KY THI CHON DQI TUYEN HQC SINH GIOI THPT
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Khéa ngdy 22 théng 8 nim 2025
DE CHINH THUC
(Dé thi ¢6 01 trang) MON: TOAN

Thoi gian lam bai: 180 phiit, khéng ké thoi gian phat dé

Ciu 1. (3,0 diém) Cho a,b,c 14 céc sb thyc duong théa min a® + b* + ¢* = 1. Tim gié trj nhd
nhit cua biéu thirc
a* b a
P= ;
1+ 2be +1+206 +l+2ab
1
2

u,
1 .
u. = J%,Vﬂ EN.

a) Chimg minh ring ddy s6 (u,) cé gi6i han hitu han. Tim gi6i han do.

Ciu 2. (3,0 diém) Cho ddy s6 (u, ) x4c dinh boi

b) Tinh gié trj cta tich v han P = ] [u, = 1,14

n=]

Ciu 3. (3,0 diém) Tim tit ca cic hdim s§ f: R — R théa man ddng thoi cdc diéu kién sau:

i) £(0)%—1.
i) f(z* +2f(y)) =2y + f*(z), Vz,y €R.

Céu 4. (3,0 diém) V6i mi s6 nguyén dwong n, dit u_= (4 = Jl_s) + (4 + «/1?) Chimg minh

ring v6i moi s6 nguyén duong n thi u_ chia hét cho 2 vd A= +u} +...+u},, chia hét cho
8.
Ciu 5. (3,0 diém) Cho 21 6 vudng dugc xép thinh mdt hang doc lién tiép nhau. Ngudi ta t6
m{t trong hai mau den hofic tring cho mdi 6 vudng sao cho:

i) Khéng té den 2 & lién tiép nhau.

ii) Khong t3 tring qué 2 6 lién tiép nhau.

Hdi c6 bao nhiéu c4ch t6 mau théa min ddng thoi cdc didu kién trén?

Ciu 6. (5,0 diém) Cho tam gisc ABC khéng cin. Pudng trdn tim I ndi tiép tam gidc ABC,
tiép xtic v6i canh BC tai D. Pudng thing di qua D vudng géc IA, cit IB,IC lan lugt tai P, Q.

a) Chimg minh c4c diém B,P,C,Q cing thufc mot dudng trén (w).

b) Goi K 1A tdm dudng trdn (w). Chimg minh ba diém K, A,D thing hing.

HET
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bé bai
Bai toan 1. (3,0 diém) Cho a,b, ¢ la cac s6 thuc duong thod man a® + b + ¢ = 1. Tim gia
tri nhé nhat ctia bidu thiic

a? b? c?

“ 112 1t 2ac 11 2ab

Bai toan 2. (3,0 diém) Cho day s6 (u,) xac dinh béi

uy =

N | —

1+ u,
2

, Vn € N*

Un4+1 =

(a) Chitng minh rang day (u,) c6 gi6i han hitu han. Tim gi6i han d6.

(b) Tinh gia tri cua tich vo han

00
| |un:u1u2u3....
n=1

Bai toan 3. (3,0 diém) Tim tat ca cdc ham s6 f : R — R thod man dong thoi cac diéu kien
sau

i f(0) £ 1.
ii. f(z*2+2f(y)) =2y + f3(x), Vo,y € R.
Bai toan 4. (3,0 diém) V6i mdi s6 nguyen duong n, dat
Uy = (4= VI5)" + (4 + V15)".
Chitng minh rang v6i moi s6 nguyén duong n thi u, chia hét cho 2 va
A=ud +uld+ -+ Uy
chia hét cho 8.

Bai toan 5. (3,0 diém) Cho 21 6 vuong duge xép thanh hang doc lien tiép nhau. Ngudi ta
t6 mot trong hai mau den hodc trang cho méi 6 vuong sao cho

1
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i. Khong to den 2 6 lién tiép nhau.
ii. Khong to trang qua 2 o lién tiép nhau.
C6 bao nhiéu cach to thod man dong thoi cac diéu kién treén.

Bai toan 6. (5,0 diém) Cho tam gidc ABC khong can. Duong tron (1) noi tiép tam gidc tiép
xtic v6i canh BC tai D. Duong thing qua D vuong géc véi [ A, cat 1B, IC lan ludt tai P, Q.

(a) Chiing minh bén diém B, C, P,Q ciing thudc mot duong tron (w).

(b) Goi K la tam duong tron (w). Chting minh ba diém A, K, D thang hang.
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Bai toan 1. (3,0 diém) Cho a, b, c 1a cac s6 thuc duong thod man a? 4+ b* 4 ¢ = 1. Tim
gi4 tri nhé nhat cia biéu thiic

P a? b? c?

= 1o 1t 2ac 11 2ab

LOI GIAI
Ap dung bat ding thic Cauchy - Schwarz, ta duge

p— Z CL2 Z CL4 (QQ + b2 + 02)2

— > .
1+ 2bc a? + 2a?bc ~ a? + b2 + 2 + 2abc(a + b+ ¢)

Mat khac, ta lai co

1= (a®>+b*+c*)? = 3(ab® + bc® + ca®) > 3abe(a + b+ ¢) = abe(a + b+ c) <

1
3
Do d6 P >

ot w

3

Z 2 - 9 3
Dau diang thiic xay ra khi va chi khia=b=c= V3

Bai toan 2. (3,0 diém) Cho day sb (u,) xac dinh béi

Ui =

DN | —

L+ up,
Zu,VnGN*

Up+1 =

(a) Chitng minh rang day (u,) c6 giéi han hitu han. Tim gi6i han do6.

(b) Tinh gia tri cua tich vo han

00
Hun = UjuUgUg . ...
n=1

LOI1 GIAI

(a) Béng quy nap, dé dang chi ra duge 0 < u,, < 1 v6i moi n. Mt khéc, ta xét

1 o — 2u?
Upi1 — Up = T Un >0, Vn € N*.
5 1—i—un+
Unp
2

Do d6, day (u,) tdng. Két hgp véi viee day bi chan trén béi 1, ta suy ra day (u,) c6 gi6i
han hitu han. Dat limu,, = L, chuyén qua giéi han, ta dugc

1+ 1
L:,/_J; eI =1

Vay limu,, = 1.
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1
(b) Ta c6 u1:§:cosgva

] T
- + cos 3 o kS
2 2 2.3
Ta sé chiing minh u,, = cos 5 oo bang quy nap. That vay, gid st u, == cos 3 ;,1-
Khi do
T T
1+ cos 1+ 2cos? —
U1 = 3-201 328 = cos .
- 2 2 3. 2k
Vi vay theo nguyén li quy nap, ta duge u,, = cos 3 ;71 v6i moi n. Nhu vay ta duge

n

HU,‘ = ZAl_IICOS?)‘;i_l

i=1

n
T , T
Hcos 5ot Se o
i=1
, T

S1n —3 Ton—1

n—1
1 T . T
3 H CcoS 5 o1 - sin 5 on 2
. T

Sin 3 ) 2n—1
1 .om
[E— Sln —
_ o "3
. T
Sin
3 . 2n71

Bai toan 3. (3,0 diém) Tim tat c cac ham s6 f : R — R thoa man dong thai cac dicu
kién sau

i £(0) £ —1.
. f(z?2+2f(y)) =2y + f*(z), Yo,y € R.

LGOI GIAI
Ki hieu P(z,y) 1a phép thé x,y vao phuong trinh dé cho. Gia sit ton tai ham s6 thod man yeu
cau dé bai
(® +2f(y)) = 2y + f*(x), Va,y € R. (1)
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Xét P(0,y), ta duge
F2f(y)) =2y + f*(0), Yy € R. (2)
Gid st ton tai a,b € R sao cho f(a) = f(b). Thay lan lugt y bdi m va y bdi n trong (2), ta duge

{ fefm)=2m+ f20)  _

f(2f(n)) = 2n + f*(0)

Do d6, ham f don anh. Mt khac dé thay ham f toan &nh nén ta suy ra ham f 1a song anh.
Do d6 ton tai duy nhét s6 thuc a sao cho f(a) = 0, dat b = f(0). O (1), xét P(a,0), ta thu
duoce

fla®>+2b) =2-0+ f*(a) =0 = f(a) = a®> +2b=a. (3)

O (1), xét P(0,a), ta duge
f(0) =2a+ f*(0) = b =2a+ V. (4)

Tu (3) va (4) va gid thiét b # —1, ta tim dugc a = b = 0. Do d6 f(0) = 0 va (2) tré thanh
f(2f(y)) =2y v6i moi y € R. Tu (1), thay y = 0 ta duge

f@*) = f*(x), Yz € R. (5)

Tu day ta suy ra
f@®+2f(@y)) = f(@*) + f(2f (), Yz, y €R. (6)
Do f toan anh nén tit (6), ta suy ra

flx+y)=f=)+ fly), Ve =20,y e R.

Thay y bdi —z, ta thu duge f la ham 1é. Xét z < 0,y € R, ta co

fle+y)+f(—2)=fly) = fle+y) = fly) = f(—2) = f(z) + f(y).

Tu day, ta suy ra f la ham cong tinh trén R. Mat khac, ta ¢6 f(z) > 0 v6i moi = > 0 nén
f(z) = cx v6i moi x € R. Thi lai, ta dugc ¢ = 1. Vay ham s6 duy nhat thod man dé bai 1a
f(z) =z, Yz e R.

Bai toan 4. (3,0 diém) V6i mbi s6 nguyén duong n, dit
Up = (4—V15)" 4+ (4 + V15)".
Chitng minh rang v6i moi s6 nguyén duong n thi u, chia hét cho 2 va

a2 2 2
A=ui+uy+ -+ U

chia hét cho 8.

LGOI GIAI
Ta thay rang 4 & /15 14 cac nghiém ctia phuong trinh

22 —8r+1=0
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nén ta c6 thé suy ra day (u,) duge xac dinh nhu sau

Uy = 8, uy = 62
Upto = SUpi1 — Uy, Vn € N

Tu day, ta thiy u, € Z v6i moi n va Upy2 = —u, (mod 8). Do u; = 0 (mod 8) v uy = 6 (mod
8) nén ta suy ra

=2 d4
{ (mod4)

Usn—1 =0 (mod 8)
Do d6 w,, chia hét cho 2 v6i moi n va

A=1012-0+1013-4 =0 (mod ).

Bai toan 5. (3,0 diém) Cho 21 6 vuong duge xép thanh hang doc lién tiép nhau. Ngudi
ta to mot trong hai mau den ho#c tring cho mdi 6 vuong sao cho

i. Khong to den 2 6 lién tiép nhau.
ii. Khong to trang qua 2 o lién tiép nhau.

C6 bao nhiéu cach t6 thod man dong thoi cac dieu kién trén.

LOI GIAI
V6i mdi s6 nguyen duong n, ky hiéu S, 1a cach to6 mau cho n 6 vuong thod man dé bai; z,,, vy,
14 s6 cach to rieng tuong tng véi 6 dau tien duge t6 mau den va trang. Khi d6
Sp=Tp + Yp, Vn € N*.

Xét mot cach to ma 6 vuong dau tien duge t6 mau den. Theo (i.), 6 vuong thit hai phai dugc
t0 trang nén
Ty = Yp_1, VN = 2. (7)

Xét mot cach to ma 6 vuong dau tien duge t6 mau trang va ta xét hai truong hgp sau
e Trudng hop 1. O vuong thit hai duge t6 mau trang. Khi d6 6 vuong thi ba la mau den
va 6 cach t0 1a z,,_o.
e Trudng hop 2. O vuong thit hai 1a mau den. Khi d6 s6 cach t6 1a x,_;.

Qua hai cdch dém tréen, ta suy ra y, = o, 1 + T,_o v6i moi n > 3. Két hop vdéi (7), ta suy ra
Ty = Tn_o + Tn_s VOl moi n > 4. Ma ta c6 thé dém duge x; = 1,29 = 1,25 = 2 nén ta c¢é thé
dém dudc x9; = 265, 99 = 351. Do d6

So1 = Xa1 + Yo1 = Xa1 + Too = 616.

Vay ta c¢6 616 cach to thoa man.

Bai toan 6. (5,0 diém) Cho tam gidac ABC khong can. Duong tron (I) noi tiép tam
gidc tiép xtc véi canh BC tai D. Puong thang qua D vuong goéc véi TA, cat 1B, IC lan
luot tai P, Q.

(a) Chiing minh bén diém B, C, P,Q cung thuoc mot dudng tron (w).

(b) Goi K la tam duong tron (w). Chiing minh ba diém A, K, D thang hang.
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LJ1 GIAI

Xét thé hinh nhu hinh vé.

(a) Goi E, F la tiép diém ctia duong tron (I) véi AC, AB. Al cat DFE tai G. Theo bo dé
Iran, ta c6 AG L BG hay ZIGD + ZIBD = 180°. Mat khac, dé thay G 1a tryc tam cua
tam giac I D@ nén

ZIGD + /1QD = 180° «= /IBD = /IQD « /PBC = /PQC.
Do dé bén diem P, B, @, C cing thudc dusng tron (w).

(b) Goi BQ cat CP tai L, EF cat BC tai S. Khi d6 LI 1a ddi cyc ctia D véi (K). Mat khac,
ta c6 (SD, BC) = —1 nén ta suy ra S, D lién hop v6i (K). Do d6 S, L, I thang hang. Mt
khéc ta c6 SI L AD va DK 1 IL nén ta suy ra ba diem K, A, D thing hang.
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