KY THI CHON HQC SINH GIOI QUOC GIA
TRUNG HQC PHO THONG
NAM HOQC 2024 - 2025

BQ GIAO DUC VA PAO TAO

PE THI CHINH THUC Moén: TOAN
: Thoi gian: 180 phit (khéng ké thoi gian giao dé)

Ngdy thi thir nhat: 25/12/2024
Dé thi gom 01 trang, 03 céu

Ciu 1 (7,0 diém)
Xét da thic P(x)=x*—x"+x.
a) Chimg minh ring vé&i moi s duong a, da thitc P(x)—a c6 duy nhit mot nghiém duong.

b) Xét day s6 (a,,) dugc xdc dinh bdi g =% va véi moi n21,a,,, 12 nghiém duong cua da thic

P(x)-a,. Chimg minh ring diy (a,) c6 gidi han h{ru han va tim gi6i han dé.

Ciu 2 (7,0 diém)
Véi mdi sé nguyén n>0, dit u, =(2+~/§)n +(2—~/§)".
a) Chimg minh ring u, la s6 nguyén duong v6i moi n>0. Khi » thay d6i, sé du cua u, khi chia cho

24 16m nhét bing bao nhiéu?
b) Tim tit ca cic cip s6 nguyén duong (a,b) véi a,b nhé hon 500 sao cho véi moi » lé ta c6

u,=a"-b" (mod 1111).
Cau 3 (6,0 diém)
Cho tam gi4c nhon khéng cdn ABC nfi tiép dudmg trén (O) va cé truc tim H. Pudng thing 4H cét
lai (0) tai diém D khic 4. Goi E va F tuong img 13 trung diém c4c doan thing AB va AC. Dudng

tﬁéng di qua H va vudng gbéc véi HF cit dudomg thing BC tai diém K.
a) Pudng thing DK cétlai (O) taidiém ¥ khac D. Chimg minh ring giao diém ciia dudng thing BY

va dudmg trung tryc clia doan thing BK nim trén dudng tron ngoai tiép tam gidc OFY.

b) Pudng thing di qua H va vudng géc v6i HE cht dudng thing BC tai diém L. Dudng thing DL
cit lai (O) tai diém Z khdc D. Goi M,N va P tuong g 1 giao diém cia céc cip dudmg thing
(BZ,0E),(CY,OF) va (BY,CZ). Goi T la giao diém cua cp dudng thing (YZ,MN) va d la
dudng thing di qua T' va vudng géc véi O4. Chimg minh ring d di qua trung diém ciia doan thing AP.

HET
* Thi sinh KHONG dugc sit dung tai liéu va mdy tinh cam tay;
* Gidm thi KHONG giadi thich gi thém.




BQ GIAO DUC VA PAO TAO KY TII CHQN HQC SINII GIOI QUOC GIA
B TRUNG HQC rHO THONG
NAM 1HOQC 2024 - 2025

PE THI CHINH THU'C Mon: TOAN
Thoi gion: 180 phit (khdng kd thot gian giao dé)
Ngdy thi thir hai: 26/12/2024
Dé thi gbm 01 trang, 03 cdu

Ciu 4 (7,0 diém)
Cho tam gidc nhon khéng cin ABC ¢ céc dudng cao AD,BE,CF véi De BC,EeCA va

F e AB. Goi H,0 va I tuong (mg I tryc tdm, tim dudng trdn ngoai tiép va tim dudng tron noi

ti€p cla tam gific ABC,M,N va P twong tmg 12 trung diém céc doan thing BC,CA va AB. Goi

X,Y va Z tuong tmg la giao diém cva céc cip dudng thing (47, NP),(BI,PM) va (CI,MN).

a) Chimg minh ring céc dudng trdn ngoai tiép céc tam gide AXD, BYE,CZF c6 hai diém chung
ndm trén dudng thing OH.

b) Céc dudng thing XP,YM va ZN tuong {mg cét lai cdc dudng trdn ngoai tiép cc tam gidc
AXD,BYE vA CZF tai céc dim X',Y' va Z' (X' X,Y'#Y,Z'#Z). Goi J 1a diém dbi
ximg ciia / qua O. Chimg minh ring X",Y’ vd Z' cing nim trén mot dudng thing vudng géc
véi dudng thing HJ.

Cau 5 (7,0 diém)
Cho m¢t bang 6 vuéng 3kx3k (k la s6 nguyén duong), c4c 6 ciia bang dwoc dénh toa dd theo cot
va hang: 6 (i; /) ndm trén cft thir i tir tréi qua phéi vA trén hang thir j tir dudi 1én trén. Ngudi ta
mudn ddt 4k vién bi vao céc 6 clia bang, mdi 6 c6 khong qua mot vién, thda man ddng thdi hai
diéu kién sau:
e MB&i hang va mdi c6t déu c6 it nhit mdt vién bi;
e M3i vién bi ndm ciing hang ho#c cing cdt véi it nhit mét vién bi khéc.
a) Xét k=1. C6 bao nhiéu c4ch dit 4 vién bi vao bang théa man céc diéu kién trén?
(Hai cich dit bi dugc coi 14 khéc nhau néu c6 mét & (i; /) c6 bi trong mét cach d§t nhung
khong c6 bi trong céch con lai.)
b) Xét k=1 tong quét. X4c dinh s tu nhién N 16n nhit sao cho véi moi cich dénh ddu N 6
phén biét trén bang, ludn tdn tai mdt cach dt 4k vién bi thoa méan céc didu kién trén ma khong
c6 vién bi ndo dit & mdt trong N 6 da dugce danh déu.

Cau 6 (6,0 diém)
Cho a,b,c 14 c4c sb thyc khdng 4m théa min a+b+c =3, Chimg minh ring

3d® +4bc+b+c ++30° +4ca+c+a+\3c +dab+a+b 29,

HET
* Thi sinh KITONG éhege st dung 1ad lidu va mdy tinh cdm tay;
* Gldm th] KITONG gldl thich gi thém,
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Ngay thi thir nhat
Bai 1 (7 diém). Xét da thic P(z) = 2* — 2% + .

a) Ching minh rang véi moi s6 duong a, da thic P(z) — a c6 duy nhat mot nghiem
duong.

b) Xét day s6 (a,) dude xac dinh bdi a; = 3 va v6i moi n > 1, a,41 12 nghiem duong
ciia da thic P(z) — a,. Ching minh ring day (a,) c¢6 giéi han hitu han va tim gidi
han do.

Bai 2 (7 diém). Véi mdi s6 nguyéen n > 0, dit u, = (2 + \/5)n + (2 - \/5>n

a) Chiing minh ring u, 1 s6 nguyén duong véi moi n > 0. Khi n thay doi, s6 du clia
u, khi chia cho 24 16n nhat bang bao nhiéu?

b) Tim tat ca cac cip s6 nguyen duong (a, b) v6i a, b nhé hon 500 sao cho véi moi n 1é
ta ¢6 u, = a"” — 0" (mod 1111).

Bai 3 (6 diém). Cho tam gidc nhon khong can ABC' noi tiép dudng tron (O) va c6 tryc
tam H. Duong thing AH cit lai (O) tai diém D khac A. Goi E va F tuong ting la trung
diém cac doan thing AB va AC. Dudng thing di qua H va vuong goc v6i HF cat dusng
thang BC tai diém K.
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a) Duong thang DK cét lai (O) tai diém Y khac D. Chiing minh rang giao diém ctia
dudng thing BY va duong trung truc ctia doan thing BK nim trén dudng tron
ngoai tiép tam giac OFY'.

b) Duong thang di qua H va vuong goc véi HE cit duong thiang BC tai diem L.
Duong thang DL cit lai (O) tai diéem Z khac D. Goi M, N, P tuong tng la giao
diém ctia cac cap duong thang (BZ,OF), (CY,OF) va (BY,CZ). Goi T 1a giao
diém ctia cap dudng thiang (Y Z, MN) va d 1a duong thang di qua T va vudng goc
v6i OA. Chitng minh ring d di qua trung diém ctia doan thang AP.

Ngay thi th hai

Bai 4 (7 diém). Cho tam giac nhon khong can ABC' ¢6 cac duong cao AD, BE, CF véi
D e BC,E e CAvaF € AB. Goi H, O va I tuong tng la truc tam, tam duong tron
ngoai tiép va tam duong tron noi tiép cta tam giac ABC, M, N va P tuong ting la trung
diém cac doan thing BC, CA va AB. Goi X, Y va Z tuong tng la giao diém clia cac cap
dudng thing (AL, NP), (BI, PM) va (CI, MN).

a) Chting minh ring cdc dudng tron ngoai tiép cic tam gidc AX D, BY E, CZF c6 hai
diém chung ndm trén dudng thing OH.

b) Cac duong thing XP, YM va ZN tuong ting cit lai cac dudng tron ngoai tiép
cac tam giac AXD, BYE va CZF tai cic diém X', Y/ va Z' (X' # X, Y' #Y,
7' # 7). Goi J la diém déi xting ctia I qua O. Chitng minh rang X', Y’ v& Z' ciing
nim trén mot dudng thang vuong géc véi duong thang H.J.

Bai 5 (7 diém). Cho mot bang 6 vuong 3k x 3k (k la s6 nguyen duong), cac 0 ciia bang
duge danh toa do theo cot va hang: 6 (7;7) ndm trén cot thi 4 tit trai qua phai va trén
hang thit j tit dudi lén trén. Ngudsi ta mudn dat 4k vien bi vao céc 6 clia bang, moi 6 co
khong qua mot vién, théa man dong thoi hai diéu kién sau:

e Mdi hang va moi cot déu co it nhat mot vien bi;
e Mobi vien bi nam cling hang hodc cling cot v6i it nhat mot vien bi khéc.
a) Xét k = 1. C6 bao nhiéu cach dat 4 vien bi vao bang théa man cac diéu kién tren?

(Hai cach dat bi dugc coi 1a khac nhau néu c¢6 mot 6 (4; ) ¢6 bi trong mot cach dat
nhung khong c6 bi trong cach con lai.)

a) Xét k> 1 tong quat. Xac dinh s6 tu nhiéen N 1én nhéat sao cho v6i moi cach danh
dau N 6 phan biét trén bang, luon ton tai mot cach dat 4k vien bi théa méan cac
diéu kién trén ma khong cé vién bi ndo dit 6 mot trong N 6 da duge danh dau.

Bai 6 (6 diém). Cho a,b,c 1a cac s6 thyc khong am, théa man a + b + ¢ = 3. Chiing
minh rang

V3a2+4bc+b+c+ V32 +4ca+c+a+ V32 +4ab+a+b>09.
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2. L&i giai

Bai 1 (7 diém). Xét da thic P(z) = 2* — 23 + 2.

a) Ching minh rang vdi moi s6 duong a, da thic P(x)—a c6é duy nhat mot nghiém
duonyg.

b) Xét day so (a,) dugc zdc dinh bdi a; = % va vdi moin = 1, a1 la nghiém
duong cia da thic P(z) — a,. Chiing minh rang day (a,) c6 gidi han hiu han
va tim gidi han do.

LO1 GIAL
a) Ta c6 P'(z) = 42® — 32* + 1 nén véi méi z > 1 thi

P(z) =22 +1>0,
va v6i moi x € [0, 1) thi
P(z) > 42* =322 + 1= (22" — 1)* + 2% > 0.
Nhu vay, P'(x) > 0 v6i moi x > 0, tic la P(z) 1a ham tang trén [0, +o00). Két hgp diéu

nay véi viec P(x) 1a da thiic c6 P(0) = 0, ta thay v6i mdi a > 0 thi phuong trinh P(z) = a
c6 dting mot nghiém, hon nita nghiém nay phai 1a s6 duong vi P(z) = a > 0 = P(0).

b) Ta c6 ay = 1/3 € (0,1) va ¢t hé a,, € (0,1) thi P (an+1) = an € (0,1). Ma P(0) = 0,
P(1) =1 va P(x) tang trén [0, +00) nén 0 < a,41 < 1. Vay, a,, € (0,1) v6i moi n nguyén
duong. T d6, a, — a1 = ah,y —al,; <0, véi moi n > 1. Nhu vay, (a,) 1a day s6 thuc
duong tang, bi chin trén bdi 1, nén né hai tu vé L > 0. Trong ding thiic P (ay,41) = an,
cho n — 400 ta dugc

L*~L*+L=0L, hay L*(L—1)=0,

ticla L=1vi L > 0. Vay lim a, = 1. *

n—-+0o

Bai 2 (7 diém). Vdi méi s6 nguyén n >0, dit u, = (2 + \/g)n + (2 — \/S)n
a) Ching minh ring u, la s6 nguyén duong vdi moin > 0. Khin thay doi, so du
ctia u, khi chia cho 24 lon nhat bang bao nhiéu?

b) Tim tat cd cic cap s6 nguyén duong (a,b) vdi a,b nhé hon 500 sao cho vdi moi
n lé ta c6 u, = a™ —b" (mod 1111).

LO1 GIAL
a) V6i day (u,) x4c dinh & trén, ta xac dinh dugce cong thiic truy hoi:

Upto = dUpiq + Up, VN = 0. (1)

Bang s6 du ctia day khi chia cho 24 vé6i 10 s6 hang dau dude cho nhu sau:

n 0|1} 2(3]4|5 6] 7|89
U, (mod24) |24 |18|4(10[20 |18 20|24
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Duya vao bang trén, ta nhan thiy ug = ug vd ug = u; (mod 24). Tt day, bang quy nap
két hop véi , ta chitng minh dugc rang:

Upig = Up, VN = 0.

Do d6, day {u, (mod 24)} 1a tuan hoan véi chu ky 8. Vay, s6 du 16n nhat ciia u,, khi chia
cho 24 1a 20, ciing chinh 13 s6 du 16n nhat trong 8 s6 hang dau ctia day.

b) Xét phan tich ctia 1111 ra thira s6 nguyéen t6: 1111 = 101.11
Ta c6 5 = 42 (mod 11) va 5 = 45? (mod 101). Chon & = 348 thi ta ¢6 ngay k* = 5
(mod 1111). Xét day s6 {v, }n>0 xac dinh bdi cong thiic tong quat:
v, =2+k)"+(2-kK"
Ta xac dinh duge cong thiic truy hoi ctia day (v,,):

Unto = i1 + (K* —4) v, = 40,41 +v,  (mod 1111). (2)

Béi vi vy = ug, v; = u; két hop véi va nén bang quy nap, ta dé c6 u, = v,,Vn > 0.
Vay, ta di tim tat ca cac bo (a,b) véi a,b nguyén duong nhé hon 500 va

a"—b"=(k+2)" —(k—2)" (mod 1111) v6i moi n 1é. (3)

Nhan xét. Dicu kién can va di ciia bo (a, b) dé thoa man bai todn 1a a—b = 4 (mod 1111)
va ab = k* — 4 (mod 1111).

CHUNG MINH. Trong , chon =1 ta dugc a—b=4 (mod 1111). Tiép theo, v6i n = 3,
thay vao trén ta dugc

(a—b)* —3ab(a—b) =4 —12(k* —4) nén ab=4%*—4 (mod 1111).
Ta ching minh day cfing la diéu kien du.
V6i hai s6 thuc z,y, ta luon c¢6 ding thic:

g gt = (xQ + y2) (anrQ _ yn+2) — 2y (2" — ™).

V6i a, b théa man hai diéu trén, dé ¥ ring

a"—b"=(k+2)"—(k—2)" (mod 1111) v6i n € {1,3}
ab=(k+2)(k—2) (mod 1111)
A2+ =(k+2)°+(k—2)° (mod 1111)

nén bang quy nap, ta cting ¢6 a™ — " = v, (mod 1111), v6i moi n 18. *

Quay lai bai toan, béi vi a —b =4 (mod 1111) nén a = b+ 4. Khi d¢,
b +4b=k*>—4 (mod 1111) hay (b+2+k)(b+2—k)=0 (mod 1111).
Thay k = 348, ta gidi ra dugc b c6 s6 du khi chia cho 1111 thugc tap {345, 357,750, 761}.

Bé&i vi a,b < 500 nén ta thu duge hai bo s6 théa man: (a,b) = (350, 346), (361, 357).

4
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Nhén xét. Mot khia canh quan trong trong ¥ b), dong thai dé xit Iy thanh phan vo ty
/5, 1a kiém tra su ton tai clia k sao cho k2 =5 (mod 1111). Sit dung luat tuong hd bac

hai ciua Gauss, ta c6:
()= (0. ey
101 )

Diéu nay khang dinh réng 5 la mot thing du binh phuong theo modulo 101. Két hop véi
5= 4? (mod 11), ta suy ra rang ton tai k théa man k> =5 (mod 1111).

Dé x4c dinh cu thé gia tri ctia k, ta tim a sao cho a> = 5 (mod 101). Thtt cho a la céc
lity thita ciia 5, ta di xét s6 du ctia 52° (s6 25 dugde chon béi vi 1a s6 1é va 1a ude ctia 100).
Biét rang 5* = 625 = 19 (mod 101), nén:

5% =5.(5"=5-19°=1 (mod 101).
Do d6, chon a = +53, ta c6 a®> =5 (mod 101). Thay vao, tinh 5!3:
58 =5.(5"=5-19°=56 (mod 101).

Suy ra, a = £56 1a gié tri théa méan. Chon a = —56 = 45 (mod 101), ta dugc cach chon
k nhu da trinh bay & trén. Ngoai ra, ta c6 cac bai toan tuong tu sau

i) Cho day s6 {a,} thoa man

ag = 1,@1 =—1
a, = 6a,_1 +5a,_1, VYn =>0.

Ching minh rang asg; — 2010 : 2011.
VMO 2011

ii) Cho k la s6 nguyen duong va day sé {z,} thoa

To = 1,£L‘1 =3
Tpao =621 — Ty, VR =0

Goi p 1a u6c nguyeén to 1é clia xox. Chiing minh rang
a) 2 la thang du chinh phuong mod p.
b) 283 1a wée cta p — 1.

M3 rong dé chon doi tuyén Chuyén Sw Pham 2020

Bai 3 (6 diém). Cho tam gidc nhon khong can ABC noi tiép dudong tron (O) va 6
trie tam H. Duong thang AH cat lgi (O) tai diém D khdc A. Goi E va F tuong ing
la trung diém cdc doan thing AB va AC. Duong thang di qua H va vuong géc vdi
HF cit duong thang BC tai diém K.

a) Duong thang DK cdt lai (O) tai diém Y khdc D. Chitng minh ring giao diém
ctia duong thang BY wva duong trung truc cia doan thang BK nam trén duong
tron ngoai tiép tam gidgc OFY .

b) Duong thang di qua H va vuong goc vdi HE cat duong thing BC' tai diém L.
Duong thang DL cdit lai (O) tei diem Z khdc D. Goi M,N, P tuong ing la
giao diém cia cdc cap duong thang (BZ,0F), (CY,OF) va (BY,CZ). Goi T
la giao diém cia cap duong thang (Y Z, MN) va d la duong thing di qua T va
vuong goc vdi OA. Chiing minh rang d di qua trung diém ciia doan thing AP.
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LOI GIAL
a) Goi HK cat AB tai K', HF cat BC tai S. X la tam duong tron (BKK').

Dung cac duong cao AG, CT cia tam giac ABC thi ACGI noi tiép (F') duong kinh AC.

Ap dung dinh 1y con buém trong (F), day cung AG cit CI tai H, FH 1 KK’ ta suy ra
H 1a trung diem KK', suy ra HF la trung trye KK', nén H, F, X, S thang hang.

Ta dé dang c6 tam giac K DH can tai K, nén

180° — HKD _ 180° —2HKG _ 180° — BXK' ——

ABY = ADY = ABX,

2 2 2

suy ra B, X, Y thing hang.

Tu do, ta co
YXF = BXS = YBC — XSB = (ABC — ABY) — (90° — ITKS)

—

_@_m_@—m_zm

— AOF — AOY = YOF,

suy ra ti gidc XOFY noi tiép. Vay BY cit trung tryc ciia doan BK tai X trén (OFY).

b) Goi AY, AZ lan lugt cat ON, OM tai U, V. J dbi xiing véi A qua H. Ta c6 bai toan
duge chitng minh thong qua 2 ménh dé sau:

i) Duong thang UV va duong thang d tring nhau.
ii) Duong thang UV chia doi doan AP.

Chatng minh i). Vi H, F lan lugt 1a trung diém AJ, AC nén CJ | FH,suyra CJ | HK.
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Tu do, ta co

— S — 180° —240Y ——

CJH =90° — KHD = 90° — ADY = 8020 — UAO.
Mat khac, ta c6 CHJ = UOA (= B) suy ra ACHJ ~ AUOA (g.g).
Tuong tu, ta c6 ABHJ ~ AVOA (g.g), suy ra AHBC U{J} ~ AOVU U {A}.
Ma HJ 1L BC, nén OA 1L UV. Mit khéc, ta c¢6

BCJ =90° — CJH = ADY = ACY

nén CJ va CY dang giac trong C. Tuong tu, ¢6 BJ va BZ déng giac trong B. Ma AJ
(hay AH) va AO déng giac trong A. Suy ra AO, BZ, CY dong quy tai diém lien hgp

ding gidc véi J trong tam gidac ABC, hay AO, ZM, YN dong quy. Ap dung dinh 1y
Desargues véi cap tam giac AZY va OMN, ta suy ra U, V, T thang hang.

Tt day két hop véi OA L UV, ta chiing minh dudge UV va d tring nhau.

Chaing minh ii). Dung A’, U’ V' déi xting A qua O, U, V. D& ¢6 bo cac diem A', B, V'
va A’, C, U’ thang hang.
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Ap dung dinh 1y Pascal cho bo 6 diém
B A C
Z AY
ta suy ra U’, V', P thang hang. Ma U,V la trung diéem AU’, AV,

Vay UV chia doi AP, bai toan duge chiing minh. *

Bai 4 (7 diém). Cho tam gidc nhon khong can ABC' ¢6 cic duong cao AD, BE,
CF voi D e BC, E€ CAvaF € AB. Goi H, O va I tuong ing la truc tam, tam
duong tron ngoai tiép va tam dudng tron noi tiép cia tam gidc ABC, M, N va P
tuong ting la trung diém cdc doan thang BC, CA va AB. Goi X, Y wva Z tuong ing
la giao diém ciia cdc cap duong thang (AI, NP), (BI, PM) va (CI, MN).

a) Ching minh rang cdc duong tron ngoai tiép cac tam gidc AXD, BYE, CZF
6 hai diém chung nam trén duong thang OH.

b) Cdc duong thaing XP, Y M va ZN tuong ing cat lai cic dudng tron ngoai tiép
cic tam giac AXD, BY E va CZF tai cic diem X', Y' va Z' (X' # X, Y' #Y,
7'+ 7). Goi J la diém doi zing cia I qua O. Ching minh ring X', Y' va Z'
cling nam trén mot duong thang vuong goc vdi duong thang HJ.

LOr1 GIAL
a) Goi ban kinh ctia dudng tron (O) ngoai tiép tam giac ABC 1a R.

Vi AH va AO dang giac trong A nen Al 1a phan giéc cua OAH. Mat khac, NP duong
la trung truc doan AD nén tam gidc AX D can tai X. Tu dé ta co

XDA = DAX = HAT = OAI,
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suy ra OA 1a tiép tuyén tai A ctia (AX D), dan t61 Po/axp) = OA* = R%.

Twong tu, ta cling chiing minh duge
Pojaxp) = Poysye) = Pojczr) = R

Lai ¢c6 H la tryc tam ctia tam giac nhon ABC, nén

HA-HD=HB-HE=HC-HF =—-HC-HF <0,

hay tic 1a Py/axp) = Puysve) = Pujczr) < 0.

Tu d6 ta thiy cac duong tron (AXD), (BYE), va (CZF) dong truc OH, két hop
Puyaxp) < 0 ta két luan duge ching c6 hai diém chung ndm trén duong thing OH.

b) Goi I,, I, I. tuong ting la cac tam bang tiép ctia tam giac ABC. A, B', C' lan lugt
la trung diém I1,, I1,, I1.. Khi d6, A', B', C’' 1a trung diém cac cung BC, CA, AB.

F

Goi T 1a tam ctia (AX D), AX' cdt BC tai S. Hién nhién c6 X' 1a trung diém AS.

Vi XX’ (hay NP) la trung truc AD nén X X’ di qua 7', nén X X’ la dudng kinh (77). Suy
ra AX' 1 AX, néen A, X', I, I, S thang hang.

Xét phép vi tu tam I ti s6 2 tuong tng bién A’, B, C', O thanh I,, I, I., J, va bién
(O, R) thanh (J,2R). Ma (O) ngoai tiép tam giac A’B'C’, nén (J,2R) ngoai tiép tam giac
I I,1.. Goi G la mot trong hai giao diém ctia (X', X'A) va (J,2R).

Vi CI. va C1I, lan lugt 1a phan giac trong va ngoai ctia AC'S nén
(ASI,I.) = C(ASL,1.) = —1,

ma X’ 1a trung diém AS nen X'I,. X'I, = X'A? = X'G?, suy ra X'G la tiép tuyén tai G
ciia (J,2R), nen X'G L JG. Tu d6 suy ra JG 1a tiép tuyén tai G cia (X', X'A), nén

Pi/xx14) = JG? = 4R?.
Tuong tu, ta cling chiing minh duge
Pyxrxiay = Pyvys = Pz zc) = 4R
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Dé dang 6 (X', X'A), (Y',Y'B), (Z',Z'C) lan luot di qua D, E, F, nén ta ciing c6

'@H/(X’,X’A) = L@H/(Y/’Y/B) = Lgz[.]/(z/’zlc) (dO HA -HD=HB-HFE = HC . HF)

T hai diéu trén suy ra (X', X'A), (Y',Y'B), (Z',Z'C) dong truc HJ, nén ta c6 X', Y’
va Z' ciing nam trén mot duong thing vuong goc véi dudng thing H.J.

Bai 5 (7 diém). Cho mot bing 6 vuong 3k x 3k (k la sé nguyén duong), cic 6 cia
bang dugc danh toa do theo cot va hang: 6 (i;7) nam trén cot thit i tu trdi qua phdi va
trén hang thi j tw dudi lén trén. Nguoi ta muon dat 4k vién bi vao cdc 0 cia bdng,
moi 6 ¢ khong qud mot vién, théa man dong thoi hai dieu kién sau:

e Moi hang va moi cot deu cé it nhat mot vién bi;

o Mdi vien bi nam cung hang hodc cung cot vdi it nhat mot viéen bi khdc.

a) Xét k = 1. C6 bao nhiéu cach dat 4 vién bi vao bing théa mdn cdic dieu kién
tren? (Hai cach dat bi duoc coi la khdc nhau néu c6 mot 6 (i;7) 6 bi trong mot
cach dat nhung khong cé bi trong cach con lai.)

b) Xétk > 1 téng qudt. Xdac dinh so tu nhiéen N lon nhat sao cho vdi moi cdch
danh dauw N o6 phan biét trén bing, luon ton tai mot cich dat 4k vién bi théa
mdan cac dieu kién trén ma khong cé vién bi nao dat ¢ mot trong N 6 da duoc
danh dau.

LO1 GIAL

a) Truéc hét, do trong 4 vién bi sé luon c6 it nhat hai vien bi ndm ciing mot hang hodc
cling mot cot, gia st 1a A va B. Khong mat tinh tong quét gia st A, B cing hang néu
cling cot thi ta c6 thé xoay bang 6 vuong mot géc 90°. Khi dé trong 9 6 con lai sé c¢6
ding hai 6 khong nam cling hang hodc cling ¢ot véi A va B, gid st la X va Y (Luuy X
va Y sé nam cung cot do A v B cung hang).

Diéu nay dan t6i ton tai it nhat mot vien bi nam trong hai 6 X va Y nay, gia st 1a C.
Goi vién bi cudi cuing chua duge dién 1a D, khi d6 do C' khong ndm cting hang v6i A va
B nén D phai nam trén hang con lai. Cudi cing, do C' khong nam cung hang véi A va
B nén D phai nam phai nam cling hang ho#c cing cot véi C. Chia y, C' khong ndm cing
hang v6i D nén C, D phéai cung cot. Tu d6 suy ra {C, D} = {X,Y} hay v6i A, B cung
hang hoiic cling cot dude xac dinh trude thi C, D xac dinh duy nhat.

Tu do, ta quy bai toan vé viéc dém s6 cip 6 ndm cliing hang hoiic cling cot. Ta c6 3 hang,
3 cot va v6i mdi hang hodc mdi cot c6 C3 = 3 cach chon hai 6 bat ki. Vay s6 cap 6 nam
cung hang hoac cung cot trén bang 3 x 3 1a 6 -3 = 18. Chu ¥, do vai tro cia bo {A, B}
va {C, D} 1a nhu nhau nén dép sd ciia bai toan 1a 9.
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b) (Dua trén loi gidi ciia Nguyén Nguyén) Ta sé ching minh dap s6 ciia bai toan la
N =3k —1. Véi N = 3k, ta danh dau tat ci cac 6 ¢ hang dau tién, khi d6 sé khong c6
cach nao dat duge 4k vien bi théa man yeu cau (do hang mot khong ¢6 bat ki 6 nao).

V6i N = 3k — 1, ta chia bang 3k x 3k thanh cac thanh k? khéi 3 x 3. Ta phan k? khoi nay
vao k tap hop sao cho mdi tap hop cé k khoi va hai khoi bat ky trong cting mot tap hop
khac hang va khéc cot ctia nhau. (Hinh duéi day minh hoa cho k = 3, theo duong chéo)

Do N = 3k — 1 nén theo nguyén ly Dirchlet sé c6 mot tap hgp trong k& tap hop nay chi
chiia t6i da 2 6 vuong duge danh dau. Xét k khoi c6 kich thuée 3 x 3 trong tap hop nay,
ta c6 thé dit vao mdi khoi 4 vien bi sao cho

e Trong khdi 3 x 3 sé& c6 c6 t6i da hai 6 dude danh dau va nhiing vién bi sé khong
duge dat vao nhitng 6 nay.

e Mdi hang va moi cot sé chita it nhat 1 vien bi.
e MGdi vién bi ndm ciing hang hodc cling cot véi it nhat mot vien bi khac.

Day chinh 1a bai toan trong truong hop k = 1. Ta c6 thé dé dang gidi quyét bai toan nay

dya trén cac cach dién théa man § cau a) nén c6 duge diéu phai chiing minh. *
Bai 6 (6 diém). Cho a, b, c la cic s6 thic khong am, théa méan a+b+c = 3. Ching
minh:

V3a2 +4bc+b+c+ V32 +4ca+c+a+ V32 +4ab+a+b=9.

LOr1 GIAL

Cach 1. Trudc tién, ta sé chiing minh bai toan phu va ciing 1a bai todn gbc cho bai toan
trong dé thi nhu sau.
Cho a, b, ¢ 1a cac s6 thyc khong am, théa méan a + b + ¢ = 3. Chiing minh

Z\/a3 + 2be > 3V/3.
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Ap dung bat ding thic Holder, ta c6
> Va3 +2bc> Vad +2bc > (a® 4 2bc)(a + 2b)
> (Y2 /(@ + 2be)(a + 2be)(a + 20))°

> (Z v (a? + 260)3)3 =(a+b+c)’ =3

Lic nay, ta can ching minh

> (a* + 2bc)(a + 2b) < 27.
Khai trién va chiing minh, ta dugc
Za?’ + 2abc - Za—l—fiabc—l— 421)202 < 27.
St dung bién déi dai s6, ta co
dad at +12abe Y a+ 12>’ < (a+ b+ )t
Bat ding thtc nay tuong duong
doad a’+12abed a+12) a’b* <D ad a®+3> ab(a’+b*)+6 > a*b’+12abcH  a.
Diéu nay tuong duong véi

> ab(a —b)* > 0, luon ding.

Quay tré lai bai toan. Ap dung bat ding thitc can ching minh

> V3a2+4bc+b+c—a+3209.

Vi (a? —1)(a—1) >0, tasuy ra a® —a+ 3 > a®> + 2. Do d6

VT:Z\/3a3+4bc—a+3>Z\/2a3+4bc+a2+2.

Ap dung bat ding thie Minkopxki va bat déng thic phu ching minh tren, ta suy ra

VT>\/(Z\/2a3+4bc)2+(a+b+c)2+(3\/§)22\/54+9+18:9

Vay

Z\/3a2—|—4bc+b—|—c>9.

Bai toan dugce chitng minh. *

Cach 2. Ciing la cach ching minh bat déng thic phu, ta c6 thé lam tuong tu nhu sau.
Truée hét, theo bat ding thic Cauchy-Schwarz ta c6

(3a® 4 4bc + b+ ¢)(3a + 4bc + b + ¢) = (3a® + 4bc + b+ ¢)?,

hay la
(3a? +4bc+b+c)*  (3a® + 4bc + b+ c)?

3a® +4bc+b+c> —
@ abetbc 3a+ 4bc+ b+ ¢ 2a + 4bc + 3
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Do do, suy ra dugc
3a? +4bc+b+c

VT > )
Z vV2a + 4be + 3

Tiép theo, stt dung bat dang thiic Holder dé khit cin va mau, ta co6

VT3 (24 + dbe + 3)(3a> + 4be + b+ ¢) > (3 (3% + 4be + b+ o))’
Do d6, quy vé chitng minh
(Z(3a2 + 4bc + b + c))3 > 81 (2a + 4bc + 3)(3a® + 4bc + b + ¢).

bat ¢ = ab+ bc + ca va r = abe, khi do6
(a®+b*+c7424)° > 81 (62a3+16za2b2+182a2+16zab+4 Z(a2b+ab2)+6oabc>,

& (33 —2¢) > 81(6(27 — 9¢ + 3r) + 16(¢* — 2r) + 18(9 — 2¢) + 16¢ + 4(3¢ — 3r) + 60r"),
< (33 —2¢)° > 81(16¢° — 44g — 30r + 261).
Tiép tuc dung bat ding thitc Schur 9r > 12¢ — 27, ta quy vé chitng minh
(33 —2¢)* + 9 30(12¢ — 27) > 81(16¢> — 44q + 261),

hay tuong duong:

(3 —q)(4¢ + 462¢ + 1251) > 0.
Danh gia cubi ciing ding vi theo bat ding thitc AM-GM ta c6 ¢ < 3. Do d6, bai toan da
dugc gidi quyét. *
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