SO GD & DT THANH HOA KIEM TRA KHAO SAT CHON HQC SINH

TRUONG THPT CHHUYEN LAM SON DY THI CHON DQI TUYEN CUA TINH
TIHI CHQN 11SG CAP QUOC GIA NAM HQC 2025 - 2026
DE THI CHINH THUC Mén: TOAN
( Dé thi cd 01 trang, 03 bai) Ngdy kiém tra: 25/08/2025

Thoi gian 1am bai: 180 phat (khéng ké thoi gian phét dé)

Bai 1. (6 diém) Tim 14t ca cdc ham s6 /:(0;+w) — (0;+<0) théa min
S(x+21())=S(x+y)+2y+2/1(y), Vx,y>0.

Bai 2. (7 diém) Cho n diém trong miit phing, véi n>4 va khdng c6 ba diém nio thing hing. Chimg

minh rding c6 it nhft ("'3)2(" =4) i gitio 18 c6 dinh nim trong 8  didm 43 cho.

Bai 3. (7 diém) Cho p 1 sb nguyén t6. V6i mdi s6 nguyén duong k, dat 4, 13 tdng Ity thira bic k
ciia p—1 sb nguyén duong déu tién.

a) Chimg minh ring néu p>7 va k 1a mét s6 nguyén duong 1é sao cho 3<k< p-1 thi
kpA,_,—24, chia hét cho p*.

b)Néu p>5 thi p*4, ,—24, c6 chia hétcho p* khong? Vi sao?



S3 GD & DT THANH HOA KIEM TRA KHAO SAT CHON HQC SINH

TRUONG THPT CHUYEN LAM SON DU THI CHON DQI TUYEN CUA TiNH
- THI CHON HSG CAP QUOC GIA NAM HQC 2025 - 2026
PE THI CHINH THUC Mén: TOAN

( Dé thi cé 01 trang, 03 bai) Ngay kiém tra: 26/08/2025 |
. Thoi gian 1am bai: 180 phit (khdng ké thoi gian phat dé)

Bai 4. (6 diém) Cho tap S ={1,2,...,2025} va A,4,,..,4, 13 c4c tp con cua S sao cho vdi moi

1<i< j<k cb ding mét trong chc tap 4 N4, 4 N4, 4 N4/, 4 N4 12 tip rdng. Tim gi trj 16n

nht c6 thé c6 cia %.
(Véi A S, kihiéu 4’ 12 phin b clia tip 4 trong tip S).

Bai 5. (7 diém) Cho tam gi4c ABC nhon, khong cin ndi tiép dudmg tron (0) cb tryc tim H va M 13
trung diém cia 4H . Goi (O,),(0,) 14 c4c dudmg trdn di qua H va lan lugt tiép xtc véi BC & B,C.
Goi X,Y lan luot 13 tim c4c dudng tron bang tiép goc H cta hai tam gidc HMO,, HMO, .

a) Chimg minh ring XY song song v&i 00,.

b) Gia sit 0,0, cit BC & T. Dudng tron (MOT) cit OH tai K khic O. Chimg minh ring

tim ciia dudng trdn (4OK ) nim trén mdt dudmg trung binh ciia tam gisc ABC.

BAi 6. (7 diém) Tim tit ca cic da thic P(x) v6i hé s6 nguyén sao cho ton tai s6 M d& n"* -1 chia

hét cho P(n) véimoi neN,n2M .
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[ Bai toan 0.1. ] (LMF - Chuyén Lam Son - Thanh Héa - P1)

Tim tat ca cdc ham s6 f : (0; +00) = (0;+00) thod méan

flx+2f(y) = flx+y)+2y+2f(y), Vz,y>0.

@ Ldi giai.
Goi P(z,y) 1a phép thé
fle+2f(y)) =flz+y) +2y+2f(y), =z,y>0.
Gia sit ton tai g > 0 sao cho zg > 2f ().
P(zo — 2f(%0), x0) = f(2z0 — 2f(20)) + 2x0 + f(2z0) =0, voly.
Do dé
2fz)z e Mz
Vé6i mdi t > 0, dat
a=2f(t)—t>0, b=2f(t)+2t=a+3t>0.
Khi d6 v6i moi x > t, xét P(xz — t,t):
flx+a)= f(z)+0b.
Tw d6 v6i moi x > 0,y > t:
P(z,y+a)= fzr+2f(y) +2b) = f(x +y) + b+ 2y +2a+2f(y) + 2b,
= flx+6t+2f(y) +2a) = f(z+y)+ 2y +2f(y) + 2a + 3b,
= f(x +6t+2f(y)) +2b= f(z+y) + 2y + 2f(y) + 2a + 3b,
= f(z+6t+2f(y)) = fz+y) +2y+2f(y) +2a+ b= f(z +y) + 2y +2f(y) +6£(¢).
Mit khac, ti P(x + 6t,y):
flx+6t+2f(y)) = f(z+y+6t) +2y+ 2f(y).
Vi vay:
fle+y+6t)=f(zx+y)+6f(t), VYx>0y>t.
Vit >0 tuy y, ta co:
flz+6y) = f(z) +6f(y), V& >y>0.
Goi Q(z,y) 1a phép thé f(z + 6y) = f(z) +6f(y) véiz >y > 0.
Liy z,y >0va z >z +y tuy §:
Tu Q(z,z + y) ta co:
f(z4+ 6z +6y) = f(2) +6f(z+y).
T Q(z + 6z,y) ta co:

f(z+ 6z + 6y) = f(2+ 6z) + 6f(y).
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Hon nua:

f(z 46z +6y) = f(2) + 6f(x) + 6/ (y).
Suy ra:

fl+y) =fl)+ fly), Va,y>0.
Dé ¢ f la ham cong tinh trén R, nén ton tai a € R sao cho
flz)=g2 Y&s0
Thay vao phuong trinh ban dau, ta duge
flo) =2, Vel

Nhan xét.
Lai giai trén st dung phuong phap Ham nita tuan hoan:
Véi a,b € R, néu f(z +a) = f(z) + b v6i moi  da 16n thi b = ka.

f
[ Bai todn 0.2. ] (LMF - Chuyén Lam Son - Thanh Héa - P2)

Cho n diém trong mit phang, véi n > 4 va khong c6 ba diém nao théng hang. Chitng minh ring
(0~ 3)(n 1)
2

c6 it nhat tt giac 16i ¢6 dinh ndm trong sé n diém da cho.

@ Ldi giai.
Dau tién ta ching minh b6 dé sau:
BS dé 0.1.

V6i 5 diém trén mat phang ma khong c6 ba diém nao thing hang thi c6 it nhat 1 ti giac 16i.
Xét bao 16i ctia 5 diém nay, néu bao 16i d6 ¢6 4 hodc 5 dinh thi ta c6 ngay diéu phai chiing minh.
Gia stt bao 16i d6 chi ¢6 3 dinh, gia sit 1a tam gidc ABC ¢6 P va Q nam trong tam giac.
Xét boén diém A, B, P, Q. Néu bén diém nay c6 bao 16i la tit giac thi bai toan duge giai quyét.
Néu bao 16i ctia bén diém nay la tam giac thi rd rang A hosic B khong thé nim trong tam giac ciia ba
diém con lai (vi A, B la dinh ctia bao 16i). Vi thé P nim trong tam gidc ABQ hoiic @ nim trong tam
giac ABP.
Tuong tu xét bén diém B, C, P,Q va C, A, P,Q suy ra néu khong c6 tit gidc 16i nao thi P hoiac Q nim
trong tam giac tao bdi ba diém con lai.
Dé y duong thing PQ chia tam giac ABC thanh hai phan khac nhau, do dé ton tai hai dinh X,Y trong
ba dinh A, B, C sao cho hai diém X,Y nim ¢ hai phia khac nhau so véi PQ.
Tt d6 xét bon diém X, P,Y,Q ta c6 dugc mau thuin néu khong c6 tit gidc 16i nao, vi lic nay P nim
trong tam gidc XY Q hoac @ nam trong tam gidc XY P (vo Iy do X vd Y ndm khac phia nhau so véi
PQ). Tit dé ta c6 diéu phai chitng minh cho bd dé.
Quay lai bai toan ban dau:
M&i bo 5 diém cho ta it nhat mot ti gidc 161, do dé tit n diém ta c6 it nhat C3 t giac 16i.
Tuy nhién s6 tit giac 16i & day c6 thé bi lap téi da n — 4 lan (mdi tit giac 16i ¢d dinh sé di ciing véi n — 4
Cp _nn-1)n-2n-3) _ (n-3)(n-4

diém tht 5) nén s6 tit gidc 101 it nhat 1 =
iem 5) nén so tit giac 101 it nha & — 120 2 5

vl moi n > 5.
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[ Bai todn 0.3. ] (LMF - Chuyén Lam Son - Thanh Héa - P3)

Cho p la s6 nguyén t6. V6i mdi s6 nguyéen duong k, dat Ay 1a tong luy thita bac k ciia p — 1 s6
nguyén duong dau tién.
@ Chitng minh ring néu p > 7 va k 14 mot s6 nguyén duong 1é sao cho 3 < k < p — 1 thi
kpAj_1 — 2A; chia hét cho p.
@ Néu p > 5 thi p?A,—1 — 24, c¢6 chia hét cho p® khong? Vi sao?

@ Ldi giai.

Dau tién ta chitng minh cac bd dé sau:

BS dé 0.2.
Ay chia hét cho p v6i moi k nguyén duong khong chia hét cho p — 1.
g(p_l)k —1
Goi g 1a cian nguyen thiy modulo p. Khi d6 Ay =1+ gF + ... + g2k = T =0 (mod p).
BS dé 0.3.
I Ay =0 (mod p?) v6imoi 3 <t < p—118.
Xét theo modulo p? va két hgp bd dé ta co:
p-1 -1 p=1 o
; >, ; ; , S p X t—1
Zz —Z —z)t)=pZ(zt_1—zt_z(p—z)+...+(p—z)t_1)EpZzt 155 i =0.
i=1 i=1 i=1 i=1
Quay lal bai toan ban dau:
p—1
@ Ta c6 24 = Z(z + (p Z(p Cip* Y+ ... + CF 1pi* 1)
i=1

p—1
i=1

p—1 p—1 p=Il
=CpP Y+ - S 24 Clp Y ik
i=1 i=1 i=1

k(k —1)(k — 2)
6
k(k—1) ,

———5— P Ak-2 + kpAg-1 = kpAj—, (mod ph).

k(k —1)
2

pPAg_3 — p*Ak_o + kpAjk_1

If

Do d6 kpAj_1 — 2A;, chia hét cho p?.
@ Tuong tu cau trén ta c6 24, = —C§p4Ap_4 + Cg’p3Ap_3 — CZp2Ap_2 + C’;pAp_l (mod p°).

Dé y A,_4 chia hét cho p, Aj_3 chia hét cho p, C3 chia hét cho p, A,_s chia hét cho p? va C3 chia
hét cho p nén 24, = p?A,_; (mod p°).

Vi vay p?A,-1 — 24, chia hét cho p°.
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[
[ Bai toan 0.4. ] (LMF - Chuyén Lam Son - Thanh Héa - P4)
Cho tap S = {1,2,...,2025} va Ay, Aa, ..., A 1a cc tap con cia S sao cho véimoi 1 <i< j<k
c6 ding mot trong céc tap A; N A;, A, N A;, AN A;-,Ag N Ag- la tap rong. Tim gia tri 16n nhét c6
thé c6 cta k.
(V6i A C S, ki hieu A’ 14 phan bu ctia tap A trong tap S).

. J

@ Lai giai.

Téng quat bai toan véi 2025 = n, dé ¥ cac 2n — 3 tap con sau day théa méan:
(13,42}, ..., {n},{1,2},{1,2,3},...,{1,2,3,...,n — 2}.
Do dé6 k > 2n — 3. Ta sé chiing minh rang k = 2n — 3 1a gia tri 16n nhat ctia k théa man yéu cau de bai.
Véin =2, 16 rang k < 1. Véi n = 3, dé thay k < 3.
Gia st gia tri 16n nhat cta k 1a 2n — 5 v6i moi n — 1 > 3.
Goi M = {A;, As, ..., A} 1a mot ho céc tap con cuc dai thod man yéu cau bai toan.
R6 rang k > 2n — 3 theo vi du ban dau.
Luu y rang tap rong va tap S déu khong thuoe M.
Néu trong M khong c6 ca {i} 1an {i}’ v6i 1 <i < n, ta c6 thé them mot trong hai tap d6 vao va lam lén
hon ho M. R& rang ca {i} va {i}’ khong thé dong thsi thuoc M, do d6 chi mot trong hai tap {i} hoiac
{i} thuoc M v6i moi 1 <i < n.
Xét X € M, ta c6 thé thay X bdi X’. Do d6 ta c6 thé gia sit ring
|Ai|§%, Vi<i<n.
Bay gio ta chon mot tap A € M sao cho |[A] > 2 va
|A| < |B|, VBe M véi|B|>2.
Vi 2n — 3 > n, do d6 theo nguyén Ii Dirichlet thi luén ton tai it nhat mot tap nhu vay. Khong mét tinh

tong quat, ta co thé gia sit 1, 2 thuoce tap A.
Xét tap B € M bat ky khac {1}, {2} va A. Ta ¢6 cac trudng hgp sau:

& Néu ANB =0, khi d6 1,2 ¢ B.

& Neu ANB'=0thi ACc B,dod6 1,2 € B.

& Néu A/NB=0thi BC A vado dé |B| =1, mau thuan véi gia thiét |B| > 2. Vay 1,2 ¢ B.
® Néu A'NB'=0,th AUB = M.

1
Véi n 18, ta c6 |A|,|B|] < =

vadodé [AUB|<n-1.

V6i n chiin, truong hop duy nhét 1a |A| = |B| = g nhung khi d6 B = A’ va AN B = 0.

Vi vay {1,2} C B hoac {1,2} N B = ( v6i moi B € M khac {1}, {2} va A.

Do d6 bang cach bo {1} va {2} ra khéi M roi gop 1, 2 thanh mot phan it duy nhét, ta thu duge mot ho
cuc dai cac tap con ung véi truong hgp n — 1.

Theo gia thiét quy nap ta c6 k —2 < 2n — 5 va dong thoi k > 2n — 3.

Tt d6 kmax = 2n — 3 nén gia tri 16n nhat ctia k théa man yéu cau dé bai la 4047.
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[ Bai todn 0.5. ] (LMF - Chuyén Lam Son - Thanh Héa - P5)

Cho tam gidc ABC nhon, khong can noi tiép duong tron (O) ¢6 truc tam H va M la trung diém
AH. Goi (01),(02) 1a cac duong tron di qua H va lan lugt tiép xtc véi BC & B,C. Goi X,Y lan
lugt 14 tam céc dudng tron bang tiép géc H clia hai tam giac HM Oy, HMO,.
@ Chitng minh rang XY song song véi O10s.
@ Gia st 0103 cit BC' ¢ T. Duong tron (MOT) cat OH tai K khac O. Chitng minh réng tam
ctia duong tron (AOK) nam trén mot dudng trung binh ctia tam giac ABC.

@ Ldi giai.

@ Ki hi¢u (M) la dudng tron dudng kinh AH. Goi L 1a giao diém ctia (O) véi (M) khéc A.
Khi d6 L la diém H-Humpty ctia tam giac HBC.
Khi d6 theo tinh chat diém Humpty thi L cling thuoe dudng tron (O;) va (O3).
Vi vay M thudc doan thing 0,0s.
Goi E, F lan lugt 1a giao diém ctia céc cap duong thing HX va AB, HY va AC.
Vi HX||AC va HY || AB nén suy ra t@ gidc AEHF la hinh binh hanh.
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Khi d6 4p dung dinh ly Thales ta ¢c6 XY||O102 do
XE ME MF _YF
XH MH MH YH
(2) Goi N 1a trung diém ciia doan théng BC.
Dé ¥ OL = OA, md MA = ML nén OM 1 AL.
Ta ciing c6 AL||O102 (cung vuodng géc v6i HL) nén ZTMO = 90°, suy ra ZTKO = 90°.

Goi G la diém déi xing véi H qua BC.

Ta c6 AONM,MON H 1a cac hinh binh hanh nén dé thay M ONG 1a hinh thang can.

Do d6 cac diém O, N,G, M, T, L cung thuoc dudng tron dusng kinh 70. Suy ra
HK+HO=HM :HG = %HA-QHDzHA-HD

nén D € (AOK). Do d6 tam cua (AOK) thudc trung truc AD, va day cung la dudng trung binh
song song BC' cua tam giac ABC.

[
( Baitodn 0.6. J (LMF - Chuyén Lam Son - Thanh Héa - P6)
Tim tét ci cac da thic P(z) véi he sd nguyén sao cho ton tai s6 M dé n"~! — 1 chia hét cho P(n)
véimoin € Nyn > M.

@ Ldi giai.

Dit P(z) = (z — 1)™Q(z) v6i Q(z) € Z[z] théa man Q(1) # 0, 6 day m 1a sb tu nhién.
Gia sit deg @ > 1, khi d6 Q(n) | n"~ ! — 1 v6i moi n > M.

Theo dinh 1y Schur, ton tai vo s6 s6 nguyén t6 p sao cho ton tai sé nguyéen ng dé p | Q(ng).
Theo dinh Iy CRT, ton tai n > M dé n = ng (mod p) van =2 (mod p — 1).

Suy ra Q(n) = Q(ng) =0 (mod p) nén p | n"~ 1 — 1.

Dé thay ged(n,p) = 1.

Ma theo dinh 1y Fermat nho ta ¢ p | n®~2 — 1.
Vithép|n"2(n—1)nénp|n—1nénn=1 (mod p).

Do d6 Q(1) = Q(n) =0 (mod p) hay p | Q(1).

Chon p > |Q(1)| suy ra Q(1) = 0, vo 1y.

Vi thé Q(z) = ¢ € Z hay P(z) = c¢(z — 1)™.

Khong mat tinh téng quat, gia sit ¢ > 0 (r6 rang ¢ # 0).

) n—1 _ 1 n—1 _ 1 n—2 n—3 2 1
Néuc22,xétn 5 o N L el e L ;

P(n)  c¢n—-1m ¢ln—1)m—1
[ |
Tu do6 ¢ 1a uée cua — 1 véi moi n > M.
n ——

Goi ¢ 1a u6c nguyeén to ctia ¢, chon n = 2 (mod ¢) sao cho n > M.

Khid6 0=n""1-1=n-1=1 (mod q), vd ly.

Vithé c=1nén P(x) =(z —1)™ nén (n —1)™ | n® ! — 1¥n > M.

Goi r 1a u6c nguyeén t6 ctia n — 1.

Theo b6 dé LTE ta ¢6 mv,(n — 1) < v.(n"! — 1) = 2v,(n — 1) nén m < 2.
Do d6 P(z) € {1;-1; (z — 1); —(z — 1); (x — 1)%; —(= — 1)?}.

Thit lai thay tat ca cac da thic trén théa man yéu cau dé bai.
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