)].

1
cosasinb = 5 [sin(a+ D) —sin(a —b)].

. a . a—b
cosa —cosb = —2sin sin o
. . a . a—>b
sina —sinb = 2cos sin >
TOAN 11 - CHAN TROI SANG TAO 15



WA/ chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC

Y PHAN LOAI VA PHUONG PHAP GIAI TOAN

DT '0' S dung céng thirc cdng, cdng thirc nhan doi

=Vidu 1. Hay tinh

a) sin75° b) sin15° c) tan71—72r.
b4 .
d) cot?. e) cos795°. f) sin18°.

— ’ 1
=Vidu2. Chosino = —E va 3; < o0 < 2m. Tinh cos o, tan o¢; cos 2 va sin( 97[).

a —_—
+4

i)

6l — < o< i Tinh sin ¢, cos ¢, sin (0H—7r> cos (2oc 717)
50V Y 2 P COS ’ 4)

— ’ 3
=Vidu3. Chotana = -2 va g < a < «. Tinh cos ¢, cos (a— _n) va tan (a+

=Vidu4. Chocos2a = —

DT Iel S&r dung céng thirc bién ddi tich thanh téng

=Vidu 5. Hay tinh gia tri clia céc biéu thic sau:

a) A =cos45°cos15°. b) B =cos75°sin15°.
11
¢) C=sin75°sin15°, d) D = sin 7 cos 2%

12 12
=Vidu 6. Bién ddi cic biéu thiic sau ddy thanh mot t6ng:

a) cosSasin3a.

b) 2cos(a+b)cos(a—Db).
¢) sin(a—b)cos(b—a).

d) 4cosxcos2xcos3x.
=Vidu 7. Ching minh sin20° - sin40° - sin60° - sin 80° =

==
DT lel S&r dung cong thirc bién ddi tdng thanh tich

=Vidu 8. Tinh gia tri bi€u thic lugng gidc sau

s'n7r sin27r

1 —_— [ES—

___ 5 15 o S Tn

a) C= . . T b) D =sin sin 9 + sin 9
5 15

=Vidu9. Bién ddi cdc bi€u thic sau day thanh mdt tich.

a) A = sina+ sin3a+sin5a. b) B =1+ cosx+ cos2x+ cos3x.

16 TOAN 11 - CHAN TROI SANG TAO




3. chc cone o Lone ciAc | NN
=Vidu 10. Ching minh
a) sin65° +sin’55° = /3 cos 5°. b) cos12° —cos48° =sin18°.

¢) sin20° —sin 100° 4 sin 140° = 0. d) tan9° —tan27° —tan63° +tan81° = 4.

DT 'e' Cdc badi todn chirng minh, rat gon

=Vidu 11. Rit gon cic biéu thic:

V2cosa—2cos T +a
4

—+/2sina -+ 2sin (%4—(1).

a) A= b) B = (tana —tanb)cot(a — b) — tanatanb.

=Vidu 12. Ching minh cdc biéu thiic sau

sina +sinf cos (o + )

a) sin(a+ B)-sin(a — ) = sin® o — sin® B. b) cos o — sin B sin (o + fB)

=tan (o + ).

=Vidu 13. Ching minh biéu thiic sau khong phu thudc vao x.

2 2
a)A:cosza—kcosZ(?ﬂ—i—a)+cosz(?ﬂ—a>;
b 5= cos (o= ) os (s ) eos (et § ) cos (e )
= COs 3 cos 1 cos ¢ cos 1)

=Vidu 14. Ching minh cic ding thic sau trong diéu kién c6 nghia ctia biéu thic

3 1 1— a 200
a) sin* ot + cos* ot = = + - cosda b) .COS + (,:OS =coto
4 4 sin2a —sin
o sin* o — cos* o + cos? o cos? a 1 —cos2x+ sin2x cot |
fry —. . X =
2(1 —cos) 2 1 +cos2x+sin2x

=Vidu 15. Ching minh trong moi tam gidc ABC ta déu c6

B
a) sinA +sinB+sinC = 4cos Ecos Ecos g;

b) sin?A 4 sin? B+ sin>C = 2 (1 +cosAcos BcosC).

DT Ie' Véan dung thuc tién

= Vidu 16. Mot thiét bi tré ki thuat s6 1ip lai tin hidu diu vao biang cach lip lai tin hidu d6 trong
mot khodng thdi gian c¢b dinh sau khi nhan dudc tin hiéu. Néu mot thiét bi nhu vay nhan dudc nbt
thuan fi(¢) = 5sint va phat lai dudc nét thuan f>(¢) = 5cost thi am két hop 1a f(t) = f1(t) + fo(¢),
trong d6 ¢ 12 bién thai gian. Chiing té rang &m két hop viét dugc dudi dang f(1) = ksin(¢ + @), tiic 1a
am két hop 1a mot séng am hinh sin. Hay xdc dinh bién d6 4m k va pha ban dau ¢(—7 < ¢ < ) clia
séng am.

=Vidu 17. Trong Vat li, phuong trinh téng quat ciia mot vat dao dong diéu hoa cho bdi cong thiic

x(t) = Acos(wt + @), trong d6 ¢ 1a thoi diém (tinh bang gidy), x(¢) 12 1i do ctia vat tai thdi diém 7,A 1a
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bién d6 dao dong (A > 0) va @ € [—; 7] 1a pha ban dau cla dao dong. Xét hai dao dong diéu hoa c6
phuong trinh:
T
x1(t) = 2cos <§t + €> (cm),
T
x2(t) = 2cos <§t — §> (cm).
Tim dao dong téng hop x(1) = x; (¢) +x2(t) va st dung cong thiic bién déi tdng thanh tich d€ tim bién
do va pha ban dau ctia dao dong tong hop nay.

=Vidu 18.

Mot sdi cap R dude gan vao mot cot thang ding & vi tri cdch mit
dat 14 m. Mot soi cap S khac ciing dude gan vao cot dé & vi tri
cach mit dat 12 m. Biét ring hai s¢i cdp trén cuing dudc gin véi
mit dét tai mot vi tri cach chan cot 15 m (Hinh bén).

a) Tinh tana, 6 d6 o 1a goc gitia hai sgi cap trén.

b) Tim géc a (1am tron két qua dén hang don vi theo don vi
do).

BAI TAP TU' LUYEN
o Tinh

a) cos<a+7r> biét sino = ! Vél()<0£<7r
3/)° V3 2
T < 1 T

b) tan(a—z),biétcosa:—gvéz<Ot<7t.

< 4 2
¢) cos(a+b),sin(a—>b), biet sina = 5,00 <a<90°vasinb = 5,90o < b < 180°.
(2 . 3 m U .
Cho sinx = 5 vOl o € (5, 77:) Tinh gia tri cua sin2¢ va tan20.

2
o Cho sin +cosa = 5 Tinh sin2c¢.

o Chiing minh c4c dang thic sau

3 4o 5 3
a) sin4oc—|—cos4oc:L—H—Coil ; b) sin6oc+cos6oc:§+§cos4oc.

o Chitng minh céc dang thiic sau

T T
a) 2sin (Z + oc) sin <Z = oc) =cos20a; b) sina (14 cos2a) =sin2acosa;
1+sin20 —cos2a 1 2
- —tano; d) tano — = — .
1+sin20 +cos2a tan o tan2Q
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O Chiing minh céc dang thic sau:
. T . T
a) cosa+sina = v/2cos (Z —a) =+/2sin (Z +a>.
b) cosa —sina = v/2cos <§ —|—a> = /2sin (g —a).

o Riit gon biéu thiic sau

cos( —|—7r>—|—cos< 7r>
a+ — a— —
b) B= 3 37

B cosa+200s2a—|—cos3a‘
~ sina+sin2a+sin3a cota — cot =

a) A

©

v l—sin2a T 5 o
Chting minh rang 1_1_2%206 = cot? (Z + oc) , vOi dieu kién biéu thiic c6 nghia.

Chiing minh c4c dang thic sau

a) sin? (% +a) — sin? (E —a) = Qsin2a;

8 2
T 27 3
b) cos’a 2(a——> 2(——05):—.
) cos“ o+ cos 3 + cos 3 5
@ Tam gidac ABC vudng tai B va c¢6 hai canh goc vudng la AB = A

4, BC = 3. V& diém D nam trén tia ddi cla tia CB thda man
CAD = 30°. Tinh tan BAD, tu doé tinh do dai canh CD (lam
tron dén hang phan chuc). 4

B 3 C D

m Dao dong ctia mot vat 1a tdng hop clia hai dao dong diéu hoa ciing phuong, c6 phuong trinh lan
luct 13 x; = 6cos 1007t (mm) va xo = 6sin 100777 (mm), (¢ tinh bang gidy). Tinh 1i do cta vat tai
thoi diém t = 0,25 giay.

@ Chiing minh trong moi tam gidc ABC ta déu c6

A. B . C
a) cosA+cosB+cosC = 1+4sin§sin§sin§

b) cos?A+cos?B+cos?C =14 2cosAcosBcosC.

) t At B+t t C+t Ct A—l-
C 211'123112 anzanz an2an2—,

d) tA+ tB+ tC— tA tB tC
CO > CcO > CcO 2—CO 2CO 2CO 2

LY/ BAI TAP TRAC NGHIEM

Cau 1. Khang dinh nao sau diy sai?

A. cos(a—b) =sinasinb+ cosacosb. B. cos(a+b) = sinasinb —cosacosb.
C. sin(a—b) = sinacosb —cosasinb. D. sin(a+b) =sinacosb + cosasinb.

Cdu 2. Khing dinh nao ding trong cic khang dinh sau?
T T
A. sina+cosa = v/2sin (a — Z> B. sina+cosa = v/2sin (a—i— Z>
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C. sina-+cosa = — 25in(a—§). D. sina+cosa = — 2sin<a—|—§).

- T 4
Cau 3. Cho géc o thdoa man 5 <a<m vasina = z Tinh P =sin2(a + 7).

24 24 12 12
A.P=—-_. B. P=_. . P=—_. D. P=_.
25 25 ¢ 25 25
N ) 3 3
Cdau 4. Biétsina:—g Véﬂ:<(x<7ﬂ.TinhP:sin OH'%)'
3 3 —4-3\/3 4-3/3
A . P=—_. B. P=_. .P=———'- D.P= .
5 5 ¢ 10 10

- 3 .3
Cau 5. Cho goc o thoa man cos o = 1 va ; < o < 2x. Tinh P = cos (g — a) .

A p=2tV2 B p—>— Y2l c.P:—3‘/§+‘ﬁ. D.P:—3\/§_\/7.
8 8 8 8
5 3n
Cdu 6. Cho gbc o thoa man cos o = 'l va > < < 2m. Tinh P = tan20.
12
= ——O. B. P= —119. C. P= —120. D. P= —119.
119 120 119 120
~ 2 1+sin2 2
Cdu 7. Cho goc a théaman 0 < a < T vasing = =. Tinh P = +§1n a+cos a
2 3 sin o +cos
A po_ 2 B. P=2. c.pP=—2. D.p 25
3 2 2 3
~ 4
Cdu 8. Cho goc o thdéa man sino = z Tinh P = cos4a.
527 527 524 524
A. P=— B. P=———. . P=—. D.P=———.
625 625 ¢ 625 625
Cdu 9. Cho gbc o théa man cota = 15. Tinh P = sin2a.
11 13 15 17
A. P=— B. P=— . P=— D. P=—.
113° 113° ¢ 113 113
4 3n a
Cadu 10. Cho géc o théa man tan o = —3 vao € 5 ;27|. Tinh P = s1n5+0085
A. P=1/5. B. P=—/5. C.Pz—g. D.P:?.
N in2
Cdu 11. Cho goc a thdéa man tanoe = —2. Tinh P = &.
cosd4a +1
N
9 10 9 10
A . o 4 . 3rm ] .
Cadu 12. Cho goc o thdéa man sin20 = —z VA < a < w. Tinh P =sin — cos .
A P— . B.P———, c.po¥ p.po_3
V5 V5 3 3
N 2
Cdu 13. Cho géc o thdéa man cos20 = —3 Tinh P = (1 —|—3sin2a) (1 —4005206).
21
A. P=12. B. P= C. P=6. D. P=21.
2
5 3m
Cdu 14. Biét sina = — 3 ;cosh = 515 <A< 0<b< 5 Hay tinh sin(a +D).
56 63 33
A. —. B. —. . D. 0.
65 65 ¢ 65
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. ) , 1 I . e e o
Cau 15. Cho hai géc nhon a;b thoa cosa = g;cosb =7 Tinh gia trj ciia biéu thic P = cos(a+b) -

cos(a—>b).
113 11 117
B B. 12 T p. %
144 144 144 144
- | 3 .
Cdu 16. Cho0< a,B < g va thda man tan o = 7 tanf = 1 Goc a+ B ¢ gia tri bang
T T T T
A —. B. —. .= D. —.
3 4 ¢ 6 2
” T o, - 3 1 . N
Cau 17. Cho0<x,y < 5 thda méan cotx = T coty = = Tong x + y bang
T 3n T
A —. B. —. .= D. &
1 1 €3 r
Cau 18. Néu tan o va tan B 1a hai nghiém ctia phuong trinh x> + px+¢ = 0 (¢ # 1) thi tan (a + B)
bing
2 2
R R c. P D. - P
q—1 q—1 1—gqg 1—¢g

Cdu 19. Cho hai dao dong diéu hoa ciing phuong c6 phuong trinh 1an lugt 1a x; = 5cos(1007t +
m)(cm) va xp = 5cos(1007t — £/2)(cm). Phuong trinh dao dong tong hgp cia hai dao dong trén
la

3 3
A. x =5v2cos (1007:t+ Tﬁ) (cm). B. x =5v2cos (10()717 - Tﬂ) (cm).
C. x=10cos (1007U - 3%) (cm). D. x = 10cos (IOOm—i— %r) (cm).

Cau 20. Mot vat thuc hién dong thdi hai dao dong diéu hoa cling phuong, cling tan s6 theo cic phuong
trinh: x; = 2cos (5717 + g) (cm) ; x, = 2cos(5xt)(cm). Bién do cta dao dong tong hgp cta hai dao
dong trén la
A. 2. B. 4. C. 2V2. D. V2.
—HET—
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[/ Chuong 1. HAM 5O LUONG GIAC VA PHUONG TRINH LUONG GIAC
§4. HAM SO LUONG GIAC VA PO THI

Y/ KEN THUC CAN NHO

n Ham s6 y = sinx
e Tap xac dinh: ¥ =R. y

Tap gia tri: [—1; 1], tic la

—1 <sinx<1,VxcR. _ i ' X
______ N

Ham s6 y = sinx 1a ham s6 1é nén do thi ham so
nhan goc toa do O lam tam doi xung.

o Ham sb y = sinx tuan hoan véi chu ki T = 27, nghia 1a sin(x + k27) = sinx, véi k € Z.

2 N P ~ T T " ~
o Ham sb y = sinx ddng bién trén mdi khodng (—5 ko 3 +k27t>, nghich bién trén mdi

T 3n
khoang (E +k2x; > ~|—k27r) véi k € Z.

Ham séy = cosx
e Tap xac dinh: ¥ =R.

y
o Tap gid tri: [~ 1; 1], tdc Ia _n—M\n _____

—1<cosx<1,VxeR. v _____ L_"Mx

e Ham s y = cosx 12 ham s6 chan nén do thi ham s
nhén tryc Oy lam truc doi xing.

e Ham s y = cosx 1a ham s6 tuan hoan véi chu ki T = 27, nghia la cos(x + k27) = cosx, véi
keZ.

e Ham s y = cosx dong bién trén mdi khodng (—7 + k27;k27), nghich bién trén mdi khoéng
(k2m; T+ k2m) véi k € Z.

Ham so0 y = tanx

| 1 Y 1 1

° Diéukiéncosx;ﬁO@x;ﬁg—l—kn,kEZ. i i i i

Tap xée dinh: 7 =R\ {5 +km ke 2}, .
o Tap gié tri: R; La ham sb 1&. | 2 0 % ™ x

e L ham sb tuan hoan véi chu ki T = T, nghia la tan(x + i E E E

km) = tanx, v6i k € Z. | E | |

e Ham sb y = tanx dong bién trén mdi khodng (—% +km; 5 + k) véi k € Z.
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n Ham so y = cotx

e Dbiukién sinx #0 & x £ km k€ Z.
Tap xac dinh: 2 =R\ {km,k € Z}.

Tap gia tri: R.

La ham s6 1é.

|
I

e Laham s6 tuan hoan véi chu ki T = &, nghia —Eﬂ 37”
la cot(x,—l— km) = cotx, véi k € Z ) : NG ¢
e Ham sO0 y = cotx nghich bién trén moi : 2
khoang (km; 7+ km) véi k € Z. E
IEYS  PHAN LOAL PHUGNG PHAP GIAI TOAN
DT 'G' Tim tap xéc dinh cla ham sb luvgng gidc
Ta chii y mot s6 diéu kién sau:
a) y= fx) xac dinh < g(x) #0.
8(x)
b) y= R/ f(x) xdc dinh < f(x) > 0, trong d6 n € N*.
T
¢) y = tan[u(x)] xac dinh < u(x) xac dinh va u(x) # 5 +km, k € Z.
d) y = cot[u(x)] xdc dinh < u(x) xdc dinh va u(x) # km,k € Z.
=Vidu 1. Tim tip xéc dinh cla cac ham sb sau day:
2sinx+ 3 1+cosx 2+3cos2x
a) y=——— b) y=—"— ) y=—7>—"
COsX 1 —cosx sinx
1+cosx sinx — 3 2sinx+3
d)y=—-"— = - -0 -
)y 1+ sinx ey cosx+1 by cosx—+2
) _ 2sinx+3 h) _ 2sinx—3 D —sinx_l
BV nx—1 Y= 2sinx 43 Y=
V 2 /1
i) y=+/3—2cosx. k)y:LH ) y= 1cosx
1 +cosx 1 —cosx
=Vidu 2. Tim tdp xac dinh clia cdc ham s6 sau day:
T
a) y=2tanx+3 b) y =2tan2x —4sinx c) y:COt<X+Z>—|—1
=Vidu 3. Tim tit ca cdc gid trj clia m d€ ham sb sau c6 tap xac dinh R.
- sinx — 1
a) y=+/m—cosx b) y=+/2sinx—m c) yzm
X+m

=Vidu4. Tim tt c cdc gia tri cia m d€ ham s6 y = \/cos?x — (2 +m) cosx +2m c6 tip xdc dinh

7
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24

DT '9' Tinh chén 1& clia hém sé

Ta thuc hién cac budc sau:
@ Tim tap xdc dinh 2 ctia ham s6 — Tap Z phai dbi xiing.
@ Tinh f(—x) (ché nao cé bién x, ta thay béi —x) va thu gon két qua. Khi d6

e Néu f(—x) = f(x): ham s6 da cho la ham chén.
e Néu f(—x) = —f(x): ham sb da cho 1a ham 18.
e Néu khong roi vao 2 trudng hop trén, ta két luan ham s6 khong chin, khong 18.

GHI NHO

® Ham s6 y =sinx la ham s6 [é. @ Ham sO y=cosx |a ham s6 chan.

® Ham s6 y =tanx 1a ham so |é. @ Ham s6 y =cotx |a ham so 1é.

=Vi du 5. Xét tinh chan, 1é cia cdc ham sb sau:
a) f(x) = |x|sinx. b) f(x) = tan|x|.

=Vidu 6. Xét tinh chdn 1é cia ham s6

a) f(x) = sin®2x+ cos3x. b) f(x) =+/2+sinx++/2 —sinx.

=Vidu 7. Xét tinh chdn 1é cia ham s6

a) f(x)=sin (2x+ 9;) b) f(x)=tanx+ cotx.

DT Iel Tim gid tri 16n nhét - gid tri nhé nhat

Ta thuong dung mot trong 3 phuong phap sau:
& St dung céc bat dang thiic cd ban

® —1<sinx<1,Vx e R; @ —1<cosx<1,VxeR;

® 0 <sin’x,cos?x < 1,Vx € R; @ 0 < |sinx|,|cosx| <1,Vx € R.
@ St dung diéu kién c6 nghiém

@ sinx = f(m) c6 nghiém khi —1 < f(m) < 1.
@ cosx = f(m) c6 nghiém khi —1 < f(m) < 1.

@ asinx+ bcosx = ¢ c6 nghiém khi a®+b* > 2.

& St dung bang bién thién: Lap bang bién thién clia ham s6, tir d6, két luan.

=Vidu8. Tim gia tri 16n nhit va gia tri nhé nhit cda cdc ham sb sau

1 —2sin?
a) y=2sinx+3 b) yz% c) y=+v2+cosx—1
d) y=4sinxcosx+ 1; e) y=4—3sin’2x. f) y:(3—sinx)2+1
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=Vidu9. Tim x dé ham s6 y = (sinx+3)* — 1 dat gié tri nhd nhét.
=Vidu 10. Tim x dé ham s6 y = 1 — 3+/1 — cos2x dat gid tri nhd nht.
=Vidu 11. Tim gid tri I6n nhat va nhd nhét ctia ham s6 sau
a) y=+/3sinx+cosx b) y = sin2x —cos2x ¢) y=3sinx+4cosx
=Vidu 12. Tim gid tri I6n nhat va nhd nhét ctia ham s6 sau
a) y = 2sin’x —3sinx+ 1 b) y = 2cos’x+3cosx —2 C) y=cos2x —sinx+3

=Vidu13.

Khi du quay hoat dong, van tdc theo phuong ngang ctia mot
cabin M phu thudc vao goc lugng giac o = (Ox,OM) theo
ham s6 v, = 0,3sina (m/s) (Hinh bén).

a) Tim gia tri 16n nhit va gid tri nhd nhét cda v,

b) Dua vao do6 thi ctia ham sd sin, hdy cho biét trong
vong quay dau tién (0 < o < 27), géc @ & trong cic
khoang nao thi v, tang.

BAITAP TU LUYEN

o Tim tap xac dinh cua cac ham so sau:

sinx

T
a)y—COt<3x—Z>. b)y—m

c)y:\/%. d)yzﬁc—i—ﬁ.
o Tim gid tri 16n nhit va gid tri nhd nhét (néu c6) clia cac ham sb sau

a) y=3—2sin2x b) y=5—3cos4x.

c) y=3—2[sin2x|. d) y=3sin*2x—4
0 Tim gid tri 16n nhét, gia tri nhd nhit ctia ham s6 sau y = 2 — 4sin’x - cos® x.

o Tim gid tri 16n nhét va gid tri nhd nhét ctia ham s6 y = 4sin’x — 4sinx + 3.

LY/ BAITAP TRAC NGHIEM

Cau 1. Tap gia tri ctia ham s6 y = cosx 1a tAp hop nao sau day?

A. R. B. (—;0]. C. [0;4-o0]. D. [-1;1].
CdAu 2. Tap gid tri ciia ham s6 y = sin2x 14

A. [-2;2]. B. [0;2]. C. [-L;1]. D. [0;1].
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Cdu 3. Ménh dé nao duéi day diing?

A. Ham s y = sinx 12 ham s6 chén.
C. Ham s0 y = tanx la ham so chan.

Cdu 4. Tim ham s6 18 trong cac ham sb sau:

2

A. y=sin“x. B. y = xcos2x.

Cau 5. Ménh dé nao duéi day sai?

A. Ham s6 y = tanx tuan hoan véi chu ki 7.
C. Ham s0 y = cotx tuan hoan véi chu ki 7.

Cdu 6. Ham sb y = sin2x c6 chu ky tuan hoan 1a

B.T=".

A. T =2r.
& 2

Chuong 1. HAM SO LUGNG GIAC VA PHUONG TRINH LUONG GIAC

= 10 TOAN

B. Ham s6 y = cosx 12 ham s6 chén.
D. Ham s0 y = cotx la ham so chan.

C. y=uxsinx. D. y=cosux.

B. Ham s6 y = cosx tuan hoan vé6i chu ki 7.
D. Ham s0 y = sin2x tuan hoan véi chu ki 7.

C.T=m. D. T =4r.

CaAu 7. Ham sb nao trong cic ham s duéi day 1a ham sb chan?

T T
A. y=si ( —). B. y= ( —).
y =sin x+2 Yy = COS x+2

Cdu 8. Tim tap x4c dinh ctia ham sb y = cotx.
A. 2 =R\ {kg|k€ Z}.
C. 7 =R\{k2xlk € Z}.

Cdu 9. Diéu kién xdc dinh ctia ham s0 y = -
sinx

A. x;«ég—kkn,keZ. B. x£ k27, ke Z.

Cau 10. Véi ky hiéu k € Z, diéu kién xdc dinh ctia ham s6 y =

A. x#k2m. B. x#km.

C. y=sin2x. D. y =tanx —sin2x.

B. 2 = R\{kn|k € Z)}.
T
D. 7= R\{5 +hrleeZ}.

1—3cosx _.
——1a

k
C.x;«é;,kEZ. D. x£kn, ke Z.
2sinx+1 __
STy
1 —cosx
C. x;égwm. D.x;«ég+k2n.

~ . PRSI X N , . P N Z T N
Cau 11. V6i ky hiéu k € Z, diéu kién xac dinh ctia ham s0 y = tan <2x — 5) la

T

5w
B. — .
> X # 12—|—k7t

A.x;&gwc

/9

C.x#g—f—kﬂ. >

5w

Cau 12. Tim diéu kién x4c dinh cia ham s6 y = tanx + cotx.

k
A x£knkeZ. B.x%%—i—kn,kez. c.x¢§,kez. D. xeR.
o . 2cos3x—1
Cau 13. Tap xac dinh ctia ham s0 y = R
cosx—+1

A. 2 =R\{n+kmkcZ}.
C. 9:R\{§+kn;keZ}.

B. 2 =R\ {k2m;k € Z}.
D. 2 =R\ {r+k2mke Z}.

Cdu 14. budng cong trong hinh dudi diy 1a d6 thi ciia mot ham sb trong bdn ham sb dugc liét ké &
bdn phuong 4n A,B,C,D. Hoi ham s6 d6 1a ham sb nao?
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A. y=1+sinx. B. y=1—sinx.

C. y=sinux.

\ \

4. HAM SO LUONG GIAC VA DO THI

D. y=cosux.

Cdu 15. budng cong trong hinh vé bén dudi l1a do thi ctia mdt trong bdn ham sd dugc liét ké & bbn

phuong 4n A, B, C, D. Héi d6 13 ham s6 nao?

Y12
Z 1N
-7 _7'[ 0, T X
2 2
A. y=cosx+1. B. y=2—sinx. C. y=2cosx. D. y=cos’x+1.

-~ § 2 2 /4
Cau 16. Tim gia tri 16n nhat, gia tri nho nhat cia ham s6 sau y = 1+ 3sin <2x - Z)

A. miny = —2, maxy = 4.
C. miny = —2, maxy = 3.

B. miny =2, maxy =4.
D. miny = —1, maxy =4.

Cdu 17. Tim gid tri 16n nhit, gia tri nho nhit ctia ham sb sau y = 3 — 2 cos? 3x.

A. miny =1, maxy = 2.
C. miny =2, maxy = 3.

B. miny = 1, maxy = 3.
D. miny = —1, maxy = 3.

Cdu 18. Tim gia tri 16n nhét, gi tri nhd nhit cia ham sb sau y = /2sinx + 3.

A. maxy = /5, miny = 1.
C. maxy = /5, miny = 2.

Cau 19. Tim gia tri 16n nhit, gid tri nhé nhit ciia ham sb sau y =

A. miny = 3 maxy = 4.

4
C. miny = 3 maxy = 2.

Cau 20. Cho hai diém A, B thudc dd thi ham sb y = sinx
trén doan [0; 7], cdc di€ém C, D thudc truc Ox théa man

ABCD 1a hinh cht nhat va CD = 2% Tinh d6 dai doan

BC.
A Y2 gl C. 1. . V3
2 2 2
_ HET—

B. maxy = V5, miny = 24/5.
D. maxy = /5, miny = 3.

4
1+ 2sin%x’

4
B. miny = 3 maxy = 3.

D. miny = > maxy = 4.
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-" Chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC
§5. PHUONG TRINH LUGNG GIAC CO BAN

Y/ KiEN THUC CAN NHO

n Phuong trinh sinx = a.
™ Truong hgp a € {—1;0;1}.

sin

A A
0 cos
sinx=1&x=7%+k2n siny=—1&x=—-2+k2n [sinx =0 & x = kx|

1 V2 V3 ) e o s
& Truong hop a € {iz;ig;i%}.nbam méy | SHIFT |[sin |[a] d€ d6i s6 a vé géc o hoiic B°

tuong ung.

@ Cong thuc theo don vi rad: .

) xX=0o-+k21
sinx=a & JkeZ N - |-
X=n—0o+k21 a

@ Cong thuc theo don vi do: 0

, [x = B° +k360°
SInx = a <

keZ
x = 180° — B° 4+ k360°

™ Truong hop a € [—1;1] nhung khac céc sb & trén.

] x = arcsina + k2w
sinx =a < . kel
X =m—arcsina -+ k2w

@ Cong thiic mé rong cho hai ham f(x) va g(x)

Phuong trinh cosx = a.

™ Truong hgp a € {—1;0;1}.
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sin sin /Bh
dRY
Bl

[cosx =1 x=k2x] lcosx=—1x=n+k2n| cosx =0 x =73 +kn
\ V2
™ Trudng hgp a € j: 5 s +— 5 . Ta bAm mdy | SHIFT | [cos][a] d€ ddi s a v& géc o hoic B°
tuong ung.
@ Cong thuc theo don vi rad:
x=0a+k2xn
cosx=a< kel
3 cos
@ Cong thuc theo don vi do: 0 a
x = fB° +k360° 1
=a& ykeZ
cosx =a [x — _B° +k360° N

™ Trudng hop a € [—1; 1] nhung khéc cic sb & trén.

x = arccosa -+ k2w
cosx=a <& kel
X = —arccosa+ k2w

@ Cong thiic md rong cho hai ham f(x) va g(x)

f(x) =g(x) +k2m

cos[f(x)] = cos[g(x)] [ f(x) = —g(x) +k2m’

Phuong trinh tanx = a.

3 £ 2 2. A N L o
© Trudng hop a € {O;:I:\/T—;:I:l;:l:\/g}. Ta bam may | SHIFT @ dé doi so a vé goc a hodc

B° tuong vng.
tang
@ Cong thuc theo don vi rad:

tanx=a<x=a+kn, ke’

@ Cong thuc theo don vi do:

\4
/

tanx=a < x=B°+kI180°, ke Z
@ Trudng hdp a khac cic sb & trén thi

tanx = a < x = arctana+kxw, k € 7.
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WA/ chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC = 10 TOAN

n Phuong trinh cotx = a.

3 . o o A
& Truong hgp a € {ig;il;i\/g}. Ta bam may | SHIFT dé doi so a ve goc a hoac B°

T
tuong ung. Riéng a =0 thi @ = 0

a cotang

® Cong thic theo don vi rad: N

cotx=a<x=a+kn, kel

0]
@ Cong thuc theo don vi do:
M
cotx=a < x=PB°+kl180°,kcZ
@ Truong hop a khac cic sb & trén thi
| cotx =a < x =arccota—+km, k € Z.

Y/ PHAN LOAL PHUGNG PHAP GIAI TOAN

DT 'o' Gidi cac phuong trinh lwong gide co ban

e Nhian dang (bién d6i) vé ding loai phuong trinh co ban, xem sb a quy ddi vé géc "dep" hay
xAu;

e Chon va rap cong thic nghiém.

=Vidu 1. Giai cic phuong trinh sau:

. V3 . (T . 5
) sin3x=—"> b) 2sin (g—x> —1 ¢) 2sin(x—45°)—1=0
27
d) cos(x—?) =1 e) vV2cos2x—1=0 f) 3cosx—1=0.

=Vidu 2. Giai cdc phuong trinh sau:

a) tan3x — —? b) v3tan (g—x> —1 o) tan(x—45°) —1=0
d) sinx—+/3cosx =0 e) V3cotx—1=0 f) sinx+4cosx =2+ sin2x.

=Vidu 3. Tim nghiém clia céc phuong trinh lugng gidc sau trén khoang cho trudc
_ A 1 e a 7
a) v/3tanx —3 =0 trén (0,37). b) v2sin(x—1) = —1 trén (—7”,’—25)
¢) 2cos (3x— g) 1 =0ten (—7,7). d) tan(3x+2) — /3 =0 trén (—%, %),
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DT '9' Gidi cdc phuong trinh lvong gide dang mé réng

e Bién ddi vé mot trong cdc ciu triic sau
® sinu = sinv @ cosu =cosv ® tanu =tanv @ cotu = cotv

e Chi y cic cong thiic bién d6i lugng gidc sau:

® —sinx = sin(—x). @ —cosx=cos (T —x).
T Vi1
@ sinx = cos <§—x). @ cosx = sin (E—x>.

=Vidu 4. Giai cic phuong trinh sau:

a) sin3x = sin2x b) sin2x —sinx =0 ¢) sinSx+sinx =0

d) cos2x—cosx =0 e) cos8x+cosx=0 f) cosdx—sinx=0

=Vidu5. (B.2013). Gii phuong trinh sin5x +2cos?x = 1

DT '9' Van dung thuc tién

=Vidu6. S6 gid c6 4nh sdng mit troi clia mot thanh phd A & vi dd 40° bic trong ngay thi ¢ cla
mot nim khong nhuén dudc cho bdi ham s6
n

d@)::3ﬁn[182

(pﬁmyuzwnezm0<zg%5

a) Thanh phd A c6 diing 12 git c¢6 dnh sdng miit trdi vio ngiy nao trong nim?
b) Vao ngay nio trong nim thi thanh phd A c6 it gi c6 dnh sdng miit trdi nhat?
¢) Vao ngay nao trong nim thi thanh phd A c¢6 nhiéu gid c6 4nh sang mit trdi nhét?

=Vidu7.
Trong Hinh bén , khi dugc kéo ra khoi vi tri cAn bing & | A

di€ém O va budng tay, luc dan hdi ctia 10 xo khién vat A |
gin & dau cha 10 xo dao dong quanh O. Toa dd s (cm) I—FOAGZ)AOAOAOAOYWmq—-—>

clia A trén truc Ox vao thai diém 7 (gidy) sau khi budng

. me A . . T * *
tay dugc xac dinh bdi cong thiic s = 10sin <10t + 5) . 0 s X
Vao céc thoi diém nao thi s = —5v/3 cm?
=Vidus.
Mot qua dan phdo dudc ban ra khéi nong phdo véi van tdc ban y R
dau vo = 500 m/s hop v6i phuong ngang mot géc o. Trong - Mpeta

Vit 1, ta biét ring, néu bd qua stic can ctia khong khi va coi
qua dan phdo dudc ban ra tif mit dét thi quy dao cta qua dan
-
2v3cos? a

9,8 m/s? 1a gia toc trong trudng.

tudn theo phuong trinh y = x*+xtane, & d6 g =

a) Tinh theo géc ban « tim xa ma qua dan dat t6i (ttic 1a khoang cach tif vi tri ban dén diém qua
dan cham dét).
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b) Tim géc ban o d€ qua dan triing muc tiéu cach vi tri dit khdu phdo 22000 m.

IS BAITAPTU LUYEN
2n

o Giai phuong trinh 3 — v/3tan <2x— g) =0 vdéi —Tﬂ? <x< 3

@) Gii phuong trinh tan (x+30°) + 1 = 0 véi —90° < x < 360°.

o Giai cdc phurong trinh sau:

1
a) cos3x =sin2x b) cos3x—ZCosg =0 c) cos <2x+§> = )
1 T
d) cos (2x+30°) = 5 &) 2cos (x—§> —0 f) 2cos(2x—60°) —1=0
1
g) cos (2x+§) +2=0 h) cos (;—C —30°> =1 i) sin®2x = 1

o Giai cac phuong trinh sau:
a) tanx = /3. b) cot(x — g) =1

3
c) tan(x+48°) = tan25°. d) tan (x+ Tﬂ:) :tang.

Giai phuong trinh tan (2x + %) +tan (g — x) =0.

Giai phuong trinh <c0t)3—c — 1) (cotg + 1) =0.

sin2x+2cosx —sinx — 1

Giai phuong trinh =0.
P g \/§ 4 tanx

© © 0 0o

Nhiét do ngoai trdi ¢ mot thanh phd vao cic thdi diém khac nhau trong ngay c6 thé dudc mo
phong bdi cong thiic
T
h(t) = 29 + 3sin [E(t - 9)]

véi h tinh bang d6 C va ¢ 12 thai gian trong ngay tinh bing gid. Nhiét do thip nhét trong ngay 1a
bao nhiéu do C va vao lic may gio?

Mot qua dan phdo dudc ban ra khoi nong phdo vé6i van tdc ban dau c6 do 16n vy khong d6i. Tim
gbc ban a d€ qua dan phdo bay xa nhét, b qua stic can ctia khong khi va coi qua dan phio dudc
ban ra tit mét dat.

@ D9 sau h( m) ca muc nudc & mot cang bién vao thai diém ¢ (gid) sau khi thuy tridu 1én 1an dau
tién trong ngay dudgc tinh xap xi bdi cong thic h(t) = 0,8cos0, 5t + 4.

a) Do sau ctia nudc vao thoi diém ¢ = 2 12 bao nhiéu mét?

b) Mot con tau can muc nudc su tdi thiéu 3,6 m dé€ c¢6 thé di chuyén ra vao cang an toan. Dya
vao do thi ctia ham sb cosin, hdy cho biét trong vong 12 tiéng sau khi thuy triéu 1én 1an dau
tién, & nhiing thoi diém ¢ ndo tau c6 thé ha thuy. Lam tron két qua dén hang phan trim.
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LY/ BAITAP TRAC NGHIEM
Cau 1. Phuong trinh nao sau diy v nghiém?
A. sinx = % B. tanx = /3.
Cdu 2. Nghiém ctia phuong trinh sinx = —1 1a

A x= —g+k7r,keZ.

C.x= 3775+k7r,k€Z.

Cadu 3. Tim tit ci cdc nghiém ctia phuong trinh sin3x =

r T k2w

=—+—, ke’
A |79
) 27r+k27r keZ.
X=—+—
=9 3
x:z—f——n,kGZ
C 9 3
) 27r+k7r keZ.
X=—++—=
L 9 3’

Cadu 4. Nghiém cta phuong trinh 2sinx+1 =0 1a

11 —

A. x= —6” IO VA x = —6” +ioT.
— 7

C. x= %—I—kﬂ?véx: g%—kﬂ:.

Cdu 5. Tap nghiém ctia phuong trinh sin2x = 1 1a
A. {%+2kn,ke z}. B. {%Hm,ke Z}.

\ \

5. PHUONG TRINH LUONG GIAC CO BAN

C. sinx=3. D. cosx = —

B. x=km,k€Z.

D. x= —g+k27r,k€ Z.

V3
7.

-x:g—i-an, ke

B. o .
x= 5tk ke Z
- k2
x:E+—n, keZ

D 3773

) 27r+k27r keZ.

X=—+—
T3 T

7
B. x= g+k27r Vix— Tn+k27r.
2 7
D. x= ?ﬂ—}—kZ?r vax = g—}—kZﬂ:.

C. {km,keZ). D. {g+2kn,kez}.

- 3 A s
Cdu 6. Phuong trinh cosx = —\/7_ ¢ tap nghiém la

A. {xz:l:%r —|—k27r;k€Z}.

C. {x: :I:g Fiomk e Z}.

B. {x: i§+k7r;ke Z}.

D. {x: i%Jrkn;k c Z}.

Cau 7. Tap nghiém ctia phuong trinh cos2x = —1 1a

A. —km ke Z.
C. {—g+k27r,ke Z}.
Cau 8. Phuong trinh 2cosx — 1 = 0 c6 nghiém la
A. x:ig-l—an,ke Z.
C. x:i%+27r,k€Z.

B. {—%—Fkﬂ,k c Z}.
D. {90° 4+ k180°,k € Z}.

B. x:i§+kn,kez.
D. x:i§+k27r,keZ.

~ £ . ) N T ) N
Cdu 9. S6 nghiém cua phuong trinh 2 cos <x — 5) = 1 trong khoang (0; ) la

A. 4. B. 1.

Cadu 10. Phuong trinh sinx — cosx = 1 ¢6 mdt nghiém la

T T
A —. B. —.
2 4

C. 2. D. 3.
27

C. —. D. &.
3 T

TOAN 11 - CHAN TROI SANG TAO 33
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Céu 11. Nghiém ctia phuong trinh sin*x — cos*x =0 1a
A. x=m+k2T. B. x = km. C. x:§+k7r. D.x=%+k§.

~ 2
Cau 12. Xét trén (—m; ), phuong trinh sinx = 3 c6 bao nhiéu nghiém?

A. 1 B. 3. C. 2 D. 4.

- : 3 s A .
Cau 13. Cho phuong trinh sin2x = % Goi n 1a so cac nghiém cta phuong trinh trong doan [0; 37]
thi gid tri cia n l1a

A. n=38. B. n=>5. C. n=6. D. n=2.
Cau 14. Tinh téng cdc nghiém x € [0;20187] ctia phuong trinh sin2x = 1.

A S:407123157'C‘ B. S:4O7143157r. C s— 8141262171'. D. S— 8141462171:.
Cdu 15. Tim s6 nghiém thudc khoang (—7; 7r) clia phuong trinh cosx + sin2x = 0

A 1. B. 4. C. 2. D. 3.
Cau 16. Phuong trinh sin5x — sinx = 0 ¢6 bao nhiéu nghiém thudc doan [—20187;20187]?

A. 16145. B. 20181. C. 20179. D. 16144.

Cdu 17. Do thi clia cdc ham sb y = sinx va y = cosx cat nhau tai bao nhiéu di€ém c6 hoanh d6 thudc

doan [—2%; 57”} ?

A. 5. B. 6. C. 4 D. 7.
~ e . £ . N T n -
Cdu 18. Vai gia tri cia tham s6 m thi phuong trinh cos (x — E) —2m = 0 v0 nghiém?

1 1
m< —— m< —— <1 < -1
A. 2. B. 2. c. |"z e
" 1 m>l m>1 m>1
2 -2
CAu 19. Tim tit ci cdc gid tri nguyén ciia tham sd m d€ phuong trinh cos® x = m? — 9 ¢6 nghiém.
A. 5. B. 2. C. 1. D. 3.

Cdu 20. Cho van tdc v (cm/s) clia mot con lac don theo thdi gian ¢ (gidy) dugc cho bdi cong thiic
. ﬂ’. » . ~ N, - R N . ~ A A g .z . 2, A
v = —3sin (1 , 5t + §> X4éc dinh cac thoi diém # ma tai dé van toc con lac dat gia tri 16n nhat.

St 4m Tn  4¢m

Ar="1" kew B.t= " ke
3 +43 K€ E +43 K€
T T T T
_S%, o7 7. D. =%, T 7.
ok ke 1= ok ke
_ HET—
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DAY sO. CAP SO CONG VA CAP SO
NHAN
s1. DAYSO

LY THUYET CAN NHO

B8 piNHNGHIA DAY SO
{¥ Dinh nghia day s6: M&i ham sb u xac dinh trén tip cac s6 nguyén duong N* dudc goi 1a mot

day s6 vo han (goi tit 1a day s). Ki hidu u = u(n).

A Tathuong viét u, thay cho u(n) va ki hiéu day sé u = u(n) béi (uy,). Do do day sé (u,) duoc
viét dudi dang khai trién uy,us,u3, ..., Uy, ..., trong do

o uy lasoé hang dadu;

® u, la s6 hang thit n va la sé hang téng qudt ciia ddy so.

{3 Dinh nghia day sb hitu han:

e Moi ham s u x4c dinh trén tap M = {1,2,3,...,m} v6i m € N* dugc goi 1a mot day sd hitu
han.

e Dang khai trién ctia n6 12 uy,us,u3, .. ., uy, trong d6 u; 1a s6 hang dau, u,, 1a sé hang cudi.

CACH CHO MOT DAY SO

Ta thuong gap mdt trong cac cach sau day:

@ Liét ké céac s6 hang (chi dung cho cac dy hitu han va c6 it s6 hang);
@ Day sb cho biang cong thiic ctia s6 hang tong quat;

@ Day sb cho bang phuong phap md ta;

@ Day s6 cho bang phuong phép truy hdi, nghia la

e Cho sb hang dau (hay vai s6 hang dau).

e Cho hé thiic truy hoi, tiic 1a hé thifc biéu thi s6 hang thii n qua s6 hang (hay vai s6 hang)
ding trudce nod.
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DAY SO TANG, DAY SO GIAM

® Day s6 (u,) dugc goi 1a diy sb ting néu ta c6 u, 1 > u, véi moi n € N*.

@ Day sb (u,) dugc goi la diy sb gidm néu ta c6 u, | < u, v6i moi n € N*,

I8 DAy SO BICHAN
® Day sb (u,) dugc goi 1a bi chin trén néu ton tai mot sé6 M sao cho u, < M,Vn € N*,
@ Day s6 (u,) dugc goi 1a bi chiin dudi néu ton tai mot sd m sao cho u, > m,Vn € N*.
® Day s6 (u,) dugc goi 1a bi chidn néu né vira bi chin trén vira bi chin dudi, tdc 1a ton tai cac sb m,

M sao chom < u, <M,Vn € N*,

Y/ PHAN LOAI VA PHUONG PHAP GIAI TOAN

DT Iol Tim cdc s hang clia déay sb cho bdi cong thirc tdng quét

=Vidu 1. Cho day s6 (uy,), biét u, = 3nL1 Tim ba s6 hang dau tién ctia dy s6.
— ) 24+3n+7
=Vidu2. Cho day s (u,) dugc xdc dinh bdi u, = ”++1+
n
a) Viét nim s6 hang dau ctia day.
b) Day s6 c6 bao nhiéu s6 hang nhan gia tri nguyén?
— , ~ A - A A i3 2 1
=Vidu 3. Cho day so (u,) c6 so hang tong quat u, = n—:—z :
n
a) Viét nam s6 hang dau clia day sd. b) Tim s6 hang thi 100 va 200.
c) S6 7y 1a s6 hang thit may? d) Day sb c6 bao nhiéu s6 hang 13 sb nguyén?

DT '9' Tim céc s6 hang cla day sd cho bdi cong thirc truy héi

Lt]:—l

v6i n > 0. Tim ba s6 hang dau tién ctia dy s.
Upt+1 = Up+

=Vidu 4. Cho day sb (u,), biét {
upy = 1

=Vidu5. Cho diy s6 (u,) dudc xac dinh bsi
’ up =2u,_1+1,(n>2).

a) Hay viét dang khai trién ctia day sb trén.
b) Tinh ug.

u1:1,u2:1

=Vidu6. Cho day sb (u,) dugc xdc dinh bsi { (ddy s Phi-bo-na-xi).

Up = Up—1 + Up—2, (n > 3)
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1. DAY SO

a) Hay viét dang khai trién ctia ddy sb trén.
b) Tinh u7.

DT Iel Du dodn va chitng minh céng thirc tdng quét ctia déy sé bang
phuong phap quy nap (doc thém)

=Vidu 7. Choday sb (u,) c6 uy =3 vaup, 1 = u, +5 v6i moin > 1.

a) Tim 5 s6 hang dau cia diy sb trén.

b) Du dodn cong thic va chitng minh quy nap cong thic téng quat clia day sb trén.

=Vidu8. Cho day sb (u,) biét: u; = 10, u, 1 = 2u,, véi moin > 1.

a) Tinh Uy, usz,Uq,Us.

b) Dung quy nap dé€ chitng minh u,, = 10.2"~!, vn > 1.

= . % L Jur=1
=Vidu9. Cho day so (u,) xac dinh béi:

Up =2up_1+3 Yn>2
a) Viét nim s6 hang dau ctia day.

b) Chiing minh ring u, = 2"*+! — 3.

=Vidu 10. Ngudi ta nuoi cdy 5 con vi khuin ecoli trong moi trudng nhan tao. Ct 30 phiit thi vi
khuén ecoli sé nhan doi 1 1an.
a) Tinh s6 lugng vi khuan thu dudc sau 1,2, 3 1an nhan doi.

b) Du dodn cong thiic tinh s lugng vi khuin sau n git va chitng minh cong thiic d6 bang phuong
phap quy nap.

DT 'G' Xét su téing gidm cla ddy sb

{3 Phuong phap 1: Xét diu cia hiéu s6 u,4 1 — u,.

o Néuu, 1 —u, >0,Vn € N* thi (u,) 1a ddy sb ting.
o Néu w1 —u, <0,Vn € N* thi (u,) 1a ddy sb giam.

Un+1

{3 Phuaong phap 2: Néu u, > 0,Vn € N* thi ta c6 thé so sanh thuong Vvéi 1.
Up
. u z

o Néu 2L > 1 thi (uy,) 12 day sb ting.
Up

. u z
o Néu 2L < 1 thi (uy,) 1a day sb giam.
Up

£ R LR . u
Néu u, < 0,¥n € N* thi ta ¢6 thé so sanh thuong —--"

2,0

vé6i 1.

Up
2z Up4
e Néu

Un

4 u - VS
o Néu 2L > 1 thi (u,) 12 ddy sb giam.
Un

< 1 thi (u,) 1a ddy s6 ting.
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=Vidu 11. Xét tinh ting giam cda day s6 sau (u,) v6i

2n+1 41
a) uy = n’, b) tn == ©) Un =5
n
d) I/ln:3—n e) un:(—l)n f) un:\/_—\/n—|-3,

=Vidu 12. Anh Thanh vira dugc tuyén dung vao mot cong ty cong nghé, dude cam két luong nim
dau sé& 1a 200 triéu dong va luong mdi nim tiép theo sé dudc ting thém 25 triéu dong. Goi s, (triéu
ddng) 12 luong vao nidm thit # ma anh Thanh lam viéc cho cong ty d6. Khi dé6 ta cé:

s1 =200,s, =s,_1+25v6in > 2.
a) Tinh luong cua anh Thanh vao nam thu 5 1am viéc cho cong ty.

b) Ching minh (s,) 1a ddy s6 ting. Gidi thich y nghia thuc té ctia két qui nay.

DT 'e' Xét tinh bi chdn cia day s

D€ ching minh day s6 (u,) bi chin trén bdi M, ta ching minh u,, < M,Vn € N*.

Dé chiing minh day s6 (u,) bi chin duéi béi m, ta ching minh u, > m,V¥n € N*.

D& chitng minh day sb bi chiin ta chiing minh né bi chiin trén va bi chin duéi.

Néu day sb (uy,) ting thi bi chin dudi b&i u; ddy sb (u,) giam thi bi chin trén bdi u;.

=Vidu 13. Xét tinh bi chin cta cic day s6 (u,) sau, v6i

3n—1
Q) = 5. b) u, = 2sinn? ©) U, = 3Z+1.
2
A u, = - — : = :

— N " 8n+3 .
=Vidu 14. Chiing minh rang day so (u,) xac dinh bdi u, = 3n i 5 la mot day sb bi chan.
n
3n

—_ N < 1
=Vidu 15. Chiing minh rang day so6 (u,) v6i u, = 210 bi chan trén bsi 5

=Vidu 16. Xét tinh bi chin cta day (u,) dugc cho bsi

1 1 1 1 1 1 1

DT IG' Véan dung thuc tién

=Vidu 17. Biétring nim 2016, dan s6 ctia Viét Nam 1a 93,422 triéu ngudi. Ty 18 ting dan s6 hang
nim ctia Viét Nam 1a 1,07% thi sb dan P, (triéu ngudi) cia Viét Nam sau n nim, ké tif nim 2016,
dugc tinh bang cong thic B, = 93,422(1+0,0107)". Hdi néu ting trudng theo quy luat nhu vay thi
vao nim 2026, dan s6 Viét Nam khoang bao nhiéu triéu ngudi?

TOAN 11 - CHAN TROI SANG TAO




© Trudng THPT Bao Son Tay 1. DAY s& \ \

=Vidu 18. Chi Huong vay trd gop mot khoén tién 100 triéu dong va dong y tra dan 2 triéu dong
modi thang véi 1di suit 0, 8% sb tién con lai cia mdi thang.
Goi A, (n € N) 1a s6 tién con ng (triéu dong) ctia chi Huong sau n thang.

a) Tim lan ludt Ag,A1,A>,A3,A4,As,Ag d€ tinh sb tién con nd ctia chi Huong sau 6 thang.

b) Du dodn hé thiic truy hdi dbi véi day sb (A,,).

BAITAP TY LUYEN

o Tim 4 s6 hang dau tién clia cac day sb (u,) biét s6 hang téng quat:

14+n 2" —1
= —. b = . = (—1)"v/4"
14+ (—1)" 2
d) un:L. e) = sin? 2F 4 cos X
n 4 3

. < . 2 1

o Cho day s0 (u,) v6i sO hang tong quat u, = njz :
n

a) Tim 4 sb hang dau tién ctia day s (uy,).
L 105 0 PP SR SR
b) SO =1 la sO hang thd may cta day so (u,)?

n—1

3n+1

. Hay viét dang khai trién cta day s6. Tinh usy va ugg.

Cho day s6 (uy,) v6i u, =

Viét nim s6 hang dau tién ctia dy s6 (u,) va du doan cong thiic sb hang tdng quat u,, theo n clia
cic day s6 (u,) sau

) up =3 b) u =1
a
Upt] = l-l—u,zl,Vn > 1. Upy1 = 2u, +3,Vn > 1.

e Xét tinh ting gidm ctia ddy sd (uy,), biét

1
a) u, =n>—2n+1. b) u, = ——2.
n
V2 1 1 1
= =, Dy, =——+—— . —
©) Un == Y= ma et

o Trong céc day s6 (u,) sau, diy sd nao bi chin trén, bi chin dudi va bi chin?

3n+1
2
pu— 5‘ b pu— .
a) u, =n"+ ) up TS
2
T n°+2n

—= —1 n —_— d = =\

) up = ( )coszn ) Un 2l

o Viét Nam 1a qudc gia nam 3 phia Pong ban dao Pong Duong thude khu vic Dong Nam A. Véi
dan s udc tinh 93,7 triéu dan vao dau nidm 2018, ti 1 ting dan s6 hang nim 12 1,2%. Gia st ti 18
tdng dan s tif nim 2018 dén nidm 2030 khong thay d6i thi dan sd nudc ta dau nam 2030 khoang
bao nhiéu?
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€ Ong An giii tiét kiém 100 tri¢u ddng Ki han 1 théng véi 1ai sudt 6% mot nam theo hinh thic tinh
13i kép. Sé tién (triéu dong) ctia 6ng An thu dudc sau n thang dugc cho bdi cong thiic
0, 06)

A, =100(1+2—
" (+12

a) Tim s6 tién 6ng An nhin dudc sau thang thid nhét, sau thang thi hai.
b) Tim s6 tién dng An nhan dudc sau 1 nim.

e Chi Mai gdi tién tiét kiém vao ngan hang theo thé thic 13i kép nhu sau: Lan dau chi gu’l 100 triéu
dong. Sau do, cii hét 1 thang chi lai gti thém Vao ngan hang 6 triéu dong. Biét 1ai suét clia ngan
hang 13 0,5% mot thang. Goi P, (triéu dong) 1a sb tién chi c6 trong ngan hang sau n thang.

a) Tinh s tién chi c6 trong ngan hang sau 1 thang.
b) Tinh sb tién chi c6 trong ngin hang sau 3 thang.

¢) Du doan hé thiic truy hoi dbi vé6i day P,.

@ Trong mit phang toa do, cho dudng thing A: y = y
2x+ 1. Trén A iy diém A; c6 hoanh do bang —.
x—+ 1. Trén A lay diém A ¢6 hoanh do bang3 A3/,,,,,

Qua A; ké mot dudng thang song song véi truc
hoanh cat dudng thang d: y = x tai diém B1; goi
A» 1 giao diém ciia A v6i duong thang di qua B;
va song song vdi truc tung. Véi di€m A,, lai thuc
hién cdc budc tuong tu nhu da 1am vé6i diém A
ta sé dudc diém As. V6i diém A3, lai lam nhu thé
ta dugc di€ém A4. C4 tiép tuc mai qud trinh trén, A
ta s& dugc mot day vo han cic di€ém Aj, Ay, As,
Au, ... nam trén A (hinh bén).

V6i mbi sd nguyén duong n, goi u, 1a hoanh do A
clia diém A,,. Hiy cho day sb (u,) bing hé thic By
truy hoi.

Y/ BAI TAP TRAC NGHIEM

Cdau 1. Cho day sb (uy), biét u, = (—1)" - 2n. Ménh dé nao sau day sai?
A. u3 = —6. B. u, =4. C. uy = -8. D. u; =-2.

Cdu 2. Cho day s6 (uy,), biét u, = % Ba s6 hang dau tién cta diy sd d6 1an lugt 12 nhitng s6 ndo
dudi day?
111 I
A —ps— B. -
2°4° 16 2
Cdu 3. Cho céc day sb sau, diy s n
AL gL
2 3’ 4 27476
CAu 4. Cho day sb (u,) v6i u, = (2017 +n)". S6 hang dau tién cla day 1a
A. 2018. B. 2018 C. L D. 2017.

3

C. e

=
N =
e
0| =

3 1
4 2’

L»JII\J

o la day tang?

l C. —1;3;5;3. D. 2;4;6; 8.

-I>I>—‘
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Cdu 5. Cho day s6 (uy,) v6i u, = 2n+ 1. Tim us.

A. 11. B. 2. C. 1. D. 3.
c 5 (1) " ’ :
du 6. Cho day so (u,) xac dinh bdi . Tim s0 hang thit hai cua day so
" Upi1 =/ 1+u véin>1
A. u, =2. B. uy =+/10. C. up = 10. D. u, = V2.

IZ3] =1
Upt1 =Up+2,Vn> 1.
A. 7. B. 5. C. 9. D. 3.

Cdu 7. Day (u,) gdm c6 5 phan ti cho bsi { Phan ti thit 5 ctia day bang

CAu 8. Cho day s6 (u,) c6 u; =2, up =3 va u | = 2up +u,_1 v6i moi n > 2, n € N. Tim sb hang
tht tu ctia ddy s6 do.

A. Ug = 19. B. Uqg = 17. C. Uug = 13. D. Uqg = 14.
PN ~ A uy=up =1 % . ” ~
Cau 9. Cho day so (uy,) : Tim s0 hang thit 7 cia day.
Up = Up_ 1+ Uy_,Vn > 3.
A. uy = 13. B. uy = 21. C. u; = 17. D. uy = 7.
Céu 10. Cho day 56 (i) V01 1ty = 2= S6 ~= 1a 56 hang thit bao nhiéu cia day?
. Cho day so0 iu, = . S0 — la so han ao nhiéu cua day?
Y30 W) YOI = 20 4520 17 e ena ey
A. 4. B. 7. C. s. D. 6.
Cau 11. Cho day sb (uy,), biét "1 56 2 1456 hang thit miy ciia day 567
. up), biet u, = .S0 — u ?
y n) " 15 ang y y
A. 7. B. 6. C. 5. D. 8.
Cdu 12. Cho day sb (u,) biét u,, = 2". Ménh dé nao sau day 1a ménh dé diing?
A. =22 B. up o =2"42. C. tpyp=2-2" D. up o =4-2".
Cdu 13. Trong cic day so (uy,) sau diy, hdy chon day sb giam.
) n*+1
A. u,=+/n—+n—1. B. u,=sinn. C.u, = . D. (—1)"(2"+1).
n

Cau 14. Day s6 nao c6 cong thiic s6 hang téng quat dudi day 12 day sb ting?

1 n
A u,= (5) ) B. u,=(-3)". C. u, =2020—3n. D. u, =2018+2n.

~ £ . . T 2 . N A 1s 4z
Cau 15. Cho day s0 (uy), v6i u, = sin T Khang dinh nao sau day la ding?
n

A. Day sb (u,) khong ting khong giam.
B. Day s0 (u,) 1a mot day sb ting.

) T

C. SO hang thd n+ 1 cta day 1a u,, . = sin T
n

D. Day s6 (uy,) la day sb bi chan.

Cdu 16. Trong cic day so (uy,) sau, ddy s6 nao la day sb bi chian?

1
A u,=——. B. un:\/n2—|—1, C.u,=2"+1. D. u,=n+-—.
n+1 n
. ) 1234 . L )
Cau 17. Cho day (u,) 1a: 0; 5; 5; 4_1; 5’ SO hang tong quat (u,) 1a
_ 2
A 1L g. =1 c. . iy
n n n+1 n+1
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Cdu 18. Cho diy s6 c6 cac sd hang dau 1a: —2;0;2;4;6;. ... S6 hang tdng quat ctia ddy sd nay 1a cong
thiic nao dudi day?

A u,=-2(n+1). B. u, = —2n. C. u,=2n—4. D. u,=n-2.
uy =

S6 hang tdng quét u, ctia diy s6 1a s6 hang

Cdu 19. Cho day s6 (uy,), dugc xac dinh
Up1 = LUp.

nao duéi day?
A. u,=2" B. u, =2"t! C. u,=2. D. u,=n""1

Cdu 20. Mot vi sinh dic biét X c¢6 cach sinh sdn vo tinh ki la, sau mot gio thi dé mot 1an, dic biét
séng dudc tSi gio thd 1 (v6i n 14 s6 nguyén duong) thi ngay 1ap tic thoi diém d6 né dé mot 1an ra 2 con
X khéc, tuy nhién do chu ki ctia con X ngan nén ngay sau khi dé xong lan thi 2, n6 lap tic chét. Hoi
rang, néu tai thdi diém ban diu c6 diing 1 con thi sau 5 git c6 bao nhiéu con sinh vét X dang séng?

A. 256. B. 96. C. 336. D. 32.
_HET—
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2 cie st cone | AN
§2. CAP SO CONG

LY THUYET CAN NHO
n binh nghia

Cip s6 cong 1a mot diy sd (hitu han hodc vo han), trong d6 ké tir s6 hang thi hai, mdi s6 hang déu bang
s6 hang diing ngay trudc né cong véi mot sd khong ddi d. Nghia 1a

Upy1 = Uy +d véi n € N*.

e S6 d dugc goi 1a cong sai clia cAp sb cong.
e Diic biét khi d = 0 thi cip sb cong 1a mot diy s6 khong ddi (tit ca cac sd hang déu bing
nhau).
S6 hang tong quat

Néu cip s6 cong (u,) c6 sb hang dau u; va cong sai d thi s6 hang tdng quat u, clia né dudc xic dinh
theo cong thic

up=u;+(n—1)d

Tinh chét ctia ba s6 hang lién tiép

Goi ug_1,uy, up41 12 ba sb hang lien tiép ctia mot cip sb cong thi

U1 U

5 véi k> 2

Uy

2 2 X A, A A A
n Tong n so hang dau cua mot cap so cong
Cho (u,) 1a mot cip s6 cong vdi sd hang dau 1a u; va cong sai d. Dit

Sp=ur+uy+uz+---+up

Khi do:
5 — n(uy +uy) _ n(uz +uy—1) _ n(u3+up—2) ...
hoac
n
Sn = 5(2’41 +(n—1)d)
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/[ /
Y PHAN LOAI VA PHUONG PHAP GIAI TOAN

= 10 TOAN

DT '0' Ching minh déy sé 1& mét cdp sé cong

Ta can chiing minh u, | —u, = d, v6i d 1a mot s6 khong ddi (cong sai).

=Vidu 1. Trong cac day sb sau, ddy sb nao 1a cip s6 cong? Vi sao?

15 11 7
a) 107_27_147_267_38’ b) 5,17 ,Z,E’
o) V1,v2,v/3,V4,V/5; d) 1,4,7,10,13.

=Vidu2. Viét 5 s6 hang dau ctia mdi day (u,) sau va xem né c6 phéi 1a mot cip sb cong hay
khong? Néu diy 1a mot cip s6 cong, hdy tim cong sai.

a) u, =3n+2 b) u, =3"—-1

uy =2
= (n+2)2—n? d
C) Uy (l’l+ ) n ) {un+1:3—un, Vélnz 1.

=Vidu 3. Chiing minh cdc day s6 sau 1a mot cip s6 cong. Xdc dinh cong sai va s hang dau tién
cua cap so cong do.

a) Day sb (u,) v6i u, = 19n—5. b) Day sb (u,) v6i u, = —3n+ 1.

DT '9' Céng sai, sé hang ddu va sé hang t8ng quét ctia cép sé cong

=Vidu4. Cho clp sb cong (u,) c6 sd hang dau u; = 4 va cong sai d = 3.

a) Viét cong thiic sb hang tong quat u,,.

b) Sb 832 1a s6 hang thit miy ctia cip s6 cong trén?

¢) S6 2024 c6 1a sd hang nao clia cap sb cong trén khong?
=Vidu5. Viétsdu sb xen giita hai s6 3 va 24 dé dugc cip s6 cong c6 tdm sb hang. Tim cip s6 cong
do.

=Vidu 6. Tim sd hang dau, cong sai va s hang tdng quat ctia cip s6 cong, biét

) u7:27 b) u9:5u2
a
uj5 =59. u13 = 2ug+5.
o Uy +ug —ug=—7 d) uz—u7; = —38
ug —uy :2u4. uz - uy =175.
5
: M1+M5:§ up+uy+u3=9
€
_ 65 u%+u%+u§:35.
usz-ugq = 7—2
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DT Iel Téng clia n s6 hang dau tién clia mét cp sé cong

Téng ctia n s6 hang dau tién: Dit S, = uy +us +uz + - - - + u,,. Khi dé

~on(utuy)  n(uptu,1)  n(uztu, o)
o S, = =

2 2 2

nn—1)

e Viu, =u; + (n—1)d nén cong thiic trén c6 thé viétlai1a S, = nu; + >

d.

=Vidu 7. Cho mot cp sb cong (u,) c6 Sg = 18 va S19 = 110. Tinh Syo.

=Vidu8. Cho mot cp sb cong (u,) cb uz + urg = 100. Hay tinh téng ctia 30 s6 hang dau tién cia

cap so cong do.

— -, A X N A . 2 A A A <A
=Vidu9. Tim so0 hang dau va cong sai cua cap so cong, bict

) u? +us+uj =155 b S3=12
S3 =21. S5 = 35.
{55:5
9)
Uip-Up-U3 - Uq - Us =45.
S; =20

=Vidu 10. Tim s6 hang tdng quat cliacips6cong,biét{ 1 1 1 1 25 vacipsdcong

up uy uz ug 24
c6 cong sai la mot sO nguyén am.

=Vidu 11. Tinh céc téng sau

a) S=1+43+54+---+(2n—1)+(2n+1). b) § = 1002 —99% +982 — 97> 4 ... +2%2 12,

DT IG' Tinh chét cla cép sé céng

@ Néu a; b; c theo thif tu 1ap thanh cip s6 cong thi a + ¢ = 2b.

@ Luuy:
e Néu cho ba s lién tiép ctia mot cip s6 cdng, ta c6 thé xem ba s d6 1a
a—d; a;, a+d
e Néu cho bén s6 lién tiép ctia mot cip s6 cong, ta c6 thé xem ba sd d6 1a

a—3d; a—d; a+d; a-+3d.

=Vidu 12. Tim ba s6 hang lién tiép ctia mot cip sb cong biét tdng ctia ching bing 27 va tdng cic

binh phuong cia ching l1a 293.

=Vidu 13. Tim bdn s6 hang lién tiép ctia mot cip s6 cong, biét tdng ctia chiing bang 10 va tng
binh phuong ctia chiing bang 30.

=Vidu 14. Ba géc cia mdt tam gidc vudng 1ap thanh mot clp s6 cong. Tim ba géc do.

TOAN 11 - CHAN TROI SANG TAO
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=Vidu 15. Cho a, b, c 1a ba s6 hang lién tiép ctia mot cip s6 cong. Ching minh ring
a) a®+2bc = c* +2ab.
b) 2(a+b+c)* =9[a*(b+c)+b*(a+c)+c*(a+Db)].

¢) b?+bc+c?, a* +ac+c?, a* + ab + b* ciing 1a mot cip s6 cong.

DT' ; Van dung, thuc tién

=Vidu 16. Mot ngudi trong 3003 ciy theo mdt hinh tam gidc nhu sau: “Hang thi nhit c6 mot cay,
hang thif hai c6 2 cdy, hang thi ba c6 3 cy, ...”. Héi c6 bao nhiéu hang cdy dudgc trong nhu thé?

=Vidu 17. Ban A muén mua mén qua ting me va chi nhan ngay Qudc té phy nit 8/3. Do d6 A
quyét dinh tiét kiém tif ngay 1/1 clia nim d6 véi ngay dau la 500 dong/ngay, ngay sau cao hon ngay
trude 500 dong. Hoi ding dén ngay 8/3 ban A c6 di tién d€ mua qua cho me va chi khong? Gia st
ring mén qua A du dinh mua khoang 800 ngan ddng va tit ngay 1/1 dén ngay 8/3 c6 sb ngay it nhét
la 67 ngay.

= Vidu 18. Mot gia dinh can khoan mot céi giéng dé lay nudc. Ho thué mot doi khoan giéng nudc.
Biét gid ctia mét khoan dau tién 132 80000 ddng, k€ tir mét khoan thi hai gid cia mbi mét khoan ting
thém 5000 dong so véi gid cia mét khoan trude d6. Biét can phai khoan sau xudng 50m méi cé nudc.
Hoi phéi tra bao nhiéu tién dé khoan ci giéng d6?

=Vidu 19. Anh Nam dugc nhan vao lam viéc 6 mot cong ty vé cong nghé véi mic luong khdi

diém 1a 100 triéu dong mot nam. Cong ty sé ting thém luong cho anh Nam mdi nim 1a 20 triéu dong.
Tinh t6ng s6 tién luong ma anh Nam nhan dudc sau 10 nim lam viéc cho cong ty dé.

IS BAITAPTU LUYEN

Cho cip s6 cong (u,) v6i u; =9, cong sai d = —2. Viét ba s6 hang dau cia cip sd cong do.

Cho cip sb cong (u,) c6 sb hang dau u; = 2 va cong sai d = 3. Hiy viét nim s hang dau ctia
cap soO cOng nay.

Cho day s6 (u,) v6i u, = 5n— 1. Ching minh ring (u,) 12 mdt cip s6 cong. Tim s6 hang dau u;
va cong sai d cua no.

Cho day sb (u,) v6i u, = —2n+ 3. Chiing minh rang (u,) 1a mot cip sb cong. Xic dinh s hang
dau va cong sai clia cip sb cong nay.

Tim nam sd hang du va s6 hang thd 100 ctia cap s6 cong (1) : 10,5, .. ..

S6 hang thit 10 cia mot cAp sb cong (u,) biang 48 va sb hang thi 18 biang 88. Tim s6 hang thi
100 ctia cip s cong do.

Cin ly tdng ctia bao nhiéu sd hang dau ctia cip s cong 2,5,8, ... d& dugc két qua bang 3457

00 06 ©0 ©0 00

Mot nha thi diu ¢6 20 hang ghé danh cho khén gia. Hang thid nhét c6 20 ghé, hang thi hai c6 21
ghé, hang thif ba ¢6 22 ghé, .... Cti nhu thé, s6 ghé & hang sau nhiéu hon s6 ghé & hang trudc 12
1 ghé. Trong mot gidi thi d4u, ban t6 chiic da ban dugc hét sb vé phat ra va sb tién thu dudc tir
ban vé 1a 70800000 ddng. Tinh gid tién ctia mdi vé (don vi: dong), biét s6 vé ban ra bang sb ghé
danh cho khan gia ctia nha thi diu va cac vé 1a dong gia.
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0 Gia ctia mot chiéc xe 9 tO lic méi mua 1a 680 triéu dong. Cif sau mdi ndm st dung, gia clia chiéc
xe O to giam 55 triéu dong. Tinh gid con lai cia chiéc xe sau 5 nam st dung.

@ Mot kién triic su thiét ké mot hoi trudng véi 15 ghé ngdi & hang thi nhat, 18 ghé ngdi & hang thi
hai, 21 ghé ngdi & hang thi ba, va cid nhu vy (s6 ghé & hang sau nhiéu hon 3 ghé so véi s6 ghé
& hang lién trudc né). Néu mudbn hoi trudng do6 cé sic chia it nhit 870 ghé ngdi thi kién tric su
d6 phai thiét ké t6i thiéu bao nhiéu hang ghé?

m Vao nam 2020, dan s6 cia mot thanh phd 1a khoang 1,2 triéu ngudi. Gia st mbi nim, dan sb clia
thanh phd nay ting thém khoang 30 nghin ngudi. Hay udc tinh din s clia thanh phd nay vao
nam 2030.

@ Chiéu cao (don vi: centimét) ctia mot dida tré n tudi phat trién binh thudng dudc cho bdi cong
thuc:
Xp=T15+5(n—1).

(Ngudn: https://bibabo.vn)

a) Mot dia tré phat trién binh thudng c6 chiéu cao nim 3 tudi 12 bao nhiéu centimét?
b) Daiy s6 (x,,) c6 1a mot cip sb cong khong? Trung binh mot nim, chiéu cao mbi difa tré phat

trién binh thudng ting 1én bao nhiéu centimét?

(® Khi ki két hop dong lao dong véi ngudi lao dong, mot doanh nghiép dé xuit hai phuong dn tra
luong nhu sau:

o Phuong 4n 1: Niim thi nhét, tién luong 13 120 triéu. K& tif nim thi hai trd di, mbi nim tién
luong dugc tang 18 triéu.

o Phuong 4n 2: Quy thif nhét, tién luong 1a 24 triéu. K& tir quy thy hai trd di, mbi quy tién
luong dugc tang 1,8 triéu.

Néu 13 ngudi dudc tuyén dung vao doanh nghiép trén, em sé& chon phuong an nao khi:
a) Kihop dong lao dong 3 nim?
b) Ki hop dong lao dong 10 nim?
m O mot loai thuc vat ludng boi, tinh trang chiéu cao cdy do hai gene khong alen 1a A va B cling
quy dinh theo kiéu tuong tac cong gdp. Trong kiéu gene néu cid thém mot alen trdi A hay B thi

chiéu cao cay ting thém 5 cm. Khi truéng thanh, cy thip nhét cla loai nay véi kiu gene aabb
c6 chiéu cao 100 cm. Hoi cdy cao nhat véi ki€u gene AABB c6 chiéu cao bao nhiéu?

LY/ BAITAP TRAC NGHIEM

Cau 1. Trong cic diy sb hitu han sau, diy s6 nao 1a cip s6 cong?

A. 2;8;32. B. 3;7;11; 16.
C. (uy) Vi u, =4+3n. D. (v,) v6i v, = n’.

Cdu 2. Cho cép sb cong (u,) biét u, = 3 — 5n. Tim cong sai d cla cip s cong (uy,).
A. d=3. B. d=-5. C. d=-3. D. d=5.
Cdu 3. Tim sb hang thi 11 ctia cip sb6 cong c6 s6 hang dau bang 3 va cong sai d = —2.
A. —21. B. 23. C. —17. D. —19.
Cdu 4. Cho cip s6 cong cé u; = 1 va cong sai d = —4. Gia tri clia s6 hang thii 17 bang bao nhiéu?
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A. uy7 = —63. B. ui7 = 65. C. uy7 = —85. D. ui7 = —75.
CaAu 5. Tim gid tri ctia x, y sao cho diy s —2, x,4,y theo thi tu 1ap thanh mot cip s6 cong.
A. x=2y=8. B.x=1,y="17. C. x=2,y=10. D. x=-6,y=2.
Cdu 6. Cip sb cong (u,) ¢ ug = 12, ujo = 24. Tim s6 hang dau u;.
A. u =3. B. u; =2. C. u; =5. D. u; =-3.
Cau 7. Cho cép sb cong (u,) c6 u; = 123 va uz — uy5 = 84. S6 hang u17 bing
A. 235. B. 242. C. 4. D. 11.
. . R . 4 2 » +us—u; =1
Cdu 8. Tim so hang dau va cong sai cta cap so cong biét 2Tl
u; +ug = 16.
171 14 14 171
A.uyy=—,d=——. B. uyyj=——,d=—.
m=7d =1 M=l g
C.uj=2,d=3. D.u=3,d=2.
CAu 9. Cho9, x, —1, y1a 4 s6 1ap thanh cip sb cong, khi d6 gia tri cta x,y la
x=4 x=2 x=2 x=4
A. . B. . C. . D. .

u4:7u1 % ) . o A A A N

. Tim s0 hang tht hai cua cap so cong nay.
5 pu—

A. u2:9. B. u2=6. C. u2:3. D. uy; = 12.

Cau 11. Cho hai s6 —3 va 23. Xen ké giita hai s6 di cho n sb hang dé tit ca cac sd d6 tao thanh cip
s6 cong c6 cong sai d = 2. Tim n.

A. n=14. B. n=15. C. n=13. D. n=12.
Cau 12. Cho cip sb cong (u,) c6 u; = 3 va cong sai d = —2. Tinh Syp17 = uy +up + -+ usg17.
A. Syo17 = —4060211. B. Syp17 = —4060221. C. Spo17 =4072323.  D. Syy17 = 4073232.
CAu 13. Tinh téng S = 1+5+9+---+397 ta dugc két qua
A. 19298. B. 19090. C. 19920. D. 19900.

Cdu 14. Mot cip sb cong c6 15 sb6 hang. Biét tong ctia 15 s6 hang d6 bang 120 va cong sai bang —4.
Tim s6 hang dau.

Cdu 10. Cho cip s6 cong (u,) théa min {

A. u; = -20. B. u; = 36. C. u; = 540. D. u; =64.
Cau 15. Cho cip sb cong (u,) v6i u; =2, d = 9. Khi d6 s6 2018 1a s6 hang thid méy trong day?
A. 223, B. 225. C. 224. D. 226.
CAu 16. Cho day s6 (uy), biét: u; =3, 1,41 = u, +4 v6i n > 1. Tim u1900.
A. 3900. B. 4000. C. 3999. D. 4200.
Cdu 17. Tinh s6 hang dau u; va va cong sai d ctia cip s6 cong (uy,), biét {ul tus—us =10
Ul +ug="17.
A. uy =-36,d=13. B. u; =36,d =13.
C. u; =36,d=—13. D. uy = —-36,d =—13.

Cdu 18. Ngudi ta trong 1275 cay theo hinh tam gidc nhu sau: Hang thi nhit c6 1 cay, hang thif 2 ¢6
2 cdy, hang thi 3 ¢6 3 cdy, ... hang tht k c6 k cdy (k > 1). Hoi c6 bao nhiéu hang?
A. 51. B. 52. C. 53. D. 50.

Cadu 19. Bé An luyén tap khiéu vii cho budi da hdi cudi khéa. Bé bat dau luyén tap trong 1 gid vao
ngay dau tién. Mdi ngay tiép theo, bé ting thém 5 phut luyén tip so vdi ngay trudc d6. Hoi sau mot
tuan, téng thoi gian bé An da luyén tap 1a bao nhiéu phiit?
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A. 505 phut. B. 450 phut. C. 525 phut. D. 425 phut.

Cadu 20. Chu vi ctia mdt da gidc 1a 158 cm, s6 do cic canh ctia n6 1ap thanh mot cAp s6 cong vé6i cong
sai d = 3 cm. Biét canh 16n nhit 12 44 cm. S6 céc canh clia da gidc d6 1a bao nhiéu?

A. 4. B. 6. C. 5. D. 3.

Cadu 21. Béc Binh muén trong ciy ca phé trén mot ngon ddi nhu sau: Tir trén dinh doi trong hang thi
nhat 2 cdy; di xubng hang thif hai 5 ciy; di xuéng hang thif ba 8 cdy; .. .; di xudng hang cubi ciing duéi
chin doi trong 26 ciy. Theo cach trong nhu trén bac binh trong dudc bao nhiéu ciy ca phé?

A. 224 cay. B. 112 cay. C. 126 cay. D. 121 cay.

Cdu 22. Mot cong ty tra luong cho anh A miic luong 12 4,5 triéu dong/quy va ké tir quy lam viéc thd
2 thi mifc luong sé ting thém 0,3 triéu dong mdi quy. Hoi téng sb tién sau 3 nim 1am viéc anh A nhan
dudc la bao nhiéu?

A. 56 triéu. B. 72 triéu. C. 74,3 triéu. D. 73,8 triéu.

Cadu 23. Ong X vay ctia cong ty A mot khodn tién 72 triéu dong va 6ng nay tra nd cho cong ty A nhu
sau: O quy thd nhit dng tra 3 triéu dong va ké tir quy thi 2 mifc tra sé ting thém 0,2 triéu dong mbi
quy. Héi sau bao 1au thi 6ng X trd hét ng?

A. 5 nam. B. 6 nam. C. 3 nam. D. 4 nam.

Cdu 24. Mot da gidc c6 n canh va c6 chu vi bang 158 cm. Biét s6 do cdc canh ctia da giac 1ap thanh
mot cap sb cong va cong sai d = 3 cm va canh 16n nhat ¢6 do dai 1a 44 cm. Pa gidc c6 s6 canh n
bing

A. n=>5. B. n=7. C. n=6. D. n=4.

Cau 25. Tinh téng tit cdc gid tri ctia tham s6 m d€ phuong trinh x* — 2(m +2)x* +2m+3 = 0 c6 bon
nghiém phan biét 1ap thanh cip s cong.

14 10 12 8

—. B. —. C. —. D. —-.

9 9 9 9

—HET—

A.
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Cép s6 nhan 1a mot diy s6 (hitu han hodic vo han), trong d6 ké tir s& hang thi hai, mdi sd hang déu 1a
tich ctia s6 hang diing ngay trude n6 véi mot sd khong ddi g. Nghia la

Upy1 = Uyg V6i n € N*.

S6 ¢ dugc goi la cong boi clia cip s6 nhan.

Khi ¢ = 0 cip sd nhan c6 dang u;,0,0,...,0,...

Khi g = 1 chp sb nhan c6 dang uy,uy,uy,...,uy,...

Khi u; = 0 thi v6i moi ¢ cip s6 nhan c6 dang 0,0,0,...,0,...

S6 hang tong quat

Néu mot cip sd nhan c6 s6 hang dau u; va cong bdi ¢ thi s6 hang téng quat u, ctia né dudc xac dinh
bdi cong thiic

Uy = Uy -q"_lvéin > 2.

Tinh chét clia ba s6 hang lién tiép

Gia SO uy_1, ug, ug,1 12 ba sd hang lién tiép ctia mot cAp sb nhan thi

u,zc = U1 Ugyy V6i k>2

n Tong ctia n s6 hang dau ctia mét cap s6 nhan
Cho cép sb nhan (u,,) v6i cong bodi g # 1. Pit S, = uy +up + - - - + u,. Khi do

e Néu g # 1 thi

_ up (1—4")
l—q

e Néug=1th
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DT '0' Ching minh déy s6 1& mét cdp s6 nhan

=Vidu 1. Trong cic day sb sau, ddy nao 1a cip s6 nhan? Xac dinh s hang dau va cong boi clia cap
s6 nhan.

a) Day sb (u,) v6i u, = (—3)2"+1 b) Day s6 (u,) v6i u, =n-52"1.

=Vidu 2. Chiing minh cic ddy s6 sau 1a cip s6 nhan. Hay tim cong bdi va sd hang dau ctia cip sb
nhan doé.

. i . e 5
a) Day (up) v6i u, = (—1)".32". b) Day (vy,) v6i v, = 3

=Vidu3. Cho day s6 (u,) xac dinh bdi u; = 1, u,41 = 5.u, + 8, v6i n > 1. Ching minh (v,) véi
Vv = u, +2 12 cip s6 nhan.

DT Iel Céng bdi, sé hang ddu, sé hang tdng quat

=Vidu 4. Cho cép sb nhan (u,) véi cong boi duong, biét u; = 3 va us = 48.

a) Tinh ug.
b) Hoi s6 1536 1a s hang thi may?

=Vidu 5. Giita cic s6 160 va 5 hdy chén 4 s6 nita d€ tao thanh mot cip s6 nhan. Tim 4 sb do.

=Vidu6. Tim sb hang dau u;, cong bdi ¢ va s6 hang tdng quat u, cta cip sd nhan (u,) biét

) uy+us=>51 b) U] +ug = 165
a
uy +ug = 102. uz + uy = 60.
Uy —uy =72 uy+uy+u3 =13
9 d)
us —uz = 144. ug +us +ug = 351.

DT lel Tinh tdng ctia » s6 hang dau tién clia mét cdp sé nhan

=Vidu7. Cho cip sb nhan (u,) véi u, = 12.2" 1.

a) Tim s6 hang dau u; va cong bdi g. b) Tinh tdng ctia 10 sd hang dau tién.

c) Tinh tdng S' = uz +ug+ ...+ uis.

=Vidu8. Tim cong boi cia mot cap sb nhan c6 sd hang dau 1a 7, sb hang cubi 1a 448 va tdng sb
cac so hang 1a 889.

=Vidu9. Tim s6 hang dau ctia mot cip sd nhan, biét ring cong bdi 1a 3, téng sb cac s6 hang 1a
728 va s6 hang cubi 12 486.
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— e 11 I
=Vidu 10. Tinh tong sau: A =2 1+§ Z+---+m.

— ) . 1\? 1\?

=Vidull. Cho n la s0 tu nhién > 2, tinh tong sau: S, = (2—|— E) + (22+—) + -+
1 2

(24 5)

DT (2, Tinh chét cla cdp sd nhan

=Vidu 12. Tim a d€ ba sb a—2; a —4; a+2 theo thi ty 1ap thanh cip s nhan.
=Vidu 13. Tim 3 s6 hang lién tiép ctia mot cAp s6 nhan biét téng clia chiing 1a 19 va tich 1a 216.

=Vidu 14. Tim céc s6 duong a va b sao cho a,a +2b,2a+ b theo thi ty 1ap thanh mot cAp sb cong
va (b+1)%, ab+5, (a+1)* theo thi tu 1ap thanh mot cAp sb nhan.

, —— theo tht tu 1ap thanh mot cip sb cong thi 3

— C s ’ ;2
=Vidu 15. Ching minh rang néu 3 s6 —,
y—x'y y—z

| =

s6 x,y,z 1ap thanh mot cAp sd nhan.

=Vidu 16. Cho ba sb tao thanh mot cip sb cong c6 tdng 21. Néu thém 2, 3, 9 lan lugt vao sb thd
nhét, s6 thi hai, sb thi ba tao thanh mot cAp s6 nhan. Tim 3 s6 do6.

=Vidu 17. Ba s6 khac nhau c6 téng bing 114 c6 thé coi 1a ba s6 hang lién tiép cia mot cip sb
nhan hoic coi 1a s6 hang thi nhét, thi tu va thif 25 ctia 1 cip s6 cong. Tim céc s6 do.

DTl j Van dung, thuc tién

=Vidu 18. Tim 4 géc clia mot td gidc, biét ring cac goc d6 1ap thanh mot cip s6 nhan va géc cudi
gp 9 1an goc thi hai.

=Vidu19. D6 dai cic canh ctia AABC 1ap thanh mdt cip s6 nhan. Ching minh ring AABC c6
hai géc khong qua 60°.

= Vi du 20. Mbt khu ritng c6 trit lugng gb 1a 4.10° mét khi. Biét tbc do sinh trudng ctia cic cdy &
khu riing d6 12 4% mdi nim. Héi sau 5 nim, khu riing d6 sé c6 khoang bao nhiéu mét khbi gb?

=Vidu 21. Mot ngudi glii ngan hang 150 triéu dong theo thé thic 1ai kép, 1di suit 0, 58% mot thang
(k€ tir thang thy 2, tién 1di dudc tinh theo phan trim ctia tong tién 1di thang truée dé va tién gbc cla
thang truéc d6). Sau it nhit bao nhiéu thang, ngudi d6 c¢6 180 triéu dong?

=Vidu 22. Mot ctia hang kinh doanh, ban dau ban mit hang A véi gid 100 (don vi nghin dong).
Sau dé, clia hang ting gid mat hang A 1én 10%. Nhung sau mot thdi gian, ctia hang lai tiép tuc ting

gia mit hang d6 1én 10%. Hoi gia ctia mit hang A ciia ctta hang sau hai 1an ting gia 12 bao nhiéu?

=Vidu23. Ty I ting dan s6 ctia tinh M 1a 1,2%. Biét ring s6 dan cla tinh M hién nay 1a 2 triéu
ngudi. Néu lay két qua chinh xdc dén hang nghin thi sau 9 nim nita s6 dan ctia tinh M sé 12 bao nhiéu?
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BAITAP TU LUYEN

® 06 0

®© 6 6 6 © 0 © O

Trong cic diy s6 dudi day, day sd nao 1a cp s6 nhan?

A . ~ % . 2n—3

a) Day sb (x,), véi x, = n’. b) Day sb (y,), véi y, = V/5 e
5 A % 2 ~ A . 341

C) Day SO (Zn)’ VOl Z, = ; d) Day SO (Wn), Vo1 w,, = ?)HT

Trong céac day so sau day nao la cap s6 nhan? Hay xac dinh cong bdi cia cap so nhan do.

a) 1;4; 16; 64; 256. b) 2; —2;3; —3;4; —4.
1 1 1 1
_1. —
L35 g

. P | 1 . 4
Biét ba so _5; b; 135 theo thu tu 1ap thanh cap so nhan. Tim b.

Gifia cic s6 160 va 5, hiy chén vao 4 sb nita dé tao thinh mot cip sé nhan va tim cip sb nhan
do.

Tim s6 hang dau u; va cong bdi ¢ clia cip s6 nhan trong céc trudng hop sau:

) usz +us =90 b) up —u3z+us = 65
a
uy — ug = 240. uy+uy = 325.
Uy 4+ ug +ug = —42 d up+ur +uz+ug =15
uz + us = 20. ut +u3 +u3 +uf = 85.

Cho ba sb khéc nhau 1ap thanh cip s cong, binh phuong clia cic sé d6 1ap thanh cip sb nhan.
Tim céc sb do6.

Tim cdng boi cua tat ca cac cip s6 nhan sao cho tong bon s6 hang dau tién clia cap s6 nhan do6
bang 15 va tdng cac binh phuong ctia chiing bang 85.

A X 2 A A A A < A v A A X N 148 X N 2,
Tim 4 s0 hang dau cua mot cap so nhan, bict rang tong 3 s6 hang dau la 35 dong thoi, theo thu

tu, chting 12 s6 hang thi nhét, thi tu va thd tdm ctia mot cip sb cong.

Cho 3 s6 c6 tdng bing 28 1ap thanh cip sd nhan. Tim cp s6 nhin d6 biét néu s thi nhit gidm 4
thi ta dudc 3 sb 1ap thanh cip sb cong.

Tim s0 do bon goc ciia mot ti gidc, biet so do cac goc do 1ap thanh mdt cap so nhan ¢6 so hang
cuoi gap tam lan so hang dau tién.

S6 do ba kich thudc ctia hinh hop chit nhat 1ap thanh mot cap s6 nhan. Biét thé tich ctia khéi hop
12 125 cm? va dién tich toan phan 1a 175 cm?. Tinh tng sb do ba kich thudc ctia hinh hop chit
nhat do.

Mot ngudi mudn ¢6 100 triéu sau 18 thang phéi glti mdi thang vao ngan hang bao nhiéu tién, biét
13i suat 0,6%/ thang (1di kép)?

Nim 2020, mot hing xe 6 to niém yét gid ban loai xe X 13 900.000.000 dong va du dinh trong
10 niim tiép theo, mbi nim gidm 2% gid ban so vdi gia ban ctia nim lién trude. Theo du dinh do,
nim 2025 hing xe 6 t6 niém yét gid ban loai xe X 13 bao nhiéu (két qua 1am tron dén hang phan
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nghin)?

(@ Té bao E. Coli trong diéu kién nudi cdy thich hop ci 20 phiit lai nhan doi mot 1an. Néu lic dau
¢6 10'2 té bao thi sau 3 gid sé phan chia thanh bao nhiéu t& bao?

@ Ngudi ta thiét ké mot cai thap gdm 11 ting theo cach: Dién tich bé mit trén clia mdi ting bang
ntia dién tich mit trén cia ting ngay bén dudi va dién tich bé miit trén ciia ting 1 bang niia dién
tich dé thap. Biét dién tich dé thap 1a 12288 m?, tinh dién tich mit trén cling.

@ Mot ngudi giii tiét kiém vao ngan hang theo hinh thiic nhu sau: Hang thang tif dau mdi thang
ngudi d6 sé giii cb dinh s tién 5 triéu dong véi 13i suit 0,6% trén thang. Biét ring 13i suat khong
thay ddi trong qua trinh gii, thi sau 10 nim s6 tién ma ngudi d6 nhan dudc ca von 1an 13i khodng
bao nhiéu?

Q Ong An vay ngan hang 1 ti dong v6i 13i sut 12%/nam. Ong da tra ng theo cach: Bt dau tir thang
thit nhit sau khi vay, cudi mdi thang 6ng trd ngan hang cung s tién 1a a (ddng) va da trd hét no
sau ding 2 niAm ké tif ngay vay. Hoi s6 tién mdi thang ma dng An phai tra 13 bao nhiéu dong (1am
tron két qua dén hang nghin)?

Y/ BAi TAP TRAC NGHIEM

Cdu 1. Trong cic diy sd hitu han sau, diy s6 nao la cip s6 nhan?

A. 2;4;8;16;32;63. B. 1;—2;41; —18; 116;—32.
C. 1;3;9;27;54:162. D. 4;2;1;5;4_1;1_6'
Cdu\2. Trong cic diy (u,) cho béi sd hang tdng quat dudi day, diy nao 1a mot cip s6 nhan c6 cong
boi bling 22
A. u,=2n+3. B. u, =2". C. u,=2"+3. D. u,=n+2.
Cau 3. Tim cong boi ciia cip s6 nhan (u,,) biét s6 hang téng quat u,, = 32"
A. g=09. B. ¢=2. C. g=3. D. g=6.
Cdu 4. Day sb nao sau diy khong phai 12 mot cip s6 nhan?
A. (un):l;—%;%;—%;%. B. u,=2"+2.
C. u, =2"+2t1, D. (u,):7:7,7;7;7;. ...
Cdu 5. Cip sb nhan (u,) c6 u; =3, ¢ = 2. Tim u,.
A. u, =6. B. u; =5. C. up = —6. D. u, =1.
Cdu 6. Cho cap s6 nhan (uy,) biét u; = 3 va cong bdi ¢ = —2. Tim s hang thii bay ctia cAp s6 nhan
do.
A. u; =192. B. u; =-9. C. u7 =-192. D. u; = 384.

. L . 1
Cau 7. Cho cap so nhan (u,), bict u; =2,q = 3 Tim ugo.

2 2 3 2
A- 3_8. B- 3TO. C- F. D- ?-
CAu 8. Tinh tdng 10 s6 hang diu tién ctia cAp s nhan (u,), biét u; = —3 va cong boi g = —2.
A. Sip = —1023. B. S0 =1025. C. S;0=—1025. D. S0 = 1023.

Cdu 9. Cho cip s6 nhan (u,) c6 us = 15 va ug = —1875. Cong bdi clia cip s6 nhan 1a
A. g=3. B. ¢g=-3. C. g=-5. D. g=5.
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Cau 10. Cho cip s nhan (u,) thda man {Zi:ijﬁ a4 Tinh cong bdi g clia cip sb nhan (uy,).
A. g=2. B. ¢g=-3. C. g=3. D. g=-2.

Cdu 11. Cho cip s6 nhan (u,) : u; = 1,q =2 . Hi 2048 1a s6 hang thid miy?
A. 12. B. 9. C. 11. D. 10.

Cdu 12. Cho cip s6 nhan véi u; = 3,q = —2. S6 192 1a s6 hang thit méy ciia cip s6 nhan?
A. us. B. ug. C. uj. D. ug.

Cdu 13. Xdc dinh x dé 3 sb 2x — 1; 2x; 2x + 3 theo thif tu d6 1ap thanh mot cap s6 nhan.
A.x:—%. B.x:—g. C.x:%. D.x:g.

Cau 14. Cho tam gidc ABC c6 ba géc A, B,C theo thi tu 1ap thanh mot cAp sd nhan vé6i cong boi
g = 2. Tinh s do géc A.

A Z. B. . c. 2% . &

2 7 7 7

Cau 15. Ba s6 thuc a, b, c theo thi tu 1ap thanh mot cAp s6 nhan. Tinh gia tri biéu thic D = ac — 5b
biét rang abc = —27.

A. D= —6. B. D=-24. C. D=6. D. D=24.
Cau 16. Cho céic s6 x + 6y; 5x+2y; 8x +y theo thi tu d6 1ap thanh cip sd cong, dong thdi cic sb
x—1; y+2; x — 3y theo thi tu d6 1ap thanh mot cip sd nhan. Khi d6 x + 2y bang

A. 10. B. —10. C. 14 D. —14.
Cau 17. Ba canh ctia mot tam gidc vudng 1ap thanh cip s6 nhan. Tinh ti s6 canh géc vudng nhé chia
cho canh huyén.

A V3HL B Yi-! ALY p. Y3-1
2 2 2 2
up =1
Cdu 18. Day s6 (u,) xic dinh bdi 1 Vv6in>1.Tinhtdng S = u; +ur + ... +ujp.
Up+1 = JUn
2
5 1023 1023
A S=-. B. S=—. . S=2. D. ——.
S 2 S 2048 .5 512

Cau 19. Trong mot cap s6 nhan gdm cac s6 hang duong, hiéu ctia s6 hang thit nim va sd hang thif tu
12 576, hiéu ctia s6 hang thi hai va s6 hang dau tién 12 9. Tim tdng S3 clia 3 sb hang dau ctia cip s

nhan nay.
A. S3=21. B. §3 = —63. C. S35 =63. D. §3 = —21.
Cau 20. Giatriciatong S = 1 +3+3% +--- 432018 bing
32019 -1 32018 -1 32020 -1 32018 -1
A.S="——. B.S="——. S S=" D.S="— —
S 3 S 5 C.S 3 S 5

Cdu 21. Cho cép s6 nhan (u,) c6 hang dau u; = 2 va téng cla 8 s6 hang dau tién Sg = 6560. Tim
cong boi ¢ ctia cip s6 nhan da cho.
1

A. g=3. B. ¢g=-3. C.q:§. D. g=43.
Cdu 22. Ba sb lap thanh mot cip sd nhan. Néu s6 hang thi hai cong thém 2 ta dudc mdt cip sb cong.
Sau d6 cong thém 9 véi s6 hang thi ba ta lai dugc mot cip sd nhan. Tinh tdng ba s6 do.

16 52 4 64
——. B. —. .. D. —.

25 25 ¢ 25 25
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Cdu 23. Mot ngudi gtii ngan hang 100 triéu dong véi ky han 3 thang, 14i sudt 2% mot quy theo hinh
thic 13i kép. Sau diing 6 thang, ngudi d6 gti thém 100 triéu dong véi ky han va 13i suit nhu truée do.
Téng sb tién ngudi d6 nhan dudc sau 1 nam ké tir khi bat dau giii tién gan véi két qua nao sau day?

A. 212 triéu. B. 210 triéu. C. 216 triéu. D. 220 triéu.

Cdu 24. Ong A mua mdt chiéc 6 to tri gia 1 ty ddng, do chua d tién nén 6ng chon mua bing hinh
thic trd gép hang thang (s6 tién trd gép mdi thang nhu nhau) véi 1di sudt 12%/nim va tra truéc 500
triéu dong. Hoi mdi thang dng phai tra s tién gan nhit véi sb tién nao dudi day dé sau ding 2 nim ké
tif lic mua xe, 6ng tra hét ng, biét ky trd ng dau tién sau ngay mua 6 t6 diing mot thang va chi tinh 1ai
hang thang trén s6 du ng thuc té ciia thang d6?

A. 23.573.000 dong.  B. 23.537.000 dong.  C. 23.703.000 dong.  D. 24.443.000 dong.
Cdu 25. Mot thg thii cong mudn vé trang tri mot hinh vudng kich thudc 4m x 4m bang cach vé mot
hinh vudng mdi véi cac dinh 1a trung di€ém cac canh ctia hinh vudng ban dau, va t6 kin mau 1én hai tam
gidc d6i dién (nhu hinh vé). Qu4 trinh v& va td theo quy luat d6 dudc lip lai 5 1an. Tinh sd tién nudc
son dé ngudi thg d6 hoan thanh trang tri hinh vudng trén? Biét tién nudc son 1 m? 1a 60000 dong.

A. 575000 ddng. B. 387500 ddng. C. 465000 ddng. D. 232500 ddng.
_HET—
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NN § © Chavrg 3

G1O1 HAN. HAM SO LIEN TUC

s1. GIGI HAN CUA DAY SO

TOM TAT LY THUYET

B8 Gi61 HAN HO'U HAN CUA DAY SO

{3 Dinh nghia 1: Day sb (u,) c6 gidi han 12 0 khi n dan t6i duong vo cuc néu |u,| c6 thé nhé hon
mot s6 duong bé tuy y, ké tit mot sd hang nao d6 tr di. Ki hiéu

lim u, =0
n——+-o0

{3 Dinh nghia 2: Day s6 (u,) c6 gidi han1a a néu lim (u, —a) = 0. Ki hiéu

n—y+oo

lim u, =a
n——+-o0

A Ta cé thé'viét limu, = a thay cho cdch viét lirJrrl u, = a (khong cdn viét chi s6 n — +oo)
n—s+o0

{3 M6t vai gidi han dic biét: (co thé xem nhu cong thiic)

1 1 1
e lim—=0; e lim— =0; e lim— =0, véi |g| > 1;
n Vn g
.1 . . )
o lim— =0,v6ikeN"; o limC=C,VCeR; e limg" =0, néu |g| < 1.
n

DINH LY VE GIGI HAN HG'U HAN CUA DAY SO
{3 Néu limu, = a va limv, = b thi ta c6:

o (v =atbi o gim(2) =2, voip£0; * mll = o
Vn

e lim (u,.v,) = a.b; e lim,/u, = \/a, véia > 0; e lim(k.u,) =k.a (k € R).
3 Pinh Iy "kep giita":
e Néu 0 < |u,| < vy, Vn € N* valimv, = 0 thi limu, = 0.

e Néuw, <u, <v,, Vn € N*valimw, = limv, = a thi limu, = a.
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TONG CUA CAP SO NHAN LUI VO HAN

{7 Clp s6 nhan vo han (u,) c6 cong bdi g thod man |g| < 1 dudc goi 1a cdp s6 nhdn lii vé han.
{3 Cho cip s6 nhan 1ui vo han (u,), ta c6 tdng clia cAp sd nhan 1ui vo han d6 1a

ui

S=u+u+us+...tu,+...= —q

(gl < 1)

N GIG1 HAN VO CUC CUA DAY SO

{¥ Dinh nghia 1: Tanéi day sb (u,) c6 gidi han +oo khi n — o0, néu u, c¢6 thé 16n hon mot sb
duong bat ki, ké tir mot sd hang nao d6 trd di. Ki hiéu

limu, = +oo

{} Dinh nghia 2: Tanéi diy s6 (u,) c6 gidi han —oo khi n — oo, néu lim(—u,,) = +oo. Ki hiéu

limu, = —
X M6t sb gidi han dic biét:
@ limnk = +oo, v6i k € N*. @ limg" = +oo, V6i g > 1.

X M6t sb quy tic tinh gidi han v cuc:

® Quy tic tim gidi han cta tich u, - v,

limu, =L | limv, =c0 | lim[u, - v,]
L>0 +-00 +-00
L>0 —oo —oo
L <0 ~+o0 —oo
L<0 —o0 +oo0

@ Quy tic tim gi6i han clia thuong tn
Vn
limu, =L | limv, | Diuctav, | lim I
Vn
L Foo Tuy y 0

L>0 0 + o0

L>0 0 — —oo

L<O0 0 + —oo

L<O0 0 — o0
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1 conman coapiys6 | NANNE
Y/  PHAN LOAI VA PHUGNG PHAP GIAI TOAN

DT |0| Kh{r v dinh dang Z

PR PY . u
Xét giu6i han: lim —.
Vn

(¢" Phudng phéap giai:
e Dit nhan ti #¥ ¢6 tinh "quyét dinh oo" & tif va mau.
o Khii bé n¥, dua gi6i han vé dang xac dinh dudc.
o Ap dung dinh Iy v& gi6i han hitu han d€ tinh két qua.

(¢ Cha y: Trong trudng hdp ham mi, ta dit dai lugng "quyét dinh " c¢6 dang a”.

=Vidu 1. Tinh céc gii han sau

) i 2n2+3n—1 b) 1i 33 +2n% +n ) i n?+1
a) lim— im—— ¢ lim—F—
2 —3n? n3+4 2nt+n+1
n+1 1 20 +3n 207 -3 n*+3
d) li ( — ) li — li 1—
) Lim n2+2n n—1 ©) 1m( n+1 n2—1> D 1mn( n?—1
2n+3)(1-3 42 2t +1 2)?
o) lim( n—|—2 ) ( n) h) lim n*—2n i i lim( n* + Z(n+ )4
2n? —n+5 (n+1)(24n)(n*+1) (2n+1)*(2—n)

=Vidu 2. Tinh céc gi6i han sau

143" 4.3n 4 qntl gntl 4 gnt2
li b) lim———— lim ————
YV m S YR T Mg
=Vidu 3. Tinh céc gi6i han sau
2 lim 2n—1 b) lim Van? +3n—1 ¢ lim 4n* +1
im—- i i
VAan? +1+3n V32 +1-+2n+1 Vn*+4n+ 14 n?
. VN2 —4n—4n2 +1 . V83 +n2—1+4+n—4 . n?24+/1—nb
d) lim e) lim ) Iim—
V3n2+1+n 2n—3 Vit + 1+ n2
=Vidu 4. Tim céc gi6i han sau:
. 14+24...4n . I 1 1
: 2+4+8—|—...—|—2”) . ( 1 1 1 )
1 ( d) 1 —+—
©) lim 3.0 1 I 3 )

— £ . - . 1 e
=Vidub5. Cho day so (u,) xac dinh béi u; = 10 va u, | = 5”” +3,véimoin > 1.

15 L 2
a) Ching minh day (v,) xdc dinh béi v, = u, — 7 la mot cap so nhan.

b) Tinh limu,,.
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I chuongs. GIOIHAN. HAM SO LEN TYC = 10 TOAN

DT '9' Khir v dinh dang o — oo

Xét cdc giudi han dang: | lim (/i — v, ) [hodc | lim (y/u; — /Vn) |

(¢ Phuaong phap giai:
e Nhan thém lugng lién hgp:

(V=) (V1)

@ lim (/g —vy) = lim Ji o, = 1mm
@ 1im (\/ity — /7) = lim (\/”_”_\/VZ__:)JF(‘/\/ZJ“/V—”) :nm%

e Bién d6i biéu thiic can tinh gidi han v& Dang 1 (phan thiic, dit n*)

(£ Cha y: Doi khi, ta con st dung lién hgp bac ba d€ giai cdc bai todn tinh gidi han cia nhiing
diy sd ma cong thiic téng quat clia n6 c6 chiia 4n trong diu cin bac ba.

(VA-B) (VA +VA-B+B) A_ B

VA-B= 2 )
VA" +/A-B+B? VA" +/A-B+B?
=Vidu 6. Tinh céc gi6i han sau
a) lim (V2 +2n—n) b) lim (21— v/4n2 + 1) 0) lim (Vn2+n—Vn?+2)
1
d) limn(vn2+2—n e) lim(vn?+2n—n—1 f) lim )
(v ) (v ) N TR o

=Vidu 7. Tinh céc gi6i han sau

a) lim<\3/n3+2—n) b) lim(\3/n3+1—\/n2—i—1> c) lim(\3/n3—|—2—\/n2—|—n>

DT Iel Mat s6 quy tdc tinh gii han vé cuc

60

® Quy tic tim gidi han cia tich u,, - v,

limu, =L | limv, =co | lim[u, - v,]
L>0 oo oo
L>0 —oo —oo
L<O0 oo —oo
L<O0 —oo +o0

<~ “ e > u
@ Quy tac tim gi6i han cta thuong —

Vn
. . 2 ” . Un
limu, =L | limvy, | Daucuav, | lim—
Vn
L Foo Tuy y 0
L>0 0 + o0
L>0 0 — —o0
L<0 0 + —oo
L<0 0 — o0
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© Trudng THPT B&o Son Tay 1. a1 HAN cUA DAY 36 | A AT

=Vidu 8. Tinh cdc gii han sau:

a) lim (2n° +2n—1) b) lim (n—2n?) ¢) limvn?+2n+7
d) lim (V2 =3n—vn+2) e lim(1—-V1+3n?) f) lim (3" —2-5")
=Vidu9. Tinh cdc gidi han sau
. 214 5t by I 1+23"—7" . 1-23"+7"
a m-——-——- m-———m——- C m _————-
1+5 5 2.6 2n(3n+1_5)

=Vidu 10. Tinh céc gidi han sau:

2n*4-n? -3 2n3 4 n+4 (B3n—1)(n—2)
lim—— > b) lim——— li
o o W N ) Im = 2 T
2n+5 2n+5 3n—1)*n—-2
d) Tim ——" &) lim———1> f 1im D (1 =2)

vn2+1—n vn+1—y/n (1—2n)*

DT Iel Téng clia cép sé nhan Iui vé han

{3 Cép s nhan v6 han (u,) c6 cong boi ¢ thod min |g| < 1 dudc goi 1a cdp s6 nhdén livi vé han.

{3 Cho cip s6 nhan 1ti vo han (uy,), Xét S = uy +us +uz +... +u, + ... Khi d6, ta c6 cong thiic

tinh
Ui
S =
l—¢
=Vidu 11. Tinh céc tng sau:
I 1 1
Q) S=c+ sttt b) S=16—-8+4—2+...

3 32 3n
=Vidu 12. Hay bi€u dién cic s6 thap phan vo han tuan hoan sau dudi dang phén sd.

a) A=0,353535.... b) B=15,231231....

=Vidu 13. Mot bénh nhan hang ngay phai uéng mot vién thudc 150 mg. Sau ngay dau, truéc médi
1an udng, ham luong thudc cii trong co thé vin con 5%. Tinh lugng thudc cé trong co thé sau khi udng
vién thubc ctia ngay thit 5 . USc tinh luong thube trong co thé néu bénh nhan st dung thudc trong mot
thoi gian dai.

=Vidu 14.

Tam gidc ma ba dinh ctia n6 1a ba trung di€ém ba canh clia tam A
giac ABC dudc goi la tam gidc trung binh cua tam giac ABC.
Ta xay dung day cac tam giac A1B|Cy, A2B2C,, A3B3C3, ...sa0
cho A1BC; 1a mot tam gidc gidc déu canh bing 3 va véi mdi
s6 nguyén duong n > 2, tam gidc A,B,C, 1a tam gidc trung binh
ctia tam gidc A,_1B,,_1C,_1. V6i mbi sb nguyén duong n, ki hiéu B>
S, tuong ting 1a dién tich hinh tron ngoai tiép tam giac A,B,C,,. A2

Tinh tong S = S1 + Sy + -+ Sy + -+ B B,
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= 10 TOAN

=Vidu 15. Cho hinh vuéng ABCD canh bing 2. Hinh vuéng A;B;C1D; c6 cic dinh 1a trung diém
clia cac canh cta hinh vudng ABCD, hinh vudng A,B,C>D> ¢6 céc dinh 1a trung di€ém cua cédc canh
cia hinh vudng A{B;C; D1, hinh vudong A3B3C3D3 c6 cdc dinh 1a trung diém clia cac canh cta hinh
vudng A,B,CyD;,..., hinh vuong A,B,C,D,, c6 cac dinh la trung diém cta cdc canh cla hinh vudng
A, 1B, 1Cy_1Dy—1,... (qud trinh chia nho nay duoc ldp lai vé han)

D

A

C

D,

@)

By

B,

B

Goi Sy, S7, S3,....5,... lan lugt 1a dién tich hinh vuong A|B;C1D;, AyByCyD,, A3B3C3Das,...,

A,B,C,D,,..... Tinh tdng S +S> + S35+ ... + S, + ...

IS BAITAPTU LUYEN

] 1
o Cho hai day so (up), (vy) V6iu, =3+ —;v, =5—
n

a) limu,,limv,.

2 .
— . Tinh cac gidi han sau:
n

b) 1im (it -+ vy), im (it — viy), lim (2t - v,,), lim 2.

e Tinh céc gidi han sau

3n+2
2n+3"
vVn?+2n—3

n+2

a) lim
¢) lim

0 Tinh céc gi6i han sau

7.5"=2.7"

lim > — ="
@) him ==

0 Tinh cac gidi han sau
a) lim (V2 +2n—n).

¢) im(vVn2+3n+2—n+1).

e Tinh céc gidi han sau

sin 10n + cos 10n

a) lim 2
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Vn

4n® —1

2n?+n’

V2 4+2n—n—1
Vil4n+n

b) lim

d) lim

4n+1 + 6n+2

b) i
) lim ST g

b) lim (vn3+2n—n?).
d) im(vn2+2n+3—1+n).

by lim 1 —sinnnm




© Trudng THPT B&o Son Tay 1. a1 HAN cUA DAY 36 | A AT

0 Tinh tdng cta cdc cip s6 nhan 1ui vo han sau

)ty aet(a) + b b L ()
a _—— —_— = e —_—— cee, —_ —_— —_— .o —_ oo
2 4 8 2 4 16 64 4

o Viét sb thap phan vo han tuan hoan 0,444 . .. duéi dang mot phan sd.

0 Tir to gidly, cat mot hinh tron ban kinh R (cm) nhu Hinh a. Tiép theo, cit hai hinh tron
ban kinh 5 roi chong 1én hinh
tron dau tién nhu Hinh b. Tiép
theo, cit bdn hinh tron ban kinh

1 roi chong 1én cic hinh trudc

nhu Hinh c. Ct thé tiép tuc mai.

Tinh t6ng dién tich ctia cac hinh a) b) o)
tron.

0 Cho tam giac vudong ABC vuodng tai A, c6 AB = h va
g6c B biang o (Hinh vé bén). Tir A ké AA; L BC, ti A,
ké AjA, L AC, sau d6 lai ké A»A3 L BC. Tiép tuc qua
trinh trén, ta dudc dudng gip khiic vo han AA|AA;5 . ..
Tinh do dai dudng gip khic nay theo & va o.

IELY/  BAITAP TRAC NGHIEM

~ 1.
Cau 1. Giéi han lim — bang
n

A. . B. +oo. C. 1 D. 0.

CAu 2. lim 3" bing
n—y+oo

A. —co, B. 2. C. +oo. D. 0.

. ) . o . 3Bu,—1
Cau 3. Cho day so (uy,) c6 limu, = 2. Tinh gidi han lim i

2u, +5
5 —1 3
A —. B. —. C. +oo. D. -.
9 5 * 2

CdAu 4. Cho day s6 (uy), (v,) théa limu, = 2, limv, = 1. Tinh lim (2u,, — 3v,,).

A. 3. B. 7. C. 2 D. 1.
Cdau 5. Néu limu, = L (v6i u, > —9 v6i ¥n € N*) thi lim/u,, + 9 c6 gid tri 12 bao nhiéu?

A. L+9. B. VL+9. C. VL+3. D. L+3.
Cdu 6. Cho day sb (u,) xdc dinh bdi u,, = (—0,99)". Chon ménh dé diing trong cdc ménh dé sau.

A. limu, = +oo. B. limu, = 0.

C. Khong ton tai lim u,,. D. limu, = —co.

n
Cdu 7. Gia tri ctia gi6i han lim (4+ ( +)1 ) bang
n

A. 1. B. 3. C. 4. D. 2.

- e ) -3 .
CCIU 8 Gia trl cua gldl han lim m la
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A. _Z B. —co. C. 0. D. —1.
4
2
Cdu 9. Gid tri cta gidi han lim ————— ba
i4 tri ciia gidi han lim 7=~ bing
A. 2. B. 1. C. % D. 0.
2
. 5
Cau 10. Tinh gidi han L = lim%.
AL—3 BL—1 C.L=2 D.L=1
L=3. L=3. . L=2. . L=1.
" ) 4n? 2 . ) .
Cau 11. Cho day so6 (uy) v6i u, = % bé day so da cho c6 giéi han bang 2, gia tri cia a
an
la
A a=—4. B. a=4. C. a=3. D. a=2.
Cdu 12. Trong cic gi6i han sau déy, gidi han nao bing 0?
. 3+2n? . 2n?-3 . 2n—3n° . 2n*—3n*
A. hman—l' B. llmm C. hmm D. hmm
Cdu 13. Diy s6 nao sau day c6 gidi han 1 +oo?
1 +n? n*—2 n*—2n 1+2n
Ay =——. B. uy=——. C.uyy=—-. D. —.
eSS S 503 I S a2 5n+5n?
Cdu 14. Day s6 nao sau day c6 gidi han 1a —oo?
1+2n n+2n—1 2n? —3n* n*—2n
. B. uy=——+ U= D. u, = :
5n+5n2 —n+2n3 n?+2n3 5n+1
Cau 15. Gid tri cita gidi han lim (V> —n+1—-n) Ia
A. —1. B. 0. C. 1. D. —oo.
2
~ I . an+4 L £ P L 5
Cadu 16. Cho day s6 (u,) v6i u, = Snt3 trong d6 a la tham so thuc. Dé day so (u,) cé gidi han bang
n
2, giatricuaala
A. a=10. B. a=8. C. a=6. D.a=4.
2n+b

Cadu 17. Cho day s6 (uy,) v6i u, = 513 trong d6 b 1a tham sb thuc. D€ day s6 (uy,) c6 gidi han hitu
n

han, gia tri cia b Ia

A. blamot s6 thuc tly y. B. b=2.

C. khong ton tai b. D. b=5.
Cdu 18. Tim tit c4 cic gia tri ca tham s6 a dé L = lim i _52)2’; ia;: 1 > 0.

A. a<0;a>1. B.0<a<1. C. a<0;a>1. D.0<ax< 1.
Cdu 19. C6bao nhiéu gid tri nguyén ciia tham s6 a thudc khoang (—10;10) d€ L=1im (5n—3 (a2 —2) n3) =
—o0?

A. 19. B. 3. C. s. D. 10.
Cdu 20. S6 thap phan vo han tuan hoan 0,5111--- dudc biéu dién bdi phan sb téi gian %. Tinh téng
T=a+b.

A. 17. B. 68. C. 133. D. 137.
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RECTPVEPEEAN N\ \
Cau 21. S6 thap phan vo han tuan hoan A = 0,353535 ... dudc biéu dién bsi phan sb t6i gian %. Tinh
T = ab.
A. 3456. B. 3465. C. 3645. D. 3546.
Cdu 22. Tong clia mdt cip sd nhan 1ui vo han bing 2, tdng ctia ba s6 hang dAu tién ctia cip sd nhan
L 9 .« N 5 A A ~ £ 15
bang T S0 hang dau u; cua cap sO nhan do la

9

A. u1:3. B. u1:4. C. I/tl:E. D. u1=5.
Cdu 23. Tinh téng S 9+3+1+1+1+ + ! +
. ln On fry u— J— [RE—
£ 379 313
27
A.S:T. B. S=14. C. S=16. D. S=15.

Cdu 24. Tir hinh vudng c6 do dai canh bang 1, ngudi ta ndi cc trung diém
ctia canh hinh vudng d€ tao ra hinh vuéng mdi nhu hinh bén. Tiép tuc qua
trinh niy dén vo han. Tinh tdng dién tich ctia tt ca cac hinh vudng dudc tao
thanh.

5 3
A —. B. -.
2 2

C. 2. D. 1.

i
[«

1
Cdu 25. Ngudi ta xép cac hinh vuong ké véi nhau nhu trong hinh dudi day, méi hinh vudng c6 do dai
canh bing ntia d6 dai canh cta hinh vudng truée né. Néu hinh vuong dau tién cé canh dai 10 cm thi
trén tia Ax can c6 mot doan thang dai bao nhiéu xentimet d€ c6 thé xép dudc tit ca cac hinh vudng dé?

A. 20. B. 15. C. 22. D. 18.
_ HET—

] TOAN 11 — CHAN TROI SANG TAO 65



[/ Chuong 3. GIOI HAN. HAM 56 LIEN TUC
§2. GIOI HAN CUA HAM SO

TOM TAT LY THUYET
B8 G161 HAN HGU HAN CUA HAM SO TAI MOT DIEM

{¥ Dinh nghia: Cho khoang K chifa di€ém x( va ham s6 y = f(x) xdc dinh trén K hoic trén K \ {xo}.
Tanéi ham s6 y = f(x) 6 gidi han 1a sd L khi x dan t6i xo néu v6i day sb (x,) batki, x, € K\ {xo}
va x, — xg, ta co f (x,) — L. Ki hiéu:

lim f(x) = L hay f(x) — L khix — xo
X—rX0
{3 Nhén xét: lim x = xp; lim ¢ = ¢ v6i ¢ 1a hang s6.
X—X0 X—X0
X Dinh i vé gidi han hitu han:
ia st i =Lva li = M. Khi do:
a) Gia st Jlim f(x) va lim g(x) ido

® Jim [£(3) +8()] = L+M; ® Jim [(x) ()] = L—M;
- o . f) L
® }ngclo[f(x)-g(x)]—L-M, @ )}L%@—M(neuM#O).

b) Néu f(x) > 0va lim f(x) =L, thi L >0va lim \/f(x) = VL.
X—X(Q X—X0

{3} Gidi han mét bén:

e Cho ham sb y = f(x) xéc dinh trén (xo;b). S6 L dugc goi 1a giéi han bén phai ctia ham s6
y = f(x) khi x — x0 néu véi day s (x,) bat ki, xo < x, < b va x,, — xo, ta c6 f (x,) — L.
Ki hiéu:

lim f(x)= L.
x—x§

e Cho ham s6 y = f(x) xdc dinh trén (a;x0). S6 L dudc goi 1a gidi han bén trdi ctia ham s
y = f(x) khi x — xo néu vé6i day s6 (x,) bat ki, a < x, < xo v x,, — X0, ta ¢6 f (x,) — L.
Ki hiéu:

lim f(x) = L.

x%xg
A\ Diéu kién dé'ton tai gidi han:

lim f(x) =L« lim f(x) = lim f(x) =L

X=X X=X X=Xy

GIGI HAN HO'U HAN CUA HAM SO TAI VO CUC

{X Dinh nghia:
e Cho ham s6 y = f(x) xdc dinh trén (a;+o0). Ta n6i ham s6 y = f(x) c6 gidi han 1a s6 L khi

x — +oo néu véi day sb (x,) bat ki, x, > a v x, — oo, ta c6 f (x,) — L. Ki hiéu:

lim f(x)=L.

X—>+o0
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e Cho ham s6 y = f(x) x4c dinh trén (—oo;a). Ta n6i ham sb y = f(x) c¢6 gi6i han 1a s6 L khi
x — —oo néu véi day sb (x,) bAt ki, x, < a va x, — —oo, tacé f (x,) — L. Ki hiéu:

lim f(x)=L.

X——o0
X Cha y:

e Vdi c, k 1a hang s6 va k nguyén duong, ta ludn cé:

® lim c=c @ lim c=c
X—>—+oo X—r—
. C . C
® lim — =0 @ lim —k:O.
X—r+oo X X—y—o0 X

e Dinh 1i vé gi6i han hitu han ctia ham s6 khi x — xo van con ding khi x — 40 hoiic
X — —oo.

GIGI HAN VO CUC CUA HAM SO

{¥ Dinh nghia : Cho ham s6 y = f(x) xdc dinh trén (a; +oo). Ta n6i ham sd y = f(x) c6 gidi han
1a —oo khi x — +o0 néu véi day sb (x,) bat ki, x, > a va x, — +oo, ta c6 f(x,) — —oo. Ki hiéu:

Jim 1) ==
{3 Nhan xét: xl_1>rJrrloof(x) = }oo <:>xl_1>r}rlm(—f(x)) = —oo,

{3 Mot vai gidi han dic biét:

e lim x¥ = oo, v6i k nguyén duong.
X—>+o0

. + oo néu k chan
e Jim x*= a .
X——oo —ooneu k 1¢.
X M6t vai quy tic vé gidi han vd cuc:

e Quy tic tim gi6i han ctia tich f(x) - g(x)

lim () =L [ lim g(x) | lim [f(x)- g(x)
L>0 +oo +oo
L>0 —oo —oo
L<0 +o0 —oo
L<O0 —o0 too

f(x)

e Quy tic tim gi6i han ctia thuong “——

g(x)

lim f(x)=L | lim g(x) | Dauctag(x) | lim Sx)
X—X( X=X x—xo g(x)
L Foo Tay ¥ 0
L>0 0 + +oo
L>0 0 - —oo
L<0 0 + —oo
L<O0 0 - +oo

Cic quy tic trén van ding khi thay x — xo bdi x — xar, x — x5 hodc x — 400, x — —oo,
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DT 0 Gi6i han cGa ham sé khi x — x;. Kh&r dang vé dinh g

Xét gi6i han lim @
x=x0 g(x)

(¢ Phuong phap giai: Thay xo vao % dé€ kiém tra, sé c6 mot trong cac trudng hop:
g(x

® T s6 f(xg) = a vamiu sd g(xg) = b # 0, ta suy ra ludn két qua

o f®) _ flo) _a

“hoglx)  glo) b

) X A ax i 0
@ Catl s6 va mau so déu bang 0 hay f(xg) = g(xo) = 0, ta xem day la dang v6 dinh o Khu

dang vo dinh nay bang cach phan tich nhan ti x — xo.
Phan tich f(x) = (x —xp) - f1(x) va g(x) = (x —xp) - g1(x). Khi d6

lim @ = lim M — lim fl(x)
X=X g(x) X=X (x—xo)gl (x) X=X g1(X)

(1)

Ta tiép tuc tinh gidi han (1).

@ Tir sb6 f(xo) # 0 va mau s6 g(xo) = 0. Ta dp dung céc dinh 1y lién quan dén gidi han vo
cuc dé tim két qua.

A\ Mot s6 cdch phdn tich nhdn tit thuong ding:
o Néu f(x) = ax* + bx +c c6 hai nghiém x1, x3 thi f(x) = a(x —x1)(x —x2).
o Néu f(x) la mét da thiic béc ba, bdc bon,...ta cé thé dung phuong phdp chia da thiic.

o Néu f(x) la biéu thiic chita cdn, ta diung cdch nhdn lugng lién hop.

=Vidu 1. Tinh cdc gidi han sau

x - 2x  Vatd+l
a) lim . b) lim ———-.
x—2 4 x>0 x2 42

=Vidu 2. Tinh céc gi6i han sau:

2 lim x> 4+2x—38 by lim 2x2 —5x+42 0 lim2x2—5x+2
im ———. im—. —_—
x——4  x24+4x wl o 1=2x x=2 x24+x—6
303 —5x2 42 X 4+3x2—9x—2 4x%2 —3x—1
d) im ——————. li . im —————
)XI_I:} 3x2 —5x+2 ©) paald) X —x—6 D il B +1

=Vidu3. Tinh cdc gidi han sau

) i Vx+3-2 b) 1i x—2 )i 2—vV5—x2
a m--—--—-. m -—--. C m —————-.
=1 2x—=2 x—2 \/E—2 x——1 x+1
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1—Ax+1 x> —4 3+1
d) hmz—. e) lim . f)
x—=0 x4+ 3x x=2x2+3x—1-3 «/x—i-

DT '9' GiGi han cia haim s6 khi x — +eo. Khit dang v6 dinh = co — o030 - 00

=Vidu 4. Tinh céc gi6i han sau:

a) lim X2 b) lim —ZX3_X+1O
x——003x+1" x—too x3 4+ 3x—3
4 3
.o xXT—x+3 1 { 2x2
3 1)2(2x+1)?
o) lim x° —3x N (x+1)2(2x+1)

e (x4 1)(222 —3) xrtee (203 + 1) (x—2)3

=Vidu5. Tinh céc gi6i han sau:

. Vx2—x4+5 VX x4 2x ) 2x—3
a) lim —————. b) lim ————. ¢ lim ————.
. 2x2 —Tx+1 s X242 . x+vVx2+2
d) lim ————. e) lim {/———. f) lim ———————.
xo—se 3[x[—7 x——oo \| 8x2 —x+5 x—r—e0 /8x3 4 x2 4 1
=Vidu6. Tinh céc gi6i han sau:
a) lim (VaZ4+x—x). b) lim (Vi2+x—Va?+2x). o lim x(VaZ+1+x).
X——+oo X—>—+o0 X—r—00
=Vidu 7. Tinh céc gi6i han sau:
a) lim (\3/x3+x—x). b) lim (\3/x3—|—x—\/x2—|—x).
X—>+oo X——o0
=Vidu 8. Tinh gi6i han clia cdc ham s sau:
a) lim (20 —x*+4x° -3). b) lim (2x° —x*+4x* —3).
X——+oo X—r—o0
©) lim (—x*—x*+4x+2). d) lim (= —x*+4x+2).
X——+too X—r—00
e) hm (\/x2+x—|—x) f) lim (Zx—\/xz—i—x).
X—>—oo
=Vidu9. Tinh céc gi6i han sau:
2 lim 5x2 —2x+3 by lim 2x® —x+10 ¢ lim 3t 522 +7
xofeo  x41 x—feo x243x—3 " x——eo  x3—15x
. XVl . x+3 x+3
d lim ———. e) lim —. f) IIm ——
x—=teo  2x—77 x—=teo\/x2 4 x —x X—— °°\/x2+x—|—x

DT '9' Gi&i han mét bén. Sy tén tai giéi han

Phuong phdp tinh lim f(x) va lim f(x) hoan toan tuong ty nhu bai todn tinh lim f(x).

X—Xg X=X X—X0
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A Luuy: xligclo f(x) =L khi va chi khi lim f(x) = lim f (x) =L.

X=X X=X
— . — x> khix<1 . ) ) )
=Vidu 10. Chohamso f(x) = _ Tim cac giéi han lim f(x), lim f(x), lim f(x)
: x khix>1. x—1+ x—1- x—1

(néu co).

=Vidu 11. Tinh gi6i han clia cdc ham s6 sau:

2
—x“+5
lim ——; b) li ;
) T e ) T3
20 ++/3—x |x? — 4|
lim ————; d) lim ——.
©) xir?* x—3 )xﬁlinff x+2

DT '9' Véan dung thuc tién

=Vidu 12. Mot cong ty san xudt mdy tinh da xdc dinh dugc rang, tinh trung binh mot nhan vién
- 50t X s S . . N
c6 thé lap rap duge N(t) = 4 (t > 0) bd phan moi ngay sau 7 ngay dao tao. Tinh thrf N(t) vacho
— 00
biét ¥ nghia ctia két qua.

=Vidu 13. Mot cai hod dang chia 200 m? nuéc min v6i ndng dd mudi 10 kg/ m’. Nguoi ta ngot
héa nudc trong hd bing cach bom nudc ngot vao hd véi van téc 2 m3/phuit.

a) Viét biéu thic C(¢) biéu thi ndng do mudi trong hd sau ¢ phiit k€ tir khi bt diu bom.

b) Tim gidi han ;lirf C(t) va giai thich y nghia.
—> o0

= Vidu 14. Trong Thuyét tuong dbi clia Einstein, khdi lugng ctia vat chuyén dong véi van tdc v cho
bdi cong thiic
my
[

2
trong d6 myq 1a khdi lugng clia vat khi né diing yén, c 1a van téc anh sang. Chuyén gi xay ra v6i khoi
luong ctia vat khi van tdc clia vt gan véi van toc dnh sang?

IS BAITAPTU LUYEN

0 khix<O

o Chohéunséf(x):{1 Khi x>0
ix>0.

a) Tim cac gidi han lim f(x) va lim f(x).
x—07T x—0~

b) C6 ton tai lim f(x)?
x—0
(2 1-2x khix<-—1

¥ +2 khix>—1.

Tim céc gidi han lim f(x) va lim f(x) va lim f(x) (néu co).
x——11 x——1" x——1

Cho ham s6 f(x) = {
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e Tinh cac gidi han sau:

2) hm 4> —x—5
T2 4+5x =2
X2 4+2x—15

¢) lim —.

x—3 x—3
o Tinh céc gidi han sau
2) lim VvIi+2x—1

x—0 2x
V14+x2-1

1 m-————.
©) 0 2x3 —3x2

e Tinh céc gidi han mot bén:

2. GIOIHAN CUA HAM SO

4—x?
b) Ii
) ximZ x+2

2x2 —5x+2
d) lim ———.
)x1—>2 x2—4

—v3x—-2
lim ———.
®) xl—>2 x2—4

d) lim V2x+T—x-—2

x—1 X3—4X—|—3

2
Cx+1
b) lim ="
x—4-  4—x

\ \

—5x+6
)ﬂ .Tim lim g(x) va lim g(x).

Cho ham 6 g( ) \x 2’ x—2F x—2-

Tinh céc gidi han sau:

1—2x
. )
a) th > 1 b) th ( x*+x+2 .X).

Trong ho c6 chita 6000 1it nu6c ngot. Ngudi ta bom nudc bién c6 nong d6 mudi 12 30 gam/lit vao
hé véi tée do 15 lit/phit.

a) Ching to rﬁng ndng dd mubi clia nudc trong hd sau ¢ phit ké tir khi bat dau bom la
C(t) = (gam/lit).

400 +1¢

b) Nong dd mudi trong hd nhu thé nao néu t — +oo.

) 0 néur<0 . . .
Cho ham so H(t) = neu (ham Heaviside, thuong dugc dung dé€ mo ta viéc chuyén
I néur>0
trang thdi tat/md ctia dong dién tai thoi diém ¢ =0 ). Tinh lim H () va lim H(z).
t—0+ t—0~

Chi phi (don vi: nghin dong) d€ san xuit x san phdm clia mot cong ty dudc xac dinh bdi ham sb
C(x) = 50000+ 105x.

a) Tinh chi phi trung binh C(x) d€ san xuit mot san pham.

b) Tinh 1—1>T C(x) va cho biét y nghia ctia két qua.
X oo
ax® 4+ 3ax —4a
Cho ham s6 f(x) = x—1
2bx+1 khix>1
f(x) c6 gidi han tai x = 1.

khi x <1 DA, N N A > ~ < A
. Biét rang a, b 1a cac so thuc thoa man ham so

a) Tim mdi quan hé gitta a va b.
b) Tim gid tri nhd nhit cia biéu thic P = a® + b.
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Cau 1. Cho lim f(x) = 3. Tim khang dinh sai?
x—

A. li_>n%[f(x)+3]:6. B. lim fx)+1=2.
C. 1g[f(x)—2x] =—1. D. lim [f(x)—x*] =1.

CAu 2. Biét lim f(x) = 3 va lim g(x) = —2. Tim khang dinh diing?
x—1 x—1

A. li_r>1}[f(x)+2g(x)] =—1. B. lig}[f(x)—i-Zg(x)] =1.
X X
C. lim[f(x)+2g(x)] = 5. D. lim[f(x) +2g(x)] = —6.
x—1 x—1
Cau 3. lim (3x* +7x+11) c6 két qua la
x—2
A. 37. B. 38. C. 39. D. 40.
- T e I
Cdau 4. Giatricua lim la
x——1 x3—|—2
A. 1. B. -2. C. 2. D. —;
. V3241
Cdau 5. Giatricua lim voxhlox la
x——1 x—1
3 1 1 3
A ——. B. -. .= D. -.
2 2 ¢ 2 2
~ 3 2 o . x_ls <
Cdu 6. Keét qua cua lim la
x—2t X —
1
A. —co, B. Hoo. C. —75. D. 1.
Cadu 7. Két qua cta gidi han lim 2—+
S e ard S PO PN
1 1
A. —co, B. 4. C. ——. D. -.
+ 3 3
2 Gix<l
véi x
C&u 8. Cho ham sb f(x) = { VI—x (Khi d6 lim f(x) la
1
V3241 veix>1 7
A. +oo, B. 2. C. 4. D. —c.
Sl it
. ) vGi x
C&u 9. Chohamsb f(x)={ 1—x _Khi d6 lim f(x) Ia
V2x—2 véix>1 =l
A. oo B. —1. C.o. D. 1.
x> —2x+3 véix>3
Cdu 10. Cho ham s6 f(x) = < 1 v6i x = 3. Khang dinh nao duéi day sai?
3— 242 v6i x < 3
A. lim f(x) =6. B. Khong ton tai lim f(x).
x—371 x—3
C. lim f(x)=6. D. lim f(x) = —15.
x—3~ x—3~
. x> —
Cau 11. Gid trj cta gidi han lim —— la
x—=2 x> —4
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A. 0. B. +oo. C. 3. D. Khong xac dinh.
A o 2x° + 643
Cdu 12. Biétrang lim L;/_ = av/3+b. Tinh a? + b2.
-3 3—x
A. 10. B. 25. C. 5. D. 13.
Cau 13. Gid tri cla gidi han lim (x—x*+1) la
X——o0
A. 1. B. —co. C.o. D. +oo.

Cau 14. Gid trj cita gidi han _lim (|x]> +2x2+3x|) Ia
X—>—o0
A. 0. B. oo, C. L D. —.
Cadu 15. Gid tri ctia gidi han 1_1>1:I|_1 (\/ 1+ 2x2 —x) la
X oo

A. 0. B. +oo. C. V21 D. —co.

Cdu 16. Biét rang 1_i>m (\/5x2+2x+x\/§> =a\/5+b. Tinh S = 5a+b.
X——o0

A S=1. B. S=-1. C. §=5. D. S=-5.
CAu 17. Cho ham s6 y = f(x) c¢6 do thi nhu hinh vé bén. y
Tinh lim f(x)+ lim f(x).

x—1+t x—3~
A. 5. B. 4.
C. 2 D. 0.

CaAu 18. Cho ham sb y = f(x) ¢6 do thi nhu hinh vé bén.
Tinh lim f(x) + lim f(x).
x—0 x—1-

A. 5. B. 4.
C. 2 D. 0.
/ x
Cau 19. Cho ham sb f(x) = ax? + bx + ¢ c6 do thi nhu hinh bén. y
o f) 4
Tinh xl_}rflw 31 i
A. - B. -.
3 3
C. 2 D. L.
o
N2 x
. ) 27 =3x+2 .
Cadu 20. Cho ham so f(x) = % Biét rang lir_E [f(x) = (mx+n)] =0. Tinh m+n.
X — X—>+o0
A. m+n=0. B. m+n=1. C. m+n=-1. D. m+n=3.
—HET—
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BW HAM SO LIEN TUC TAI MOT DIEM

{3 Dinh nghia: Cho ham sd y = f(x) x4c dinh trén khoang K va xo € K. Ham s6 y = f(x) dudc goi
12 lién tuc tai xo néu

lim () = fx0)

A Néu ham s6 khong lién tuc tai x thi ta néi ham sé do gidn doan tai x.

{3 Minh hoa d6 thi:

Y0 . Yo

\ X
y=fx)

Ham sb gian doan tai x

Ham s6 lién tuc tai xg Ham sb gidn doan tai x

HAM SO LIEN TUC TREN MOT KHOANG

{¥ Dinh nghia: Ham s y = f(x) dugc goi 1a lién tuc trén mot khoang néu né lién tuc tai moi
di€m clia khoang do.

{3 Chay:

e Ham s6 y = f(x) dugc goi la lién tuc trén doan [a;b] néu né lién tuc trén khodng

(a;b) va lim f(x) = fla), lim f(x) = f(b).

e Khdi niém ham s6 lién tuc trén nira khoang nhu [a;b), [a; +o),...
mot cach tuong tu nhu lién tuc trén doan.

dudc dinh nghia

A

e Do thi cia ham sé lién tuc trén mot khodng la mot “duong
lién” trén khodng do. Hinh bén la do thi ciia mot ham sé lién
tuc tén (a;b).

e Ham sé da thiic va cdc ham sé y = sinx, y = cosx lién tuc trén
toan bo tdp sé thuc R.

o Ham sé phdn thiic hitu ti (thuong ciia hai da thiic) va cdc ham
s6 y = tanx, y = cotx, y = /x lién tuc trén ting khodng xdc
dinh cua chiing.
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MOT SO PINH LY CO BAN

{3 Dinh ly 1. Gid sty = f(x) vay = g(x) 1a hai ham sb lién tuc tai di€ém xo. Khi d6

e Cachamsby = f(x) +g(x),y = f(x) —g(x) vay = f(x) - g(x) lién tuc tai xo.
Fx)

lién tuc tai xo néu g(xp) # 0.
g(x)

e Hamsoy=

{3 Dinh ly 2. Su ton tai nghiém ctia phuong trinh trén mot khoang

e Néu ham s6 y = f(x) lién tuc trén doan [a;b] va f(a)- f(b) < 0, thi ton tai it nhat mot
diém ¢ € (a;b) sao cho f(c) =0.

e Néu ham s6 y = f(x) lién tuc trén doan [a;b] va f(a)- f(b) < O thi phuong trinh
f(x) = 0 c6 it nhat mot nghiém niam trong khoang (a;b).

Y/ PHAN LOAI VA PHUGNG PHAP GIAI TOAN

DT lol Xét tinh lién tuc clia ham s6 tai mot diém

Cho ham s6 y = f(x) xdc dinh trén tap D. D€ xét tinh lién tuc ctia ham sb y = f(x) tai di€ém xo € D,
ta thuc hién cac budc sau:

{3 Budc 1. Tinh f(x).

{¥ Budc 2. Tim lim f(x).

X—X(
{3 Budc 3. So sanh va rit ra két luan.

e Néu lim f(x) = f(xo) thi ham s6 f(x) lién tuc tai diém x.

X—rX(
e Néu lim f (x) # f(xo) thi ham sd f(x) khong lién tuc (gidn doan) tai di€ém xo.
X—¥XQ

x2—3x+2

khi 2 e
=Vidu 1. Xét tinh lién tuc clia ham sb f(x) -2 ix# tai diém xg = 2.
4x — 7 khix =2
2 —6x+5 fux £ 1
=Vidu 2. Xét tinh lién tuc cia ham sb f(x x2—1 et x tai diém xp = 1.
-2 néu x = 1
1—v2x-3 < )
=Vidu 3. Xét tinh lién tyc cia ham sb f(x 2 x neu x 7 tai diém xo = 2.
—1 néu x =2
nfux>0 . .,
=Vidu 4. Xét tinh lién tyc cia ham sb f(x . tai diem xp = 0.
neu x <0
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76

_5 )
- _ . ~ T2 néux>s o,
=Vidu5. Xét tinh lién tuc ciia ham so f(x) = ¢ vV2x—1-3 tai diém xp = 5.

(x—5)%+3 néux<5s

DT '9' Xét tinh lién tuc ctia ham sé trén mién xéc dinh

{3 Ham da thic lién tuc trén R.

{3 Ham phan thiic hitu ti, ham lugng gidc lién tuc trén tiing khoang xic dinh ctia chiing.

=Vidu 6. Xét tinh lién tuc ciia ham sb sau trén tip xdc dinh cda ching.

X —x—2 2x+1 -
X X2 it — T khix#1
D fr)=d a1 KhixAol b) f(x) =4 (x—1)2 A1

-3 khix=—1 3 khix=1
=Vidu 7. Xét tinh lién tuc clia ham s6 sau trén tap xéc dinh cla ching.

¥ —3x+5 khix>1
b) f(x)={3 kKhix=1
2x+1 khix < 1.

¥ +3x khix>?2
6x+1 khi x < 2.

a) f(X)Z{

x+1 néux<a

2

. lién tuc trén R.
X néux >a

=Vidu8. Tim cdc gia tri clia a d€ ham s6 f(x) = {

DT Iel Tim gié tri ctia tham s& dé ham sé lién tuc - gidn doan tai diém cho
trwéc.
2 .
— , A 2 A 2 - kh 2 . .
=Vidu9. Tim tham s6 m dé€ ham s6 f(x) = ¥k axem %x 7 lién tuc tai xo = 2.
: X+m khix=2
2
—2x—3
_ e T fhix£ 1 .
=Vidu 10. Tim tham s0 m d& ham so f(x) = x+1 lién tuc tai xg = —1.
m>+5m  khix=—1
Vax+5-3 Khix> 1
=Vidu 11. Tim tham s6 m d€ ham s6 f(x) = 2—1 o gian doan tai xo = 1.
2m+3 khix <1

DT '@' Chirng minh phuong trinh ¢é nghiém

{¥ D€ chiing minh phuong trinh f(x) = 0 ¢6 it nhit mot nghiém trén D, ta chiing minh ham s
y = f(x) lién tyc trén D va c6 hai s6 a,b € D sao cho f(a).f(b) < 0.

{¥ D€ chiing minh phuong trinh f(x) = 0 c6 k nghiém trén D, ta chiing minh ham s6 y = f(x)
lién tuc trén D va ton tai k khoang 13i nhau (a;;a;11) (i = 1,2,...,k) ndm trong D sao cho

f(ai).f(aiy1) <O0.
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=Vidu 12. Ching minh ring phuong trinh 2x* — 2x> — 3 = 0 ¢6 it nhit mot nghiém thudc khoing
(—1;0).

=Vidu 13. Ching minh ring phuong trinh 6x° 4 3x> — 31x+ 10 = 0 c6 diing 3 nghiém phan biét.

BAITAP TY LUYEN

0000 ©

Xét tinh lién tuc cta ham sb:

X*4+1  khix>0
] tai diem x = 0.
1—x khix<0 °

o -]

2 .
2 khix>1 .,
b) f(x) = {i i T i diéma = 1.

khi x <1
2
x*—4 .
Cho ham s6 f(x) = { x+2 khix 7 =2 Tim a d€ ham s6 y = f(x) lién tuc trén R,
a khi x = —2.

Xét tinh lién tuc ctia ham s6 sau trén tip xac dinh ctia chung.

x—2 . -1
kh 2 S i
a) f(x)=1¢ x*—4 ix7 : b) f(x) =14 x—1 khlx?él.
1 khix =2 3 khix=1

Mot bai dau xe 6-td dua ra gid C(x) (dong) khi thdi gian dau xe 1a x (gid) nhu sau:

60.000 khi0 <x <2
C(x) = < 100.000 khi2 <x <4
200.000 khi 4 <x <24.

Xét tinh lién tyc ctia ham s6 C(x).

Luc hip dan do Trai DAt tic dung 1én mot don vi khoi luong & khoang céach r tinh tif tim ctia n6

GM
L khio<r<R

3 2 2
laF(r)= GIZQ\/I , trong d6 M la khoi lugng, R 1a ban kinh cda Trai Pat, G la

2
r
hang s6 hip dan. Ham sb F(r) c6 lién tuc trén (0; +o0) khong?

khir >R

3

Chiing minh rang phuong trinh x* — x> — 2x> — 15x — 25 = 0 c6 it nhit mot nghiém am va it nhét

mot nghiém duong.
Chiing minh ring phuong trinh x> 4+ 4x> —2 = 0 ¢6 ba nghiém trong khoang (—4;1).
Chiing minh rang phuong trinh x° — 5x> +4x — 1 = 0 ¢6 diing nim nghiém.
Chiing minh rang phuong trinh x + 1 4 cosx = 0 c6 nghiém.
2x+a néu x < 2

Cho ham s6 f(x) = { 4 néu x =2
—3x+b néux>?2
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a) V6ia=0,b =1, xét tinh lién tuc ctia ham sb tai x = 2.
b) Véi gid tri ndo ctia a,b thi ham s6 lién tuc tai x =2 ?
c¢) V6i gia tri ndo clia a, b thi ham s6 lién tuc trén tap xac dinh?
m Tur do cao 55,8 m cua thap nghiéng Pisa
nudc Y, ngudi ta tha mdt qua bong cao su

cham xubng dét hinh bén dudi. Gia st mdi
lan cham dit qua bong lai ndy 1én do cao

. 1
bang 10 d6 cao ma qua bong dat dugc trude

do. Goi S, 1a tdng do dai quang dudng di
chuyén clia qua béng tinh tif lic tha ban
dau cho dén khi qua béng d6 cham dat n
lan. Tinh lim S,,.

Y/ BAl TAP TRAC NGHIEM

Cdu 1. Cho ham sb y = f(x) xdc dinh trén khoang K va xo € K. Ham s6 y = f(x) lién tuc tai xo
néu

A. lim f( )= f(x0). B. lim f(x)= f(xp). C. lim f(x)=f(xo). D. lim f(x)# f(xo) -

x— xO x— xa X—X0 X=X

CdAu 2. Trong bdn do thi sau, c6 mdt dd thi khong lién tuc tai diém x = 2. Héi d6 1a dd thi nao?

A.
Cau 3. Cho db thi ham s6 y = f(x) c6 d6 thi nhu hinh bén. Khang y
dinh nao sau day la sai?

A. Ham s6 lién tuc tai x = —3. B. Ham s6 lién tuc tai x = —1.

C. Himsbliéntuctaix=0. D. Ham s lién tuc tai x = 2.

Cdu 4. Ham sb6 y = f(x) c6 do thi dudi day gidn doan tai diém c6 hoanh do y
bing bao nhiéu?
A x=1. =0.

B. x ";
C. x=2. D. x=3. /
N

Cau 5. Cho f(x) va g(x) 1a cdc ham s lién tuc tai x = 1. Biét f(1) =2 va lin} [2f(x) —g(x)] = 3.
x—
Tinh g(1).
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A. g(l)=-2. B. g(1)=2. C. g(1)=-1. D. g(1)=1.
x—2

Cdu 6. Cho ham s6 = .
o ham s6 f(x) a2

Chon khang dinh diing trong céc khang dinh sau.

(x) lién tuc trén R.

B. f(x) lién tuc trén cic khodng (—eo; 1) va (2;+o0).
(x) lién tuc trén cdc khodng (—o0;2) va (2;+o0).
(x) lién tuc trén cac khoang (—oo; 1) va (1;+o0).

CAu 7. Khang dinh nao sau day 1 khiang dinh ding?

2 — 2 1
A. Ham s0 f(x) = 1 gian doan tai x = 1. B. Ham so f(x) = x—i—l lién tuc trén (0;2).
N A -x+1 PN A N A xz_l IS A
C. Ham s0 f(x) = T lién tyc trén R. D. Ham so f(x) = 1 lién tuc trén R.
X
- .z 43x—4 s % A . S AR
Cdu 8. Cho ham so0 f(x) = —rd v6i x # —4. D€ ham s0 f(x) lién tuc tai x = —4 thi ta can bo
sung gid tri f(—4) bing bao nhiéu?
A. 5. B. —5. C. 3. D. 0.
CdAu 9. Ham sb nao duéi day gian doan tai diém x = 1?
x—1 ¥ —x+1
Ay=— B.y— X X+
Y e atd Y 2x+l
2
C.y=(x—1)x*+x+1). D.y:x +1 :
x_
2
x—2
~ N % u kh1x7§2 P DR 5 A Y A 3~
Cau 10. Cho ham so f(x) = x—2 . VGi gia tri nao cua tham so m thi ham so da
m khix =2
cho lién tuc tai diém x = 2?
A.m=1. B. m=3. C. m=—1. D. m=-3.
2_ Z
Cau 11. Choham s £(x) =4 x—1 " 71 \6i m tham s6 thuc. Tim m d& ham s £(x) lién
m néux=1
tuc tai x = 1.
A.m=-2. B. m=1. C. m=—1. D. m=2.
2x2—4-2 <
- <z = néux#2 P A :
Cdu 12. Chohamso f(x) = x—2 . Tim a d&€ ham s0 f(x) lién tuc tai x = 2.
a néu x =2
A. 2. B. 4. C. 6. D. 8.

X4+m khix>?2

Cdu 13. Cho ham sb f(x)
3x—1 khix <2

(m 1a tham s6). Tim gia tri thuc cia tham sb m dé&

/—/H

ham s6 da cho lién tuc tai xg

A. m=0. B. m=2. C. m=1. D. m=3.
X o VX272 hivso .
Cau 14. Tim a dé ham so f(x) = x—2 lién tuc tai x = 2.
2x+a khi x =2
1 15 15
A. 1. B. -. . —. D. ——
4 ¢ 4 4
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3_,2
T khix> 1
Cdu 15. Cho ham sby = f(x) = nx Khix—1- Biét ham s6 f(x) lién tuc tai xo = 1. Gid tri

mx+1 khix<l1

cuam, nla
A.n=m=1. B.n=1, m=0. C.n=—-1,m=0. D.n=0, m=1.
2
x°—4x+3 )
CdAu 16. Tim P d€ ham sb y = x—1 khix>1 lién tuc trén R.
6Px—3 khix <1
5 1 1
A. P=—. B. P=-. C. P=-. D. P=-.
3 6 6 2
V242
i , TS i £ 0 o
Cau 17. Cho ham so f(x) = ’; . Tim gia tri thyc cia tham s6 @ dé ham so
2a—4—1 khix=0
f(x) lién tyc tai x = 0.
3 3 4 4
A a=-. B.a=—-. .a=—. D.a=—-.
a 1 a 1 C.a 3 a 3
V3x+1-2 Khix # 1
CAu 18. Tim tit c4 gia tri cda tham sb m d€ ham sb f(x) = x—1 o lién tuc tai
m khix=1
diéme:1.
A 3 B 1 C 3 D !
. m=3. .m=1. .m= . .m=—.
4 2
x> +3x+2 )
- Ae 2 i £ ors  x —————— khix<-1_., .
Cadu 19. Tim tat ca gid tri cta tham s6 m d€ ham so f(x) = x2—1 lién tuc tai
mx—+2 khi x > —1
x=-1
5 3 3 5
A m=2. B.m=_. C.m=—2. D.m=—-2
) "= "= "=
AF3 72 ks
Cdu 20. Cho ham sb f(x) = x2—1 eUr =1 Gia tri cia a d€ ham s lién tuc tai x = 1
ax—+2 néux<1
thuoc khoang nao sau day?
A. (—4;-2). B. (~2;0). C. (2:4). D. (0;2).
—HET—
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NN §  Chuvng 4

DUONG THANG VA MAT PHANG.
QUAN HE SONG SONG TRONG
KHONG GIAN

s1. PUONG THANG VA MAT PHANG TRONG
KHONG GIAN

KIEN THUC CAN NHO

B8 cickHAINIEM MG DAU

{3 Mat phang: DE biéu dién mit phang, ngudi ta dung hinh binh hanh hay mot mién géc

2\ c{

Ki hiéu (P) hodc mp(P) Ki hiéu (o) hodc mp(cr)

¥ Diém thudc miat phang: Cho diém A, B va mit phang ().

® Khi A thudc mit phing («), ta ki hidu A € (o).

” B
@ Khi B khong thugc mat phang (o), ta ki hiéu B ¢ ().

A\ Ddu hi¢u nhdn biét A € (&) la diém A thuéc mot /< \ P
P \

dwong thdng ndm trong (o)

{¥ Biéu dién hinh khong gian 1én mot mit phang:

l_ I TOAN 11 - CHAN TROI SANG TAO
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@ Dung nét vé lién dé biéu dién cho nhitng dudng trong thay va ding nét dit doan (- - - -)
dé biéu dién cho nhitng dudng bi che khut.

@® Quan hé thudc, song song dudc gitt nguyén, nghia la

e Néu hinh thyc té diém A thudc dudng thang A thi hinh biéu dién phai giit nguyén
quan hé do.

e Néu hinh thuc té hai dudng thiang song song thi hinh biéu dién phai giit nguyén
quan hé do.

Hinh biéu dién clia cic md hinh khéng gian thudng g3p:

A
N
A’ D
PO B
B D D o ---#D
s e /A
B C
C B C
Hinh ti dién Hinh chop tu giac day hinh binh hanh Hinh 13p phuong, hdp chit nhat

CAC TINH CHAT THUA NHAN
Xét trong khong gian, ta thita nhan céc tinh chét sau:

¥ Tinh chit 1: C6 mét va chi mot dudng thang di qua hai diém phan biét.
{3 Tinh chat 2: C6 mdt va chi mdt mit phang di qua ba diém khong thang hang.

{¥ Tinh chit 3: Ton tai 4 diém khong cuing thuéc mot mit phang.

~

Mot mit phang hoan toan xac dinh néu biét ba diém khong thang hang thuéc mit phang doé.
Ta ki hiéu mit phang di qua ba diém khong thing hang A, B, C 1a (ABC). Néu c6 nhiéu diém
cliing thudc mdt mit phang thi ta néi nhitng di€ém d6 dong phang. Néu khong c6 mit phang
nao chifa cic diém d6 thi ta néi nhitng diém d6 khong dong phdng.

\. J

{¥ Tinh chat 4: Néu mot dudng thang c6 hai diém thuéc mot mit phang thi tit ca cic diém cia
duong thang déu thudc mit phang do.

Cho dudng thing d va mit phang ().

® Khi d nam trong (&), ta ki hiéu d C (o) hodc (P) Dd . (khong dugc viét d € (a)
nhé!!!)

® Khi d khong ndm trong (&), ta ki hidu d ¢ ().
A\ Ddu hiéu nhén biét d C (&) la trén d c6 hai diém phdn biét thuéc (o)

\.

{¥ Tinh chit 5: Néu hai mit phang phan biét c6 di€ém chung thi cic di€ém chung ctia hai mit phang
1a mot dudng thang di qua diém chung do.
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Puong thang chung d (néu c6) ciia hai mit phang phan biét (P) va (Q)
dudc goi 1a giao tuyén ctia hai mit phang d6 va ki hiéula d = (P) N (Q).

e
(=/

{¥ Tinh chit 6: Trén mdi mit phang cac két qua da biét trong hinh hoc phang déu diing.

CACH XAC PINH MOT MAT PHANG

Ba cach x4c dinh mot mit phang

7~

e Mot mit phang dugc xac dinh néu biét n6 di qua ba diém A, B,C khong thang hang ctia

mit phang, ki hiéu (ABC).

o Mot mit phang dugc xac dinh néu biét né di qua mot dudng thang d va mot diém A khong

thudc d, ki hiéu (A,d).

e Mot mit phang dudc xac dinh néu biét né di qua hai dudng thang a,b cat nhau, ki hiéu

(a,b).

B8 HiNH CHOP VA HINH TU DIEN

{3 Hinh chép:

@ Dinh nghia: Cho da gidc AjA»...A, va cho diém S nam ngoai mit phang chita da giac do.
Nbi S v6i cac dinh Aq,A»,...,A, ta dudc n mién da gidc SA{A,SA»As3,...,SA,_1A,. Hinh
gdm n tam gidc d6 va da gidc A1ArA3 ... A, dudc goi 1a hinh chép S.A14-A3...A,.

®@ Cac tén goi:

DPiém S goi 1a dinh ctia hinh chép.
Pa giac A1A; ... A, goi la mat day cda hinh chop.

Cic doan thang AjA,,A»As,...,A,_1A, goi la cac
canh day cua hinh chop.

Ciac doan thang SA;,SA,,...,SA, goi la cic canh
bén cia hinh chop.

Céc mién tam gidc SA1As,SAA3,...,SA,_1A, goi
la cdc mat bén cua hinh chop.

{3 Hinh t& dién:

S

@ Dinh nghia: Cho bén diém A, B,C, D khong dong phang. Hinh gdm bén tam gidc ABC, ACD,
ABD, BCD dudc goi la hinh tit dién va dudc ki hiéu la ABCD.
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@ Chay:
e Hai canh khong c6 dinh chung goi 12 hai canh déi dién, dinh A
khong nam trén mot mit duge goi 1a dinh dbi dién véi mit do.

e Hinh chdp tam giac con dudc goi la hinh td dién.

e Hinh tii dién c6 bdn miit 1a nhitng tam gidc déu hay c6 tit ca cac
canh bing nhau dudc goi 14 hinh ti dién déu.

C
Hinh t dién

Y PHAN LOAL PHUGNG PHAP GIAI TOAN

84

DT '0' Cdc quan hé co bdn

@ Ching minh diém A thudc (o): Ta ching to diém A thudc duong thang A ndm trong «, nghia

la
Ach
Ac(a) '

®@ Chiing minh dudng thang d nam trong (¢): Ta chiing té d c¢6 hai di€ém phan biét cling thudc
(a), nghia la
Ac(a)
Be(a) =dcC(a).
A,Bed

® Ching minh A 1a diém chung clia hai mit phiang (o) va (B):Ta thudng st dung mot trong
hai céch sau

Ac(a)
{Ae B) =Ac(a)nN(p).

hoac
dcC(a)
AC(B) =Ac(ax)n(P).
dNA=A

=Vidu 1. Cho tam gidc ABC va diém S khong thudc mit phing (ABC). Ly D, E la c4c di€m lan
lugt thudc cac canh SA,SB (D, E khac S).

a) Puong thang DE c6 nim trong mit phang (SAB) khong?
b) Gia st DE cit AB tai F. Chiing minh ring F 12 diém chung clia hai mit phang (SAB) va (CDE).

=Vidu 2. Cho hinh chép S.ABCD, goi O la giao diém ctia AC va BD. Lay M, N lan lugt thudc cac
canh SA, SC.

a) Ching minh ring duong thang MN nam trong mit phang (SAC).
b) Chiing minh ring O 1a diém chung ctia hai mit phang (SAC) va (SBD).

=Vidu 3. Cho hinh ti dién ABCD. Goi I 1a trung di€ém canh CD. Goi M, N lan lugt 1a trong tim
cua cac tam giac BCD,CDA.
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a) Ching minh ring céc diém M, N thudc mit phing (ABI).

. .. GM GN 1
b) Goi G la giao diém cia AM va BN. Ching minh rang CA-GB_ 3

DT Iel Xdc dinh giao tuyén cla hai méat phdng

Cho hai mit phang () va (B) cit nhau. D€ x4c dinh giao tuyén clia chiing, ta di tim hai diém
chung phan biét. Cu thé, ta thudng gip mdt trong ba trudng hop sau:

® Hai mit phang (a) va (B) c6 sin hai diém chung phan biét: Khi d6 giao tuyén la dudng
thang qua hai di€ém chung do.

® Hai mit phang (&) va (B) thy tru6c mot diém chung A:
e A la diém chung thd nhit hay A € () N (B).

e Ta tim diém chung thi 2: Trong (o) tim mot dudng thang d;, trong (B) tim mot
dudng thang d, sao cho ching c6 thé cit nhau (ddng phang). Goi B = d; Nda, suy ra
B e ()N (B). Vay AB = (a) N (B).

® Hai mit phang (a) va () chua thiy diém chung: Ta mé rong mit phiang dé tim diém chung
tuong tu nhu cach tim diém chung & muc sb @.

=Vidu4.

Cho ti gidc ABCD sao cho cic canh dbi khong song song véi nhau. S
Lay mot diém S khong thudc mit phang (ABCD). Xac dinh giao tuyén

cla

a) Mit phang (SAC) va mit phang (SBD).
b) Mit phing (SAB) va mit phing (SCD). B

¢) Mit phang (SAD) va mit phang (SBC). D

=Vidu5s.

Cho ti dién ABCD. Ly céc diém M thudc canh AB, N thudc canh A

AC sao cho MN cit BC. Goi I 1a diém bén trong tam gidc BCD. Tim

giao tuyén ctia mit phang (MNI) vé6i cic mit phang (ABC), (BCD), N
(ABD), (ACD).

D
=Vidu6. Cho ti dién ABCD. Goi I, J 1an lugt la trung di€m céc canh AD, BC.
a) Tim giao tuyén ctia hai mit phang (IBC) va mit phang (JAD).

b) Liy diém M thudc canh AB, N thudc canh AC sao cho M, N khong 1a trung diém. Tim giao
tuyén ctia mit phang (IBC) va mit phiang (DMN).
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86

=Vidu7. Cho ti dién ABCD, M 1a mot diém bén trong tam gidc ABD, N 1a mot di€ém bén trong
tam giac ACD. Tim giao tuyén clia cac cip mit phang sau

a) (AMN) va (BCD). b) (DMN) va (ABC).

=Vidus.

Cho hinh chép S.ABCD day la hinh binh hanh tam O. Goi M, N,
P 1an lugt 1a trung diém cda canh BC, CD, SA. Tim giao tuyén
cla

a) (MNP) va (
b) ( ) va (
c) (MNP) va (SAD).
d) (MNP) va (SCD).

=Vidu9. Cho hinh chép S.ABCD c6 déy ABCD 1a hinh binh hanh. Goi M, P 1an lugt la trung diém
. 1 . . A a2

cua SA,BC. N la diém trén canh SB sao cho BN = ZBS . Xac dinh giao tuyén ctia mat phang (MNP)

véi cdc mit phang

a) (ABCD). b) (SAD). ¢) (SCD).

DT Iel Tim giao diém clia dudng théng va mat phéng

A Mudn tim giao diém ciia duong thing d va mdt phdng (P) (phdn biét, khong song song), ta
tim giao diém ciia d véi mot duong thing a ndm trong (P). Xét hai khd néng:

® Néu dudng thing a dé tim, nghia 1 c6 sén a C (P) va a
cat dugc d. Khi d6

. [Med
e GoiM =dNathi .
MeacC (P)

e VayM =dn(P).
@ Néu dudng thing a khé tim, ta thuc hién cdc budc sau:

e Tim mot mit phang (Q) chia dudng thing d va dé
tim giao tuyén véi (P);

e Tim (Q)N(P) =a.

e TimM=dnNa,suyraM =dN(P).

=Vidu 10. Cho ti dién ABCD. Goi M, N lan lugt 1a trung diém ctia AC va BC. K 1a diém nam trén
BD sao cho KD < KB.

a) Tim giao di€ém cta CD véi mit phang (MNK).
b) Tim giao diém ctia AD vi mit phang (MNK).

=Vidu 11. Cho ti dién ABCD. trén canh AC va AD lay hai diém M, N sao cho AC = 3AM va
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2 . ..
AN = §AD. Goi O la diém bén trong tam giac (BCD).

a) Tim giao di€m ctia BC v6i (OMN).
b) Tim giao di€ém cta BD v6i (OMN).
=Vi du 12. Cho hinh chép S.ABCD c6 ddy 1a hinh binh hanh. Goi M 1a trung di€ém cta SC.
a) Tim giao diém I ctia dudng thang AM va mit phang (SBD). Ching minh JA = 2IM.
b) Tim giao diém E ctia dudng thang SD va mit phiang (ABM).

¢) Goi N 1a mot diém tuy y trén canh AB. Tim giao diém ctia dudng thang MN va mit phang
(SBD).
=Vidu 13. Cho tif gidc ABCD va mot diém S khong thudc mit phiang (ABCD). Trén doan AB lay
mot diém M, trén doan SC 1dy mot diém N (M, N khong trung véi cac dau miit).

a) Tim giao di€ém ctia duong thang AN véi mit phang (SBD).
b) Tim giao diém clia dudng thang MN véi mit phang (SBD).

DTH

Chitng minh ba diém thdng héng

Mudn chiing minh ba diém A, B, C thdng hang, ta chitng minh ba diém dé lan lugt thudc hai
mdit phdng phdn biét () va (B), nghia la chiing ciing ndm trén mot duong giao tuyén.

e TacoA=anNb,maaC (a),bC (B) nén
Ae(a)n(B) (1)

e Tuong tu ta cling tim xem B va C tuong tng la giao cua cap
dudng thang nao nam trong (&) va (B). Tir do, suy ra

Be(a)n(B) (2)

va

Ce(a)n(B) (3)
Tt (1), (2), (3) suy ra A, B, C cung thudc dudng giao tuyén nén chiing thang hang.

=Vidu 14. Cho ti dién ABCD c6 G la trong tAm tam giac BCD, Goi M, N, P 1an lugt la trung diém
cua AB, BC, CD.

a) Tim giao tuyén cia (AND) va (ABP).
b) Goi I = AGNMP, J = CMNAN. Chiing minh D, I, J thing hang.

=Vidu 15. Cho hinh chép S.ABCD c6 déy 1a hinh binh hanh. Goi O 1a giao diém cta AC va BD ;
M, N lan ludt 1a trung diém cta SB, SD; P thudc doan SC va khong 12 trung diém ctia SC.

a) Tim giao diém E clia dudng thang SO va mit phang (MNP).
b) Tim giao di€ém Q clia dudng thang SA va mit phang (MNP).

¢) Goil,J,K 1an ludt la giao diém ctia QM va AB, QP va AC, ON va AD. Chiing minh rang ,J, K
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thang hang.

DT Ie' Véan dung thuc tién

=Vidu 16. Gidi thich tai sao ghé bon chén c6 thé bi khap khiéng con ghé ba chan thi khong.
=Vidu 17. Gidi thich tai sao chan mdy &nh c6 thé dit & hau hét cac loai hinh ma van ding viing.
= Vidu 18. Hay giai thich tai sao phan giao nhau giita 2 vach tuong nha luon la 1 dudng thing

=Vidu 19. Hiy giai thich vi sao khi gip d6i mot t& gidy thi nép gip ludn 1a 1 dudng thang

IS BAITAPTU LUYEN

o Cho tif dién ABCD. Trén AB, AC 14y 2 diém M, N sao cho MN khdng song song BC. Goi O 1a
mot diém trong tam giac BCD.

a) Tim giao tuyén cia (OMN) va (BCD).
b) Tim giao di€ém cta DC, BD v6i (OMN).

@ Cho hinh chép S.ABCD. Goi O la giao diém cita AC va BD. M, N, P 1an lugt 1a cdc diém trén SA,
SB, SD.

a) Tim giao di€ém I ctia SO v6i mit phang (MNP).
b) Tim giao diém Q ctia SC v6i mit phiang (MNP).

o Cho hinh chép S.ABCD c6 day ABCD la hinh thang véi AB song song v6i CD. O la giao diém
cua hai duong chéo, M thudc SB.

a) Xdc dinh giao tuyén cla cdc cip mit phang: (SAC) va (SBD); (SAD) va (SBC).
b) Tim giao diém SON (MCD); SAN (MCD).

0 Cho hinh chép S.ABCD c6 ddy ABCD 1a hinh binh hanh tam O. Goi M, N lan luot 1a trung diém

cua AB, SC.
a) Tim I = AN N (SBD). b) Tim K = MN N (SBD).
. KM 2 1B
c) Tinh ti sO N d) Chung minh B,/,K thang hang. Tinh e

© Cho hinh chép S.ABCD véi diy ABCD 1a hinh binh hanh. Goi M Ia diém bét ky thuoc SB, N
thudc mién trong tam gidc SASCD.

a) Tim giao di€ém cta MN va mit phang (ABCD)
b) Tim SCN (AMN) va SD 1\ (AMN)
¢) Tim SAN(CMN)

e Cho t dién ABCD . Goi M 1a trung diém AB, K 1a trong tAm cta tam gidc ACD.

a) Xac dinh giao tuyén ctia (AKM) va (BCD).
b) Tim giao diém H ctia MK va mp(BCD). Chiing minh K 1a trong tdm ctia tam giac ABH.
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¢) Trén BC liy diém N. Tim giao di€ém P, Q ctia CD, AD véi mp(MNK).
€) Cho wi gidc ABCD va S & (ABCD). Goi 1, J 12 hai diém trén AD va SB, AD ct BC tai O va OJ
cat SC tai M.
a) Tim giao di€ém K = IJ N (SAC).
b) Xéc dinh giao diém L = DJ N (SAC).
¢) Chiing minh A, K, L, M thang hang.

Cho hinh chép S.ABCD c6 ddy ABCD va hinh binh hanh. Goi G la trong tam cta tam gidc SAD,
M 1a trung di€m cta SB.

a) Tim giao di€ém N clia MG va mit phing (ABCD).
b) Chiing minh ba diém C, D, N thang hang va D la trung diém ctia CN.

o Cho hinh chép S.ABCD, day ABCD 1a hinh binh hanh tim O. Goi M 1a trung diém cta SC.

a) Xdc dinh giao tuyén ctia (ABM) va (SCD).
b) Goi N la trung diém cia BO. Xdc dinh giao di€ém I ciia (AMN) v6i SD. Ching minh
ST 2

ID 3

@ Cho tif dién SABC. Goi I, H 1an lugt 13 trung diém ctia SA, AB. Trén canh SC 13y diém K sao cho
CK = 3S5K.

. , s 2 .. . + FB
a) Tim giao diém F cta BC v4i mét phang (IHK). Tinh ti s0 7C
b) Goi M 1a trung diém ctia doan thang /H. Tim giao diém ctia KM va mit phang (ABC).

LY/ BAITAP TRAC NGHIEM

Cdu 1. Cho tii gidc ABCD. C6 thé x4c dinh dugc bao nhiéu mit phang chia tit ca cic dinh cia ti

gidc ABCD?

A. 1. B. 3. C. 0. D. 2.
Cdu 2. Hinh chép tam gidc c6 s6 canh 1a

A. 6. B. 4. C. 5. D. 3.
Cadu 3. Hinh chép luc gidc ¢ bao nhiéu mat?

A. 10. B. 6. C. 8. D. 7.
CaAu 4. Ciéc yéu t nao sau diy xac dinh mot mét phang duy nhat?

A. Mpt diém va mot dudng thang. B. Hai duong thing cit nhau.

C. Bon diém phan biét. D. Ba diém phan biét.

Cdu 5. Khang dinh nao sau day 1a sai?
A. Néu hai mit phang phan biét c6 mot diém chung thi ching c6 mot dudng thang chung duy nht.
B. Néu hai mit phiang cé mot diém chung thi chiing ¢ v6 s6 diém chung khéc nita.
C. Néu ba diém phan biét cting thudc hai mit phang phéan biét thi chiing thang hang.
D. Néu hai mit phiang c6 mot diém chung thi chiing c6 mot dudng thang chung duy nhét.
Cdu 6. Cho 5 diém A,B,C,D,E trong dé khong c6 4 diém nao dong phang. Hoi c6 bao nhiéu mit
phing tao bdi 3 trong 5 diém da cho?
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A. 10. B. 14. C. 12. D. 8.

Cdu 7. Trong cac khang dinh sau, khang dinh nao ding?
A. Qua 3 di€ém phan biét bét ki c6 duy nhat mot mit phang.
B. Qua 4 diém phan biét bt ki c6 duy nhat mot mit phang.
C. Qua 2 diém phan biét c6 duy nhit mot mit phang.
D. Qua 3 diém khong thang hang c6 duy nhit mot mét phang.

Cdu 8. Cho cdc hinh vé sau:

A
BAD

\\/

Hinh (2) Hinh (3) Hinh (4)
Trong céc hinh trén, nhiing hinh nao biéu dién cho tif dién?
A. Hinh (1) va hinh (2). B. Hinh (1), hinh (2) va hinh (3).
C. Hinh (1) va hinh (3). D. Hinh (1), hinh (3) va hinh (4).

CaAu 9. Cho tit dién ABCD. Goi M, N lan ludt 1a trung diém ctia AC,CD.

A
Giao tuyén ctia hai mit phiang (MBD) va (ABN) la
A. dudng thang BG (G 1a trong tdm tam gidc ACD).
B. duong thang AH (H 12 tryc tim tam gidc ACD).
C. dudng thang MN.
D. dudng thang AM. B ' D
N
C
A

Cdu 10. Cho 4 diém khong dong phang A, B,C,D. Goi I,K 1an lugt 1a

trung di€ém ctia AD va BC. Giao tuyén ctia (IBC) va (KAD) la
A. IK. B. DK. C. AK. D. BC.
B C
D
A

Cadu 11. Cho ti dién ABCD. Goi G la trong tAm cua tam gidgc BCD. Giao

tuyén ctia mit phang (ACD) va (GAB) 1a
A. AH (H 1a hinh chiéu ctia B trén CD).
B. AM (M la trung diém cta AB).
C. AK (K 1a hinh chiéu ctia C trén BD).
D. AN (N la trung di€ém cta CD). B D
C
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Cau 12. Cho hinh chép S.ABCD c6 day 1a hinh thang ABCD (AD /| BC). S
Goi M 1a trung diém CD. Giao tuyén clia hai mit phang (MSB) va (SAC)
la
A. SJ (J 1a giao diém ctia AM va BD).
B. SI (I 1a giao di€ém ctia AC va BM). A D
C. SO (O 1a giao diém ctia AC va BD). M
D. SP (P la giao diém ctia AB va CD).
B C

Cau 13. Cho hinh chép S.ABCD c6 ddy 1a hinh thang ABCD (AB // CD). Khang dinh nao sau déy
sai?

A. Hinh chép S.ABCD c6 4 mit bén.

B. Giao tuyén cia hai mit phang (SAC) va (SBD) 1a SO (O 1a giao diém ctia AC va BD).

C. Giao tuyén clia hai mit phang (SAB) va (SAD) 1a dudng trung binh ctia ABCD .

D. Giao tuyén cia hai mit phang (SAD) va (SBC) 1a SI (I 1a giao diém ctia AD va BC).

Cau 14. Cho hinh chép S.ABCD c6 ddy ABCD 1a hinh binh hanh. Goi
M, N 1an lugt 12 trung diém AD va BC. Giao tuyén ctia hai mit phang
(SMN) va (SAC) Ta

A. SG (G la trung diém AB).

B. SD.

C. SO (O la tam hinh binh hanh ABCD).

D. SF (F la trung diém CD).

Cau 15. Cho diém A khong nim trén mit phang (o) chita tam gidc BCD. A
Liy E,F 1a cac diém lan ludt nam trén cac canh AB,AC. Khi EF va BC cat
nhau tai 7 thi 7 khong phai 1a diém chung ctia hai mit phang nao sau day?

A. (BCD) va (ABC). B. (BCD) va (ABD). E
C. (BCD) va (AEF). D. (BCD) va (DEF).
N\
C
Cadu 16. Cho tii dién ABCD. Goi G la trong tAm tam gidc BCD, M A

1a trung di€ém CD, I 1a diém & trén doan thang AG, BI cit mit phing
(ACD) tai J. Khang dinh nio sau day sai?

A. J la trung di€m cta AM. B. AM = (ACD) N (ABG).

C. A,J,M thang hang. D. DJ = (ACD) N (BDJ).
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Cau 17. Cho tii dién ABCD. Goi E va F lan lugt 1a trung diém cia A
AB va CD; G la trong tam tam gidc BCD. Giao diém ctia dudng thang
EG va mit phang (ACD) 1a

A. Giao diém ctia dudng thang EG va CD.

B. Giao diém clia dudng thang EG va AC. E

C. Giao diém ctia dudng thang EG va AF.

D. Piém F.

Cau 18. Cho tit gidc ABCD c6 AC va BD giao nhau tai O va mot S
diém S khong thudc mit phang (ABCD). Trén doan SC 1y mot diém
M khodng tring v6i S va C. Giao diém ctia dudng thang SD véi mit
phing (ABM) la
A. Giao diém ctia SD va BK (v6i K = SONAM).
B. Giao diém ctia SD va AB.
C. Giao diém cta SD va MK (v6i K = SONAM).
D. Giao diém ctia SD va AM. A D

Cau 19. Cho ti dién ABCD. Goi M,N lan ludt 1a
trung di€ém cta AB vad CD. Mit phang (&) qua MN
cat AD, BC lan lugt tai P va Q. Biét MP cat NQ tai .
Ba di€m nao sau diy thang hang?

A. I.B,D. B.1,AC. C.I.C,D. D.IA,B.

Cau 20. Cho tii dién SABC. Goi L, M, N lan ludt 1a cac diém s
trén cac canh SA,SB va AC sao cho LM khong song song voi
AB, LN khong song song véi SC. Mit phang (LMN) cit cic
canh AB, BC,SC lan lugt tai K,1,J. Ba diém nio sau ddy thang
hang?

A. M\K,J. B.N,IJ. C. K,1,J. D. M,1,J.
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KIEN THUC CAN NHO

VI TRI TUONG POI CUA HAI DUONG THANG
Trong khong gian, cho hai duong thang a va b.
{3} Cac trudng hap cb thé xay ra:

e Néu a va b ddng phang (cung thudc mot mit phang) thi ching c6 cac kha ning: cat nhau;
song song nhau hodc trung nhau.

e Néu a va b khong dong phang (khong ton tai mit phang chua dudc ca a va b) thi ta néi a va b

chéo nhau.
\ a
; \
M b / / I \ b
’ 4 /
a / b a \‘\
[0 a o \
*gcath * a song song b * a trung b *achéo b
*Kihiétuanb=M *Kihiéua/ b *Kihiéua=»b * a, b khong diém chung
{3 Cha y:

Cho hai dudng thang a va b phan biét.

e Khi kiém tra hai dudng thang a va b song song hay cat nhau thi trude tién ching phai
ddng phang (cung thudoc mot mit phang nao do);

e Khi a va b khong c6 diém chung thi ching c6 thé song song hoiic chéo nhau. Vin dé nay
céc ban hay bi nhidm 14n, can chd y.

CAC DINH LY VA HE QUA CAN NHO

¥ Dinh Iy 1: Trong khong gian, qua mot diém khong nam trén dudng thang cho trude, cé mot va chi
mot dudng thing song song véi duong thang da cho.

nhau.

¥ Dinh Iy 3: Néu ba mit phang phéan biét
d6i mot cat nhau theo ba giao tuyén phan
biét thi ba giao tuyén d6 hoidc dong quy
hodc d6i mot song song v4i nhau.

A Hé quad: Néu hai mdt phdng phdn biét lan lugt chita hai duong thang song song thi giao
tuyén ciia chiing (néu cd) ciing song song vdi hai dwong thdng dé hodc trimg vdi mot trong
hai dwong thdng do.
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DT Iol Xét vi ri twong déi clia hai dudng théng

Cho hai dudng thang a va b phan biét. Xét vi tri tuong dbi ctia a véi b, ta thuc hién cac bude sau:
(¢ Budc 1: Kiém tra xem hai dudng thing a va b ¢6 ddong phang khong?

o Néu a va b khong dong phang thi a va b chéo nhau.
o Néu a va b ddng phang chuyén sang budc 2.

(¢ Budc 2: Kiém tra xem a va b c¢6 diém chung hay khong?

e Néu a va b khong c6 diém chung thi a // b.

e Néu a va b c6 mot diém chung thi a va b cit nhau.

=Vidu 1. Cho hinh chép S.ABCD c6 day ABCD 1a hinh binh hanh. Xét vi tri tuong di ctia céc cip
dudng thang sau

a) ABvaCD. b) SA va SC. c) SAvaBC.

=Vidu 2. Cho ti dién ABCD c6 M,N lan lugt la trung diém cta AB,AC. Xét vi tri tuong dbi cia
cdc cip dudng thang sau

a) MN va BC. b) AN va CD. ¢) MN vaCD.

DT lel Chirng minh hai dudng théng song song

Phuong phap thudng dung:
® St dung cic két qui ctia hinh hoc phang nhu:

e Cip canh dbi hinh binh hanh thi song song nhau;...

e Duong trung binh clia tam gidc thi song song va bang

nta canh day. A
@ St dung ti 1 (Pinh ly Talet) (hinh vé bén) £
. AE AF
Neu — = — thi EF /| BC.
e Ncu 1B~ AC i / G
2
e Chuy tiI¢ trong tam: AG = gAM . B M C

=Vidu 3. Cho ti dién ABCD c6 I, J 1an lugt 1a trong tdm cda tam gidc ABC va ABD. Ching minh
rﬁng 1J [| CD.

=Vidu 4. Cho hinh chép S.ABCD c6 ddy ABCD 1a hinh thang v6i AB 1a ddy 16n va AB = 2CD. Goi
M, N lan lugt 1a trung diém clia c4c canh SA va SB. Chiing minh ring NC // MD.

=Vidu5. Cho ti dién ABCD. Goi I,J 1an lugt 1a trung di€ém ctia cdc canh BC,CD. Trén canh AC
ldy di€ém K. Goi M 1a giao diém ctia BK va Al, N la giao diém cta DK va AJ. Chiing minh ring
MN /| BD.
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=Vidu6. Cho ti dién ABCD. Goi M, N, P, Q, R, S lan lugt 1a trung diém cta AB, CD, BC, AD,
AC, BD.

a) Ching minh MPNQ la hinh binh hanh.

b) Ching minh ba doan thang MN, PQ, RS cat nhau tai trung di€ém G ctia mdi doan.

=Vidu 7. Cho hinh chép S.ABCD c6 ddy 1a hinh binh hanh. Goi M, N, P,Q 1an lugt la trung diém
BC,CD,SB,SD.

a) Ching minh ring MN // PQ.

JS 1
b) Goi [ 1a trong tdm cua tam giac ABC, J thudc SA sao cho A= Ching minh 1J /| SM.

DT Iel Xdc dinh giao tuyén ¢ clia hai mat phéng cét nhau

Ta thuc hién mot trong hai cach sau day:
@ Cach 1: Tim hai diém chung phan biét (da xét & bai hoc truée)

@ Cach 2: Tim 1 diém chung. Sau d6 néu hai mit phang c6 cip dudng thang song song nhau
thi giao tuyén d sé& di qua diém chung va song song (hoic triing) v6i mdt trong hai dudng
thang do.

I N ) AM AN )
=Vidu8. Cho ti dién ABCD. Trén AB, AC lan lugt lay M, N sao cho — = —. Tim giao tuyeén

) AB  AC
cua hai mat phang (DBC) va (DMN).

=Vidu9. Cho ti dién ABCD. Goi M, N 1an lugt la trung di€ém ctia AD va BD; G 1a trong tdm tam
gidc ABC. Tim giao tuyén ctia hai mit phang (ABC) va (MNG).

=Vidu 10. Cho hinh chép S.ABCD c6 day ABCD 1a hinh binh hanh. Diém M thudc canh SA. Piém
E, F 1an luct 12 trung diém ctia AB va BC.

a) Tim (SAB) N (SCD). b) Tim (MBC)N (SAD).
¢) Tim (MEF)N (SAC). d) Tim ADN(MEF).

e) Tim SDN (MEF).

BAITAP TY LUYEN

@ Cho hinh chép S.ABCD c6 ddy ABCD la hinh binh hanh tam O. Goi M, N lan lugt 12 trung diém
cua SA, SD. Ching minh

a) MN /| AD va MN /| BC; b) MO /| SCvaNO /| SB.

Cho hinh chép S.ABCD c6 day ABCD 1a hinh binh hanh tim O. Goi M, N 1an lugt 1a trung diém
ctia AB, AD. Goi 1, J, G 1an lugt 12 trong tAm clia cac tam gidc SAB, SAD va AOD. Chiing minh

a) 1J /| MN; b) 1J // BD va GJ /| SO.

€ Cho hinh chop SABCD c6 ddy ABCD 1a hinh thang ddy 16n AB. Goi E, F 1an lugt 1a trung diém
cua SA va SB.
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a) Ching minh EF // CD. b) Tim I =AF N (SCD). ¢) Ching minh SI // AB J/
CD.

@ Cho hinh chép S.ABCD c6 diy ABCD la hinh binh hanh. Goi M, N lan lugt 1a trung diém ciia
SA, SB. Goi P 1a mot diém trén canh BC. Tim giao tuyén ctia

a) (SBC) va (SAD); b) (SAB) va (SCD); ¢) (MNP) va (ABCD).

e Cho tif dién SABC. Goi E va F 1an lugt 12 trung diém ctia cac canh SB va AB, G 1a mot diém trén
canh AC. Tim giao tuyén ctia cic cip mit phang sau

a) (SAC) va (EFC); b) (SAC) va (EFG).

Cho hinh chop S.ABCD c6 day ABCD 1a hinh binh hanh. Goi G 1a trong tam tam giac ABD, N la
trung diém SG. Tim giao tuyén ctia hai mit phang (ABN) va (SCD).

Cho ti dién ABCD. Goi M,N theo thi tu la trung diém cta AB,BC va Q la mot diém nam
trén canh AD (QA # QD) va P 1a giao diém ctia CD véi mit phang (MNQ). Chiing minh ring
PQ /| MN va PQ /| AC.

0 Cho hinh chép S.ABCD c6 day ABCD la hinh thang v6i AD 1a day 16n va AD = 2BC. Goi M, N,
P 1an luot thudc cac doan SA, AD, BC sao cho MA = 2MS, NA = 2ND, PC = 2PB.

a) Tim giao tuyén clia cac cip mit phang sau: (SAD) va (SBC), (SAC) va (SBD).
b) Xéc dinh giao di€ém Q cta SB v6i (MNP).
¢) Goi K la trung di€ém cta SD. Chiing minh CK = (MQK) N (SCD).

Q Cho hinh chép S.ABCD ¢6 O 1a tm cla hinh binh hanh ABCD, diém M thudc canh SA sao cho
SM = 2MA, N 1a trung diém cta AD.

a) Tim giao tuyén ctia mit phang (SAD) va (MBC).
b) Tim giao di€ém I ctia SB va (CMN), giao di€ém J clia SA va (ICD).
. . X 2 p . .., « SE
¢) Ching minh ba duong thang ID, JC, SO cat nhau tai E. Tinh ti sO 30"
(@) Cho hinh chép S.ABCD ¢6 ddy ABCD 1a hinh binh hanh. Goi M, N, P,Q lan lugt 1a trung diém ciia
cdc canh AB,BC,CD,DA; goi I,J, K, L 1an ludt 1a trung di€m cta cac doan thang SM, SN, SP, SQ.
a) Chiing minh ring b6n diém I,J, K, L ddng phang va t giac IJKL 1a hinh binh hanh.
b) Ching minh ring IK // BC.

¢) Xac dinh giao tuyén ctia hai mit phiang (IJKL) va (SBC).

Y/ BAITAP TRAC NGHIEM

Cdu 1. Hai dudng thang khong c6 diém chung thi

A. chéo nhau. B. song song.
C. cit nhau. D. chéo nhau hodc song song.

CAu 2. Hai dudng thang phan biét khong song song thi

A. chéo nhau. B. c6 diém chung.
C. cit nhau ho#c chéo nhau. D. khong c6 diém chung.

96 TOAN 11 - CHAN TROI SANG TAO



© Trudng THPT Bao Son Tay 2. HAI BUONG THANG SONG SONG \ \

Cdu 3. Cho hai dudng thang phan biét khong c6 diém chung cling ndm trong mdt mit phang thi hai
dudng thang d6

A. trung nhau. B. chéo nhau. C. song song. D. cét nhau.

Cdu 4. Chon khang dinh sai

A. Hai dudng thang phéan biét ciing song song véi dudng thang thi ba thi song song véi nhau.
B. Néu hai dudng thiang chéo nhau thi chiing khéng dong phang.

C. Hai dudng thang song song thi khong dong phang va khong cé diém chung.

D. Hai dudng thing cit nhau thi ddng phang va c6 mot diém chung.

CdAu 5. Cho duong thang a cat mit phang (P) tai diém A. Ménh dé nao sau day ding?

A. Moi dudng thing nim trong (P) déu chéo vdi a.

B. Moi duong thiang nim trong (P) déu cit a.

C. Moi dudng thang nim trong (P) hoic chéo véi a, hoic cit a.
D. Moi duong thang nim trong (P) déu khong cit a.

Cdu 6. Cho tii dién ABCD. Goi M va N 1a hai diém phan biét nam trén
dudng thiang AB, M’ va N’ 12 hai di€ém phan biét nim trén dudng thang CD.
Cac ménh dé sau day, ménh dé nao diing?
A. Hai duong thang MM’ va NN’ c6 thé cit nhau.
B. Hai dudng thing MM’ va NN’ ¢6 thé song song véi nhau. B D
C. Hai dudng thing MM’ va NN’ hoic cit nhau hoidc song song véi
nhau.
D. Hai dudng thing MM’ va NN’ chéo nhau.

Cdu 7. Cho tif dién ABCD, 1ay M, N lan luot 1a trung diém ctia CD, AB. Khi d6, x4c dinh vi tri tuong
dbi giita hai dudng thang BC va MN.

A. Chéo nhau. B. C6 hai diém chung.
C. Song song. D. Cit nhau.

CaAu 8. Cho tif dién MNPQ. Ménh dé nao trong cidc ménh dé dudi day 1a ding?

A. MN J PQ. B. MN cit PQ.
C. MN va PQ ddng phang. D. MN va PQ chéo nhau.

CaAu 9. Cho hinh chép S.ABCD, day ABCD la hinh binh hanh. Diém M thudc canh SC sao cho SM =
3MC, N la giao diém cta SD va (MAB). Khi do6 ti gidc ABMN 1a hinh gi?
A. Tu giac khong c6 cap canh nao song song. B. Hinh vudng.

C. Hinh thang. D. Hinh binh hanh.

Cdu 10. Cho hinh chép S.ABCD c6 day ABCD 1a hinh thang AB // CD. Goi d 1a giao tuyén ctia hai
mit phang (ASB) va (SCD). Khang dinh nao sau day 1a diing?

A. d /| AB. B. d cit AB. C. d cit AD. D. d cit CD.

Cau 11. Cho hinh chép S.ABCD. Goi G, E lan ludt 1a trong tAm cac tam gidc SAD va SCD. Lay M,
N 1an luot 1a trung diém AB, BC . Khi d6 ta c6:

A. GE va MN trung nhau. B. GE va MN chéo nhau.
C. GE va MN song song vGi nhau. D. GE cat BC.
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Cau 12. Cho tii dién ABCD c6 P, Q 1an ludt 1a trong tAm tam gidc ABC va
BCD. X4c dinh giao tuyén ctia mit phang (ABQ) va mit phang (CDP).
A. Giao tuyén la duong thang di qua trung diém hai canh AB va CD.
B. Giao tuyén la dudng thing di qua trung diém hai canh AB va AD.
C. Giao tuyén la duong thang PQ. B p
D. Giao tuyén la dudng thing QA.

Cadu 13. Cho tif dién ABCD. Goi I va J theo thi tu 1 trung di€m ctia AD va AC,G 1a trong tm tam
gidc BCD. Giao tuyén clia hai mit phang (GI1J) va (BCD) 1a dudng thang

A. qua J va song song véi BD. B. qua G va song song v6i BC.
C. qua/ va song song vGi AB. D. qua G va song song véi CD.

Cau 14. Cho hinh chép S.ABCD c6 ddy 1a hinh thang véi cac canh ddy 1a AB va CD. Goi (ACI) lan
lugt 1a trung diém ctia AD va BC va G 1a trong tdm cla tam gidc SAB. Giao tuyén cta (SAB) va (1JG)
la

A. duong thing qua S va song song véi AB. B. dudng thang qua G va song song v6i DC.
C. SC. D. dudng thang qua G va cit BC.

Cau 15. Cho hinh chép S.ABCD c6 day ABCD 1a hinh binh hanh. Goi I,J, E, F 1an luct 12 trung diém
SA,SB,SC,SD. Trong cac dudng thang sau, duong thang nao khong song song véi 1J?

A. DC. B. AB. C. AD. D. EF.

Cadu 16. Cho hinh chép S.ABCD c6 diay ABCD 1a hinh binh hanh. Goi d 1a giao tuyén ctia hai mit
phang (SAD) va (SBC). Khing dinh nao sau day ding?

A. d qua S va song song v6i DC. B. d qua S va song song voi BD.
C. d qua S va song song véi BC. D. d qua S va song song v6i AB.

Cdu 17. Cho tii dién ABCD. Goi M, N 1a hai diém phan biét cuing thudc duong thang AB. P,Q 1a hai
diém phan biét cung thudc dudng thang CD. Xét vi tri tuong dbi ctia hai dudng thang MP,NQ.

A. MP /| NQ. B. MP cat NQ. C. MP trung NQ. D. MP,NQ chéo nhau.

Cau 18. Cho hinh chép S.ABCD c6 day ABCD la hinh thang véi ddy 16n AB day nhé CD. Goi M,N
1an lugt 1a trung diém ctia SA va SB. Goi P 1a giao diém ctia SC va (AND) . Goi I 1a giao diém ctia AN
va DP. Héi ti giac SABI 1a hinh gi?

A. Hinh binh hanh. B. Hinh thoi. C. Hinh vudng. D. Hinh chii nhat.

Cdu 19. Cho hinh chép S.ABCD c6 diay ABCD 1a hinh binh hanh. Goi M,N,P,Q lan ludt 1a trung
diém cila cac canh SA,SB,SC,SD. Goi I 1a mot diém trén canh B. Thiét dién cda hinh chép véi mit
phang (IMN) 12 hinh gi?

A. Tam giac MNQ. B. Tam gidc MNI.
C. Hinh thang MNI1J. D. Hinh binh hanh MN1J.

Cadu 20. Cho hinh chép S.ABCD c6 day ABCD 1a hinh binh hanh. Goi / 1a trung diém SA. Thiét dién
ctia hinh ch6p S.ABCD cit bdi mit phang (IBC) 1a

A. Tam giac IBC. B. Ti gidc IBCD.
C. Hinh thang IGBC (G la trung diém SB). D. Hinh thang /BCJ (J 1a trung diém SD).

_ HET—
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§3. PUONG THANG VA MAT PHANG SONG SONG

KIEN THUC CAN NHG

B8 VI TRI TUONG DOI CUA PUGNG THANG VA MAT PHANG

Cho dudng thang a va mit phang (P). Cin cif vao sd di€ém chung clia dudng thang va mit phang, ta c6
ba truong hop sau:

a
A A B
o a
P P P
* a va (P) khong c6 diém chung. * g va (P) c6 ding 1 diém chung.  * a va (P) c6 vo s6 diém chung.

* a song song (P). Kihiéua // (P).  *acit (P). Ki hiéuan (P) = A. * g nam trong (P). Ki hiéu a C (P).

CAC DINH LY VA HE QUA CAN NHG

{3 Dinh Iy 1: Néu duong thang a khdng nim trong mit phang (P) va -
song song v6i mdt dudng thang nao d6 trong (P) thi a song song vdi A
(P), hay p

alld
ad (P)va =al/l (P
7 (P) {dc(m I (P)

{¥ Dinh Iy 2: Cho hai dudng thang chéo nhau. C6 duy nhit mot mit phang b
chiia duong thang nay va song song v4i duong thang kia. /1 7 o
: a
3
{3} Dinh Iy 3: Néu dudng thing a song song v6i mit phang (). Néu mit a
phang (B) chia a va cit (&) theo giao tuyén b thi b song song véi a. -
A Néu hai mdt phdng phdn biét cing song song véi mot duwong thdng thi
giao tuyén ciia chiing (néu cd) ciing song song vdi duong thang do. p J
A
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Y  PHAN LOAL PHUGNG PHAP GIAI TOAN

DT Ial Chirng minh dudng théng song song v&i mat phéng

{¥ Phuang phép giai: D€ chiing minh duong thang a song song v6i mit phang (P), ta cin chiing
to cac y sau day
e akhong nim trén (P);

e a song song véi mot dudng thang b nim trong (P). Suy ra a //

yai
122

(P).
e e

Tém lai al/b =aj (P) P
b C (P)

{3 Chii y: Viéc chitng minh a // b, ta thudng di dén viéc xét cac yéu tb song song da biét trong
hinh hoc phang nhu

@ Cip canh dbi ctia hinh binh hanh; A
@ Dudng trung binh trong tam gidc; M

AM AN \
® Tilé¢ — = — = MN J/ BC (hinh bén). Dac biét can chi y
i AB AC, i B C
ti I¢ trong tam cua tam giac.

=Vidu 1. Cho td dién ABCD. Goi M va N lan lugt 1a trong tim cla cdc tam gidc ACD va BCD.
Chiing minh ring MN song song vdi cic mit phang (ABC) va (ABD).

=Vidu 2. Cho ti dién ABCD. Goi G la trong tim tam gidc ABD, diém I nam trén canh BC sao cho
BI = 2IC. Chiing minh rang /G song song (ACD).

=Vidu3. Cho hinh chép S.ABCD c6 ddy ABCD 1a hinh binh hanh. Ly M nidm trén canh AD sao
cho AD = 3AM. Goi G, N lan luot 1 trong tAm ctia tam gidc SAB va ABC.

a) Tim giao tuyén clia (SAB) va (SCD).
b) Ching minh MN song song (SCD) va NG song song (SAC).

=Vidu 4. Cho hinh chép S.ABCD c6 didy ABCD la hinh binh hanh. Goi M, N 1an lugt Ia trung diém
cua cac canh AB va CD.

a) Chiing minh MN song song véi cdc mit phiang (SBC) va (SAD).
b) Goi E la trung diém ctia SA. Chiing minh SB va SC déu song song v6i mit phang (MNE).

=Vidu 5. Cho hinh chép S.ABCD c6 ddy ABCD la hinh chii nhat. Goi G 1a trong tdm tam gidc SAD
va E 1a diém trén canh DC sao cho DC = 3DE, I 1a trung diém AD.

a) Ching minh OI song song véi cic mit phang (SAB) va (SCD).
b) Tim giao di€m P cta IE va (SBC). Chiing minh GE // (SBC).
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DT lel Tim giao tuyén clia hai mat phang cét nhau

{3} Cac phuong phép da hoc & hai bai trudc:

@ Tim hai diém chung phan biét. Khi d6 giao tuyén 1a dudng thang di qua hai diém chung
do.

@ Néu hai mit phang 1an lugt chifa hai dutng thing song song thi giao tuyén cia chiing (néu
c6) ciing song song hoic tring véi mot trong hai dudng thang do.

{3 Ta xét thém mét trong hai cich sau:
® Néu dudng thang a song song v6i mit phang (o) va mit phang (B) chia a va cit (&)
theo giao tuyén b thi b song song véi a.

all (@)

hay ac (B) = P)N(P)=Mx/ a
M e (a)N(B)

@ Néu hai {nzflt phang phan biét cling song song v4i mot dudng thang thi giao tuyén ciia
chuing (n€u cod) ciing song song vdi duong thang do.

alfl (a)

hay aff (B) = (a)n(B)=Mx/al

M e ()N (B)

=Vidub6.
Cho tt dién ABCD c¢6 G la trong tam AABC, M € CD v6i MC = 2MD.

a) Chiing minh MG song song véi (ABD).

b) Tim giao tuyén ctia (ABD) v6i (BGM).

=Vidu?7.
Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh. Goi 1, K
lan lugt 1a trung diém cta BC va CD.

a) Tim giao tuyén cta (SIK) va (SAC), (SIK) va (SBD).
b) Goi M la trung di€m cta SB. Ching minh SD // (ACM).
e , X . MF
¢) Tim giao diém F ctia DM va (SIK). Tinh ti s6 WD
B C
=Vidu8. Cho hinh chép S.ABCD c6 day la hinh thang, ddy 16n AD. Goi [ 1a trung diém ctia SB.
Goi (P) 1a mit phang qua I, song song v6i SD va AC. Tim giao tuyén cta (P) véi cac mit (SBD) va

(ABCD).

=Vidu9.
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Cho tit dién ABCD. Goi M, I 1an lugt 12 trung diém ctia BC, AC. Mit phang s
(P) di qua diém M, song song véi BI va SC. Xdc dinh trén hinh vé céc giao
diém H,K,N cta (P) vé6i cac canh AC, SA, SB. Tt gidc MNKH 1a hinh gi?

A C
M
B
=Vidu 10.
Cho hinh chép S.ABCD. Goi M, N thudc canh AB, CD. Goi S
(o) 1a mit phang qua MN va song song véi SA. Tim giao
tuyén ctia (o) v6i cac mit cla hinh chép.
A
D
M N
C

=vVidull.
Cho hinh chop S.ABCD c6 day la hinh binh hanh, O
12 giao diém ctia AC va BD, M 1a trung di€m ctia SA.

a) Chiing minh OM /| (SCD).

b) Goi (&) 12 mit phang di qua M, ddng thdi song
song v6i SC va AD. Tim giao tuyén ctia miit
phang (&) v6i cac mit ctia hinh chép S.ABCD.
Hinh tao bdi c4c giao tuyén 1a hinh gi?

=Vidu 12. Cho t dién ABCD va diém M thudc canh AB. Goi () la mit phang di qua M, song
song v6i dudng thang BC va AD. Goi N, P,Q 1an lugt 1a giao diém cla («) véi cac canh AC,CD va
DB .

a) Chiing minh MNPQ la hinh binh hanh.

b) Trong truong hop nao thi MNPQ la hinh thoi.

IS BAITAPTU LUYEN

o Cho tif dién ABCD c6 G 1a trong tdim tam gidc ABD. Trén doan BC 14y diém M sao cho MB =
2MC. Chiing minh rang dudng thang MG song song véi mit phing (ACD).

@ Cho hinh chép S.ABCD c6 ddy ABCD la hinh binh hanh tam O. Goi M, N, P lan luct 1a trung
diém cda c4c canh SD, CD, BC.
a) Ching minh duong thang OM song song v6i cic mit phiang (SAB), (SBC).
b) Chiing minh dudng thing SP song song véi mit phang (OMN).
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€ Cho hinh chép S.ABCD ¢6 diy la hinh thang ddy 16n AB, v6i AB = 2CD. Goi O la giao diém ciia
AC va BD, I 1a trung diém cua SA, G 1a trong tim cuia tam giac SBC va E 1a mot diém trén canh
SD sao cho 3SE = 2SD. Ching minh:

a) DI /| (SBC). b) GO J/ (SCD). ¢) SB /| (ACE).
Cho tf dién ABCD. Goi 1, J 1an lugt 12 trung diém cta AB va CD, M 1a mot diém trén doan 1J.
Goi (P) 1a mat phang qua M va song song vGi AB va CD.

a) Tim giao tuyén ctia mit phang (P) va (ICD).

b) Xac dinh giao tuyén clia mit phang (P) véi cac mit clia ti dién. Hinh tao bdi cic giao

tuyén 12 hinh gi?

@ Cho hinh chép S.ABCD c6 ddy ABCD 1a hinh binh hanh tam O. Goi K va J lin luot 1a trong tim
cua cac tam giac ABC va SBC.

a) Chiing minh KJ // (SAB).

b) Goi (P) l1a mit phang chia KJ va song song v6i AD. Xac dinh giao tuyén clia mit phang
(P) v6i cac mit ctia hinh chép. Hinh tao bdi cic giao tuyén 1a hinh gi?

° Cho ti dién ABCD. Liy diém M trén canh AB sau cho AM = 2MB. Goi G 1a trong tam ABCD
va I 1a trung diém CD, H 1a diém dbi xting ctia G qua I.

a) Ching minh GD /| (MCH).

0 : ..« GK
b) Tim giao diém K ctia MG v6i (ACD). Tinh ti sO G

€) Cho hinh chép S.ABCD c6 ddy la hinh binh hanh tam O, M 1a trung diém ciia SA. Goi (P) la mit
phang qua O, song song v6i BM va SD. Tim giao tuyén ctia (P) va (SAD).

LY/ BAITAP TRAC NGHIEM

Cau 1. Trong khong gian cho mit phang (o) va A khong thudc (). Qua diém A c6 thé dung dugc
bao nhiéu dudng thang song song véi (a)?
A. Duy nhit. B. Vo sb. C. 2. D. 4.

CAu 2. Trong khong gian cho dudng thiang A va di€ém O khong nam trong A. Qua diém O cho trudc,
¢6 bao nhiéu mit phang song song v6i dudng thang A?

A. Vo sb. B. 3. C. 1. D. 2.
Cdu 3. C6 bao nhiéu mit phang song song véi ca hai dudng thang chéo nhau?
A. Vo sb. B. 1. C. 2. D. 3.
Cau 4. Cho hai dudng thang phan biét a, b va mit phang (&). Gidstta // (a),b C (a). Khi d6
A. al b., B. a,b chéo nhau.
C. a,b cat nhau. D. a // b hoac a,b chéo nhau.

CdAu 5. Cho hai dudng thang phan biét a, b va mit phang («). Gia st a // b va b // (a). Khang dinh
nao sau day la khang dinh ding?

A.al(a). B. aC ().

C. a// (&) hoica C (). D. acit (a).
Cau 6. Cho dudng thang a nam trong mit phang (o) va duong thang b khong thudc (o). Ménh dé
nao sau day dung?
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A. Néub // () thib / a.
B. Néub Jathib ] (a).
C. Néu b cit (o) va (B) chia b thi giao tuyén ctia (o) va (B) 1a dudng thang cit cd a va b. .
D. Néu b cit («) thi b cit a.
Cdu 7. Cho hai dudng thang chéo nhau a va b. Khang dinh nao sau déy sai?
A. C6 duy nhit mot mit phang song song véi a va b.
B. C6 vo sd duong thang song song véi a va cit b.
C. C6 duy nhat mdt mit phang qua a va song song vdi b.
D. C6 duy nhit mot mit phang qua di€ém M, song song v6i a va b (véi M 1a di€ém cho truéc).
Cau 8. Cho d // («), mit phang (B) qua d cit (&) theo giao tuyén d’. Khang dinh nao sau day la
ding?
A. dcatd'. B.d/d. C. dvad chéonhau. D.d=d'
Cdu 9. Cho hinh chép tit gidc S.ABCD. Goi M va N lan lugt la trung diém ctia SA va SC. Khang dinh
nao sau day dung?
A. MN J/ (ABCD).  B. MN J/ (SAB). C. MN J/ (SCD). D. MN J/ (SBC).
Cau 10. Cho hinh chép S.ABCD c¢6 ddy ABCD 1a hinh binh hanh, M va N 1a hai diém trén SA, SB sao

SM SN 1 £
cho —r=<p =73 Vi tri tuong doi gitta MN va (ABCD) la
A. MN va (ABCD) chéo nhau. B. MN song song (ABCD).
C. MN nam trong (ABCD). D. MN cét (ABCD).
Cau 11. Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh. Tim giao S

tuyén ctia hai mét phang (SAD) va (SBC).

A. La dudng thang di qua dinh S va song song v&i dudng thang BD.

B. La dudng thing di qua dinh S va tim O ctia day.

C. La dudng thang di qua dinh S va song song véi dudng thang BC.

D. La dudng thing di qua dinh S va song song véi dudng thing AB.

D C
Cau 12. Cho tit dién ABCD c6 I, J 1an luct 1a trung diém ctia BC, BD. Giao tuyén clia mit phang
(AlJ) va (ACD) la

A. duong thang d di qua A va song song véi BC. B. dudng thang d di qua A va song song véi BD.

C. dudng thang d di qua A va song song véi CD. D. dudng thiang AB.

Cdu 13. Cho tii dién ABCD. Goi G la trong tdm cta tam gidc ABD, Q thudc canh AB sao cho AQ =
20B, P la trung diém ctia AB, M 1 trung diém ctia BD. Khang dinh nao sau day ding?

A. Q € (CDP). B. QG cit (BCD). C. MP | (BCD). D. GQ J/ (BCD).

Cau 14. Cho hai hinh binh hanh ABCD va ABEF khong cling nim trong mdt mét phang. Goi O, Oy
1an lugt 12 tAm ctia ABCD, ABEF; M 1a trung diém ctia CD. Khang dinh nao sau day sai?

A. 00, /| (BEC). B. 00, /| (EFM). C. MO, cit (BEC).  D. 00, J| (AFD).
Cau 15. Cho hinh chép S.ABCD cé ddy 1a hinh binh hanh. Thiét dién ctia hinh chép khi cét bsi mit
phéng di qua trung di€ém M ctia canh AB va song song véi BD, SA 1a hinh gi?

A. Ngt giac. B. Hinh thang. C. Tam giac. D. Hinh binh hanh.

_ HET—
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KIEN THU'C CAN NHO

B8 viTRi TUONG DOI CUA HAI MAT PHANG
Cho hai mit phang (P) va (Q). Cic trudng hop c6 thé xay ra:

{¥ Trugng hop 1: (P) va (Q) trung nhau.

¥ Truang hop 2: (P) va (Q) ¢6 mot diém chung. Khi d6 ching sé c6 diém chung khic nita. Tap
hop tit ca cac di€ém chung d6 goi 12 giao tuyén ctia hai mit phang (P) va (Q) (Hinh 1).

{3 Truwdng hop 3: (P) va (Q) khong c6 diém chung. Khi d6 ta néi (P) song song (Q) (Hinh 2).

e Kihidu (P) // (Q);
/ —
P

e Khi (P) /) (Q) vaa C (P)thia // (Q).
£

Hinh 1. Hinh 2.
(P), (Q) cit nhau: (P)N (Q)=d (P), (Q) khong c¢6 diém chung: (P) // (Q)

CAC PINH LY CO BAN

{3} Dinh Iy 1:
Néu mit phang (&) chida hai duong thang cat nhau a, b va a, b cing M
song song v6i mit phang () thi (&) song song véi (B). /x/a>\/b

e

A o Mudn chitng minh hai mdt phdng song song, ta phdi chiing minh ¢é hai duong théng cdt
nhau thudéc mdt phdng nay lan lugt song song vdi mdt phdng kia.

o Muédn chitng minh duong thdng a || (Q), ta chitng minh duong thdng a ndm trong mdt
phang (P) va (P) J| (Q)-
{3} Dinh ly 2:

Qua mdt diém nam ngoai mot mit phang cho trude cé6 mdt va chi
mot mit phang song song véi mit phang d cho.

e
e
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{¥ Dinh Iy 3: Cho hai mit phang song song.
Néu mot mit phang cat mit phang nay thi ciing
cat mit phang kia va hai giao tuyén song song {3 Dinh Iy 4: (Dinh Ii Thales) Ba mit
vOi nhau. phang d6i mot song song chin trén hai cat
tuyén bat ki nhiing doan thang tuong tng

ti 1€. |
o al

/ B/L\. B
| |

HINH LANG TRU VA HINH HOP

{} Dinh nghia: Cho hai mit phang () // (o). Trong ()
cho da gidc 16i AjA,...A,. Qua cic diém A1,A,,...,A,
ta dung cdc dudng song song v6i nhau va cat (o) tai
Al AL Al

AL, AL
Hinh tao thanh bdi hai da gidc AjAz...A,, AJAS.. A,
cung véi cac hinh binh hanh A;A2A5A, A2A3AAS, ...,
AnAy AL AL duge goi 1a hinh ldng tru va dugc ky hiéu béi
AlAy.. Ay ALAY . AL

o Hai da gidc AjAy...A,, AJA) .. A}, dudc goi la hai
myit ddy (bang nhau) cta hinh ling tru.

e Céc doan thang A A ,AQAL,. .. AA) goi la cdc canh
bén cia hinh lang tru.

A,A 1AL A}, goi la cac mdt bén cia hinh lang tru.

e Cac hinh binh hanh A1A2A/2All, A2A3A/3A/2,..., \ \\ |

e Cac dinh cua hai da giac day goi la cac dinh cia hinh
lang tru.

{3 Tinh chit:
o Céc canh bén cia hinh ling tru thi song song va bang nhau.

o Céc mit bén ctia hinh ling tru déu 12 hinh binh hanh.

o Hai ddy cta hinh ling tru 12 hai da gi4c bang nhau.

Hinh lang tru c¢6 day la hinh binh hanh goi 1a hinh hop.
e Cac mat cua hinh hop 1a hinh binh hanh.

o Hai mit phang lan lugt chita hai mit d6i dién ctia hinh hop thi song song nhau.
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{3 Minh hoa vai md hinh thudng gap:

* Lang tru tam giac  * Lang tru ti gidc ~ * Hinh hop * Lang tru ngl gidc

Y  PHAN LOAL PHUGNG PHAP GIAI TOAN

DT lol Chirng minh hai méat phdng song song

{3 Phuong phap:

Chitng minh trén mit phang nay c6 hai dudng thang cit nhau

5 b
cung song song voi mat phang con lai. M
acith /6/
ac(a),bc (a) =(a)/(B).

all (B),b/ (B)

{¥ Chd y: Hai mit phang phan biét cling song song v6i mit phang thit ba thi song song nhau.

=Vidu 1. Cho hinh chép S.ABCD c6 day 1a hinh binh hanh tdm O. Goi M, N, P lan lugt 1a trung
diém cta SA, SD va SB.

a) Ching minh ring (MNP) // (ABCD).
b) Chiing minh ring (OMN) // (SBC).

=Vidu 2. Cho hinh chép S.ABCD véi ddy ABCD 1a hinh thang ma AD // BC va AD = 2BC. Goi M,
N 1an lugt 1a trung diém cta SA va AD. Ching minh: (BMN) // (SCD).

=Vidu3. Cho hai hinh binh hanh ABCD va ABEF c6 chung canh AB va khong ddng phang. Goi
1, J, K 1an lugt 1a trung diém AB, CD, EF. Chiing minh

a) (ADF) J/ (BCE). b) (DIK) J/ (JBE).

=Vidu 4. Cho hinh ling tru ABC.A’B'C’. Goi I, J, K 1an lugt 1a trong tAm cdc tam giac ABC, ACC',
A'B'C'. Chiing minh ring (IJK) // (BCC'B') va (A'JK) J| (AIB').

=Vidu5. Cho hai hinh vuéng ABCD va ABEF & trong hai mit phang phan biét. Trén cic dudng
chéo AC va BF lan luot iy cac diém M, N sao cho AM = BN. Céc dudng thang song song v6i AB vé
tit M, N 1an ludt cat AD va AF tai M’ va N'.

a) Chiing minh ring (ADF) /| (BCE). b) Ching minh ring (CDF) /| (MM'N'N).

DT |9| Chirng minh dudng théng song song v&i mat phéng

D€ chiing minh a song song (P), ta thudng st dung mot trong hai cich sau

{3 Cach 1: (Pd xét d bai hoc trudc) Ta cin chiing to cic ¥ sau:
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e akhong nim trén (P);

e a song song véi mot duong thang b nim trong (P). Suy ra a // (P) hay

ad (P)
allb =al (P)
bcC (P)

{¥ Cach 2: Ta chiing minh dudng thing a nam trong mit phiang (Q) va (Q) // (P) thia /| (P).

=Vidu6. Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh. Goi G, G,, G3 lan lugt 1a
trong tim céc tam giac SAB, ABC, SBD. Goi M 1a mot di€ém thudc dudng thﬁng G,G3. Ching minh
GM || (SBC).

=Vidu 7. Cho hinh chép S.ABCD c6 day 1a hinh binh hanh tdm O. Goi M, N 1an lugt la trung diém
ctia SA va CD.

a) Ching minh hai mit phang (OMN) va (SBC) song song véi nhau.

b) Goi I la trung di€ém cta SD, J 1a mot diém trén (ABCD) va céch déu AB, CD. Ching minh 1J
song song véi (SAB).

DT' ' Pinh ly Thales

Pinh li Thales: Ba mit phang do6i mot song song chan trén hai cat tuyén bat ki nhitng doan thing
tuong ung ti 1€.

=Vidu8. Cho ba mit phang (P),(Q),(R) d6i mot song song véi nhau. Pudng thiang a cit cic
2 R AB 2 . . .
mat phang (P),(Q),(R) lan lugt tai A,B,C sao cho BC =3 va duong thang b cat cac mat phang

I/

B'C'’

(P),(Q), (R) lan lugt tai A’, B',C’ . Tinh ti s&

=Vidu9. Cho ba mit phang (P),(Q),(R) d6i mdt song song vdi nhau. Pudng thing a cat céc

. N B 1 5 . 5
mat phang (P),(Q), (R) lan lugt tai A,B,C sao cho BC =3 va dudng thang b cat cac mat phang

R . ED
(P),(Q),(R) lan lugt tai D, E, F .Tinh ti s6 DF °

=Vi du 10. Cho hinh ti dién S.ABC . Trén canh SA lay cdc diém A1,A sao cho 24A| =2A A, =
A3S . Goi (P) va (Q) 1a hai mit phang song song véi mit phang (ABC) va lan lugt di qua A1, A, . Mit
phang (P) cit cac canh SB, SC lan lugt tai By, C; . Mit phang (Q) cit céc canh SB, SC 1an ludt tai B,
C; . Ching minh 2BB| = 2B By = B>S va 2CC| = 2C1C, =G5S .

=Vidu1l. Mot ké d€ dd biang gb c6 mam tang dudi (ABCD) va mam tang trén (EFGH) song
song v6i nhau. Bac th moc do dudc AE = 80 cm, CG = 90 cm va mudn déng thém mot mam tang
gitta (IJKL) song song v6i hai mam tang trén va dudi sao cho khoéng céch EI = 36 cm (tham khao
hinh vé). Hay gitip bac thg mdc tinh do dai GK d€ dit mam tang gitta cho ké d€ do diing vi tri.

=Vidu 12. Cho hinh chép S.ABC ¢6 SA =9,SB = 12,5C = 15. Trén canh SA lay céc diém M,N
sao cho SM =4, MN = 3, NA = 2. V& hai mit phang song song v6i (ABC) lan lugt di qua M, N , cit SB
theo thd tu M’, N’ va cit SC theo thit tw M, N”. Tinh d6 dai cac doan thang SM’, M'N’,M""N" ,N"'C.
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DT '9' Hinh hop, hinh Iéing try

=Vidu 13. Cho hinh hop ABCD.A'B'C'D’ va mot miit phang (o) cit cdc mit ctia hinh hop theo céc
giao tuyén MN,NP,PQ, QR RS,SM nhu hinh vé. Chiing minh cac ciip canh di ctia luc gidc MNPQRS
song song nhau.

=Vidu 14. Cho hinh ling tru ti gidc ABCD.A’B'C'D’ vé6i ddy 1a hinh thang AB // CD . Mot mit
phang song song véi mit phang (AA’B'B) cit cac canh AD, BC,B'C’,A’D’ 1an luct tai E, F,M,H . Hoi
hinh tao béi cic di€ém E,F,M,H,D,D’',C’,C 1a hinh gi?

=Vidu 15. Cho ling tru tam gidc ABC -A'B'C’. Goi M,N,P lan lugt 1a cdc di€ém trén canh
AM BN CcpP 1 o
AA' BB',CC' sao cho: o = 220 _ =% _ ° Hi hinh tao béi cdc diém M,N,P,A’,B',C’ 1a hinh
- MA' ~ NB ~ PC 2
gi?

BAITAP T LUYEN

o Cho hinh chép S.ABCD c6 day ABCD 1a hinh binh hanh tim O. Goi M, N 1an lugt 1a trung diém
clia SA va CD. Chiing minh hai mit phang (MNO) va (SBC) song song.

e Cho hinh chép S.ABCD, ddy ABCD la hinh thang c6 AB // CD vaAB =2CD, I 1a glao diém ctia
AC va BD. Goi M 1a trung diém ctia SD, E 1a trung diém doan CM va G 1a diém dbi xing cta E
qua M, SE cit CD tai K. Chiing minh (IKE) /| (ADG).

e Cho tif dién ABCD. Goi Gy, G, G3 lan ludt 1a trong tAm clia cdc tam gidc ABC, ACD, ADB.
Chiing minh (G,G»G3) // (BCD).

o Cho hinh chép SABC ¢6 G la trong tam tam giac ABC. Trén doan SA 14y hai diém M, N sao cho
SM = MN = NA.

a) Chiing minh ring GM // (SBC).
b) Goi D la diém dbi xiing v6i A qua G. Chiing minh ring (MCD) // (NBG).

e Cho hinh hép ABCD.A’B'C'D’ . Mot mit phang song song v6i mit ddy (ABCD) ctia hinh hop va
cat cac canh AA’, BB',CC’,DD’ 1an lugt tai M,N,M’,N’ . Chiing minh ring ABCD.MNM'N' 1a
hinh hop.

LY/ BAITAP TRAC NGHIEM

Cau 1. Cho dudng thang d song song véi mit phang (). C6 bao nhiéu mit phang di qua d va song
song véi (a)?

A. 1. B. 0. C. 2. D. V6 sb.

Cau 2. Trong cic diéu kién sau, diéu kién nao két luan mit phang (o) song song v6i mit phang
(B)?

A. (a) J/ (y) va (B) // () (véi (y) 1a mit phang nao do).

B. () // ava («) /| b véi a, b 1a hai dudng thang phan biét thuoc (B).

C. () // ava (@) /| b v6i a, b 12 hai duong thang phan biét cung song song vdi ().

D. (&) // ava («) /| b v6i a, b 12 hai dudng thing cit nhau thude (B).

Cadu 3. Cho ciac ménh dé sau:
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@ Hai mit phang phan biét cing song song véi mot dudng thang thi ching song song véi nhau.
@ Hai mit phang ciing song song véi mot mét phang thi ba thi chiing song song v6i nhau.

@ Bit ki dudng thang nao cat mot trong hai mit phiang song song thi né ciing cit mit phang con
lai.

S6 ménh dé sai 1a
A. 0. B. 1. C. 2. D. 3.

Cdu 4. Trong cic ménh dé sau. Ménh dé sai 1a
A. Hai mit phang song song v6i nhau thi moi dudng thang nim trong mit phang nay déu song song
v4i mit phang kia.
B. Hai mit phang cling song song v6i mot mit phang thi song song véi nhau.
C. Mot mit phang cit hai mit phang song song cho trudc theo hai giao tuyén thi hai giao tuyén song
song v4i nhau.
D. Hai mit phing song song thi khong c6 diém chung.
Cau 5. Cho mit phang (R) cat hai mit phing song song (P) va (Q) theo hai giao tuyén a va b. Ménh
dé nao sau day ding?

A. a va b vudng gbc nhau. B. a va b chéo nhau.
C. ava b cat nhau. D. a va b song song.

CAu 6. Cho dudng thang a thudc mit phang (P) va dudng thang b thudc mit phang (Q). Ménh dé
nao sau day ding?

A. (P)J(Q)=al (Q)vab | (P). B. a va b chéo nhau.
C. (P)/(Q)=alb. D.a/ b= (P)] (Q)
Cdu 7. Hinh ling tru tam gidc c6 tit ci bao nhiéu canh?
A. 6. B. 9. C. 12. D. 3.

CaAu 8. bic diém nao sau day la ding véi hinh ling tru?
A. Day cua hinh lang tru la hinh binh hanh.
B. Hinh ling tru c6 tit ca cac mit song song vSi nhau.
C. Hinh ling tru c6 tit ca cdc mit bén 13 hinh binh hanh.
D. Hinh ling tru c6 tit ca cac mit 1a hinh binh hanh.
Cau 9. Cho hinh hop ABCD.A’B'C'D’. Mt phing (AB'D’) song song v6i mit phang nio sau day?
A. (BCA). B. (BDA'). C. (BDC). D. (A'C'C).
Cdu 10. Cho hai hinh binh hanh ABCD va ABEF khong thudc ciing mot mit phang, c6 canh chung
AB. Két qué nao sau day ding?
A. BC || (AEF). B. FD // (BEF). C. (CEF) /| (ABD). D. (AFD) | (BCE).

Cdu 11. Cho hinh chép S.ABCD c6 ddy 1a hinh thang (AB // CD) va AB = 2CD. Goi I,J 1an lugt 1a
trung diém SB va AB. Mit phang nao song song v6i mit phing (SAD)?

A. (SJC). B. (ICB). C. (1JB). D. (1JC).

Cau 12. Trong mit phang (P) cho hinh binh hanh ABCD, qua A, B, C, D 1an lugt vé bén dudng thang
a, b, ¢, d d6i mot song song véi nhau va khong nam trén (P). Mit phang song song v6i mit phang
(b,c) la

A. (a,b). B. (a,c). C. (a,d). D. (d,b).
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Cdu 13. Cho hinh hop ABCD.A’B'C'D’. Ménh dé nao sau day la

A’ D’
sai? :
A. (ABCD) /| (A’B’C’D’ ). B. (ABB’A’ )/ (CDD’C’ ). !
C. (AA’D’D) /! (BCC’B/ ). D. (BDD’B’ )/ (ACC’A’ ). B I fod
A/'r ———————————— F--7D
Bl c

Cadu 14. Cho hinh chép S.ABCD c6 day 1a mdt hinh binh hanh. Goi A’, B/, C’, D’ 1an luot 1a trung
diém ctia cac canh SA, SB, SC, SD. Tim ménh dé ding trong ciac ménh dé sau.

A. A'C' | BD. B. A'B' /| (SAD). C. (A'C'D') J (ABC). D. A'B' /| (SBD).

Cau 15. Cho hinh chép S.ABCD, c¢6 day ABCD 1a hinh binh hanh tim O. Goi M, N lan luct 1a trung
diém SA, SD. Miit phiang (OMN) song song véi mit phang nao sau day?

A. (ABCD). B. (SCD). C. (SBC). D. (SAB).
—HET—

l TOAN 11 = CHAN TROISANG TAO 111



[/ Chuong 4. DUONG THANG VA MAT PHANG. QUAN HE SONG SONG TRONG KHONG GIAN
§5. PHEP CHIEU PHANG SONG SONG

Y/ KIEN THGC CAN NHG

Bl pivHNGHIA

Cho mit phang (o) va dudng thang A cit (a). V6i mbi diém M trong khong gian ta xdc dinh diém M’
nhu sau:

o Néu M thudc A thi M’ 1a giao diém clia A va
(o).

Néu M khong thudc A thi M’ 14 giao diém clia
(o) va duong thiang qua M song song A. \

M

e Dbiém M’ goi 12 hinh chiéu song song ctia M
trén (o) theo phuong A.

o Phép dit tuong ting mbi diém M vdéi hinh chiéu
M’ ctia né dudc goi 1a phép chiéu song song
1én () theo phuong A.

o Mit phang (o) goi 1a mit phang chiéu; phuong
A goi la phudng chiéu.

TINH CHAT
Phép chiéu song song c6 céc tinh chit sau:

® Bién ba diém thang hang thanh ba diém thang hang.
@ Bién duvng thang thanh duong thang , bién tia thanh tia, doan thang thanh doan thang.
@ Bién hai dutng thang song song thanh hai dudng thing song song hoic tring nhau.

@ Giit nguyén ti s do dai ctia hai doan thang cing nam trén mot dudng thang hodc nam trén hai
dudng thang song song.

HINH BIEU DIEN CUA MOT HINH KHONG GIAN

@ Hinh biéu dién cla hinh trong khong gian 13 hinh chiéu song song ctia hinh d6 trén mot mit
phéng theo mot phucng chiéu nao d6 hodc hinh déng dang véi hinh chiéu dé.
@ Hinh biéu dién ctia mot hinh khong gian ( trong truong hdp hinh phiang nim trong mit phang
khong song song véi phuong chiéu) c6 cac tinh chit sau:
e Hinh bi€u dién ctia mot tam gidc 1a mot tam gidc.
e Hinh biéu dién cta hinh chit nhat, hinh vudng, hinh thoi, hinh binh hanh 1 hinh binh hanh.
e Hinh bi€u dién cta hinh thang ABCD véi AB // CD 1a mdt hinh thang A’B'C'D’ v6i A'B’ |
C'D’ thoa man AB _AB
CD C'D"’
e Hinh bi€u dién cta hinh tron 1a hinh elip.
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DT 'G' Xdc dinh &nh cGia mét hinh qua phép chiéu song song

=Vidu 1. Cho hinh hop ABCD.A'B'C'D'.

a) Xdc dinh 4nh ctia cic diém A’, B',C’, D’ qua phép chiéu song song 1én miit phiang (ABCD) theo
phucng AA’.

b) Xdc dinh anh ctia tam gidc A’C’'D’ qua phép chiéu song song lén mit phang (ABCD) theo
phuong A'B.

= Vidu 2. Phép chiéu song song bién hinh binh hanh ABCD thanh hinh binh hanh A’B'C’D’. Chiing
minh rang phép chiéu dé bién tdm ctia hinh binh hanh ABCD thanh tAm ctia hinh binh hanh A’B'C'D’.

=Vidu 3. Phép chiéu song song bién tam gidc ABC thanh tam gidc A’B'C’ . Chiing minh ring phép
chiéu d6 bién dudng trung binh ctia tam giac ABC thanh dudng trung binh cla tam gidc A’B'C’ .

DT Iel Vé hinh biéu dién ctia mét sé hinh khdi don gién

=Vidu 4. Ve hinh biéu dién cta cic hinh sau
a) Hinh luc giac déu.
b) Hinh vudng ndi tiép trong hinh tron.

=Vidu 5. VE hinh bi€u dién cta hinh chép S.ABCD c6 ddy 1a hinh thang ABCD véi AB song song
CD;AB=2cm,CD =6 cm.

=Vidu 6. VE hinh biéu dién cta cdc hinh sau
a) Hinh ling tru c6 ddy 1a tam gidc déu.
b) Hinh ling tru c6 ddy 12 luc gidc déu.
¢) Hinh hop.

d) Hinh chép tam gidc S.ABC dit trén mdt hinh lang tru tam gidc ABC.A’B'C’.

BAI TAP TRAC NGHIEM

Cau 1. Cho hinh hép ABCD.A'B'C'D’ . Goi M, M’ 1an luot 1a trung diém ctia cic canh BC,B'C’ Hinh
chiéu cia AB'DM qua phép chiéu song song trén (A’B'C'D’) theo phuong chiéu AA’ 1a

A. AB'A'M'. B. AC'D'M'. C. ADMM'. D. AB'D'M'.
CdAu 2. Cho hinh hép ABCD.A'’B'C'D’ . Goi M, M’ 1an lugt 1a trung diém clia cic canh BC, B'C’ Hinh
chiéu ctia AD’CM qua phép chiéu song song trén (A’B'C'D’) theo phuong chiéu BB’ 1a

A. AB'CM'. B. AC'D'M'. C. ADMM'. D. ABD'M'.
Cadu 3. Cho hinh hop ABCD.A'B'C'D’ . Goi M, M’ 1an ludt 1a trung diém ctia cac canh AD,A’D’; N, N’

1an 1ud 1a trung diém cida cic canh CD,C’D'; P 1a trung diém ctia DD'. Hinh chiéu ctia AMNP qua phép
chiéu song song trén (A’B'C’'D’) theo phuong chiéu BB’ 1a
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[/ Chuong 4. DUONG THANG VA MAT PHANG. QUAN HE SONG SONG TRONG KHONG GIAN
A. ABN'M'. B. AD'M'N'. C. APM'N'. D. APD'M'.
Cdu 4. Trong cic ménh dé sau, c6 bao nhiéu ménh dé ding?
a) Mot dudng thang c6 thé song song véi hinh chiéu ciia né.
b) Mdt dudng thang c6 thé trung vé6i hinh chiéu ctia né.
¢) Hinh chiéu song song ctia hai dudng thang chéo nhau c6 thé song song véi nhau.
d) Hinh chiéu song song ctia hai dudng thang chéo nhau c6 thé trung nhau.
A. 1. B. 2. C. 3. D. 4.
Cdu 5. Trong cic ménh dé sau, c6 bao nhiéu ménh dé diing?
a) Phép chiéu song song bién doan thing thanh doan thang.
b) Phép chiéu song song bién hai duting thang song song thanh hai dudng thang cit nhau.
¢) Phép chiéu song song bién tam gidc déu thanh tam gidc can.
d) Phép chiéu song song bién hinh vuong thanh hinh binh hanh.

A. 1 B. 2. C. 3. D. 4.

Cau 6. Hinh chiéu ctia tif dién ABCD 1én mot mit phang (P) theo phuong chiéu AB (AB khong song
song véi (P) la

A. hinh tam giac. B. hinh tu giéc. C. doan thang. D. hinh thang.
CaAu 7. Hinh nao dudi day khong phai 13 hinh bi€u dién ctia mot t dién?

C. D.
Cdu 8. Cho hinh lidng tru tam gidc ABC.A’B'C’. Goi M, M’ lan ludt 1a trung diém cida cdc canh
BC,B'C' va I 1a giao diém ctia dudng thang A’M va (AB'C’). Tim hinh chiéu song song ctia I trén
(A’B'C’) theo phuong BB'.

A. Trung diém ctia doan thang A’M’. B. Trong tdm ctia tam gidc A’B'C’.

C. biém A’ D. biém M'.
CAu 9. Cho ti dién ABCD. Goi M, N 1an luot 1a trung diém cia cac canh AC, BC, trén canh BD liy
diém P sao cho BP = 2PD. Miit phing (MNP) cit mit phiang (ACD) theo giao tuyén d. Tim hinh chiéu
song song ctia dudng thang d trén (BCD) theo phuong AD.

A. Pudng thaing DN.  B. Duong thang CD.  C. Puong thang BD.  D. Piém M.
Cdu 10. Cho t dién ABCD va M 1a di€ém bat ki thudc mién trong ctia tam gidc BCD. Goi B', C',
D' 1an lugt 12 hinh chiéu song song ctia M theo cic phuong AB, AC, AD 1én cic mit (ACD), (ABD),
(ABC). Tinh ME' + me + MD

. Tin .

AB AC AD

A. 1. B.

W[ —

1
5
_ HET—
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NN § . Chuvng 5

CAC SO PAC TRUNG DO XU THE
TRUNG TAM CUA MAU SO LIEU GHEP
NHOM
s1. SO TRUNG BINH VA MOT CUA MAU SO LIEU
GHEP NHOM

LY THUYET CAN NHO

B8 sO LiEu GHEP NHOM

{3 Dinh nghia: Mau s liéu ghép nhém thudng dudc trinh bay dudi dang bang tin s6 ghép nhém c6
dang nhu sau:

Nhém [ui;up) | [ursuz) g ug+1)

Tan s ni n e Nk

{3 Cha y:

o Béng trén gom k nhom [uj;u;i1) v6i 1 < j < k, m&i nhém gdbm mot sd gid tri dugc ghép
theo mdt tiéu chi xdc dinh. Trong mot sb trudng hop, nhém s6 liéu cudi cling c6 thé lay
dau miit bén phai.

o COmiun=n;+ny+---+n.

o Gi4 tri chinh giita m6i nhém dudc dung lam gia tri dai dién cho nhém 4y. Vi du nhém

PRI |
[ur;up) c6 gia tri dai dién la 5 () +up).
o Hiéu uj | —u; dudc goi la do dai cia nhom [u ju j+1). Ta thuong phan chia cic chém

c6 d6 dai L bang nhau va L > i v6i R 1a khoang bién thién, k 13 s nhém.

\.

I M6t sb quy tac ghép nhém ciia mau so ligu: Mbi mau sb lidu c6 thé duge ghép nhém theo
nhiéu cach khac nhau nhung thudng tuin theo mot sd quy tic sau:

o St dung tif k = 5 dén k = 20 nhém. C3 mau cang 16n thi can cang nhiéu nhém sb liéu. Cac
nhém c6 cuing do dai bang L thoa man R < k- L, trong d6 R 1a khoang bién thién, & 12 s nhém.

o Gid tri nh6 nhat cia mau thudc vao nhém [u1;u;) va cang gan uy cang tot. Gid tri 16n nhét clia
mau thudc nhém [ug; 1y, 1) va cang gan uy, | cang tot.
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WA/ chuongs CAC SO PAC TRUNG DO XU THE TRUNG TAM CUA MAU SO LIEU GHEP NHOM = 10 TOAN

sO TRUNG BINH

Cho méiu s liéu ghép nhém (BANG 1)

Nhém [ul;uz) [u,-;u,-H) [uk;ukH)
Tan so ni . n; .. ng

{3} Céng thirc tinh:

7

S6 trung binh cia mau s6 liéu ghép nhém ki hiéu 1a X va

mxiy+...+ngxg
n

X =

Ui+ Uiy

> (v6ii=1,... k) lagia tri dai dién cua

trong d6, n =n; +...+n; 12 cd miu va x; =

nhom [u;;u;11).

\.

{3 Chi y: Dbi véi s6 liéu 18i rac, ngudi ta thudng cho cac nhém dudi dang ky — ko, trong dé ky, kr € N.
Nhém ky — ko dude hiéu 1a nhém gdm cdc gia tri kq, ky +1, ..., kr. Khi d6, ta can hiéu chinh miu
s6 lidu ghép nhém d€ dua vé dang Bang 1 trude khi thuc hién tinh toan cic sb dic trung bang cach
hiéu chinh nhém k; — ky v6i kq, ko € N thanh nhém [k; — 0,5;k, +0,5). Chang han, véi di liéu ghép
nhom di€m thi mon Todn trong bang

DPiém thi 1-4 | 5-7 | 8—10
SO hoc sinh 5 20 10

sau khi hi€u chinh ngudi ta dudc bang:

Di€m thi 0,5;4,5) | [4,5;7,5) | [7,5;10,5)
S0 hoc sinh 5 20 10

{3 Y nghia: S6 trung binh ctia mau s6 liéu ghép nhém xép xi cho s trung binh ctia mau sb liéu gbc,
n6 cho biét vi tri trung tdm clia mau s6 liéu va c6 thé dung dai dién cho mau so liéu.

MOT

{3 Céng thitc tinh: D& tim mbt ctia miu s6 liéu ghép nhém (BANG 1) , ta thuc hién theo céc budc:

e Budc 1: Xac dinh nhém c6 tan s6 16n nhit (goi 1a nhém chita mét), gia st 12 nhém
m: [ty Ui ).

Nm — Np—1

-h
(nm _nmfl) + (nm - nm+1)

e Budc 2: M6t dudc xac dinh 1a My = u,, +

Trong do, n,, 12 tan s6 nhém m (quy ubc ng = ny,1 = 0) va h 1a dd dai ctia nhém.

\. J

{¥ Cha y: Ngudi ta chi dinh nghia mét cho mau ghép nhém cé do dai cac nhém bang nhau. Mot mau
c6 thé khong c6 mét hoic ¢ nhiéu hon mdt mot.

{3 Y nghia: M6t cia mau s6 liéu ghép nhém xap xi cho mbt ctia mau sb lidu gbe, né duge dung dé
do xu the trung tam ctiia mau so liéu.
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IEY/S PHAN LOAI VA PHUGNG PHAP GIAI TOAN

1. O TRUNG BINH VA MOT CUA MAU SO LIEU GHEP NHOM

\ \

DT IGI Nhén dang méu sé liéu ghép nhém

=Vidu 1. Mau s6 liéu sau cho biét phan b theo do tudi ctia dan s6 Viét Nam niam 2019.

bo tudi

Dudi 15 tudi

Tu 15 dén dudi 65 tudi | Tu 65 tudi tré 1én

S0 nguoi

23371 882

7416651

65 420451

a) M4u s6 lidu da cho ¢6 12 mau s6 liéu ghép nhém hay khong?

b) Néu cic nhém va tan sb tuong ting. Dan s6 Viét Nam nim 2019 1a bao nhiéu?

= Vidu 2. Mau s6 liéu sau cho biét két qua kiém tra mon Todn cta 16p 11A ndm 2022.

Diém so

3;5)

[5:7) | [7;9) | [9;11)

S6 hoc sinh

5 18 10 7

a) MAu sb liéu di cho c6 12 mau s6 liéu ghép nhém hay khong?

b) Néu cic nhém va tan sb tuong ting. S6 hoc sinh ctia 16p 11A 1a bao nhiéu?

DT Iel Ghép nhém mau sé liéu

= Vidu 3. Bang thong ké sau cho biét thdi gian chay (pht) cda 30 van dong vién (VDV) trong mot

giai chay Marathon.

Thoi gian

129

130

133

134

135

136

138

141

142

143

144

145

S6 VbV

1

2

1

1

1

2

3

3

4

5

2

5

Hay chuyén mau s6 liéu trén sang mau s liéu ghép nhém gdém sdu nhém c6 do dai bang nhau va
bang 3. Xac dinh gia tri dai dién ciia moi nhom.

=Vidu4. Canning (kg) cla 35 ngudi trudng thanh tai mot khu dan cu dudc cho nhu sau:

43 51 47 62 48 40
56 53 50 42 55 52
47 44 54 55 60 63

50
48
58

62
46
55

53
45
60

56
54
58

40 48
52 50
53.

Chuyén mau s6 liéu trén thanh dang ghép nhém, cic nhém cé d6 dai bang nhau, trong d6 c6 nhém
[40;45). Xéc dinh gid tri dai dién ctia m6i nhom.

DT 'e' Tinh sd trung binh ctia méu sd liéu ghép nhém

=Vidu5. Anh Vin ghi lai cy 1i 30 1an ném lao ctia minh & bang sau (don vi: mét):

721 | 729 | 702 [ 70,9 | 72,2 | 71,5 | 72,5 | 69,3 | 72,3 | 69,7
723 | 71,5 | 712 | 69,8 | 723 | 71,1 | 69,5 | 72,2 | 71,9 | 73,1
71,6 | 713 | 722 | 71,8 | 708 | 722 | 722 | 72,9 | 72,7 | 70,7
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A

a) Tinh cu li trung binh ctia mbi 1an ném.

= 10 TOAN

Chuong 5. CAC SO DAC TRUNG DO XU THE TRUNG TAM CUA MAU SO LIEU GHEP NHOM

b) Téng hop lai két qua ném clia anh Viin vao bang tan s6 ghép nhém theo mau sau:

Culi (m) | [69,2;70) | [70;70,8) | [70,8:71,6) | [71,6:72,4) | [72,4:73,2)
Sé lan ? ? ? ? ?
¢) Hay udc lugng cy li trung binh mbi 1an ném tir bang tan sé ghép nhom trén.
d) Kha ning anh Vin ném dugc khoang bao nhiéu mét 1a cao nhit?
=Vidu 6. Tim can ning trung binh cta hoc sinh 16p 11D cho trong béng sau:
Can nang [40,5;45,5) | [45,5;50,5) | [50,5;55,5) | [55,5;60,5) | [60,5;65,5) | [65,5;70,5)
S0 hoc sinh 10 7 16 4 2 3

=Vidu 7. Két qua khao sat cn ndng clia 25 qui cam & mdi 16 hang A va B dugc cho & bang sau:

Can nang (g) [150;155) | [155;160) | [160;165) | [165;170) | [170;175)
SO qua cam 6 16 hang A 2 6 12 4 1
S6 qua cam & 16 hang B 1 3 7 10 4

a) Hay udc lugng can ning trung binh ctia mdi qua cam & 16 hang A va 16 hang B.

b) Néu so sanh theo sb trung binh thi cam & 16 hang nao ning hon?

DT (7 Tinh mét clia méu sé liéu ghép nhém

=Vidu 8. Bang s6 liéu ghép nhém sau cho biét chiéu cao (cm) ctia 50 hoc sinh 16p 11A.

Khoang chiéu cao (cm) | [145;150)
S0 hoc sinh 7

[150;155)
14

[155;160)
10

[160;165) | [165;170)
10 9

Tinh mét ctia mau s6 liéu ghép nhém nay. C6 thé két luan gi tir gid tri tinh dugc?
=Vidu9. Két qua kiém tra mon Toén ctia 16p 11D nhu sau

567569 10 8554545745289 10

535657 5 8495656128879 7 9

a) Lap bang tan s6 ghép nhém ctia mau s6 liéu trén c6 bén nhém ting véi bon niia khoang [3;5),
[5:7), [7:9), [9;11).

b) Mbt ctia bang s6 liéu ghép nhém trén 13 bao nhiéu (Iam tron két qua dén hang phan mudi)?

IS BAITAPTU LUYEN

Mot trudng trung hoc phd thong chon 36 hoc sinh nam ciia khéi 11, do chiéu cao ciia cc ban
hoc sinh d6 va thu dudc mau sb liéu sau (don vi: centimét):

160 161 161 162 162 162 163 163 163 164 164 164
164 165 165 165 165 165 166 166 166 166 167 167
168 168 168 168 169 169 170 171 171 172 172 174

118 TOAN 11 - CHAN TROI SANG TAO




\ \

1. O TRUNG BINH VA MOT CUA MAU SO LIEU GHEP NHOM

© Trudng THPT Bao Son Tay

Lap bang tan s6 ghép nhém cho miu s6 liéu trén c6 5 nhém ting véi 5 nita khoang:
[160;163), [163;169), [166;169), [169;172), [172;175).

e S6 san pham mot cong nhan lam dugc trong mot ngay dude cho nhu sau:

18 25 39 12 54 27 46 25 19 8 36 22
20 19 17 44 5 18 23 28 25 34 46 27 16
Hay chuyén mau sb liéu sang dang ghép nhém véi sau nhém c6 do dai bang nhau.
o Mau s6 liéu sau ghi lai can niing ctia 30 ban hoc sinh (don vi: kildgam):
17 40 39 40,5 42 51 41,5 39 41 30
40 42 40,5 39,5 41 405 37 39,5 40 41
38,5 39,5 40 41 39 40,5 40 38,5 39,5 415

Hay chuyén miu s liéu trén sang dang ghép nhém vé6i 8 nhém cé d6 dai bang nhau.

o Ngudi ta dém sd xe 6 t6 di qua mdt tram thu phi méi phit trong kho4ng thdi gian tir 9 gid dén 9
it 30 phiit sdng. Két qua dugc ghi lai 6 bing sau:

15116 | 13 | 21 | 17 | 23 | 15 | 21 6 11 ] 12 | 23 | 19 | 25 | 11
25 7 29 | 10 | 28 | 29 | 24 6 11 | 23 | 11 | 21 9 27 | 15
a) Tinh sb xe trung binh di qua tram thu phi trong mdi phuit.
b) Tng hop lai s6 liéu trén vao bang tan s6 ghép nhém theo mau sau:
Séxe | [6,10] | [11;15] | [16;20] | [21;25] | [26;30]
So lan ? ? ? ? ?

¢) Hay uéc lugng trung binh sb xe di qua tram thu phi trong mdi phiit tif bang tan s6 ghép
nhom trén.

e Mot thu vién thdng ké s6 luong sach dudc mugn mdi ngay trong ba thang & bang sau:

Sosach | [16:20] | [21:25] | [26:30] | [31:35] | [36:40] | [41;45] | [46:50]
Sb ngay 3 6 15 27 22 14 5

Hay udc lugng sb trung binh va mét ciia mau sb liéu ghép nhom trén.

o Quing dudng (km) tif nha dén ndi 1am viéc clia 40 cong nhan mot nha may dudc ghi lai nhu sau:

5 3 10 20 25 11 13 7 12 31 19 10 12 17 18
11 32 17 16 2 7 9 7 8 3 5 12 15 18 3
12 14 2 9 6 15 15 7 6 12

a) Ghép nhém day sb liéu trén thanh cac khoang c6 d6 rong bang nhau, khoing dau tién la
[0;5). Tim gia tri dai dién cho m6i nhém.

b) Tinh sb trung binh ctia miu sb liéu khong ghép nhém va mau sb liéu ghép nhom. Gia tri
nao chinh xac hon?

¢) Xéc dinh nhém chita mét ctia mau s6 liéu ghép nhém thu dugc.
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Chuong 5. CAC SO DAC TRUNG DO XU THE TRUNG TAM CUA MAU SO LIEU GHEP NHOM

= 10 TOAN

o Mot cong ty xdy dung khao sit khach hang xem ho ¢6 nhu ciu mua nha & miic gia nao. Két qua

khao sat dudc ghi lai  bang sau

Muc gia . _ _ _ _
(tridu dong/m?) [10;14) | [14;18) | [18;22) | [22;26) | [26;30)
S6 khach hang 54 78 120 45 12

a) Tim mot ciia mau s6 liéu ghép nhom trén.

b) Cong ty nén xdy nha & miic gi4 ndo d€ nhidu ngudi c6 nhu ciu mua nhét?

0 S6 cudc goi dién thoai mdt ngudi thuc hién mdi ngay trong 30 ngay dudc Iva chon ngiu nhién

120

dugc thdng ké trong bang sau:

S0 cudc goi

3:5]

[6;8] | [9;11]

[12;14]

[15;17]

S6 ngay

5

13 7

3

2

TOAN 11 - CHAN TROI SANG TAO

a) Tim mot ciia mau sd liéu ghép nhom trén.

b) Hay du dodn xem kha ning ngudi d6 thuc hién bao nhiéu cudc goi mdi ngay 1a cao nhit.




2. TRUNG V| VA TU PHAN V| CUA MAU 56 LIEU GHEP NHOM . CA U
§2. TRUNG VI VA TU PHAN VI CUA MAU SO LIEU
GHEP NHOM

LY THUYET CAN NHO

Cho miu s6 liéu ghép nhém

Nhom | [upsup) | ooo | [Umstmer) | oo | [uksupsr)
Tan so n N, Ny

n Trung vi M, cia mau so liéu ghép nhom

{3} Coéng thirc tinh:

® Goi n la ¢d mau. @ Gia stt nhom [u,; Uy, 1) chida trung vi;
® n,, 12 tn sb ctia nhém chifa trung vi; @ C=nj+ny+-+ny_i.
Khi do6
n
z—C
M, = uy, + : (um+1 - um)
o

{3 Y nghia: Trung vi cia mau sb liéu ghép nhém x4p xi cho trung vi clia mau sb liéu gdc, né chia
mau so liéu thanh hai phan, moi phan chia 50% gia tri.

Tit phan vi ctia miu s liéu ghép nhém

{3 Tif phan vi thit hai 0,: Ciing hinh 12 trung vi ctia mau s6 liéu ghép nhém.
X T phan vi tht nhat O;: Céc bude tim Q; nhu sau
o Gia stt nhom [ty 1 1) chda td phan vi thd nhit va n,, 12 tan s6 ctia nhém ti phan vi thid nhét;
e C=n1+n+---+n,_1.
Khi d6

Z—C
O1=up+

*(Umt1 — tm)

m

{3 T phan vi thit ba 05: Cac budc tim Q3 nhu sau

o Gié stt nhém [uj;u,1) chita tit phan vi thi ba va n; 1a tan s6 cta nhom chita ti phan vi thi
ba;
° C=n1+n2+...+nj_1.
Khi do

2 _c

Os=u;+ (wj1 —uj)

J
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Chuong 5. CAC SO DAC TRUNG DO XU THE TRUNG TAM CUA MAU SO LIEU GHEP NHOM

A

CHU Y
Céc t phan vi cia mau so liéu ghép nhém xp xi cho cdc t phan vi ciia mau so liéu goc, chung
chia mau so liéu gom 4 phan, moi phan chia 25% gia tri.

Y  PHAN LOAI VA PHUONG PHAP GIAI TOAN

DT 'ol Tinh trung vi clia mau sé liéu ghép nhém

=Vidu 1. Thoi gian (phut) truy cdp internet mdi budi tdi cia mot s6 hoc sinh dugc cho trong béng
sau:

Thoi gian (phit) | [9,5;12,5)
S06 hoc sinh 3

[12,5:15,5)
12

[15,5:18,5)
15

[18,5;21,5) | [21,5;24,5)
24 2

Tinh trung vi ctia mau s6 liéu ghép nhém nay.

=Vidu 2. Két qua khao sét cn ning ctia 25 qui bo & mot 16 hang cho trong bang sau:

Can nang (g) | [150;155) | [155;160)
S0 qua bo 1 7

[160;165) | [165;170) | [170;175)
12 3 2

Hay tim trung vi ciia mau s6 liéu ghép nhém trén.

DT 'e' Tim t& phan vi cGia mau sé liéu ghép nhém

=Vidu 3. Thoi gian (phut) truy cdp internet mdi budi tdi ctia mot s6 hoc sinh dugc cho trong béng
sau:

Thoi gian (phut)

9,5;12,5)

[12,5;15,5)

[15,5:18,5)

[18,5:21,5)

[21,5;24.5)

S6 hoc sinh

3

12

15

24

2

Tim td phan vi thi nhat Q; va td phan vi thid ba Q3 ctia mau s6 liéu ghép nhém.

= Vidu 4. Bang bén cho biét tin s6 ghép nhém sb liéu thdng ké can ning ctia 40 hoc sinh 16p 114
trong mot trudng trung hoc phd thong (don vi: kildgam). Xac dinh ti phan vi ctia mau s6 liéu ghép
nhom.

Nhém [30,40)
Tan sO 2

[40;50)
10

[50;60) | [60;70) | [70;80) | [80;90)
16 8 2 2

=Vidu5. Thoi gian luyén tap trong mdt ngay (tinh theo gid) ctia mot s6 van dong vién dugc ghi
lai § bang sau:

Thoi gian luyén tap (gio) | [0;2) | [2:4)
S6 van dong vién 3 8

[4;6)
12

[6;8) | [8;10)
12 4

a) Hay xéc dinh cdc td phan vi ctia mau s6 liéu da cho.

b) Huan luyén vién muon xac dinh nhém gom 25% cac van dong vién co soO gio luyén tap cao
nhat. Hoi huan luyén vién nén chon cac van dong vién c6 thdi gian luyén tap ti bao nhiu gio
tré 1én vao nhom nay?

122
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© Trudng THPT B&o Son Tay 2. TRUNG V| VA TU PHAN V| CUA MAU SO LIEU GHEP NHOM \ \

=Vidu 6. Mot phong kham thdng ké sd bénh nhan dén khdm bénh mdi ngay trong thdng 4 nim
2022 & bang sau:

S6 bénh nhan | [1;10] | [11;20] | [21;30] | [31;40] | [41;50]
S6 ngay 7 8 7 6 2

a) Hay udc luong cac tif phan vi ctia mau s6 liéu ghép nhém trén.

b) Quéan ly phong khdm cho ring c6 khoang 25% sb ngay kham c6 nhiéu hon 35 bénh nhan dén
kham. Nhan dinh trén c6 hgp ly khong?

BAITAP TY LUYEN

0 Bang bén cho ta bang tan s6 ghép nhém sb liéu thdng ké chiéu cao clia Nhém | Tan sé

40 mau cay & m(f):[ Vufjn thuc vat (don vi: centimét). Xac dinh trung vi, 30;40) 4
ti phan vi cia mau so li€u ghép nhom trén. 140;50) 10
[50;60) 14
[60;70) 6
[70;80) 4
[80;90) 2

n=40

e Mau s6 liéu duéi day ghi lai tbc do ctia 40 6 t6 khi di qua mot tram do tdc do (don vi: km/h):

485 43 50 55 45 60 53 55,5 44 65
51 62,5 41 44,5 57 57 68 49 46,5 53,5
61 495 54 62 59 56 47 50 60 6l
495 52,5 57 47 60 55 45 47,5 48 615

a) Lap bang tan s6 ghép nhém cho mau s liéu trén ¢6 sdu nhém dng véi sdu nia khoang:

[40;45), [45;50), [50;55), [55:60), [60;65), [65;70).

b) Xéc dinh sb trung vi, tif phan vi ciia miu s6 liéu ghép nhém trén.

o Trong tuan 1& bdo vé méi trudng, cac hoc sinh khéi 11 tién hanh thu nhit vo chai nhua dé tdi ché.
Nha trudng thong ké két qua thu nhit vo chai ctia hoc sinh khéi 11 & bang sau:

S6 v6 chainhwa | [11;15] | [16;29] | [21;25] | [26:30] | [31;33]
S6 hoc sinh 53 82 48 39 18

Hay tim trung vi ciia mau s6 liéu ghép nhém trén.

0 Trong mot hdi thao, thdi gian chay 200 m ctia mot nhém céc van dong vién dudc ghi lai & bang
sau:

Thoi gian (gidy) | [21;21,5) | [21,5;22) | [22:22,5) | [22,5;23) | [23;23,5)
S6 van dong vién 5 12 32 45 30

Dua vao bang sb liéu trén, ban t6 chiic muén chon ra khoang 50% s6 van dong vién chay nhanh
nhét dé tiép tuc thi vong 2. Ban t§ chiic nén chon céc van dong vién c6 thdi gian chay khong qua
bao nhiéu gidy?
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e Mot hing xe 6 to thong ké lai s6 1an gip su c¢d vé dong co ctia 100 chiéc xe cling loai sau 2 nim
st dung dau tién & bang sau:

Solangapswco | [1:2] | [3:4] | [5:6] | [7:8] | [9;10]
S6 xe 17 | 33 | 25 | 20 5

a) Hay u6c luong céc td phan vi ciia mau sb liéu ghép nhém trén.

b) Mot ngudi cho ring c6 trén 25% xe ctia hang gip khong it hon 4 su ¢ vé dong co trong 2
nim st dung dau tién. Nhan dinh trén c6 hop 1i khong?

Y/ BAi TAP TRAC NGHIEM

Cdu 1. Cho bang phan bd tan sb ghép 16p sau
Chiéu cao ctia 40 hoc sinh nam & mot trudng THPT
Lép chiéu cao (cm) | [160; 163] | [164; 167] | [168; 171] | [172;175] Cong
Tan so 9 20 7 4 40

Gia tri dai dién c3 ctia 16p chiéu cao thi 3 14
A. c3 = 168. B. ¢3 =169,5. C.c5="17. D. c3=171.
Cdu 2. Do dai cia 60 14 duong xi truéng thanh dugc cho bang bang phan b tan sd ghép 16p nhu sau.

SO TT | Lép cua do dai (cm) | Tan so
1 [10;20) 8
2 [20;30) 18
3 [30;40) 24
4 [40;50) 10
Cong 60

Héi s6 14 c6 chiéu dai tir 30 cm dén 50 cm chiém bao nhiéu phan trim?
A. 50%. B. 56%. C. 56,7%. D. 57%.

Cdu 3. Bang xép loai hoc luc ctia hoc sinh 16p 11A2 trusng THPT Bic Thing Long nam hoc 2012 —
2013 dudc cho nhu sau

Hoc luc Kém | Yéu | Trung Binh Kha Gioi | Tong
Pidm | [0:3) | 3:5) | [5:6,5) | [6,5:8) | [8:10)
S0 hoc sinh 3 12 13 11 6 45

X4c dinh sb trung binh X diém ctia 45 hoc sinh néi trén
A ¥=5.38. B.x=5,5. C. ¥=6.0. D.x=5.

Théng ké diém trung binh mon Toan ctia mdt sd hoc sinh 16p 11 dudc cho & bang sau:

Khoang diém | [6,5;7) | [7;7,5) | [7,5:8) | [8:8,5) | [8,5;9) | [9;9,5) | [9,5;10)
Tan so 8 10 16 24 13 7 4

Tir bang s6 liéu ghép nhém nay, tra 15i cac cau hdi sau:

Cdu 4. Bang s6 liéu trén c6 ¢d mau (kich thuéc mau) 1a bao nhiéu?

A. 24. B. 82. C. 7. D. 10.
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Cdu 5. Nhom chita mét ctia mau s6 liéu nay 1a
A. [9,5:10). B. [6,5:7). C. [8,5:9). D. [8:8,5).

CaAu 6. Sb trung binh ctia mau sb lidu trén gan nhét véi két qua nao sau day?
A. 734, B. 8.12. C. 8.30. D. 8.45.

Cdu 7. Trung vi ctia mau sb liéu trén thudc khodng nao trong cic khoang dudi day?
A. 8,15. B. 8,43. C. 8.30. D. 8.21.

CaAu 8. Mbt ctia mau sb lidu trén c6 gid tri gan nhat véi két qua nao duéi day?
A. 734, B. 8,12. C. 8.30. D. 8.21.

Cdu 9. Tii phan vi thif nhit ctia mau s6 liéu trén gan nhét véi gia tri nao trong cic gid tri sau dy?
A. 7. B. 7.95. C. 7,58. D. 8.21.

Cau 10. Tit phan vi thit ba ctia mau s6 liéu trén gan nhét vé6i gid tri ndo trong cac gia tri sau day?
A. 8,53. B. 7,95. C. 7,58. D. 8,63.

—HET—
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