SO GIAO DUC VA PAO TAO KY THI CHON PQI TUYEN THI HQC SINH GIOI

KHANH HOA QUOC GIA THPT NAM HOQC 2025 - 2026
PE THI CHINH THU'C Mbp thiz TOXN (Vong 1)
e Ngay thi: 23/9/2025
(Dé thi c6 01 trang) Thoi gian: 180 phiit (khong ké thoi gian phdt dé)

Cau 1 (6,00 diém):
a) Cho day s6 (u,) x4c dinh béi 4, =% Vi u, =n5— ,Vn>1. Chimg minh day s6 (v,)
n

re u Y A l( I{ A 1 ’ o
véi v, =—2,Yn>1 12 mdt cap so nhan va tinh llm(vl +V, +..4V,).
n

,Vn>1. Xét ddy sb (S,) x4c dinh

b) Cho day s (x,) xac dinh boi x, =1 va x,,, =

nx,+1

bdi S, = x, +x, +...+x, V6i n>1. Chimg minh diy s6 (,) c6 giéi han hiru han.

Ciu 2 (7,00 ’diém):
a) Cho céc so nguyén duong m,k v6i k <m théamén 1+2+...+k=(k+1)+(k+2)+...+ m.
Chung minh 2(2k +1)° —1=(2m+1)’.
b) Tim tAt ca c4c cip s nguyén duong (m;k) voi k <m <2025 théa man
142+..+k=(k+1)+(k+2)+..+m.

Céau 3 (7,00 diém):

Cho tam gidc nhon A4BC (AB<AC) ndi tiép dudng tron (0). Ké ba dudng cao
AD, BE, CF ciia tam giic ABC. Dudng thing EF cét (O) tai hai diém M,N sao choE
nim gitta F va N. Pudng thing BC cit EF tai P. Pudng thing di qua D va song song
véi EF cit AB,AC,CF lan luot tai O,R,S. Goi I, J 1an luot 13 tim dudng tron ngoai tiép
cac tam giac DEF va DMN.

a) Chimg minh ba dudng tron (PQR),(DEF),(DMN) ciing di qua mét diém.
b) Ching minh hai duong th%ng IJ va AD song song véi nhau.
¢) Chimg minh D 13 trung diém ctia doan thing OS.

HET



SO GIAO DUC VA PAOTAO  KY THI CHON POI TUYEN THI HQC SINH GIOI

KHANH HOA QUOC GIA THPT NAM HOQC 2025 - 2026
: = - Mén thi: TOAN (Vong 2
PE THI CHINH THU'C (voug2)
— Ngay thi: 24/9/2025
(Dé thi c6 01 trang) Thoi gian: 180 phiit (khong ké thoi gian phdt dé)
Céu 1 (4,00 diém):

Cho da thirc P(x)=5(x—4)"(x-6)+1.

a) Chimg minh P(x) c6 ba nghiém thyc phéan biét.

b) Goi ba nghiém thyc phén biét cia P(x) 12 a,b,c. Ching minh a,b,c 1a d) dai ba canh cia
mot tam gidc va tinh ban kinh dudng tron ndi tiép ciia tam giac do.

Ciu 2 (6,00 diém):

Tim tit ¢4 cic ham s6 f:R* — R* théamén f(x) f(yf (x))= f(x+y) v6imoi x,y>0.

Céu 3 (6,00 diém):
Cho tam giac nhon, khong cin ABC ndi tiép dudng tron (0), ¢é trong tim G va ba dudng cao
AD, BE,CF cit nhau tai H. Céc tia GD,GE,GF cét dudng tron (O) 1an luot tai X,Y,Z. Goi
X'.Y',Z' 14n luot 1a cac diém d6i ximg cia X,Y,Z qua trung diém céc canh BC,CA, AB cua
tam giac ABC. "
a) Chimg minh GD.GX =GE.GY =GF.GZ.
b) Ching minh HX',HY’,HZ' l4n lugt cit BC,CA, AB tai ba diém nim trén mét dudng thing
vudng goc véi OH.
¢) Chimg minh céc dudng thing 4X’,BY’,CZ' ddng quy.
Céau 4 (4,00 diém):
Cho tap hiruhan S ¢6 » phin tir (72 1). Goi F(S) 1a ho tAt ca céc tap con khac rong cla S .
V6imbi xS taki hiéu d(x) 1a s6 céc tdp con thuc F(S) chira x. Chimg minh

2 dx) = |4

xeS AeF(S) -
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2 LOI GIAI

2.1 Ngay 1

Bai 1:
-~ £ - . 2. 1 . n + 1 - . > ~
1. Cho day so0 (u;) xac dinh bdi u; = 5 VA Upyy = ———Up, Vn > 1. Chitng minh rang day
5n
6 (vy) véi v, = Yn vn > 1 1a mot cap s6 nhan va tinh lim(v; + vy + ... + v,,).
n
Tn

n2z, + 1’
dinh bdi S, = 2 + 29+ ... + x, v6i n > 1. Chitng minh day s6 (S,,) ¢6 gidi han hitu han.

2. Cho day s6 (z,) xac dinh bdi z; = 1 va 244y = Vn > 1. Xét day s6 (S,) xa

e

Lt giai:
1. Tit gia thiét, ta c6 bién dbi sau, véi moi n > 1:

(n + 1) Unpiy1  Up

Ups) = — U 2 = RS v = -,
wt 5n " n+1 5n W=

Do d6, (v,) la mot cap sé nhan. Bay gio, ta xét cong thitc tong lhi vo han cla cap s
nhan (v,) thi ta c6:

1-(2)" 1 1
Vi + V2 F . Uy = v,—51 =0-E"
il =
. 1
Do vay lim(v; + vo + ... +v,) = 1

2. Trude hét, ta chimg minh bing quy nap ring z, > 0,Vn > 1. That vay, véi n = 1 thi
khing dinh ctia ta ding. Gia sit khiang dinh cia ta ding dén n = k > 1, khi dé ta c¢6

Tk
Th+1 = L 0

—— 2>
225 + 1
Do d6, khiang dinh ban dau ciing ding véi n = k + 1. Theo nguyén 1y quy nap Toan hoc,
khang dinh cia ta ding.
Do dé6, ta ¢6 S,.41 = S, + x, > S,,Vn > 1; néi cach khac, (S,) la day ting. Mat khéc:
In :l:n

1
< = —,,Vﬂ > 1.
n?xz,+1 n?z, n? -

Tnyl =

Do dé, ta suy ra duge véi moi n > 3 thi:

Sh=m+Zm+t..+tTh <z +Z2+ 2 + - et :
= ) -t T, <z — 4+ =+ ...
1 2 1 2 22 32 (n—l)2

1 1
=S —_ —_ ...
ntnt ottt mo1
<zTi+xTo+1.

Vay (S,) 1a day tang va bi chan. Do d6, theo nguyén ly Weierstrass thi (S,,) 1a day s6 ¢6
gi6i han hitu han. (dpem)
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1. Cho s6 nguyén duong m.k véi k < mthéaman 1+2+ ..+ k= (k+1)+ (k+2)...+m.
Chitng minh 2(2k +1)* — 1 = (2m + 1)~

2. Tim tat ca cac cap s6 nguyén duong (m. k) véi k < m < 2025 théa man

1+2+..+k=(k+1)+(k+2)+...+m.

Lai gidi:
1. Ta ¢6 bién déi sau:

1424+ .. +k=(k+1)+(k+2)+...4+m <& 2(1+2+..+k)=142+...4+m
m(m + 1)
2
< 8(k* +k)=4m*+4m
< 22k +1)*+1=(2m+1)%

&= kk+1)=

Do d6, ta ¢6 diéu phai chitng minh.

2. Xét phuong trinh Pell loai II 1a 2% — 2y* = —1 (1). Xét phuong trinh Pell loai 1 lién két

vdi phuong trinh trén la 2% — 2y = 1, ta thiy ring bo nghiém nguyén duong nhé nhét
cua phuong trinh trén la (3, 2).
Ta xét hé phuong trinh 2% + 2y? = 3 va 22y = 2, ta thiy ring hé phuong trinh c6 bo
nghiém nguyén duong duy nhét 1a (1,1), nén theo dinh 1y vé sit xay dyng tit ca cac bo
nghiém ctia phuong trinh Pell bac 2, bo s6 (2,,, ¥,) véi moi n tu nhién la tat ca cac nghiém
ctua phuong trinh (1), trong dé (z,), (y,) duge dinh nghia nhu sau:

To= 1,21 =7,%p42 = 0Tpp1 — T}
Yo = 1, Y = 9, Yny2 = 6yn+l — Yn-

Trd lai bai toan, dé k, m théa man yéu cau dé bai thi ta can 2m+1 =z, va 2k + 1 = y,,
v6i n nguyén duong nao d6. Ro rang, n # 0. Vi m < 2025 nén z,, < 4099. Bing chimg
minh quy nap, ta thay riang (z,) 1a day tang ngit, kéo theo: z,.; > 5z,,Vn € N*. Tu
day, ta suy ra:

Z, < 8 Vn € N
Vay, 5" < 4099 < 5°, tite la n < 5. Kiém tra cic gia tri n tuong tng tit 1 dén 4, ta thu

duge cdie bo (2, ya) 1a (7, 5), (41,29), (239, 169), (1393,985). Do d6, ta thu dude tht ci
cac bo (m, k) thoa man yéu cau dé bai la (3,2); (20, 14); (119, 84); (696, 492).
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Bai 3: Cho tam giac ABC nhon (AB < AC) noi tiép duong tron (O). Ké ba dudng cao
AD, BE,CF cia tam giac ABC. Dudng thang EF cit (O) tai hai diém M, N sao cho E nim
giita F' va N. Duong thing BC cit EF tai P. Duong thiang di qua D song song véi EF cét
AB,AC,CF lan lugt tai Q. R,S. Goi I.J lan lugt 1a tam dudng tron ngoai tiép ctia cac tam
giac DEF va DMN.

1. Chitng minh ba dudng tron (PQR), (DEF),(DMN) cing di qua mot diém.
2. Chitng minh hai dudng thiang I.J va AD song song vdi nhau.

3. Chitng minh D la trung diém ctia doan thiang QS.

Loi giai:

1. Goi T la trung diém ciia doan thing BC. Khi dé, T, E, F, D cung thuoc dudng tron Euler
cua tam giac ABC, hay néi cach khac T € (DEF).
Vi AD,BE,CF dong quy, va P la giao diém cia EF va BC nén ta suy ra duge
A(PDBC) = —1, titc la (PDBC) = —1. Do T la trung diém ctia BC' nén theo dinh 1y
Maclaurin thi PD.PT = PB.PC; ma PB.PC = PM.PN theo phuong tich ctia dudng
tron (O), nén ta suy ra PM.PN = PD.PT. Vay T € (DMN).
Cudi cung, cing theo dinh 1§ Maclaurin thi DB.DC = DP.DT. Do QR//EF nén ta c6
ZDQB = LAFE = ZCRD, tit d6 BRCQ la t1t giac noi tiép. Vay DR.DQ = DB.DC =
DT.DP, kéo theo RTQP la tit giac ndi tiép, hay T € (PQR).
Tém lai, (DMN), (DEF), (PQR) déu di qua diém T. (dpcm)

2. Do I,J lan lugt la tam cua (DEF) va (DMN) nén I.J vudng goc véi DT la day cung
chung ctiia 2 dudng tron nay. Ma, AD vuéng goc véi DT, nén ta suy ra I.J//AD. (dpem)

3. Ta c6: (PDBC) = —1 = F(PDBC) = —1 = F(MDQS) = —1.
Vi FM//QS, ta suy ra duge D la trung diém ctia SQ. (dpcm)
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2.2 Ngay 2

Bai 1: Cho da thic P(z) = 5(z — 4)*(z — 6) + 1.
1. Chitng minh P(z) ¢6 ba nghiém thyc phan biét.

2. Goi ba nghiém thyc phan biét cua P(z) la a,b,c. Ching minh a, b, ¢ 1a do dai ba canh
ctia mot tam giac véi tinh ban kinh dudng tron nai tiép ctia tam giac do.

Loi giai:
1. Ta c6 P(z) = 5(z — 4)%(z — 6) + 1 = 52 — 7022 + 320z — 479.
Nhan xét ring phuong trinh P'(z) = 0 tuong duong véi phuong trinh 1522 —140x+320 = 0
1 y
¢6 2 nghiém thuc phan biét l1a 36 va 4, do do6 ta két luan P(x) ¢6 ba nghiém thyc phan
biét. (dpem)

2. Khong mat tinh téng quat, gia sit ring a < b < ¢. Trude hét, ta co:
P(3) = —14, P(4) = 1, P(5) = —4, P(6) =

Khi d6, ta thay rang P(3).P(4) < 0, P(4).P(5) < 0, P(5).P(6) < 0. Vi P 1a ham lién tuc
(da thitc), nén theo dinh 1y gia tri trung gian, ta suy ra dugca € (3,4),b € (4,5),c € (5,6).
Tu day, ta c6 a,b,c >0, vaa+b>4+3 > 6 > c, nén ta chi ra duge riang a, b, ¢ 1a do dai
ba canh cuia mot tam giac.

Bay gio, ta tinh dién tich tam giac ABC. Ap dung dinh Iy Vi-ét, ta c6

a+b+c=14,ab+ bc+ ca = 32,abc = — 479
Dit p = %”” — 7. Theo h& thite Heron, ta c6:
TP(7 322
Sapc = /plp—a)(p—b)(p—c) = \/ 5( o \/ 5
Mit khac, ta ciing ¢6 cong thitc Sqpc = pr, v6i r 1a ban kinh tam dudng tron noi tiép
tam giac ABC. Do d6 ta suy rar = ;glo.
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Bai 2: Tim tat ca cac ham s6 f : Rt — R* théa man

f@)fyf(z)) = f(x+y),Vz,y > 0.

Lai giai:

Dat (1) la phuong trinh ham ban dau.
Truée hét ta chitng minh f(z) < 1,Vz > 0. That vay, gia sit ton tai a > 0 théa man f(a) > 1,
a

khi d6 tut (1) choz =avay = Fa -1’ ta dugc
af(a) \ _ . af(a)
£@)F (575 25) = £ 25).

Do d6, f(a) = 1, mau thuan. Vay gia sit la sai, nén ta suy ra f(z) < 1,Vz > 0. Tu day, ta suy
ra dude f(z+y) < f(x),Vz,y > 0. (2)
Ta xét 2 truong hop nhu sau:

+) TH1: Néu f don anh, tit (1) cho y — 3‘_%/:1:_) ta suy ra f(z)f(y) = f(z + }—(yx—)),‘v'x,y > 0.
Hoén déi vai tro z,y va so sanh, sit dung don énh ta duge x + o y+ L,V:p, y > 0. Cho

1 f(z) f(y)
Vx> 0;k > 0. Thit lai, théa man.
1+ kx

+) TH2: Néu ton tai a < b théa man f(a) = f(b) = ¢, thi tir (2) ta suy ra duge f(z) =¢,Vz €
[a,b]. Tt (1) thay z = a,y = b—a thi ta suy ra f((b—a)c) = 1. Do d6, ton tai m > 0 théa man
f(m) = 1. Thay 2 = m vao (1) ta suy ra f(y) = f(y +m),Vy > 0. Vay f la ham tuan hoan
chu ki m, la ham giam khong nghiém ngat nén ta suy ra f 1a ham hang. Do f((b—a)c) =1
nén f(z) =1,Vz > 0.

Tém lai, f(x) =

y =1, tasuy ra f(x) =

TR Vz >0k >0va f(z) = 1,Vz > 0 théa man yéu cau dé bai.
e
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Bai 3: Cho tam giac nhon, khong can ABC noi tiép dudng tron (O), ¢6 trong tam G va ba
dudong cao AD, BE,CF cit nhau tai H. Cac tia GD,GE,GF cat duong tron (O) lan lugt
tai X,Y, Z. Goi X', Y’, Z' lan lugt 1a cac diém d6i xing ciia X, Y, Z qua trung diém cac canh
BC,CA, AB cia tam giac ABC.

1. Chitng minh GD.GX = GE.GY = GF.GZ.

2. Chitng minh HX’, HY’, HZ' lan lugt cit BC,CA, AB tai ba diém nim trén mot dudng
thing vuong goéc véi OH.

3. Chitng minh cac dudng thang AX', BY’,C'Z" dong quy.

Lai giai:

1/

Vi G la trong tam cta tam giac ABC, nén GA = —2GM,GB = —2GN,GC = —2GP. Hon
thé nita, theo phuong tich thi GA.GA’ = GB.GB' = GC.GC'", do d6 ta suy ra GM.GA' =
GN.GB' = GP.GC’. Xét phép nghich dao f tam G, phuong tich GM.GA', ta ¢6 f(M)
A" f(N) = B, f(P) = C', nén ta dugc f((MNP)) = (A'B'C"). Tu day, theo gia thiét, ta
f(D)=X,f(E)=Y,f(F)=Z, do do ta suy ra dugc GD.GX = GE.GY = GF.GZ. (dpcm)

Q
N

2/ Tru6e hét ta ching minh AX, BY, CZ dong quy. Xét ba dudng tron (ADX), (BEY),(CEZ),
¢c6 HAHD = HB.HE = HC.HF va GA.GX = GB.GY = GC.GZ nén HG la truc chung

Trang 8
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ciia ba dudng tron. Mit khac, xét day cung chung cia (O) vé6i lan lugt cadc dudng tron
(ADX),(BEY),(CFZ) la AX,BY,CZ, nén ta suy ra duge AX, BY,CZ, HG dong quy tai
diém K. Thém nita, goi A;, B,,C, la cac trung diém ciia AX, BY.CZ, khi dé: A,,B,,C; €
(OK).

Do M la trung diém ctia XX’ va BC nén BXCX’ la hinh binh hanh. Vay nén, ZBX'C =
ZBXC =180° — ZBAC = ZBHC'. Do d6 BHX'C la t1t giac ndi tiép.

Bay gio, xét tam giac AX X’ ¢6 M la trung diém ciia X X’, hon thé nita GA = —2GM, nén G
chinh la trong tam cia tam giac AXX’. Do dé, X', G, A, thang hang va GX’' = —2GA,. Nhu
vay, néu ta dung diém K’ théa man GK = 2GK’, thi theo tinh chét ctia phép vi tif tam G, ti s6
—2 thi véi A, € (OK) thi X' € (HK'). Tuong tu, tac6 Y',Z' € (HK'). Vay X"\ Y'.Z' . H, K
dong vien trén dudng tron duong kinh (HK).

Goi giao diém ctia HX' va BC la A,. Néu ta goi J la tam cia (HK), thi J € OH. Hon thé
nita, ta c6 AsH.A> X = Ay;B.A,C, do vay phuong tich ctia A, 1én (O) sé bang phuong tich cla
A, len (J). Vay A, thuoc truc ding phuong cua (O) va (J). Tuong ti, goi Bs, Cs lan lugt 1a
giao diém ctia HY', HZ' 1én C A, AB thi B,, C; thudc truc dang phuong cia (O) va (J). Néi
cach khac, Az, By, C> cing nim trén mot dudng thnag vuong goc véi OH. (dpem)

z 5 X P
3/ Truée hét, do AX, BY,CZ dong quy nén ta suy ra dugc H )_(% = 1. Ap dung dinh 1y sin
trong cac tam giac AX'B va AX'C, ta co:
sin /X'"AB _ sin /ABX'

sin/ZX'AC  sin ZACX'

X! ! A ¢/ ) AX'
- sin /X'"AB _ X'B sin ZABX' XC sin ZABX'
sin /ZX’AC ~ X'C’sin ZACX' XB'sin ZACX'
sin /ZX'AB XC sin ZABX' sin Z(AB, XC)
Do d6, ta c6 _— = : = :
0ds, tacs || Z=oe X5 mzacx ~ 1l Z(AC, XB)
duge AX', BY',CZ' dong quy. (dpem)

= 1. Vay, ta suy ra

Trang 9
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Bai 4: Cho tap hitu han S ¢6 n phan tit (n > 1). Goi F(S) 1a ho tat ca cic tap con khac rong
ciua S. V6i mdi z € S ta ki higu d(z) 1a s6 cac tap con thuoe F(S) chita z. Chitng minh

> d@) = > Al

z€S A€F(s)

Loi giai:
Ta dém s6 bo (x, A) théa man z 1a phan tit cia A, véi A la tap hop con khéc réng cia S.
+) Cach 1: Ta chon truéc x € S. Khi d6, s6 cach chon tap A théa man A chita z theo dinh
nghia sé la d(z). Vay, s6 bo (z, A) thoéa man la Zd(r)

zeS
+) Céch 2: Ta chon truée A € F(S). Khi d6, s6 cach chon phan tit x théoa man 1a sé lugng

phan tit ctia A, hay néi cach khac 1a |A|. Vay, s6 bo (z, A) théa man la Z |Al.
AEF(s)

Tong hop lai, ta co Zd(x) = Z |A|. (dpcm)
z€S A€F(s)
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