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@ CHUONG TRINH TOAN LOP 12

PHAN= MOQT SO YEU TO GIAI TiCH

Bang céng thirc dao ham

Ham so cap Ham hop Phép toan
Quy tic dac.) ham cua ham @5 (v iv)' s
(1) (C)' ~0 hop véi u=u(x)
: (26) (uv) =u'v+uyv’
@ (9=t Lol = 5" .
' ' o (27) (Ej _ u.v-v.u
3) (X“) =ax“" (14) (U“) =au“tu v 7
@ | J;) _ L\/‘ (15) (\/a) =% 28) (ku) =ku’, (k Iahdng sé)
| 2./X ' . . N ey
(5) (E] _ (16) (lj o= S (Vj "V
x) ¥ n) o Dac bigt
6 (sin x)' — COS X (17) (sin u)!—u'.C(r)su - [Xiaj' ) );Ofl
(7) (cosx) =-sinx | (18) (tanu) =70 -
(8) (tan x)' :CO:ZX (19) (cosu)’ =—u’.sinu 31) [ax+bj' _ e d‘ _ad-hc
’ d 2 2
9) (cotx)’ = -1 (20) (cotu)' = __2 o (CX+d) (CX+d)
sin’ x sin“u ; , ;
ax?+bx+c) adx®+2aex+(be—cd)
x’_x 21 u': ”.In.’ (32) ( j: 5
(10) (a*) =a*lna | (21) (a*) =a".Inau dx+e (dx+e)
(1) () =e* (22) (&) =e'w
i 1 o !
12 (Ioga X) - x.Ina & (Iogau) " ulna
13) (Inx) :% (24) (Inuy =%

1. Tinh don diéu cia ham sé
Dinh nghia
Ki hiéu K 1a khoang; doan; nira khoang. Gia sirham s6 y = f (x) xéc dinh trén K.

Ham s6 y = f (x)
* Goi ladong bién trén K néu Vx, X, e K ma x <x, thi f(x)<f(x,).
* Goi la nghich bién trén K néu Vx, x, e K ma x, <x, thi f(x)> f(x,).
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Ham s6 y = f (x) dong biéntrén K thidothidi Y4
|&n tir tréi sang phai (Hinh trai). y=f(z)
Ham s6 y = f (x) nghich bién trén K thi d6 thi di ,
Xuong tir trai sang phai (Hinh phai). 5 i_K_: -
binh ly

* Néu f'(x)>0,vxeK thi ham s6 (x) dong bién trén K

f
= f (x) nghich bién trén K

y:
* Néu f'(x)<0,vxeK thihams y
Trén K,

« Néu f'(x)=0 thi ham sé y = f (x) khong doi
f!

X)
(x)=0 va f’(x)=0 tai hitu han diém thi ham s6
x)

(x) dong bién

* Néu f
f (x) nghich bién

y
* Néu f'(x)<0va f'(x)=0 tai hitu han diém thi ham s6 y
2. Cuec tri cia ham so
Khai niém
Cho ham s6 y = f (x) xac dinh va lién tuc trén khoang (a;b) (a c6 thé 1a —oo, b 6 thé 1a +o0) va diém
X, €(a;b).
* 3h>0 saocho f(x)< f(X,) véimoi xe (%, —h;x,+h)c(a;b) va x = x, thi tandi hamso f (x) dat cuc

dgi tai X, .
« 3h>0 sao cho f(x)> f(x,) véi moi xe(x,—h;%, +h)c(a;b) va x = x, thi ta néi ham s6 f (x) dat

cuc tiéu tai x,.

Chu
(1) x,: Biém Cyc dai (Cuc tiéu) caa ham sé = Goi chung la diém Cuyc U it evre dat (owe i)
ctia ham sd&

e
&
./o

tri cua ham sé S L A
- o . oz . 5 R N g < ., \ 2 <= Yo
(2) Yep: Giatri Cyc dai; y.,: Giatri Cuc tieu cua HS; Goi chung la Gia D P

Diém cuc tiéu

cua ham s6

tri Cuc tri; Goi gon la Cuc tri.
o A - L2 .2 ) Xur e s Diém cuc dai
(3) (Xo; Yep ): Piém Cuec dai, (X,; Yer ): Biém Cuyc tiéu cua do thi ham cita hamys6'Yy |

] )
o \
(r VU T e
A Ly, 1
= A0S,
------- o

Gia tri cuc tiéu Yy ¢

(cure tiéu)

. ~ ol
cua ham sé Q\e >
A
L\./

Diéu Kign dii dé ham sé dat cuc tri tai mgt diém
Gia st ham s6 y = f (x) lién tuc trén khoang (a;b) chtra diem X, va c6 dao ham trén cac khoang (a;x,) va
(X;b) . Khi do:
« Néu f'(x)<0 véi moi xe(a;%,) va f'(x)>0 véi moi xe(x;b) thi X, la diém cyc tiéu cua ham sb
f(x)
* Néu f'(x)>0 véi moi xe(a;x,) va f'(x)<0 véimoi xe(X,;b) thi X, la diém cuc dai cua ham s6
)

f(x
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(1) Pinh li trén duogc thé hién bang bang bién thién

a

X

b

+

/

yCD

T~

Néu dao ham doi dau tir (+) sang (-) khi x qua
diém x, xac dinh thi ham s dat cuc dai tai X,

Néu dao ham doi dau tir (-) sang (+) khi x qua

diém x, xac dinh thi ham sé dat cuc tiéu tai x,

(2) Néu f'(x,)=0 nhung f'(x) khong doi dau khi x qua diém x, thi ham s khong dat cuc tri tai X, .

(3) S6 diém cuec tri cua ham s bang sé 1an ddi diu cua dao ham tai cac diém xac dinh caa ham sé.

PHUONG PHAP XET DAU BIEU THUC
Xét dau biéu thuc f (x)
Budc 1. Tim tap xac dinh (Néu can)
Buéc 2. Tim nghiém cua f (x).

Buéc 3. Lap bang xét dau

(1) Dau cua Nh; thize bac nhat f (x)=ax+b (a=0)

-b
X —00 — 400
a
f(x) Tréai ddu a 0 Cung ddu a
(2) Dau cia Tam thire bac hai f (x)=ax’+bx+c, (a=0), A=b*—4ac
X +00 X b +o0
—00 —00 =
A<OQ A=0 2a
f(x) cung ddu a f(x) Cungddua O Cungddua
A>0 X — : h : X : B
f(x) Cung dau a 0 Trai dau a 0 Cung dau a

Cach 2. Xét ddu bang cach tinh gia tri biéu thic (Dung may tinh cam tay)
Cac nghiém chia tap xac dinh thanh nhiéu khoang, mdi khoang chon mét diém dai dién va tinh gia tri cua
f (x) tai cdc diém do, x4c dinh dau va dién dau vao bang xét dau

X=X,

Vidu1: Giasu f(x)=0c|x=X%, (X, <X, <X).

X =X,

X a X, b X, C X, d

f(x) + 0 - 0 - 0 +
f(a)>0 f(b)<0 f(c)<0 f(d)>0
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Cach 3. Xét dau bang quy tdc xét dau khodng
Quy tic: Hai khoang lién ké nghiém don (boi 1¢) khac ddu; Hai khoang lién k& nghiém kép (boi chin) ciing
dau

1.Xac dinh loai nghiém cua f (x) (néu dugc): nghiém nao 1a nghiém don (boi 1&), nghiém kép (boi chin)

2.X4c dinh dau cua f (x) trén mot khoang nao do, tir d6 1an luot suy ra du cia cac khoang con lai.

X=X,
Vidu2: Giasir f(x)=0<|x=X, (X <X, <X,). Trong do: X, X, la nghiém don; x, la nghiém kép
X=X,

X X, X, X,
f(x) + 0 - 0 - 0 +
Céch 4. Xét ddu bang dé thi

Hoanh d6 giao diém ctia d6 thi ham sé y = f (x) va y=g(x) la nghiém ctia phuong trinh f (x)=g(x)

Hoanh d¢ giao diém cta do thi ham s6 y = f (x) va tryc hoanh Ia nghiém ciia phuong trinh f (x)=0
Vidu 3: Choham so y = f (x) xac dinh trén R va ¢6 d6 thi nhu hinh v&. N

= Loi gidi

Do thi va truc hoanh c6 2 diém chung tai hoanh d6 x=0, x =3, nén ta c6: 4)----- :
f(x)=0< 2F--4

) [X=3 Lo

Trén (—0;0), (0;3) dd thi nam trén truc hoanh nén f (x) co gia tri duong; of 1T \3 >
trén (3;+00) d thi ndm dudi truc hoanh nén f (x) c6 gia tri am.

Bang xét du

X —o0 0 3 400
f (X) + 0 + 0 _

Viduy 4: Choham s y = f (x)=g(x)—h(x) xéc dinh A
trén R véi y=g(x), y=h(x)lan lugt c6 d6 thi la — - 1 /
duong cong va duong thang nhu hinh vé. : 3 1 >

= Loi gidi / -2 | "

Do thi 2 ham s6 y=g(x), y=h(x)c6 3 diém chung !
tai hoanh 30 x=-2, x=0, Xx=4, nén ta co: ] it N

X=-2
f(x)=0<g(x)-h(x)=0<g(x)=h(x)<|x=0
Xx=4

Trén (—o0;-2), (0;4), 46 thi ham s6 y=g(x) ndm dusi y=h(x) nén g(x)<h(x)< g(x)—h(x)<0

hay f (x) c6 gi& tri am;

0983 900 570 V5 Céng Truong 6 2025-2026
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Trén (-2;0), (4;4%), dd thi ham s6 y=g(x) nam trén y=h(x) nén g(x)>h(x)< g(x)—h(x)>0

hay f (x) c6 gié tri duong.
Bang xét diu
X —o0 -2 0 4 +00
f (x) - 0 + 0 - 0 +

L CAC DANG TOAN CO BAN THUONG GAP,

Dang todn @ XET SUBIEN THIEN CUA HAM SO
Bwoc 1. Tim tap xac dinh
Bwéc 2. Tim dao ham. Tim nghiém ciia dao ham va diém khong xac dinh ciia dao ham.
Buwéc 3. Lap bang bién thién:

Dién TXD; nghiém cua dao ham va diém khong xac dinh ctia dao ham (theo tht ty ting dan).
Xét dau dao ham y’

v V& chiéu bién thién (mili tén chéo 1én khi y' >0, chéo xubng khi y'<0):

Pién Gigi han ham sb, Gid tri ham s tai cac diém x twong wng vao dau, cudi cac mili tén

Buwéc 4. Dya vao bang bién thién, két luan chiéu bién thién trén ting khoang.

Dang ham sé cho béi bang bién thién, do thi.
Vi du 5:Cho ham s6 y = f (X) c6 bang bién thién nhu sau
X |—oo -2 0 2 oo
y + 0 - 0 + 0 -
3 3
— oo 7 1 — oo
Ham s6 y = f(x) nghich bién trén khoang nao dudi day

A. (-2,0). B. (—;-2). C. (0;2). D. (0;+).
= Loi gidi

!

Dua vao bang bién thién, ta c6: y' <0 trén cac khodng (—2;0), (2;+0).

Vay ham s6 nghich bién trén cac khoang (—2;0), (2;+). Chon dép 4n A

Viduy 6:Cho ham sé y = f (x) c6 d6 thi nhu hinh v&. Ham s6 da cho dong bién 4y
trén khoang nao? ) .
A. (—0;0). B. (1;3). i
c. (0;2). D. (0;+0). ‘
= Loi gidi > \3 >
Dua vao do thi, ta thiy do thi di 1én trén khoang (0;2).

Vay ham s6 dong bién trén cac khoang (O; 2). Chon dap an C
Dang ham s6 cho béi biéu thirc hoic biéu thire dao ham
Vi du 7:Ham s6 y = —x® +3x? —4 ddng bién trén khoang nao?
A. (2;+). B. (0;2). C. (-4,0). D. (—©;0).
w Loi gidi
Tap xac dinh: D=R

0983 900 570 V& Cong Truong 7 2025-2026
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4 ’ 2 ' X=O
Taco: y=-3x"+6x; yY=0& L
x | —oo 0 2 +o0
y' — 0 + 0 —

+on 0
y \ / \
4 —®
Dua vao bang bién thién thi ham sé da cho dong bién trén khoang (0;2). Chon dép 4n B

Vidu 8:Choham s6 y = f (x) lién tuc trén R va c6 dao ham f'(x)=(1-x)*(x+1)’(3—x). Ham s6

y = f (x) dong bién trén khoang nao dudi day?

A (—oo;l). B. (—oo;—l). C. (1;3). D. (3;+oo).
> Loi gidi
x=1
Taco: f'(x)=0s (1-x)"(x+1)’(3-x)=0| x=-1.
X=3

Bang xét dau: (Trong mdi khoang ta chon mét s6 nao d6 thay vao biéu thic f'(x) tinh gia tri va suy ra
dau)

x —0 -1 1 3 +o0
() — 0o + 0 + 0 —

Ham sb dong bién trén khoang (—1;3). Chon dap 4n C

Dang toan = TIM CUC TR/ CUA HAM SO
Bwoc 1. Tim tap xac dinh
Buwéc 2. Tim dao ham. Tim nghiém cua dao ham va diém khong xac dinh cua dao ham.
Buwéc 3. Lap bang bién thién:

Pién TXD; nghiém cua dao ham va diém khong xac dinh cua dao ham (theo thu ty ting dan).
y Xét ddu dao ham y’
V& chiéu bién thién (mili tén chéo 1én khi y’ >0, chéo xuéng khi y’' <0):

y

Dién Gigi han ham s6, Gia tri ham sé tai cac diém x twong Gmg vao dau, cudi cac miii tén
Buwéc 4. Dua vao bang bién thién va dinh 1i, két luan cyc tri.

Dang ham sé cho béi bang bién thién hogc dé thi
Vidu 9:Cho ham s6 y = f(X) c6 bang bién thién nhu sau

X |—eo 0 2 +oo
y - 0 + 0 -
+oo 5
y \ / \
1 —o0
Ham sb dat cuc dai tai diém
A x=1. B. x=0. C. x=5. D. x=2.
= Loi gidi

Dua vao bang bién thién, dé dang thay dap an D

0983 900 570 V6 Céng Truong 8 2025-2026
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Vidy 10: Chohamso f(x) lién tuc trén R\{0} va co bang xét dau cia f'(x) nhu sau:

X | - -1 0 1 2 +00
f'(x) | + 0 - 0 + 0 - 0 -
S6 diém cuc tri cua ham s d cho la
A 4. B. 1. C. 2. D. 3.
w Loi gidi
Lap bang bién thién hoan chinh: (tai x=0 ham sb khong xéac dinh)
X —0 -1 0 1 2 +00
f'(x) + 0 - 0 + I - 0 —

| TS T T

Ta théy, ham sd ¢6 2 diém cuc dai (goi chung 1a 2 diém cuc tri). Chon dap an C.
Ta c6 thé lam nhanh nhu sau

Dua vao bang bién thién, ta thy dao ham f'(x) d6i dau 3 1an khi X qua cac diém x=-1, x=0, x=1,

nhung X =0 la diém khong x4c dinh cua ham s6 nén ham s6 chi c6 2 diém cuc tri. Chon dap an C

Vidu 11: Cho ham sé bac ba y = f(x) c6 d6 thi 1a dwdng cong trong hinh bén. Gia tri vl
cuc dai ctia ham sb da cho 1a 3
A. —1. B. 3.
C. 2. D.O0.
= Loi gidi af .
Dua vao db thi, ta thdy do thi ham sb c6 diém cuc dai 1a (0;3), diém cuc tiéu 1 (2;-1) / 01 \lJ =

. Chon dap an B

Vidu 12: Chohamsé y=ax* +bx?+c co6 db thi 1a dudng cong trong hinh bén. 2“'”
Diém cuc tiéu cua dd thi ham sé da cho co toa do l1a e
A. (-1,2). B. (0:1).
C. (L2). D. (1,0). / o
. Loi gidi

Duya va do thi, ta thay do thi ham s6 ¢6 2 diém cuc dai 1a (-1,2), (12)va 1 diém cyc tiéu 1a (0;1). Chon
dap an B

Dang ham sé cho béi biéu thirc hodc biéu thire dao ham
Vi du 13: Diém cuc dai cia do thi ham sd y = x* —6x* +9x ¢d tong hoanh d¢ va tung d bang
A. 5. B. 1. C. &, D. -1.
= Loi giai
. ) x=1
Taco: y'=3x —12x+9:0<:{X=3

Bang bién thién

0983 900 570 V5 Céng Truong 9 2025-2026
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T — o 1 3 + =
y' + 0 - 0 +
4 + o
- N ¥
,y .
—om '\*[:]

Khi d6: X.p =1= Yop =4 = X + Yoo =5. Chon dép an A

Vidu 14: Chohamso f(x) c6 daoham f'(x) :(x—l)(x—z)2 (x—3)3(x—4)4, vx e R. Sb diém cuyc tri
ctia ham s da cho 1a

A. 3 B.5 C.2 D. 4
w Loi gidi
x—1=§) x=1
(X—Z) :O X:2
f'(x)=0< ,
(x_3) =0 X=3
(x-4)'=0 LX=4
Bang bién thién:
X — 1 2 3 4 +o0
F(x) + 0 - 0 -0 + 9 +

ﬂx:l . ’// ‘_‘_‘—‘_‘*—-—.___H_‘- _—_'_._,_.--""'-f’ +ao

Dua vao bang bién thién: Sé diém cyc tri cuia ham sb da cho 1 2. Chon dép an C
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1. Pinh nghia:
Cho ham s6 y = f (x) xac dinh trén D
*  S6 M duoc goi la gia trj Ién nhat (GTLN) cua ham s6 y=f(x) trén D néu f(x)<M, vxeD va
I, eD:f(x)=M.
Kihiéu M =max f (x) hoic M =max f (x).
xeD D
* S6 m duogc goi la gia tri nho nhat (GTNN) ctia ham s6 y=f (x) trén D néu f(x)=m, VxeD va
I, eD:f(x)=m
Ki hiéu m=min f (x) hoic m=min f (x).
xeD D
f(x)<M, VxeD
I, eD: f(x)=M

(1) Néu ham s6 chi ¢6 1 cuc dai trén K thi max y =y, . Néu ham s6 chi c6 1 cuc tiéu trén K thi miny = ye;
K

f(x)>=m, ¥xeD _
< max f(x)=M . < min f(x)=m
D

I, eD: f(x)=m D

(2) Néu ham s6 dong bién trén doan [a;b] thi r[glbr]] y=y(a), maxy = y(b)
Néu ham s6 nghich bién trén doan [a;b] thi r[glbr]] y=y(b), maxy = y(a)
2. Tim gia tri I6n nhat, gia tri nhé nhat caa ham sé trén mét doan
Tim gid tri I6n nhat, gia tri nhé nhét ciia ham s6 y = f (x) trén doan [a;b]
Buéc 1: Tim dao ham f'(x), Tim céc diém X, X,,..., X, trén khoang (a;b), tai d6 f'(x)=0 hoac f'(x)
khong x4c dinh. (Tim cac nghiém va cac diém khong x4c dinh cua dao ham f'(x) trén khoang (a;b))
Buwgc 2: Tinh f(a), f(b), f(x), f(%,),... T(x,)
Buwoc 3: Két luan: max f(x)=max{f(a), f(b), f(x),f(x),.. f(x,)} (Gidtrilon nhits Busc 2)

min f (x)=min{f (a), f(b), f(x), f(X,),... f(x,)}. (Giatrinho nhat & Budc 2)

3. Tim gid tri l6n nhat, gia tri nhé nhat caa ham sb trén khoang (hay nira khoang) K
Buwéc 1. Lap bang bién thién > Dt K vao vi tri thich hop;
Buwéc 2. Dua vao bang bién thién, nhan xét va két luan GTLN-GTNN
Cha y: Trén mot khoang ham sé ¢6 thé khong co hay chi c6 GTLN hodc GTNN.

LJ CAC DANG TOAN CO BAN THUONG GAP

Vidu 15: Hamsé y = f(x) xac dinh, lién tuc trén khoang (2;+0) va c6

. X x | 2 +o00
bang bié_n thién nhu sau. Chon mér{h de dung. F(x) ~ o0 =+
A. (rznm) f(x)=5. B. (rzr;lm) f(x)=-4. - 0
C. max f () =12. D. max f (x)=7. N 4/
= Loi gidi

Dua vao hang gia tri f (x) tathay, gia tri —4 1a gia tri nho nhat cua ham s trén khoang (2;+o0) .
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‘/A/ VUI CUNG TOAN Hé thong kien thirc Toan dé On thi Tot nghiép THPT
Chon B

S6 12 khéng phai 1a GTLN caa ham sé ma 1a giéi han cua ham s tai

+oo (hay lim f(x)=12) Y

Vidu 16: Chohamsé f(x) lién tuc trén [-1;5] va cé do thi trén
doan [-1;5] nhu hinh v& bén dudi. Tong gid tri 16n nhét va gia tri

nhé nhét ciia ham sé f (x) trén doan [-1;5]bang

xr
A -1 B. 4
C.1 D. 2
= Loi gidi

Dua vao d6 thi ta thdy, Diém cao nhit caa do thi 1a diém c6 tung do
bang 3, diém thap nhit caa dd thi c6 tung d6 bang —2
Vay gié tri 16n nhat 1a 3 va gia tri nho nhat 1a —2. Chon C
Vidu 17: Giatri I6n nhat cia ham so f (x) =—x* +12x” +1 trén doan [-1;2]bang

A. 1l B. 37. C. 33. D. 12.

= Loi gidi
x=0e[-12]
e Dao ham: f'(x)=—4x* +24x%; f'(x)=0<| x=/6¢[-12]
x=—/6¢ [-1,2]

o f(-1)=12, f(2)=33 f(0)=1

Vay, r[plagf f(x)=33
Vi du 18: Tinh gié tri nho nhat cua ham sé y = 3x+i2 trén khoang (0;+o).

X
A. miny=339. B. miny=7. C. miny=§. D. miny=2€/§.
(07+=) (00) 0+’ 5 (0:+=)
= Loi gidi
Sme vt 8 .
e Dao ham: vy :S_F’ . 0 \E —x
Y'=0<:>£3=3<:>X3:§c>x=i/§ V' - 0 -
X 3 3

e Bang bién thién:
Dya vao bang bién thién, ta co:

(rpin)y=y(§/a=3ﬂ§ 339
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Bai 3. PUONG TIEM CA

1. Tiém can ding
Dinh nghia Yy
Puong thang x=a duogc goi 12 mot duéng tiém cdn dieng (hay tigm cdn dieng)

ciia do thi ham s y = f (x) néu it nhat mot trong cc diéu kién sau thoa man: :

=Y

lim f (x)=+c0, |

Xx—a~
Cé&ch tim tiém cdn ding
Dé tim tiém can ding cta dd thi ham sé thi ta tinh giéi han cua ham sé tai cac nghiém cua mau. Dua vao
dinh nghia ta két luan tiém can dung. (Xem so' do ¢ trang sau)
2. Tiém can ngang
Dinh nghia
Puong thang y =m duoc goi 1a mot dwong tiém cdn ngang (hay tigm

im f (x) =—o, Iimf(x):+oo,xl

—a~ x—a*

im f (x)=—o0 O] a

—a*

y = f(z)

cgn ngang) ciado thihamso y=f(x) néu ~ coToTomomooy oo

=Y

XIiﬁrgof(x):m hoac Jirpwf(x)zm ()‘

Céach tim tiém cg@n ngang

Pé tim tiém can ngang cua dd thi ham sé thi ta tinh gii han caa ham s tai 2 dau vé cuc. Dya vao dinh
nghia ta két luan tiém can ngang. (Xem so' d6 ¢ trang sau)
3. Tiém can xién

Dinh nghia
Puong thiang y=ax+b,a=0,
duoc goi la duong tiém cdn xién
(hay tiém can xién) caa do thi ham
so y=f(x) néu

lim[ f (x)~(ax+b)]=0
hoic Xlirpw[f (x)—(ax+b)]=0

Céch tim tiém cdn xién a) lim [ f(x) - (ax + 5)] =0 b) lim [ f(x) - (ax+5)] =0
Trwong hep tong quat: o
f(x)

. f ,
Néu lim ﬂ=a va lim[ f(x)—ax]=b hoac lim ——=a va lim[ f (x)—ax]=b thi duong thing

woio X . x> X X
y =ax+b latiém can xién

P(x)
Q(x)

Céch 1. Tinh hé s6 a, b cua tiém can xién y =ax+b theo cbng thuc:

Truwong hgp hamsé y = f (x) = , Vdi bdc cia P(x)Idn hon bic cia Q(x) mét don vi

ar . , A h o e S [ Ay o an n X
* a=—_ la thuong cua 2 hé s6 cua liiy thira bac cao nhat cua tir va mau;

* b= lim[ f (x)-ax] hay b= lim[ f (x)-ax]

Cach 2. Chia da thuc

Néu y = f(x):wzax+b+ R(x) , a=0 thi duong thang y=ax+b la tiém can xién

Q(x) Q(x)
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PUONG |

TIEM
CAN

cia do thi
ham so

y=f)

Titm Tinh gidi Jim £ (x) = yo. TCN:y = o
cin han ta1 vo _
ngang cuce lim f(x) =+
e Khoéng co6 TCN
hodc khong ton tai lim f(x)
X—00
iem| [ Tinh gici Jim £(x) = £oo. ]—{ CDix=x, |
= han tai x,
ditng (nghiem lim f(x) =y,
A xX—x
Mau) S Khong c6 TCD x = x, |
hoac khong ton tai lim f(x)
— X>Xg
Tiem :
cin [ i [fG) = Gnx+ )] =0 {10y = o +1]
xién —

y=

(c #

[ Ham nhdt bién

TCN:y:% }

_ax+b . :
fo0) = cx+d TCD: x = _T (x bang nghiém cua mau) ]
0,ad — bc # 0)

y:

Ham bdc hai trén bdc nhat

(Voi_a,d # 0 va nghiém
mau khdc nghiém )

—e = - n - =
TCD: x = - (x bang nghiém cua mau)]

ax* +bx +c a |

_ m=-
fx) dx + e d
\i TCX:y=mx +n

n=_lim [f(x) — (mx)] \

Ham hiru 0‘5: Béc Tk < Béc Mgu TCN: y = 0 |
P(x) - N
y=fx) =—— TH1: Mau c6 nghiém x,va T khong co
Q) nghiém x,;

(Da thikc chia
Da thikc)

Bac Tt > Bac Mau \—I Khong c6 TCN |

TCN: y =L

an

Bac Tt = Bac Mau

(thwong ctia 2 hé so cua liiy thira
bac cao nhat ¢ tir va mau)

TH2: Ta va Mau c¢d nghiém tring x,,
nhung Bac nghiém bdi ctia Mau > Bac
nghi¢m bo1 x, cua T

TH1: Mau vo nghiém; |
Khong co — N
TCD TH2: Moi nghi¢ém cua Mau déu trung
nghiém Tt va Bac nghiém bdi cia Mau <
Bac nghiém boi cua T
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CAC DANG TOAN THUONG GAP

Dang toan = TIM PUONG TIEM CAN NGANG, PUNG.
Vidu 19: Cho ham sé f (x) c6 bang bién thién nhu sau

X —n 0 1 -+
1 + ] - +

2 3
¥ 0 / \ . : /

Téng sé tiém can ngang va tiém can dang caa d6 thi ham sé da cho 1a

A 4. B. 1. C. 3. D. 2.
w Loi gidi

Dua vao bang bién thién, ta co :

lim f(x)=0va lim f(x)=5 nén tiém can ngang cua d6 thi ham s6 la 2 duong thang y =0, y =5.

X—>—00 X—>+00

lim f (x) =—o0 nén tiém can ding cua do thi ham s6 1a duong thang x =1. Chon C

x—1"

Vidu 20: Tiém can ngang caa do thi ham sb y = 3):( +11 la
A.y:%. B. y=3. C. y=-1. D. y=1.
w Loi gidi
Tacd: limy=lim 3XX +11 =3 va limy = lim 3;( +11 =3 nén y =3 la tiém can ngang caa do thi ham sé.
Chon B
Hay ta c6 thé dung cong thirc: Phuong trinh tiém can ngang 1 y = % = % =3
Vidu 21: Tiém can dang cia do thi ham s6 y = 2))(( +12 la
A x=2. B. x=-2. C. x=1. D. x=-1.

= Loi gidi
Tap xac dinh D = R\{l} .

Taco limy=—oo;limy=+oc0, suy ra d thi co tiém can ding 1a x=1. Chon C
x—1"

x—1"

A s A . N d -1
Hay ta c0 thé dung cong thirc: Phuong trinh tiém can ding 1a x=——= -1 =1
C
, e i A e LA X 5x* —4x-1 .
Vidu 22: Tong so tiém can ding va tiém can ngang cua do thi ham so y = — 7 la
X —
A. 0. B. 1. C. 2. D. 3.
= Loi gidi
Tiém cin ngang:
. . 5x*—4x-1
Ta co: lim y = lim —{ - 5 nén do thi ham s6 ¢6 mdt ti€ém can ngang y =5.
X—>to0 X—*too X© —

Tiém can dirng:
Cho X*-1=0< x=4#1
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o . 5x*—4x-1 . A

Taco: limy = |Iﬁ}52—1 =3 nén x =1khong la tiém can ding.

X—>. X—. X —

2
lim y= tim X1 hen dd thi ham s6 c6 mot tiem can diing x = 1.
x—(-1)" x—(-1)" x- =1
Téng cong do thi ham sb ¢é 2 tiém can. Chon C
Vidu23: Db thihamsé y = % VX+1 06 tht ca bao nhiéu dusng tiém can ding va ngang?
x* —2X

A 0. B. 1. C. 2. D. 3.

= Loi gidi
Tép xdc dinh cua ham sé 1a D =[-1;0)U(2;+x).

Taco: lim y:—%; limy=+o00; limy=0.
x—2" X—>+0

x—0"

Vay d6 thi ciia ham s c6 dudng tiém can ding x =2 va tiém can ngang y=0. Chon C

Dang toan = TIM DUONG TIEM CAN XIEN.

2
Vidu 24: Tim tiém can xién caa db thi ham sé y = f (x) = L’;”
X_
w Loi gidi
Cach 1.
Tap xac dinh: D=R\{2}.

2
Tacd: a= lim ﬂ: Iimﬂ

=1; (Hay hé sb a:a—T:}zl)
X400 X X—>+%0 (X—Z).X a 1

M

b=JLrEo[f(X)—aX]=Jlrﬂo(

Ta ciling c6: lim M:1, lim [f(X)—X]:—l.

X—>-0 X X—>—00

x?—3x+1 J . —X+1
SO A m

Do d6, d6 thi ham s6 c6 tiém can xién 1a duong thang y = x—1.
Céch 2. Chia da thiic yA
, x> —3x+1 -1 |

Ta co: y:f(x)=L=x—1+— |
X—2 X—=2 f

Do d6, d6 thi ham s6 c6 tiém can xién 1a duong thang y = x—1.

2
X ples £ X°=3x+1 . P A , NI A :
Do thi ham so y TR cung vai tiém can dang x =2 va tiém can oy
X

_ / l ‘I’
\ /4
xién y =x-1 cua n6 dugc thé hién trong hinh vé. 74 '

Cach chia da thuc

[
i

Néu lay P chiacho Q ta duoc phan nguyén N va phan du R thi g: N +g
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Bai 4. PO THI HAM SO

1. So dd khao séat va vé dé thi ham sé:
Buwoc 1. Tim tap xac dinh
Buwéc 2. Sy bién thién:
+ Tim dao ham. Tim nghiém cta dao ham va diém khong xac dinh cia dao ham.

+ Tinh gi6i han caa ham s tai cac “dau ngodc tron” ciia TXD. Suy ra cac dudng tiém can (néu cd)
+ Lap bang bién thién:

X Dién TXD; nghiém cua dao ham va diém khong xac dinh ctia dao ham (theo thu ty ting dan).
y' Xét dau dao ham
. V& chiéu bién thién (mili tén chéo 1én khi y’ >0, chéo xuéng khi y’' <0):

Dién Gigi han ham s6, Gia tri ham so tai cac diém x twong tng vao dau, cudi cac mili tén

Buwéc 3. V& do thi: Lap bang gié tri (hay diém dic biét), vé do thi va nhan xét vé db thi

2. Céc dang dé thi ham sé thwong gap
a) Ham sé bdc 3: y=ad +bx? +cx+d (a=0)

a>0 a<o0
« Bang bién thién » Bang bién thién
Phu’ong T |—o0 T T +00 z |—0o0 T Ta +o0
trinh y + o - 0 4 Y = o+ 0 -
yy -0 Y Y1 +00 y [+oo Y2
O hai / \ / \ / \
nghiém —00 Y ‘ ) S
phan biet | * Do thi il
vi YA
X, X,
(Xl < X2) /\
\ _ A -
* Bang bién thién * Bang bién thién
—0oQ £y 400 x |—00 ) —+00
' + 0 + y - 0 —
Y o0 y [Hoo
/ \/\‘
Phlf:ong o -~
trinh « Db thi * D6 thi
y'=0 (7 YA
cd nghiém
kép X,
] . N
O T 0 x
0983 900 570 V6 Cong Truong 17
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« Bang bién thién « Bang bién thién
xr | —%0 +o0 T [—OC +0o0
y + Y =
Yy  €2 y [toe
Phuong s \‘—oo-
trinh « Db thi * Po thi
y'=0 YA YA
vo
nghiém.
0 . _
7 0 T

(1)Hai dau dé thi: DPTHS bac 3 (bac ¢ n6i chung) ludn c6 mot dau di 1én va mot dau di xudng.
Dau bén phdi: Di 1én khi a > 0; Pi xubng khi a<0.

(2)Giao d@iém véi truc Oy: Nam phia trén truc hoanh khi d > 0; Nam phia duéi truc hoanh khi d <0
QuaO<=d=0

(3)Piém cuec tri:
* Hai diém cuc tri nam
Khac phia so vai truc Oy khi ac<0;
cung phia bén phdi Oy khi a, ¢ trai dduvéi b;  Clng phia bén trai Oy khi a, b, ccing dau.
* C6 diém cuc trj thuoc Oy khi c=0

(4) Tam déi xirng: diém 1(xy;Y,), V6i X, =;—: (langhiém PT y"=0)va y, = f (x,)

Tam dbi xtng ciing 14 trung diém ciia doan thang ndi 2 diém cuyc tri.
Tam d6i xiing nam bén phdi truc Oy khi a, b trai diu; bén trai tryc Oy khi a, bcing dau.
ax+b

b) Ham sé nhdt bién: y = (ad —bc = 0)
cx+d
Vi ad—bc2>0 Vi ad—bc2<0
(cx+d) (cx+d)
* Bang bién thién * Bang bién thién

d d
xr |—00 ¢ 400 T [—o0 e +00
/ + + ' _ —

\
\}
j
/
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2917: LY

i ,—-—‘—'—;- et ) i -
: x N x
Nhdn xét dé thi:
(1)Tiém cdgn ngang: y = a ; ad
- 4]
Tiém cdn ding: x =— (nghiém ctua mau). / d
c A
o b a
(2)Giao diem vi Oy: x=0=y= 4 ; TCN
q .2 - . —b i n ., ' 9] -d -:b 5
Giao diem vgi Ox: y =0= x=— (nghi¢m cua tw). - —
a 1 a
Qua O = b = 0 24k d
(3)Ham sé déng bién khi ad —bc >0; ey
Ham sé nghich bién khi ad —bc <0
(4)Tam aédi xaing 1a diém | (i;ij (13 giao diém 2 duong tiém can).
c'c
2
¢) Ham sé hitu ty bdc hai chia bgc mgt: y = axrbx+c (a=0)
dx+e
a, d cung ddu a, d trai dau
» Bang bién thién * Bang bién thién
x |—00 T m T3 +00 T [—o0 Ty - m Ty +00
Phuwong | Y R U y = + 0 -
N Y hn
trinh
y' = 0 / \
s - —C0
e | o
nghiém 3 :
phan ;
bigt 5 :
s i
(% <x,) i," B
1 o _ :
S % ;
« Bang bién thién « Bang bién thién
Phuwong
trinh
y'=0
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)
~ n n

VO “m +00 z |—oo “m +00
nghiém. + 7 _ -
+0o0 y oo +00
/ \OO \OO
* Do thi
YA

=

e el e
i

Nhén xét dé thi:

. e _ N
(1)Tiém cdn dirng: X = o (Nghiém cua mau)
(2)Tiém cdn xién: Pilén néu a, d cung dau va di xudng néu a, d trai dau.

(3) Tdam doi xieng 13 giao diém cua 2 tiém can dung va tiém can xién .

CAC DANG TOAN CO BAN THUONG GAP

Dang toan == KHAO SAT VA VE PO TH/ HAM SO.
Viduy 25: Khao sat sy bién thién va vé& do thi ciaham s y = f (x)=—x*+3x* - 4.

= Loi gidi
» Tap xac dinh: D=R.
» Su bién thién:
x=0

Taco y'=—3x"+6x. Suy ra y':0<:>—3x2+6x:0<:{x_2.

Gisi han: lim y = lim (—x*+3x* —4)=—o0; lim y= lim (—x*+3x* —4) = +o0.

X—>+00 X—>+00 X—>—00 X—>—00

Bang bién thién:

r |—00 0 2 +o00
f'(z) - 0 + 0 —
fla)

+\4 /“\m

Ham sé dong bién trén khoang (0;2); nghich bién trén khoang (—o0;0) va
(2; +oo) )

Ham s dat gié tri cuc tiéu yo; = —4 tai Xo; =0

Ham s6 dat gi tri cuc dai Y., =0 tai X, =2
» Do thi:
Bang gia tri:

x |-1]o]1|2]3
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f(x) | o |-4|-2 4
Do thi c6 tam d6i xang 1a 1(L-2).
P y z - & A S AR apo N Z 2X+1
Vidu 26: Khao sat sy bien thién va vé do thi cia ham so y = o
X+

= Loi gidi
» Tap xac dinh: D=R\{-1}.

» Su bién thién:

Taco y'= ~>>0VxeD.

(x+1)
Giéi han, tiém can:

limy=lim (2X+11j=2; limy=lim (2X+11]=2 nén tiém can ngang 1a dudng thang x =2
X—>—00 X—>—©0 X+

lim y= lim 2x+1 =—c0; limy= lim 2x+1 = 400 NN tiém can ding 1a duong thang y =1
x——1" x>-1"\ X+1 X——1" x»>-1"\ X+1

x |—oc —1 +0o0o éy‘
S + + J
y +00 2 2]
L
/ / i -
—1 /O T
2 (

) va khong c6 cuc tri
(-1

2).

Bang bién thién:

Ham sb dong bién trén khoang (—o0; —1); (1 +o0

» D6 thi di qua diém (0;1) va c6 tam d6i xung 1a |

, LA X s N 2x° 4
Vidu 27: Khao sat su bién thién va vé do thi ciia ham s6 y=% (H).
X+
= Loi gidi
» Tap xac dinh: D= R\{—Z} .

» Su bién thién:

., 2x*+8x+6
Taco: yy=————
(x+2)
x=-1
y’:0<:>2x2+8x+6:0<:{
X=-3

Gi6i han va tiém can:
lim y=+c0 va lim y=-o0 nén x=-2 la duong tiém can dung.

x—>—2" X——-2"

2
lim [y—gx} = lim KMJ_ZX} =1 nén y=2x+1 la duong tiém can xién.

X—>Fo0 X—>Fo0 X+ 2

Bang bién thién
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Ham s6 dong bién trén khoang (—o0;—3) va (—1+w).

T |— —3 —2 -1 +0o0
Yy + 0 - - 0 +
7 _ ( )
Y 7 BN o i YA !
:
: i
— XD — i 1 : ,e’

Ham sé nghich bién trén khoang (-3;-2) va (-2;-1).

Ham sb dat gia tri cuc tiéu y., =—1 tai X, =1

Ham sé dat gi tri cuc dai Y. = -3 tai X =7
» D thi:

Giao diém véi truc tung A(0;2). Giao diém véi truc hoanh: khdng co.

Tam déi xtng la diém | (-2;-3)

Nhe}n hai duong phéan giac cua goc tao bai hai duong tiém can lam cac
truc doi xung.

2
. A X el N X“+X-2
Vidu 28: Khao sat su bién thién va vé do thi caa hamso y = —
X+
w Lot gidi
» Tap xéac dinh cia ham sé: D =R\{-1}.
» Su bién thién:

. 2 L
Taco: y' =1+ > >0 véi moi x=-1.
(x+1)
Gidi han va duong tiém can:
limy=+o00; lim y=—o0 nén x=-1 la duong tiém duong can dang.
x—>-1" x—>-1"

. a .| X2 4x=2 . A
lim{y——x|=lim|————x|=0 nén y=x la duong tiém can xién
X—>+o0 d X—>F00 X+1

Bang bién thién:
r |—00 -1 +00
Y + +

YA

+
8
+
g

—00 oG

Ham sé dong bién trén ting khoang (—o0;—1) va (=1 +).

I
(&)
ALY

Ham s6 khéng c6 cuc tri.
» Do thi:
Giao diém véi truc tung (0;-2).

I
3

Giao diém Vvéi truc hoanh la cac diém (-2;0) va (30).
Nhan giao diém 1(-1-1) cua hai duong tiém can lam tim ddi xtng

Nhan hai duong phan giac cua goc tao boi hai duong tiém can lam céc truc dbi xing.

Dang toan = XAC PINH CONG THUC HAM SO KHI BIET PO THI HAY BANG BIEN THIEN.
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Vidu29: Db thi cua ham s6 nao dudi day c6 dang nhu duong cong trong hinh vé yh
bén?
A y=—x"+2x*+1. B. y=—x*+3x+1.
C. y=x>-3x+1. D. y=—x>—-2x*-1. z
> Loi gidi \/|o \ -

D) thi c6 dau bén trai di 1én, dau bén phai di xuéng nén ham sé bac lé va a<0 , do
do6 loai cau A, C
Giao diém cua d6 thi va truc tung nam phai trén truc hoanh nén d > 0. Do d6 chon B

Vidu 30: D) thi sau 1a d6 thi ctia ham sé nao sau? v
2X—-3 —X
A y= . B.y=—.
= x=2 Y xa &
x—-1 Xx+1 —
C.y=—-. D.y=—-. >
2 X+1 i x-1 0 A
w Loi gidi

: A a . A N . a , LA
Tiém can ngang y =— nam phia trén truc hoanh nén — >0, do d¢ loai cau B.
c c

- _d N N - A _d . ~ N r - N
Tiém can dang x =— nam bén phai truc tung nén — > 0 (hghiém cua mau la s6 duong), do d6 loai cau C.
C C

Giao diém cua do thi va truc tung nam phia dudi truc hoanh nén tung d¢ giao diém y = a <0.
Do d6 chon cau D.
x> +x-1

Vi du 31: Pudng cong nao dudi day 1a do thi ciia ham s6 y = 1

.1..

1
|
|
|
|
|
1
1
|
V¥

y)
#

)\

3,5 -1 0
/ -1
A 7

—4 -2

~
e S

|
|
|
|
!
7
{2z 3 4 5 x R
|

-
A
=]
o
nad
=
-

D. f
= Loi gidi

Tap xac dinh: D=R\{1}

Su bién thién:
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x> —2x , X
> y=0&
(x-1) X=2
Puong tiém can:
lim y = —oo, lim y =+, suy ra tiém can dung 1a duong thang x =1
x—1"

x—1"

Taco: y' =

lim ) =1, lim[f(x)—x]=2, suy ratiém can xién la duong thang y = x+2
X—>too X X—>too
Bang bién thién:
| 0 0 1 2 + o0 1

"I+ 0 - | - 0 + 0

NG N\

Do thi: /\

Vay chon A B \

Ch(y. C6 thé giai nhanh nhu sau:

D6 thi & Cau D 1a @6 thi cua ham nhét bién (bac nhit chia bac nhit): khong ding dang db thi nén loai.
2

5 X o A 8 A A 9 B oA 18 i A
Do dao ham y'= ¢6 2 nghiém va hé so a, d cung dau nén do thi c6 dang cau A

(x-1y

B0 SUNG KIEN THUC: SU TUONG GIAO GIUA HAI PO TH,

(1)S6 nghiém ciia phuong trinh f (x)=g(x) 1a sb giao diém ciia 2 d6 thi ham s6 y = f (x) va y=g(x).
(2) Hoanh do giao diem cua 2 do thi ham sé y = f (x) va y=g(x) la nghiém cua phuong trinh hoanh d¢

giao diem f (x)=g(x).

BAI TAN 1. CHO 2 AM SO. ’C DINH GIAO IEM CUA 2 PO TH/ HAM s
(Dau higu nhg@n biet: Trong dé c6 ter ""Cat™, "'tiép xic", "giao diem' hay "diém chung''...)
Tim giao diém: ciia dwong cong (C):y = f (X) va dwong thang (d):y=g(x)
Buwoc 1. Lap PT hoanh do giao diém cua (C) va (d) : f (x)=g(x) (*)
Buéc 2. Giai PT(*) tim x (1a hoanh d¢ giao diém)>Thay x vao y = f (x) hay y = g(x) > Tinhy (1 tung d6

giao diém).

Vidu 32: S6 giao diém cua do thi ham s y = x* +3x* va d6 thi ham s y =3x*+3x la
A. 3. B. 1. C.2. D.0.
= Loi gidi

Chon A
Phuong trinh hoanh d6 giao diém ciia hai d6 thi da cho la:
x=0
X°+3x* =3X° +3x = X° —3x =0 X(X* -3) =0 x=+3 .
x=-3
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Hai 6 thi da cho cit nhau tai 3 diém.
Vidu 33: Sb giao diém cua do thi ham s y = —x® + 7x vai truc hoanh la
A 0. B. 3. C. 2. D. 1.
w Loi gidi

Chon B
Phuong trinh hoanh d6 giao diém cua do thi va truc hoanh 1a: —x®+7x=0
x=0
S x(x*-7)=0< .
(x*-7) -

S6 giao diém cua dd thi ham s y = —x* + 7x vai truc hoanh bing 3.

Bai todn = DUNG PO THI HOAC BANG BIEN THIEN PE XAC DINH NGHIEM CUA PHUONG TRIN
Cho ham sé y = f (x)c6 bdng bién thién hogc @6 thi = Tim nghigm (hay sé nghi¢m) phuwong trinh
F(x)=0 (c6 chiza f(x))
Buéc 1. Bién doi: F(x)=0(1)< f(x)=b (2)
(PT(2) 1a PT hoanh d¢ giao diém cua(C):y = f(x) va (d):y=b, véi (d) 1a dudng thang cung phuong

truc Ox va cat troc Oy tai diém c6 tung 46 y =b)
Buréc 2. V& thém duong thang (d):y =b 1én bang bién thién hodc do thi.

Buéc 3. Dya vao bang bién thién hodc do thi: Két luan (S6 nghiém PT F (x)=0 bang Sé diém chung cua

(C):y=f(x)(d):y=b

Vidu 34: Cho ham s6 bac ba y= f (x) c6 d6 thi la duong cong trong IV
2 =f(z)
hinh bén. So nghiém thyc cua phuong trinh f (x)=-1 la e 2] v=Ie )
A. 3. B. 1. o\ -f
1\
C.0 D. 2 | I
| \
> Loi gidi L\ X
S6 nghiém thuc cia phuong trinh (X) =—1 la sb giao diém cua dd thi R l:l 2
ham sé y = f (x) va dudng thang &N B :
y =f(z) o
y=-1. I AN
/2
Tur hinh vé suy ra phuong trinh '\
v |
f (x)=-1 c6 3 nghiém. i
[ 5 g_
-2 < of\ ] [ 2 3
J Vo [ y=-1
I
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Vidu35: Chohamsé f(x) c6 bang bién thién nhu sau:

x —0 -1

|

—

S6 nghiém thuc cua phuong trinh 2 (x)+3=0 la

A 0. B.1. C. 2.
. Loi gidi

Chon D

Tacs: 2f (x)+3 =0 f(x)= -

X —o0 -1

[ ]

k2|

Nhin bang bién thién ta thiy phuong trinh nay c6 3 nghiém.

+
e / —\—‘

+
+x
S
2d
|-I'.=

bt | ld
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CHUONG < NGUYEN HAM - TiICH PHAN

Bai 1. NGUYEN HAM

1. Khai niém nguyén ham

Dinh nghia

Cho ham sé f (x) xac dinh trén K. Ham sé F(x) duoc goi la nguyén ham cua ham sé f(x) néu
F'(x)=f(x),voimoi xe K.

Dinh ly

Cho F(x) la mot nguyén ham cua ham s6 f (x) trén K . Khi dé:

e V6i mdi hang s6 C, ham sé F(x)+C ciing la mot nguyén ham cua ham s6 f (x) trén K.

e Néu G(x)la mot nguyén ham cua ham so f (x) trén K thi ton tai hing sé C sao cho G(x)=F(x)+C
vGi moi x e K

Nhu vay, moi nguyén ham cua ham s f (x) trén K déu c6 dang F(x)+C, véi C la hang sé. Ta goi
F(x)+C,CeR laho tat ca cac nguyén ham cia ham so f (x) trén K, ki hiéu f f (x)dx va viét:

If(x)dx=F(x)+C

Nhuw vay
F(x) 1a mot nguyén ham cua f (x)
< F'(x)=f(x)
<:>I f (x)dx=F(x)+C (ho nguyén ham)
Chuy

(1) Bieu thuc f (x)dx duoc goi 1a vi phan cua nguyén ham F (x) cua f (x), ki hiéu la dF (x)
Vay, dF (x)=F'dx= f (x)dx
(2) Moi ham s6 f (x) lién tuc trén K déu c6 nguyén ham trén K .

(3) Khi tim nguy@n ham ciia mot ham sé6 ma khéng chi ré tap K thi ta hiéu 1a tim nguyén ham caa ham sé
do trén tap xac dinh caa no.

@ [ f:09dx=f()+C

2. Nguyén ham ciia mét ham sé so' cap

o o Nguyén ham cia ham sé lwgng giac
Nguyén ham cia ham so liiy thira (5) jcos wdX —Sin X+ C
(1) j 0dx=C
(6) Isin xdx = —cosx+C
2 Jldx =x+C 1
! @) I —dx=tanx+C
(3) _[X”’dx = +C (a=-1) e
a+1 1
) (8)J‘ ——dx=-cotx+C
Nguyén ham ciia ham sé y == sl )
Nguyén ham cia ham so mi
4) jldx=|n|x|+c (9) [erdx=e*+C
X
a.X
10) |a"dx = +C (0<a=1
e '[ Ina ( )
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Cong thirc nguyén ham bé sung

11 kd ZkX C 2 n+1
( ) I X + (13) J.\/;dX:§X\/;+C (15) '[ aX+b d :1 (aX b) +C
(12) [ dx=—2+C 1 a
X2 X (14) dex=2J§+c (a#0, n=-1)
X
(16)jf[u (x)]-u'(x)dx =F[u(x)]+C
3. Céc tinh chat ciaa nguyén ham
1) _[kf dx k_[ x)dx, voi k la hang sé khac 0
(2) j[f ]dx=jf(x)dx+jg(x)dx
(3) j[f(x)—g(x)]dx=_[f(x)dx—jg(x)dx
Vi du 1: Tim ho nguyén ham ciia ham sé f (x) = cos x+6x
= Loi gidi
Ta co: I dx Icosx+6x dx = jcosxdx+6jxdx sinx+3x*+C.
Vi du 2: Tim ho nguyén hoam cua ham s6 f (x)= X ;ZX.
= Loi gidi
. exX=2x o e 2t 'S
Ta co: If(x)dx_j 2 dx_.[(x —;)dx_jx dx—ZI;dx_E—Zln|x|+C.

Dang toan @ TIM NGUYEN HAM CO PIEU KIEN

Vi du 3: Tim nguyén ham F(x) cuahamso f (x)=sinx+cosx thoa man F(%):g
= Loi gidi
Taco J'f(x)dx=I(sinx+cosx)dx=—cosx+sinx+C
Ma F(%sz@—cos%Jrsin%JrC=2<:>1+C=2<:>C=1
Vay F(x)=-cosx+sinx+1.
Vidu 4:Cho F(x) la mét nguyén ham cua f (x)=e*+2x thoa man F(O)=§.Tinh F(1)
= Loi gidi
Taco F(x):I(eX+2x)dx:eX+x2+C

Ma F(O):1+C:g:C:%:>F(x):ex+x2+%.

1 3
Vay F(1)=e'+1 +==e+~
ay F(1)=e > =¢S5
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Bai 2. TICH PHAN

1. Dién tich hinh thang cong
Hinh thang cong

Cho ham s6 y = f (x) lién tuc va khong &m trén doan [a;b]. Yy
Hinh phang giéi han boi:

» do thi ham s6 y = f (x),

» truc hoanh,

» hai duong thang x=a,x=b (a<b)

duoc goi la hinh thang cong.

Dign tich hinh thang cong

Néu ham s6 y = f (x) lién tyc va khong am trén doan [a;b] thi dién tich S ciia hinh thang cong gisi han
boi:

Do thi ham s6 y = f (x), truc hoanh va hai dudng thing x=a,x=b (a<b)

duoc tinh bei cong thuc: S=F(b)—-F(a)

v/ Trong d6 F(x) la mot nguyén ham cua f (x).

2. Khai niém tich phan

Cho ham s6 f (x) lién tuc trén doan [a;b]. Néu F(x) lIa mot nguyén ham cua f (x) trén doan [a;b] thi

b
higu s6 F (b)—F (a) goi latich phan tir a dén b cuahamsé f (x), ki higu [ f (x)dx

=F(b)-F(a)

a

b
\/VietJ. x)dx=F ( )

v Goi I la ddu tich phan; a 1a can dudi; b 14 can trén,

v f (X)dx la biéu thie dudi dau tich phan,

v £ (x) 1a ham s6 dusi dau tich phan

Cha y

(1)Truong hop a=b: '[ x)dx =0;Trudong hop a>b: j :—j f (x)dx

b
(2)Tich phan khong phu thuoc vao bién sé x hay t, nghia la j f(x)dx=[f(t)dt
(3)Néuham so f (x) c6 daoham f'(x) va f'(x) lién tuc trén doan [a;b] thi

b

[f/(x)dx=f (b)-f (a)

(4)Y nghia hinh hoc cua tich phan

Néu ham s y = f (x) lién tuc va khong 4m trén doan [a;b] thi diéntich S ] =)
cua hinh thang cong gi¢i han béi: do thi ham s6 y = f (x), truc hoanhva hai
duong thang x =a, x =b, duoc tinh béi cong thic:

=y

0] a b

S=| f(x)dx

D —— T
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(5)Téc dd v(t) =0 tai moi thoi diém t € [a;b] thi quang dudng di chuyén trong khoang thoi gian tr a dén
b duoc tinh theo cdng thuc:

s:s(b)—s(a):iv(t)dt :

b
(6)Cho ham s6 f (x)lién tuc trén doan [a;b]. Khi d6 p 1aj f (x)dx dwoc goi 1a gi tri trung binh cua

ham sé f (x) trén doan [a;b].
3. Tinh chat caa tich phan
Cho hai ham s y = f (x),y =g (x) lién tuc trén doan [a;b], k 1a s6 thuc. Khi do, ta co cac tinh chét:

Tinh chdt 1: jkf x)dx = kj

b

Tinh chat 2: j[f (x)+ g(x)]dx:j f (x)dx+j.g(x)dx; j[f (x)—g(x)]dx:'b[ f (x)dx—ig(x)dx

b c
Tinh chat 3: [ f (x)dx= [ f ( dx+I x)dx véi ce(a;b)

a

[0 CAC DANG TOAN CO BAN

Dgng toan @ SU'DUNG CAC KIEN THUC CO BAN
& Ap dung dinh nghia, tinh chdt va bang cong thikc nguyén ham co ban.

a

1 I f (X)dx =0 (Tich phan c¢ hai can giéng nhau thi bang 0).

b
f(x)dx= —J- f (x)dx (Tich phan dao can—> thém dau tri).

a

k.f(x)dx = kj x)dx véi ke R.

w
D T | D T D — T »
1
—h

(x)]dx = j dx+Ig

b
5 | Trong doan [a;b],téntai ce[a;b] thi jf(x)dX:jf(X)dX+If x)dx

a a

7Y nghia hinh hoc cia tich phan
Néu ham sé y = f (x) lién tuc va khong am trén doan [a;b] thi dién tich cua hinh thang cong gici han béi:

b
dd thi ham s6 y = f (), truc hoanh, hai duong thang x=a,x=b 1a S :If X ) dx

Vi du 5: Cho_[ X)dx = 5vajg X)dx =2. Tmhj[Zf 3g(x)Jdx
= Loi giai
Taco T[Zf(x (x)]dx = 2.[ X)dx — 3'|.g x)dx=25-32=4.
0
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4

4
Vi dy 6: Choj X)dx=1, [ f(t)dt=—4.Tinh [ f(y)dy

2

> Loi gidi

Ta co: j. f(t)dt:j f (x)dx, j‘f(y)dyz

N Sy N

f (x)dx.

Khi do: j f(x)dx+j f (x)dx:j f (x)dx.

N

:>j£ f (x)dx:f f(x)dx—f f(x)dx=-4-1=-5. Viy j.f(y)dy:—S.

Vi du 7: Tinh dién tich hinh thang cong gi6i han béi do thi ham sé y = f (x)=¢€*, truc y y=¢

hoanh, truc tung va duong thang x =1.
= Loi gidi

Hamso y = f (x)=e* khong am trén doan [0;1] va c6 mt nguyén ham F (x)=¢" /1

0] X
Dién tich hinh thang cong la S=F (1)— F (0) =e'—e’ =e—1 (dvdt). :
Dang toan @ TICH PHAN HAM SO CHO BO1 NHIEU CONG THUC
_ g(x) khix<b X ) :
Cho ham sé f (x)= _ lién tuc trén D Tinh J = [ f (x)dx
h(x) khix>b
Xét be[a;c].
Budc 1. Kiém traham s6 f (x) c6 lién tuc tai x=b?
Tt la kiém tra XILT f (X)ZXILT f(x)=f (b)<:> I|m g(x)_XILrp h(x)=f (b)
Budéc 2. Tach can: J = I x)dx = Ig dx+_[h
Budéc 3. Tinh cac tich phan thanh phan, suy ra két qua.
2 7 s 3
Vi dy 8:Cho ham s f (x)= X1 khi x=2 . Tinh tich phan Izjf(x)dx.
x> —2x+3 khi x<2 1
. Loi gidi

lim f(x)=lim(x*-1)=3
Taco {7 s b= va f(2)=3.

lim f (x)=lim (x* -2x+3)=3

X—2" X—2"
Do d6 ham sé da cho lién tuc tai x=2.

3 2 3 3 2 3 8
L X X 23
Ta co: I=If(x)dx=j(x2—2x+3)dx+j(x2—1)dx=(§—x2+3x] +[§—xj -5
1 1 2 1 2
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1. Tinh dién tich hinh phang
Dinhli 1
Dién tich hinh phang gi6i han bsi 4 duong: y = f (x), truc hoanh |

Ox:y=0, x=a, x=b (a<b) duoc tinh bsi cong thirc: % y = f(z)

=] (x)|dx| 2)

1Y
<
=

=y

Hé qud
Dién tich hinh phing gisi han bsi 4 duong: y=f(x), y=g(x), ¥ y = f(z)

x=a, x=b (a<b) dugc tinh bai cong thuc:

s=[|f (x)-g(x)|dx|(2)
a (0]

y=g(x)

xr

Qe---
O -===

Chuy

(1) Néu hinh phang giéi han khong dii 4 duong nhu trén (thiéu it nhat 1 trong 2 dudng thang x=a, x=b)
thi ta thuc hién nhu sau:

Gidi phuong trinh f (x)—g(x)=0, tim c4c nghiém X, X,,..., X, (goi 1a céc hoanh d¢ giao diém) > Chon
can dudi trong cong thic (1), (2) 1a s6 nho nhat va can trén 1a s 16n nhét trong céc s a,b (néu co),
X, Xyyoey X

(2) Néu phuong trinh f (x)—g(x)=0 c6 n nghiém x,,X,,...,X, €[a;b] (gid st x, <x, <...<x,) thi tich
phan (*) duoc tach thanh tong (phan doan tich phan) nhur sau:

X5

[(f(0—-g(x))dx

X

b

+ +.. jf(x) g(x))d

X
=|[ () -g(x))dx

a

2. Thé tich vat thé

binh i 2

Cat mot vat the (K) bei hai mat phang (P) va (Q) vuéng
g6c véi tryc Ox lan luottai x=a, x=b (a <b). Mot mat phang

tly y vudng goc véi Ox tai diem x(a<x<b) cat (K) theo thiét

dién c6 dién tich la S(x). Gia s S(x) lién tyc trén doan [a;b]

Khi d6, thé tich V' cua phan vat thé (K) gi¢i han bai hai mat phang (P) va (Q) duoc tinh bai cong

thirc: \% :'b[ S(x)dx|(3)

Mot s6 bai toan ta phai xay dung cac hé truc dé ap dung cong thirc tng dung.
3. Tinh thé tich khéi tron xoay y
binh i 3 ‘
Thé tich khéi tron xoay duoc sinh ra khi quay quanh truc Ox hinh phing
giGi han (D) bei cac duong: y=f(x), Ox, x=a, x=b (a<b) dugc

b
tinh boi cong thuc: V = 71'“ f(x)]" dx| (4)

a

0983 900 570 V5 Céng Truong 32 2025-2026



| N p ; / ;A ;
VA/ VUI CUNG TOAN Hé thong kien thirc Toan dé On thi Tot nghiép THPT

Chuay

(1) Tzé tich khdi tron xoay sinh ra khi quay hinh phang giéi han boi do thi ham YA
s6 x=g(y), truc hoanh va hai duong thang y=c,y=d quanh truc Oy duoc tinh >
bai cong thirc: 1135

\
v, =z [g(y)Fdy :

(2) Néu hinh phang giéi han khong du 4 duong nhu trén (thiéu it nhat 1 trong 2 L-_-—_-_C,_

duong thing x =a, x=b) thi ta thuc hién nhu sau: 0 %

Giai phuong trinh f (x)=0, tim c&c nghiém x,, X,,..., X, (goi 14 cac hoanh do
giao diém) > Chon cin dudi trong cong thic (1), (2) 1a s6 nhé nhit va
can trén 1a s6 16n nhat trong cac s6 a,b (néu co), X, X,,..., X, .

(3) (Mé réng) Thé tich vat thé tron xoay duoc sinh ra khi quay quanh
truc Ox hinh phang gi¢i han béi cac duong: y=f(x); y=9(x);

x=a; x=b (Véi f(x).g(x)>0,Vxe[a;b])dugc tinh bsi cong thuc:
b

V =z [|f2(x)-g* (x)|dx|(5)

a

Dang toan @ X4C PINH CONG THUC, TINH DIEN TICH CUA HINH PHANG CHO BO1 HINH V
Phwong phap
binh li 1 Yl

Dién tich hinh phang gi6i han bsi 4 duong: y = f (x), truc hoanh

Ox:y=0, x=a, x=b (a<b) duoc tinh bsi cong thic:

b

=] (x)|dx| 2) o

a

=

Hé qud
Dién tich hinh phing gisi han bsi 4 duong: y=f(x), y=g(x), ¥ y=flx)

x=a, x=b (a<b) dugc tinh bsi cong thuc: %
b |

s=[]f (x)-9(x)|dx|@ ,
a Ol a b =z
Buéc 1. Xac dinh y = f (x), y=9(x), x=2a, x=b theo hinh v&

Néu hinh phang giéi han khong da 4 duong thi can a 1a hoanh d6 giao diém cuc tréi (nho nhat) va can b
1a hoanh d¢ giao diém cuc phai (I6n nhét) cia 2 duong y = f (x), y=g(x)

(Giai phuong trinh hoanh do giao diém f (x)=g(x) va chon nghiém nhé nhat a can a, nghiém 16n nhat
lacan b)

Buwéc 2. Lap cdng thic tinh dién tich (1) va tinh két qua

(2) Néu hinh phang duoc phan chia ra nhiéu phan béi céc giao diém c6 hoanh do X, X,,..., X, €[a;b]thi
dung céng thirc phan doan tich phan:
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S:I‘f (x)—g(x)‘dx:ff‘f (x)—g(x)‘dx+;ﬂf (x)—g(x)‘dx+...+f”f (x)—g(x)|dx

Xétdau f(x)—g(x) trén ting doan tich phan dé bo dau gia tri tuyént dbi.

Trén doan [m;n]:

Néu f(x)—g(x)=0 (duong y = f(x) nim phia trén duong y =g(x)) thi ‘f(x)—g(x)‘zf(x)—g(x)
Néu f(x)—g(x)<0 (dudng y= f(x) ndm phia dudi duong y =g(x)) thi ‘f(x)—g(x)‘zg(x)— f (X)

Vi du 9:Goi S la dién tich hinh phang (H) gisi han béi céc duong y = f (x), truc hoanh

|-l-

2
va hai duong thang x = -1, x =2 (nhu hinh v&). Dit a= I x)dx ,b = I f (x)dx, ménh
0

dé nao sau day dung? -1
A.S=b-a. B.S=-b-a. 7 [0 27X
C.S=a-h. D. S=b+a.

= Loi gidi
Ta thay:

Hinh phing duoc giéi han boi 4 dudng: y = f (x), truc hoanh Ox:y=0, x=a, x=b
2

Vay di¢n tich hinh phing d cho 1a S= [|f (x)—0]dx

Do hinh phing duoc phan chia ra 2 phan boi giao diém O c¢6 hoanh d6 x =0 nén

S =j1|f (x)—0|dx:i|f(x)—0|dx+j.|f (x)—0]dx

:T[O—f(x)]dx+j[f O}dx_—j dx+I x)dx=-a-+b (Chon A)

Vidu 10: Goi S la dién tich mién hinh phang duoc to dam trong hinh vé. y
Ménh dé nao diing? y=f(x)
1 2 1 2
A. Sz—jf(x)dx If (x)dx B. Szjf(x)dx —_[f(x)dx /—1 0| 12 «x
-1 1 -1 1

1 2 1 2
C.S ——I x)dx+j (x)dxD. S :j f (x)dx +j f (x)dx
-1 1
x Loi gidi
Ta thay:
Hinh phang duge giéi han boi dd thi ham s6 y = f (x) va truc hoanh Ox:y =0

Giao diém cuec trai c6 hoanh do x = -1, giao diém cyc phai c6 hoanh d6 x=2.
2

Viy di¢n tich hinh phang da cho 1a S= [|f (x)—0|dx
-1

Do hinh phing duoc phan chia ra 2 phan béi giao diém c6 hoanh d6 x =1 nén

S :jl‘f (x)—O‘dx:jl‘f (x)—O‘dx+j“f (x)—0]dx

:j[f(x)—o]dmf[o_f (x)]dx = j jf x)dx (Chon B)
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Vidu 11: Dién tich phan hinh phang gach chéo trong hinh vé& bén dugc tinh theo ¥
cong thirc nao dudi day?

2

A. i(2x—2)dx. B. [(2x*—2x—4)dx.
] -1

2 2

C. [(-2x*+2x+4)dx. D. [(-2x+2)dx.
1 -1

w Loi gidi
Ta thiy:
Hinh phing duoc gi6i han bai 2 d6 thi ham sé y =x?—2x—1 y=—x*+3
Giao diém cyc trai ¢6 hoanh d6 x = -1, giao diém cyc phai c6 hoanh d6 x =2 va hinh phang khéng bi
phan chia.
Vay dién tich hinh phang da cho la

S:ﬂ(xz—zx—l)—(—xus)\dx:j[(—x2+3)—(x2—2x—1)]dx:f(—2x2+2x+4)dx (do trén doan
% ’ J

[-12] phan d6 thi y =-x*+3 ndm trén d6 thi y = x*—2x-1). (Chon C)
Vidu12: Chobahamsé y=f(x),y=g(x) va y=h(x) c6 ddthi ;v

y = h(x)

nhu hinh v&. Dién tich mdi mién dugc ghi bang sé trong hinh. L y = g(x)
‘ C £ B i 3

Tinh L [h(x)—g(x)]dx+jo[f(x)—g(x)]dx | A y=f@
» Loi gidi St

JT000 - g00Jax+ [T (0 - g (0] ae

= [ ()~ (0] dx+ [ £ ()= g(0]dx+ [ [ £ (x) g (x)]x
=—(6+4+3)+(5+8)-3=-3

G T

() ——.-.
(=

0

Dang toan @ TINH DIEN TICH HINH PHANG GIO1 HAN BOI CAC BPUONG CHO BANG CONG THUC
Phwong phdp: Dung Dinh i 1
Buoc 1. Xac dinh y=f(x), y=9(x), x=a, x=b

Néu hinh phang gigi han khong ¢t 4 duong nhu trén (thiéu it nhat 1 trong 2 duong thang x=a, x=b) thi
ta thyc hién nhu sau:

Giai phuong trinh f (x)—g(x)=0, tim c&c nghiém x,, X,,..., X, (goi la cac hoanh d¢ giao diém) > Chon
can dudi trong cong thic (1), (2) 1a sé nho nhat va can trén 1a s 16n nhat trong cac s6 a,b (néu co),
Xy Xpyoo X .

Buwéc 2. Lap cdng thic tinh dién tich va tinh két qua

Vidu 13: Tinh dién tich hinh phang gidi han boi ham s6 y=x*—4x?+4, y=x? duong thang x=0,
x=1.
w= Loi gidi
Hinh phang d4 cho gi¢i han du 4 duong.

1 1
Di¢n tich hinh phang da cho 1a S = [|x* —4x* +4—x’|dx = [|x" ~5x" +4 dx:%
0 0
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Vidu 14: Tinh dién tich hinh phang gigi han boi d6 thi ham sé y = x? —4x+3, truc hoanh va hai duong
thang x =1,x=2.
. Loi gidi
Truc hoanh ¢ phuong trinh y =0. Hinh phang da cho gigi han da 4 duong.

Dién tich hinh phing di cho 1a S = ﬂ(xz —4x+3)—0‘dx :i\xz —4x+3)dx :%
1 1
Vidu 15:  Tinh dién tich hinh phang gi6i han béi cac duong cong y = x(1-x) va y=x*—x.
? = Loi gidi
Hinh phang da cho gidi han khong du 4 duong.
Gidi phuong trinh hoanh d6 giao diém ciia 2 dudng y =x(1-x) va y =x*—x
x=0
Taco: x(1-x)-(x*-x)=0= X +X’* -2x=0< | x=-2=a
x=1=b

Vay dién tich hinh phang da cho 1 S :Dx(l— x)_(x3 _x)‘dx: DX3 +x2 —2xldx :%

Dang todn @ TINH THE TICH VAT THE TRON XOAY|
Phwong phdp: Dung dinh li 2 4
Thé tich khéi tron xoay dugc sinh ra khi quay quanh truc Ox hinh phing
gisi han boi cac duong: y= f(x),0x, x=a, x=b (a<b) dugc tinh boi )

b — ;Li_.'
cong thic: [V = 7 [[ f ()] dx| (3) 0

Bugc 1. Xac dinh y= f (x), Ox:y=0, x=a, x=b

Néu hinh phang gigi han khong di1 4 duong nhu trén (thiéu it nhat 1 trong 2 duong thang x=a, x =b) thi
ta thuc hién nhu sau:

Giai phuong trinh f (x)=0, tim cac nghiém x,, X,,..., X, (goi la cac hoanh d¢ giao diém) - Chon can dusi

trong cdng thic (1), (2) 1a s6 nho nhét va can trén 1a sé 16n nhat trong céc sé a,b (néu co), X, X,,..., X

n*

Buwéc 2. Lap cdng thuc tinh thé tich (3) va tinh két qua

Vidu 16: Tinh thé tich khéi tron xoay sinh ra khi quay hinh phang gisi han bai cac duong sau xung quanh
truc Ox: y=x"+3,y=0, x=0, x=2.
= Loi gidi
Hinh phang da cho gigi han du 4 dudong nhu Binh |i 2.
2
Thé tich khoi tron xoay da cho 1a V = EI(XZ + 3)2 dx = %ﬂ'
0
Vidu 17: Tinh thé tich cta vat thé tao nén khi quay quanh truc Ox hinh phang D gid¢i han bai do thi
(P):y=—-x*+2x vatruc Ox.
= Loi gidi
Hinh phang da cho giéi han khong dii 4 duong nhu Dinh 1i 2.
Giai phuong trinh hoanh d6 giao diém cia 2 duong y =—x>+2x va y=0

0983 900 570 Vo Cong Truong 36 2025-2026



) N . r , ;A ;
@ VUI CUNG TOAN Hé thong kieén thirc Toan dé On thi Tot nghiép THPT

7 2 X=0=a
Taco: X" +2x=0<
X=2=D
X A o . s b 2\ 167
Theé tich khoi tron xoay da cho 1a V =7zJ.(2X—X ) dx =
0

0983 900 570 V6 Céng Truong 37 2025-2026



"q“ ~ s ’ 7 2 A ’
‘/AV‘ VUI CUNG TOAN Hé thong kien thirc Toan dé On thi Tot nghiép THPT
PHAN< HINH HQC VA PO LUONG

CHUONG @ VECTO VA HE TOA PO TRONG KHONG GIAN

Bai 1: VECTO VA CAC PHEP TOAN TRONG KHONG GIAN

1. Vecto trong khong gian

Vecto trong khong gian 1a mot doan thing c6 hudng.

Céac khai ni¢m lién quan dén vecto trong khéng gian dwoc dinh nghia twong tw nhw vecto trong mdt
phéng:

OP§ dai vecto 1a khoang cach tir diém dau dén diém
cudi cua vecto do.

0Gid vecto 1a duong thing di qua diém dau va diém
cudi cia vecto.

OHai vecto duoc goi 1a ciing phwong néu gia cua
chdng song song hoac trung nhau.

[OHai vecto cung phuong thi ching ciing hwong hoac
nguwoc hwong.

[Hai vecto duoc goi 12 bang nhau néu ching cing
hudng va cung do dai.

[Hai vecto dugc goi 1a @i nhau néu chung nguoc hudng va cing do dai.

OVecto ¢6 diém dau tring diém cudi dugc goi 1a vecto-khong. Vecto-khong ciing phuong, cing huéng
VGi Moi vecto.

2. Tong va hiéu ciia hai vecto. tich ciia vecto véi mot so.
Téng ciia hai vecto

Trong khong gian, cho hai vecto &, b . Ly diém O bét ki va hai

diém A, Bbsao cho OA=3, AB=b . Ta goi OB la tdng ctia hai vecto 2 A 5
a
0]

d va b, kihieu a+b.
Phép lay tong cua hai vecto duoc goi la phép cong vecto.

Hiéu cua hai vecto a+h
Trong khong gian, cho hai vecto &,b . Ta goi a+(~b) 14 hiéu cua hai b
oﬂ

vecto & va b , kihigu a—b . 2 A

Phép lay hiéu cta hai vecto dugc goi 1a phép trir vecto. /g 5 o
Tich ciia vecto véi mgt sé Al -b
Trong khong gian, cho s6 thuc k =0 va vecto a 0. >
Tich cua sé k voi vecto @ 1a mot vecto, ki hiéu ka , cing huéng véi a

néu k >0, ngugc hudng véi @ néu k <0 va co do dai bang |k|.|&|.
(1) Céc tinh chat vé phép toan vecto trong khong gian tuong tu nhu trong miat phang
(2) Hai vecto @ va b (b khac 0) cung phuong khi va chi khi cé s§ k sao cho a=kb .

(3) Ba diém phan biét A, B,C thing hang khi va chi khi c6 s6 k khac 0 dé AB=kAC.
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VA/“ VUI CUNG TOAN

’p toan vecto.

1. Quy tic ba
diém

Vi ba diém A, B,C. Taco:
AB+BC = AC.

Quy ba diém dung dé cong hai vecto c6 di€m cuoi

B
clia vecto ndy tring véi diém dau cua vecto kia A /\ C
Vi ba diém A, B,C . Taco: B
2. Quy tic| AB—AC =CB.
hiéu vecto Quy tic hiéu vecto ding dé trir hai vecto ¢ cing A
didm dAu (hay trung diém cudi) c
. B
3. Quy tic|Néu ABCD la hinh binh hanh thi = C
hinh  binh | AB+ AD = AC.
hanh A D
DI
4. Quy tac | Chohinhhop ABCD-A'B'CD’. Ta co:
hinh hép AB+ AD + AA = AC'.
5. Quy tdc | Néu M la trung diém cua doan thang AB thi
trung  diém | (1) MA+MB=0; A M B
dogn thang () 1A+ 1B =2.IM (véidiém | tiyy)
6. Quy tdc | Néu G latrong tam cua tam giac ABC thi A
trong tam tam | (1) GA+GB+GC =0;
giac (2) IA+1B+I1C =3.IG (véi diém | tiyy) B e C

7. Quy tic
trong tam tw
giac (hay twr
dign)

Cho ta giac (hay t dién) ABCD, goi M, N lan
luot 14 trung diém cia AD, BC va G la trung
diém caa MN . Khi d6, diém G goi la trong tam
cua tu giac (hay tir dién) ABCD .

Néu G la trong tam cua t& giac (hay ta dién)
ABCD thi

1) GA+GB+GC +GD =0;

(2) IA+1B+IC+ID =4.1G (véi diém | tuyy)

3. Tich v6 huéng cua hai vecto
GOc gidra hai vecto trong khéong gian

Trong khdng gian, cho G va v 1a hai vecto khac 0 . Ldy mot diém
A bat ki, goi B va C 1a hai diém sao cho AB =0, AC =V . Khi do,

ta goi BAC la géc gitta hai vecto U va v, ki hiéu (4,V).

(1) 0" <(d,V)<180°
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(2) Néu (1,V)=90° thitandéi G va v vudng gdc véi nhau, ki hiéu G L V.

Tich vo hwong Cua hai vecto

Trong khong gian, cho hai vecto G va v khéc 0. Tich v6 huéng cua hai vecto @ va v 1a mot b, ki hiéu
u-v, dugc xac dinh boi cong thac

G-V =|d[|v|-cos(t,v).

(1) Trong truong hop =0 hoic V=0, ta quy uéc U-v=0.
() G-UG=02uf;0*>0;02=0<10=0
Sy s = . o TR
(3) Vi hai vecto U va v khac 0, ta co cos(u,v):|8||q|.
ul|v

|
o

(4) V6i hai vecto U va vV khac 0,taco G LV < G-V =

Tuong tu nhu trong mat phang, tich vo hudng cua hai vecto trong khong gian ciing ¢6 cac tinh chat sau:
Véi ba vecto d,b,¢ vasé k, ta co:

(1) a-b=b-a (2) a-(b+c)=a-b+a-c (3)(ka)-b=k(a-b)=a-(kb).

[0 CAC DANG TOAN CO BAN THUONG GAP

Dang toan == RUT GON BIEU THUC VECTO, CHUNG MINH HE THUC VECTO
Phuwong phap.
Str dung céc quy tac cia cac phép toan vecto dé bién doi vecto

Vi du 1: Cho hinh hop ABCD.A'B'C'D’ . Tinh tdng AB+AD + A'C’ .
= Loi gidi
Theo quy tac hinh binh hanh ta co,
AD + AB = AC .
AB+AD+AC'=AC+AC =2.AC.

Vi du 2:Cho t dién ABCD . Ching minh AC + BD = AD + BC .
v Loi gidi
Ta co:
AC +BD =(E+ﬁ)+(@+@)

:<E+E)+(ﬁf+ﬁ) :(E+E)+ﬁ - AD +BC (Ppcm).
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Vi du 3:Cho tir dién ABCD . Goi G 1a trong tam cua tam giac BCD va O A
la trung diém doan thang AG . Chiing minh rang: i
1) 30A+0B+0C +0D =0;
(2) 3MA+MB +MC +MD =6MO (M 1a diém bét ki trong khong gian).
= Loi gidi

1) 30A+0B+0C+0D =0;

Vi G latrong tim ciia ABCD nén 30G =0B+0C +0D.
Vi O la trung diém doan thing AG nén OA+0OG =0.
Do dé: 3@+@+&+@=3(@+(ﬁ)=6.

(2) 3MA+MB+MC +MD =6MO (M la diém bét ki trong khong gian).

Theo quy tic ba diém, ta co:

3MA + MB + MC + MD

=3(W+@)+W+(ﬁ+%+(ﬁ+m+oﬁ =6MO +30A+OB +0C +OD = 6MO

Dang toan @ TINH DQ DAl VECTO, GOC GIUA HAI VECTO, TICH VO HUONG, ...
Vi du 4: Cho hinh 1ap phuong ABCD. A'B'C'D’ ¢6 canh bang 2. Tim d6 dai ciia cc vecto sau:

(1) a=BA+BC+BB’; (2) b=BC-BA+C'A
v Loi gidi B %
(1) a=BA+BC +BB'; oS o

d=BA+BC+BB = BD =d| =|BD|=BD'= 23. :

(2) b =BC-BA+CA P

s _ . H,'_’_ ______________ Ve

b=BC-BA+CA=AC+CA=CC=|=|CC|=CC=2. ’
Vi du 5: Cho hinh 13p phuwong ABCD.A'B'C'D’. Xéac dinh cac goc: A b

(1) (AB,AD) (2) (AB,AC)

©) (E, D'C') (4) (ﬁ,@)

= Loi gidi

(1) (AB, A'D ) . .

Tacé AD=AD',suyra (ﬁ?; A’D') = (ﬁ ﬁ) = BAD =90°. B ! C

) (E, A’C’) :

Taco AC'=AC, suy ra (AB,AC’)=(AB,AC)=BAC =45°(Do tam Y |,
gidc ABC vudng can tai B)

B c'

©) (E,W)
Taco D'C'=DC = AB, suy ra (E,W):(E,D—C):(ﬁ,ﬁ):oc’.

(4) (ﬁ,@)

Taco C'B'=CB=DA,suyra (ECTB’) :(ﬁﬁ) =180° (do AD va DA di nhau nén nguge huéng).
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Bai 2: T0A PO CUA VECTO TRONG KHONG GIA

1. Hé toa d9 trong khong gian
Trong khoéng gian, cho ba truc Ox,0y,0z d6i mot vudng gac. 24
Goi 1, ],k lan luot 12 ba vecto don vi trén céc truc Ox,Oy,0z . Hé
ba truc nhu vay duoc goi la hé truc toa do Descartes vudng goc
Oxyz trong khong gian hay goi don gian la h¢ to do Oxyz . i

(1) Biém O duoc goi la géc toa do. “a’r_‘_‘ 9 K:1
(2) Céc truc Ox,Qy,0z duoc goi la cac truc toa do. 2 i joT—
(3) Cac mat phang (Oxy),(Oyz),(Ozx) d6i mot vudng goc véi y

nhau duoc goi 1 c4c matphang toa do.
(4) Khéng gian véi hé toa do Oxyz con dugc goi la khdng gian Oxyz .

(5) Vi 1,7,k 1a ba vecto don vi d6i mot vudng géc véinhaunén i2=j2=k?=1vai-j=]j-k=k-i =0.

2. Toa d¢ ciia diém va vecto

Toa dp ciia diém

Trong khong gian Oxyz, cho diém M . Néu OM = xi + yj + zk thi ta goi bo
ba s6 (x;y;z) 1a toa do cua diém M ddi v6i hé truc toa do Oxyz va viét
M =(x;y;z) hoac M(x;y;z); x la hoanh d, y la tung do, z 1a cao d¢ cua
diém M .

Toa do cua vecto

Trong khong gian Oxyz , cho vecto a. Néu a=a,i +a, ] +a,k thi tagoi b ba

s0 (a,;a,;8, ) latoa do cia vecto a doi véi hé toa do Oxyz vaviét a=(a;a,;a,)
hoac a(a;;a,;a;).

(1) Piém O c6 toa do (0;0;0)

(2) Toa do cua diém M la toa d ciia vecto OM , tic 1a M =(x;y;2) <> OM =(x;y;2).

(3) Cho d=(a;a,;a,), b=(b;b,;b,). Khido: d=b < 212 :bl2
a, =b,

TOA PO CAC DIEM PAC BIET
Diém thudc truc toa dj Diém thudc mdt phang toa dj
M € Ox < M (x;0;0) M €(Oxy) < M (x;y;0)
M €Oy < M (0;y;0) M e(Oxz) < M (x;0;2)
M €0z < M (0;0;z2) M €(Oyz) < M (0;y;2)
Hinh chiéu ciia diém lén truc toa dp Hinh chiéu ciia diém 1én mdt phang toa dp
Hinh chiéu ctia diem M (x;y;z) Ién: Hinh chiéu cua diem M (x;y;z) Ién:
& Truc toa 40 Ox 1a diém H (x;0;0) @ Mt phang toa d6 (Oxy) la diem H (x;y;0)
= Tryc toa do Oy 1a diém H (0;y;0) @ Mit phang toa do (Oxz) la diem H (x;0;z)
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& Truc toa do Ozla diém H (0;0;2) @ Mit phing toa d6 (Oyz) 1a diém H (0;y;z)
Diém doi xieng ciia diém qua truc toa dp Diém doi xirng ciia diém qua mdt phang toa dp
Diém ddi xtmg cia diém M (x;y;z) qua: Diém ddi xtmg ciia diém M (x;y;z) qua:

& Tryc toa do Ox 1a diém M '(x;—y;-2) @ Mit phang toa do (Oxy) la diém M '(x;y;-2)
= Tryc toa do Oy 1a diém M'(-x;y;-2) @ Mt phing toa d6 (Oxz) 1a diém M '(x;—y;z)
= Truc toa do Ozla diém M '(—x;—y;z) @ Mit phing toa d6 (Oyz) 1a diém M '(-x;y;z)
Diém dbi xtmg cua diém M (X;y;z) qua goc toa do O 1a diém M '(—x;—y;—z)

[0 CAC DANG TOAN CO BAN THUONG GAP

Dang todn @ XAC DINH TOA PO BPIEM BANG HE THUC VECTO, TOA PO DIEM PAC BIET...
Vi du 6: X4ac dinh toa do diém M trong céc truong hop sau
(1) MO =2i -3k (2) OM =20A+i véi A(2-31)

= Loi gidi

(1) MO =2i -3k
Tacd OM =-2i +3Kk . Do d6 M (-2;0;3).
(2) OM =20A+i véi A(2-3;1)
Taco OM = 2(2?—3]+IZ)+3E:4T—4I+5E . Viy M (4,-4;5).
Vi du 7: Trong khéng gian Oxyz , diém nao sau day thudc truc Oz ?
A. M (0;5;0) B. N(4;0;0) C. P(0;0;6) D. Q(4;5;0)
= Loi gidi
Chon C
biém thudc truc Oz c6 dang toa do (0;0;z) nén chon P(0;0;6).
Vi du 8: Trong khong gian Oxyz , diém nao sau ddy nam trén mat phang toa do (Oyz) ?
A. N(0;4;-1) B. P(-2;0;3) C. M(3;4,0). D. Q(2;0;0)
= Loi gidi
Chon A
biém thuoc mét phang toa do (Oyz) c6 dang toa d¢ (0;y;z) nén chon N (0;4;-1).
Vi du 9: Trong khdng gian Oxyz, toa d¢ hinh chiéu ciaM (2;1,4) I&n truc Ox la
A. (2;0;0). B. (0;10). C. (0;0;4). D. (0;1;4).
= Loi gidi
Chon A
Hinh chiéu ciaM (x; y; z) 18n truc Ox c6 dang toa dd H (x;0;0) nén chon (2;0;0).
Vidu 10: Trong khdng gian Oxyz , hinh chiéu vudng goc cia diém M (5;-6;2) |én mat phang (Oxz) c0

toa do la
A. (0;-6;0). B. (5;0;2). C. (5;-6;0). D. (0;-6;2).
= Loi gidi
Chon B
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Hinh chiéu cuaM (x; y; z) 18n truc (Oxz) c6 dang toa dd H (x;0;z) nén chon (2;0;0).

Vidu 11: Trong khdng gian Oxyz , diém di xtng véi diem M (4;-5;3) qua truc Oz co toa do la
A. (4;-5;-3). B. (—4;5;3). C. (—4;5;-3). D. (0;0;3).
w Loi gidi
Chon B
Diém ddi xtng cia M (x; y;z) quatruc Oz c6 dang toa dd M '(—x;—y;z) nén chon (—4;5;3)
Vidu 12: Trong khong gian Oxyz , diém doi xtng cia diém M (-1 2;—2) qua mit phang (Oxz) la diém
A. H(3,2;2). B. E(0;2;0). C. F(-1-2,-2). D. G(-12;2).
w Loi gidi
Chon C
Diém ddi xting cuaM (x;y;z) qua mat phang (Oxz) c6 dang toa dd M '(x;—y;z) nénchon F(-1-2;-2)

Dang todn @ XAC DINH TOA DO BIEM CHO BOI HINH V.
Vidu 13: Trong khéng gian Oxyz, cho hinh hop chit nhat .::T
F

OABC.EFGH cé cac canh OA=5, OC =8, OE =7 (xem hinh vé

dudi day). Xac dinh toa do cac diém A, B, H, G , "
= Loi gidi R/ G
7
Tacé: OA=5.i nén diém A(5;0;0) '
Theo quy tic hinh binh hanh, ta c6: O S— 8 ____] L.;,
OB =0OA+0C =5.i+8.j nén diém B(5;8;0) ) >
OH =OC +OE =8.j +7.k nén diém H(0;8,7) x B

Theo quy tac hinh hop, ta co:

OG =O0A+0C +OE =5 +8.j + 7k nén diém G(5;8;7)

Taco: AcOx va OA=5 néndiém A(5;0;0)

Do diém B e(Oxy) nén c6 cao do bang 0 va hinh chiéu cua diém B 1én truc Ox, Oy lan luot la diém
A, C nén c6 hoanh d¢ bang 5, tung do bang 8

Vay diem B(5;8;0)

Twong ty cho diém H

Chiéu diem G 1én mat phang (Oxy) ta dugc diem B(5;8;0) suy ra diém G c6 hoanh d¢ bang 5, tung d6
bing 8 va GB = EO =7 suy ra, diém G ¢6 cao d6 bang 7

Vay diem G(5;8;7)
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Vidu 14: Cin truc chan dé 12 kiéu cot quay duoc sir dung ) '
dé phuc vu cong viéc xép d hang hoa chu yéu ngoai cac
cang bén, bai (hinh anh minh hoa). Ta chon hé truc Oxyz
thoa truc Ox triing vai truc chan dé, truc Oy vudng géc véi
truc Ox va truc Oz tring vai truc can cau (theo don vi mét,
nhu hinh v&). Goi M 14 vi tri tai dinh can cau, H 1a hinh
chiéu cia M 1&n (Oxy). Biét tay can KM cua cén tryuc dai

50m, truc can OK dai 50m, (E;m)zeoo;(f;cﬁ ):450.

Xéc dinh cao d6 cua diém M

A. @ B. 93,3. C. 75. D. 60.
= Loi gidi

Chgn C

Tagoi E 1a hinh chiéucia M 1én Oz.

Ta co:

EK = MK.cos60° = 50% =25m

=12,, =OE=0K + KE =50+25=75m.

Bai 3: BIEU THUC TOA PO CUA CAC PHEP TOAN VECTO

1. Biéu thic toa d¢ cia tong, hiéu hai vecto va tich ciia mét sé véi mot vecto
Trong khong gian Oxyz , cho hai vecto & =(a;8,;8,) va b =(by;b,;b,) va sb thuc k . Khi do:

(1) d+b=(a +b;a, +b,;a,+b,) | (2) a-b=(a,—b;a,~ba,-b,) | (3) kd=(ka;ka,;ka,)

Cho hai vecto d=(a;;8,;a,) va b =(b;b,;b,),b#0.

2, = Kb,
Hai vecto @ va b cting phuong khi va chi khi ton tai s6 k sao cho {a, = kb,
a, = kb,

hay %:%:%, (bbb, = 0)

2. Biéu thirc toa dé cia tich vd hwéng
Trong khdng gian Oxyz , tich v6 hudng cia hai vecto d=(a;;a,;a;) va b= (by;b,;b;) dugc xac dinh béi
cong thirc a-b =ab, +a,b, +ab..

(1) aLb<ah +ah,+ab, =0, (a,b khac 0)

(2) [a]=/a® +aZ +a2
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_ab _ ab +a,b, +ab,
|é|-|5| \/af+a22+a§~\/bf+b22+b§

(3) cos(é,ﬁ) ,(a,b khéc 0).

3. Van dung
(1) AB=(Xg—Xa: Vs = Yai Zs —Z,)

(2) AB =‘ﬁ‘ = \/(XB %) (Yo —Ya) +(25—2,) -

(3) Toa d6 trung diém M cua doan thing AB 1a M [XA er Xg : Ya Z Yo . Za Z Zg j

il ]

3 3
(5) Ba diém phan biét A, B, C thing hang khi va chi khi AB, AC cung phuong hay AB =k.AC, k e R

(4) Toa do trong tam G cua tam giac ABC la G(XA+X;+XC Yat¥s* Yo 'ZA+ZB+ZCJ.

O CAC DANG TOAN CO BAN THUONG GAP

toan @ XAC PINH TOA PO CUA VECTO. BIEU THUC VECTO
Vidu 15: Trong khong gian Oxyz , cho hai diém A(L1—2) va B(2;2;1). Vecto AB ¢ toa do 1a
= Loi gidi
Tacd AB=(Xg —Xui Ve — YaiZs —Za) =(2-L2-L1-(-2)) =(L13).

Vidu 16: Trong khong gian Oxyz, cho ba vecto d=(2;-10), b =(-1-3;2), ¢ =(-2;-4;-3). X4c dinh
toa dd ctia G =28 -3b +C
= Loi gidi
Taco: U=2d-30+C=(22-3.(-1)+(-2);2.(-1)-3.(-3) +(—4);2.0-3.2+(-3)) = (5;3,-9).
Vidu 17: Trong khong gian Oxyz, cho hai diéem A(13;2) va B(3;-14). Xac dinh toa d vecto
i =2BA-OB
= Loi gidi
Taco BA=(-2;4,-2) suy ra 2BA=(—4;8,-4) va OB =(3;-1,4)
Viy U =2BA-OB=(-4-3,8—(-1);~4-4)=(-7,9;-8).

Dang toan @ XAC PINH TOA DO CUA PIEM THOA PIEU KIEN CHO TRUO
Vidu 18: Trong khdng gian Oxyz, cho ba diém A(L;2;-1), B(2;-13) va C(-3;51). Tim toa d6 diém D

sao cho AB =2DC.

= Loi gidi
Goi D(X; Y; Z) 1a diém can tim.

Taco: AB=(L-3,4), DC =(-3-x5-y;1-2).

.
X=——

1=2(-3-x) 2
AB=2DC < 1-3=2(5-y) y=%.
4:2(1—2) 7=-1
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7 13
Vay D| ——;—:;-1].
ay (2 - j

Vidu 19: Trong khong gian Oxyz, cho hai diém M (1;-2;2) va N(1;0;4). Toa d¢ trung diém cua doan
thang MN la

= Loi gidi
Xy Xy _1L1_1
| 2 2
: \ . .. Yu Yy —2+0
Goi | latrung diém MN . Taco: <y, = 7 - g =-1.
Zy +zy 2+4

I: = :3

2 2

Vay 1(1;-1;3).
Vidu 20: Trong khong gian Oxyz , cho tam gidc ABC , biét A(L,-2;4), B(0;2;5), C(5;6;3). Toa do trong

tdm G cua tam giac ABC la

= Loi gidi
xG:XA+XB+XC :1+0+5:2
3 3
X A ./ A YatYs+Ye —2+2+6
Do G latrong tam tam giac ABC nén qy, = 3 = 3 =2.
Z,+2,+2. 4+5+3
G: = :4
3 3

Vay G(2;2;4).
Vidu 21: Trong khdng gian toa ¢ Oxyz cho ba diém M (L11),N(2;3;4),P(7;7;5). Tim toa do diem Q
dé ta giac MNPQ 12 hinh binh hanh.

= Loi gidi
Ta co: W=(L‘2;3),@=(7—xQ;7—yQ;5—zQ). M N
1=7-X, X, =6 / /
MNPQ I hinh binh hanh < MN =QP < {2=7-y, < 1Y, =5.
Q P

3:5—2Q zQ=2

Vay Q(6;5;2).
Vidu 22: Trong khdng gian Oxyz, cho ba diém A(2;-15),B(5;-5;7), M (x;y;1). Xac dinh toa do diem
M débadiém A,B, M thang hang.
w Loi gidi
Taco: AB =(3,-4;2), AM =(x—2;y +1-4).
x=2_y+1_ -4

, S — X=-4
A,B,M thang hang. < AB, AM cung phuong < —— =— & .
3 -4 2 y="7

Vay M (—4;7;1).
Vidu 23: Trong khong gian Oxyz, cho ba diém A(2;0;0), B(0;3;1), C(-3;6;4). Tim diém M thudc

doan BC sao cho MC =2MB .
w Lot gidi
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Giasit M (a;b;c) = BM =(a;b-3;c-1) va BC =(-3;3;3).

a=1(23
) 3 a=-1
Diém M e BC sao cho MC:ZMBsngﬁc b—3=%.3 =<bh=4 .
1 c=2
c-1==.3
3

Vay M (-1;4;2).
Vidu 24: Trong khong gian Oxyz, cho hai diém A(1;2;-1) va B(0;-2;3). Tim toa d6 chan duong cao ké
tir dinh O cua tam giac OAB.
= Loi gidi
Goi H(x;y;z) la diém can tim.
Taco: AH =(x-Ly-2z+1), AB =(-1-4;4).
Vi A H, B thing hang nén AH =k.AB < 1y—-2=k.(-4) <1y =—4k+2 = H (-k +L—4k +1;4k —1)
z+1=k.4 z=4k-1.

= OH =(-k +1 -4k +2;4k -1).

Vi OH L AB nén OH.AB =0 <> (—k +1).(~1)+(-4k +2).(—4)+(4k —1).4 =0 <k :é—i.

viy 255 )

Vidu 25: Trong khong gian Oxyz, cho hai diém A(12;3) va B(-14;1). Goi | la trung diém cua doan
thang AB. Tinh IABA.
= Loi gidai
Vi | latrung diém AB nén 1(0;3;2). Suy ra IA=(1-11) va BA=(2;-2;2).
Vay IABA=12+(-1).(-2)+1.2=6.
Vidu 26: Trong khong gian Oxyz, cho hai diém A(0;2;1) va B(3;-2;1). Do dai doan thang AB bang
= Loi gidi
Taco AB =(3;-4;0) nén AB=|AB|=,[3" +(-4)’ +0° =5.
Viduy 27: Trong khong gian Oxyz, cho tam giac ABC biét A(1;0;-2),B(2;1;-1), C(1;—2;2). Tinh chu
vi cia AABC.
= Loi gidi
Theo cdng thie tinh d§ dai vecto, ta duoc

AB =[(2-1)" +(1-0) +(-1+2)’ =V3;BC=1+9+9 =10; AC =0+ 4+16 = 2./5.

Chu vi ciia ABC : \/3+410+25.
Vidu 28: Trong khdng gian Oxyz, cho A(L2;-1), B(0;3;1); C(3;2;0). Tinh dién tich AABC (néu c).
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= Loi gidi
Taco: AB= (-132) va AC = (2;0;1) khong ciing phuong nén ba diém A; B;C lap thanh tam giéc.

Va AB.AC =-1.2+1.0+2.1=0= AB L AC = AB L AC nén AABC vudng tai A

Mat khdc AB =/(~1)° +1+2° =\/6 va AC =2 +0+1° =5

Vay dién tich tam gidc ABC 13 S :%AB.AC =%\/€.J’ =@.
Vidu 29: Trong khéng gian Oxyz , cho A(-1-2;3), B(0;3;1), C(4;2;2). Tinh s6 do BAC .
= Loi gidi
Taco: BAC = (EE)
AB =(1,5,-2), AC =(5;4;-1)
cos(E,A—C) AB.AC 15+5.4+(-2)(- 1) :9J£
\ABHAC\ JE+5° +(<2) \[57 +47 + 70

Viy BAC =(AB, AC)~ 40°29'
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CHUONG = PHUONG TRINH MAT PHANG, PUONG THANG, MAT CAU

Bai 1. PHUONG TRINH MAT PHAN

1. Vecto phap tuyén va cip vecto chi phwong ciia mit phang
* Vecto fi khéc 0 va cd gia vuong géc voi mat phing (er) dugc goi Ia vecto phdp tuyén cua mat phang (a)
* Néu hai vecto @ va b khong cing phwong va gi& cua ching song song hoac nam trén mat phang () thi
a,b duoc goi la cap vecto chi phwong ciia mat phiang ().

(1)Néu fi 1a mot vecto phap tuyén caa (a) thi k-n (k # 0) ciing 12 mot vecto phap tuyén cia (a) (Noi

cach khéac, mot mat phang c6 vo sb vecto phap tuyén va ching cing phuong nhau)

(2) Mot mat phang hoan toan duoc xac dinh khi biét mot diém va mot vecto phap tuyén cua no, hoic biét
mot diém va mot cip vecto chi phuwong ciia mit phing do.
2. Tich c6 hwéong cia 2 vecto

Trong khong gian Oxyz , cho hai vecto d=(a;;a,;3,) va b=(b;b,;b,).
Vecto N = (a2b3 —ah,;ab —ab,;ab, _azbl) dugc goi la tich cé hwéng cia hai @ va b, ki hiéu la [5,5}

(1) Bidu thuc 4, — 8,0, thuomg duoc ki hiéu | 2|, Tuong ty |2 %|— ap, —ap,, :3 :1 |:a3b1—aib3.Nhu
2 2 3 3
=z a, | & | & &
2 3 3 1 bl 2
(2) 4 cung phuong véi b < [é,ﬁ] -0 ii

(3) Néu i =[é,5] thi vecto i vudng goc véi ca hai vecto @ va b

B
(4) Néu mit phang (0{) nhan hai vecto @ va b lam cdp vecto chi phuong thi 4E< /
« C

(0!) nhan n = [é, 5} lam vecto phap tuyén.

3. Phuwong trinh tong quat ciaa mit phang

Dinh nghia

Trong khdng gian Oxyz , mdi mat phang déu c6 phuong trinh dang Ax+By+Cz+D =0 (1), vdi A, B, C
khong dong thoi bang 0, dugc goi 14 phwong trinh tong quat cua mat phang.

(1) Mbi phuong trinh Ax+By+Cz+D =0 (V6i A, B, C khong dong thoi bang 0) déu xac dinh mot mat
phang nhan fi= (A; B;C) 1am vecto phap tuyén.

(2) Cho mit phang (Ot) c6 phuong trinh Ax+By+Cz+D =0 .

Khi d6: No(Xo; Yo: Z5) € () < A%, + By, +Cz,+ D =0

(NGi cach khéc, Mot diém thuoc mot mat phang khi chi khi toa do cua diém thoa man phwong trinh cua
mit phang. Khai quat, Mot Biém thudc mot Hinh khi chi khi toa do cua Diém théa mén phuong trinh cua
Hinh)

(3)Mit phang(a) qua M (XO; Yo ZO) va ¢ vecto phap tuyén n= (A; B;C) co phuong trinh 1a
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A(Xx=x,)+B(y-¥,)+C(z-2,)=0(2) < Ax+By+Cz+D=0, vsi D=-Ax,-BY,-Cz,
(4) Phwong trinh theo doan chin
Mat phing cit cc truc toa do Ox, Oy, Oz lan luot tai cac diém A(&;0;0), B(0;b;0),C(0;0;c) c6 phuong

trinh dang: X + % +£-1(3) (a#0,b#0,c#0) (goi 1a phuwong trinh mdt phiing theo dogn chin)
a c

Phwong trinh mat phang trong cdc trwong hop dac biét

Tinh chét mit phing Phwong trinh H¢ so
(r) di qua gbc O. (a): Ax+By+Cz=0 D=0
(&) song song hodc chira OX . (a):By+Cz+D=0 A=0 (Chua Ox khi D=0)
(@) song song hodc chira Oy . (a):Ax+Cz+D=0 B=0(Chira Oy khi D=0)
(@) song song hodc chira Oz, (a): Ax+By+D=0 C =0 (Chua Oz khi D=0)
(@) song song (Oxy). (a):Cz+D=0 A=B=0
(er) song song (Oxz). (a):By+D=0 A=C=0
(@) song song (Oyz). (a): Ax+D =0 B=C=0

Phwong trinh cdc mdt phing toa dj: (Oyz): Xx=0; (OXZ) 1y=0; (Oxy) =
4. Piéu kién dé hai mit phang song song, vudng goc

Cho 2 m3t phing (o ): Ax+By+Cz+D, =0 va (@,): AX+B,y+C,z+D, =0 lin lugt c6 vecto phap
tuyén la f, =(A;B;;C,), i, =(A;;B,;C,) . Khi do:

n =kn, ,B;;C,)=k(A,;B,;C c, D
@)=y "2 < (ABiC)=k(A:B,C,) hay =2 5.5 (A c,D,#0)
D,#kD,  |D,#kD, A B C, D,
n =kn, :B;;C,)=k(A;;B,:C
(@)=(a) o {m " o [ABC)=KABC) A B G D (g6 D0
D,=kD, _ |D,=kD, A B C, D,
(al),(az) cat nhau <:>ﬁ1 va i, khong cung phuong
(@) L(cry) < i, =0 AA, +B,B,+C,C, =0
5. Khoang cach tir mdt diém dén mot mit phang
Khodng cach Céch tinh va Cong thsc
1. Khodng céch ter diém Ax, + By, +Cz, + D|
; , x, + By, +Cz, +
M (Xo; Yo:Z, ) dén mat phang d(M,(a))=—2 0 s
(Xo 0 0) ( ( )) \/A2+BZ+C2

() :Ax+By+Cz+D=0
2. Khodng céch giira 2 mgt phang | Céch 1: Bang khoang céach tir 1 diém thugc mat phang nay dén mat
song song: phang kia.

(@) :Ax+By+Cz+D=0 Lay M (%; Y5 25) €(B). Khi do: d((a)’(ﬁ)):d(M ;(a))
va (B):A'x+B'y+C'z+D'=0
Vvsi (AB'C')=k(A;B;C) éch 2: DOng AL 1e 55 cia phuone inh 2 mit pYENg:
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Bién d6i 2 phuong trinh ctia 2 mat phiang sao cho céc hé sb cua
X,¥,Z tuong tmg bing nhau. Chang han (a):AX+ By+Cz+D=0
va (B):Ax+By+Cz+D,=0

|D —Dy |

Khi do: d ((a);(ﬂ))=m

Jlip.iCBIET]

Khodng cdch tir diém Dén Baing
Géc toa do O X+ Y2 + 242
Truc toa d§ OX JYu?+2,? (cho hoanh d¢ bing 0)
Truc toa do Oy m (cho tung do béng 0)
M (X,\,I Y Zu ) Truc toa do Oz \/m (cho cao d¢ bang 0)

Mit phang toa do (Oxy) Jzu? = |z\,| (cho hoanh d¢ va tung do bang 0)

Mit phang toa do (OXZ) Y2 = |Vu | (cho hoanh d6 va cao do bang 0)

Mit phang toa do (Oyz) X’ =|Xy| (cho tung d6 va cao do bang 0)

0 CAC DANG TOAN CO BAN THUONG GAP

Dang todn @ XAC PINH VECTO PHAP TUYEN CUA MAT PHANG
(1) Vecto i khac 0 va c6 gia vudng goc véi mat phang (@) dugc goi la vecto phdp tuyén caa mit phing (@)

(2) Néu mat phing (05) nhan hai vecto @ va b lam c@p vecto chi phwong thi (a) nhan [ =[§,B] lam vecto
phap tuyén
(3) Néu mit phang (0{) c6 phuong trinh Ax+ By+Cz+ D =0 thi vecto ﬁ=(A; B;C) & mot vecto phap

tuyén cua mat phing ()

(4) Mat phang (Oxy) ¢6 vecto phap tuyén la k= (0;0;1).
Mt phang (Oxz) c6 vecto phap tuyén la ] =(0;50).
i

Mt phang (Oyz) c6 vecto phap tuyén la 1= (10;0).

Vi du 36: rong khong gian Oxyz , cho mat phang (P):3x—y+2z—1=0. Vecto nio dudi day khong phai 1a
mot vecto phép tuyén cua (P) ?

A n =(-31-2). B. n, =(312) C. n::(g;_l;g) D. n, — (6:-2;4)
w. Loi gidi

Dua vao phuong trinh (P):3x—y+2z-1=0, ta thiy vecto phap tuyén cia (P) la: Ns = (3,-12)

rTl =(-31-2) =-1(3;-12) 1a mot vecto phap tuyén cia (P)

TTA, =(6,-2;4)=2(3,-12) 1a mot vecto phap tuyén cia (P)
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Viduy 37: Trong khong gian Oxyz , cho hai diém A(2;1;-3), B(0;-2;5). Xéac dinh mot vecto phap tuyén

ctia mat phing (er) vudng géc véi duong thang AB .
w. Loi gidi
Puong thing AB 14 gid cua AB .
Do mit phing (&) vudng géc véi dudng thing AB nén mot vecto phap tuyén cua mat phang () 1a
AB =(-2;-38)
Vidu38: Trong khong gian Oxyz, mat phing (@) song song voi gid cia hai vecto
d=(L-2;3), b =(3,0;5). Tim vecto phap tuyén ctia mat phing ().
w. Loi gidi
Do mit phing (&) song song véi gia ciia hai vecto d va b nén & va b 1a cip vecto chi phuong ciia mat
phang ()
Vay Vecto phap tuyén caa mat phang (@) 1a fi = [a.b |=(-10;4;6).

Dang toan = XAC PINH TOA4 PO PIEM THUOC MAT PHANG
Cho mit phang (0{) c6 phuong trinh Ax+By+Cz+D=0 .

Khi do: Ny (X; Yo: Z,) € () & Ax, +By, +Cz,+D =0

(Néiﬁ cach khac, Mot diém thuge mot mét phing khi chi khi toa d6 cua diém thoa man phuong trinh cua
mat phang. Khai quéat, Mot Biem thuoéc mot Hinh khi chi khi toa @6 cua Biém théa man phuong trinh cia
Hinh)
Vi du 39: Trong khong gian Oxyz , cho mit phang (@):X+Yy+2-6=0. Piém nao dudi day khong thudc
(@)?

A. Q(3;3,0). B. N(2,2;2). C. P(123). D. M(3-1,1).

= Loi gidi

A. Thay toa do Q(3; 3 0) vao phuong trinh mit phang (0!) ,taduoc 3+3+0-6=0 (dung) =>Q € (a)
B. Thaytoado N (2; 2; 2) vao phuong trinh mat phang (a) ,taduoc 2+2+2-6=0 (ding) > N € (a)
C. Thay toa do P(1;2;3)vao phuong trinh mat phing (@), ta dugc 1+2+3-6=0 (dung) = P €(a)
D. Thay toa d6 M (L-L1)vao phuong trinh mt phang («), ta dugc 1+(-1)+1-6=0 (sai) =>M ¢(a)

Dang todn < LAP PHUONG TRINH MAT PHANG
Cdch 1. Xdc dinh 2 yéu té co ban ciia mat phing la Piém di qua va vecto phdp tuyén.
Buwéc 1. Tir gia thiét, xac dinh cac vecto va cac yéu té khéac (néu can)

Buwéc 2. Xac dinh toa do diém M (XO; Yor ZO) va toa do vecto phap tuyén N=(A; B;C) caa mat phang

Budc 3. Thay vao phuong trinh A(X—X,)+B(y—Y,)+C(z-2,)=0, Thu gon vé phuong trinh téng quét

Dang | Biéu kign xdc dinh mdt phang (e) (gia thiét cho) Di qua diém Vecto phdp tuyén
1 | QuaMvasongsong (B): Ax+By+Cz+D=0 M E=@:(A;B;C)
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Qua M va vuéng géc dwong thang AB M E = AB
‘ Oua M va vudng géc dwrong thang (d) M E = a:
3 La mdt phang trung triec dogn AB Mla trzgg diem E = AB
4 | Qua 3 @iémA, B, C A (hay B, hay C) n,=| AB,AC|
Qua A, B va song song CD A (hay B) n, = [ﬁ, CT]
Qua A, B va song song (d) A (hay B) n,=| AB,a, |
° Chera (d) va song song AB Ldy M e (d) n,=|a,, AB |
Chita (d) va song song (d’) Lay M e (d) n,= [i a]
Qua 2 diém M, N va vudng goc mat phang(p) M (hay N) n,= [W@]
° Chuza (d) va vudng goc mat phang (f) Ldy M e (d) n,= [EJ @]
7 | Qua diém M va vudng goc 2 mat phang (8), () M n,= [@rﬂ
8 Qua diém M va song song 2 dwong thang (d), (d’) M n, = [a, a]
9 tthigdéir)n M, vubng goc mp(p) va song song diong M Ez[i,g]
10 | Chira (d) va di qua M €(d) M hay Lay N (d) n,=| MN,a, |

Cdch 2. Xdc dinh hé sé
Buwéc 1. Goi mit phang da cho c6 phuong trinh dang: Ax+By+Cz+D =0

Buwdc 2. Tir gia thiét, xac dinh 4 hé sb A, B, C, D (kiém tra diéu kién, néu co)
Bwoc 3. Thay vao phuong trinh Ax+By+Cz+D =0

Néu mat phang khong qua gbc toa dd O thi phuong trinh mit phang duoc bién doi vé dang ax +by +cz =1

(4).

Khi miat phang dugc xac dinh bai 3 yéu t6 thi ta 1ap duoc hé phuong trinh bac nhat 3 4n a, b, c. Giai hé

phuong trinh tim a, b, ¢ roi thay vao phuong trinh (4) va thu gon va phuong trinh dang tong quat.

Vi du 40: Trong khong gian Oxyz , lap phuong trinh mat phing (8) qua diém A(-112) va song song véi

miat phang (r):2x-2y+2-1=0

= Loi gidi

Cach 1.
Mt phang (0!) c6 vecto phap tuyén E = (2;—2;1)

Do mit phing (/) song song mit phang (cr) nén mat phang (B) nhan n, =(2-21) 1am vecto phap
tuyén.

Ma mit phang () qua diém A(-11;2)

Vay phuong trinh mit phing () 1a 2(x+1)-2(y-1)+1(z-2)=0<2x-2y+2+2=0
Cach 2.
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Do mit phing (/) song song mat phang (&) nén mit phing () ¢6 phuong trinh dang

2Xx—2y+z+m=0, Vol m=-1.

Ma () di qua diém A(-112) nén —2-2+2+m=0< m=2 (nhan)

Vay phuong trinh mit phang (,B) la 2x—2y+z+2=0.
Vidu41: Trong khéng gian Oxyz, Viét phuong trinh mat phang (/-\BC), VGi A(—l; 0;3), B(Z; —1;1),
C(L-10).

w Loi gidi

Céch 1.

Tacé AB=(3-1-2);AC=(2-1-3)

Do mit phang (ABC) chua AB, AC nén mit phing (ABC) c¢6 vecto phap tuyén
n= [TC; E] =(-1-51).

Ma mit phang (ABC) qua A(-10;3)

Viy phuong trinh mat phang (ABC) la —(x+1) —5(y—0)+1(z —3) =0 x+5y-2+4=0

Céch 2.

Gia sir mat phang (ABC)C(’) phuong trinh dang ax+by +cz =1 (*) (gia sir mat phang khéng qua O ')

Do mit phing (ABC) qua A, B, C nénthay toa do 3 diém A, B, C vao phuong trinh (*) ta c6 hé phuong

-a+0b+3c=1 . .
trinh: {2a—-b+c=1 @(a;b;c):[__;_i_j
4 4 4

a-b+0c=1

Vay phuong trinh mat phang (ABC)I& —%x—%y+%z =1< X+5y—z+4=0

Vidu42: Trong khong gian Oxyz, cho hai diém A(2;4,1),B(-1,1;3) va mat phing
(P):x—3y+2z-5=0. Lap phuong trinh mt phing (Q) di qua hai diém A, B va vudng géc voi mit
phing (P).
w Loi gidi

Céch 1.

Taco: AB=(-3,-3,2), vecto phép tuyén ciia mp(P) I n=(L -3,2).

Do mat phang (Q) di qua hai diém A, B vavuéng géc voi mat phang (P) nén AB , n, 1a cip vecto chi
phuong ciia mp(Q). Suy ra, n = [ﬁnt} — (0;8;12) 1a vecto phap tuyén cua mp(Q).

Mat phing (Q) di qua A(2;4;1)

Vay phuong trinh mat phang (Q) la O(X— 2)+8(y—4)+12(z —1) =0<2y+3z-11=0.

Céch 2.

Gia sir mat phang (Q) c6 phuong trinh dang ax + by +cz =1 (gia sir mat phiang khéng qua O)

Ta co:

Mit phing (Q) qua diém A(2;4;1) nén 2a+4b+c=1 (1)
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Mit phing (Q) qua diém B(—1;1;3) nén —a+b+3c=1 (2)

Mit phang (Q) vuéng géc mat phing (P) nén a.l+b(-3)+c.2=0 (3)

Giai hé phuong trinh (1), (2), (3), ta duoc: a=0 b=2 c= >

1 1
Vay phuong trinh mat phang (Q) la O.x+% y +1_?; z=1<2y+32-11=0
Khi giai cach 2 ma hé phuong trinh khong giai dugc (khi d6 miat phang di qua gbc O ) thi ta phai giai bang
cach 1.

Dang toan = VI TRI TUONG POl CUA HAI MAT PHANG
Phwong phdp: Xem muc 4. Bai 1.

Vidu 43: Trong khong gian Oxyz , xét vi tri twong d6i cua hai mat phing (a):2x+4y—6z—5:0
(B):x+2y-32-2=0.

= Loi gidi

Xét ti 1¢ cac hé s twong tng: Ezfz__6¢__5
1 2 -3 2

Suy ra hai mat phing (@), (/) song song nhau
Vidu44: Trong khong gian Oxyz, xét vi tri tuong dbi cua hai mat phing (c):x+2y-3z-5=0
(B):x—2y-z+3=0.
= Loi gidai

Xét ti 1 cac hé sd twong tng: % # iz # _—:’?L’ , suy ra hai mat phang (a), (ﬁ) cit nhau.

Xét tich vd huéng ciia hai vecto phap tuyén: 1-1+2- (—2) + (—3) : (—l) =0

Vay hai mit phing (), (8) vudng géc nhau

Dang todn < TINH KHOANG CACH

Phwong phdap: Xem muc 5. Bai 1.
Vi du 45: Trong khong gian Oxyz, cho mat phang (P):2x—2y+2z-1=0. Tinh khoang céch tir diém
M (-1;2;1) dén mat phang (P).
w Loi gidi

_ 2.(-1)-2.2+1-1 .,

J2+(-2) 422
Vidu 46: Trong khong gian Oxyz, tinh khoang céch gia hai mat phang (P):x+2y+2z-10=0 va
(Q):2x+4y+4z-5=0

Khoang cach tir diém M (=1,2;1) dén mat phang (P) la d(M,(P))

= Loi gidi
Céach 1.
Ldy A(213)e(P).

Do (P) song song véi (Q) nén khoang céch giira 2 mat phang (P), (Q) 1a
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_|2.2+41+43-5 5

d((P).(@) = (A(Q)) = :

22+ 421 42

Cach 2.
Taco (P):x+2y+22-10=0 2x+4y+42-20=0 (Déng nhét h¢ s6 ciia X,Y,Z trong 2 phuong trinh)
Do mp(P) song song véi mp(Q) nén khoang céch giita 2 mit phang (P), (Q) 1a

|-20-(-5) s

4((P).(Q) = =

2%+ 47 + 4°

Bai 2. PHUONG TRINH PUONG THANG TRONG KHONG GIAN

1. Vecto chi phwong ciia dwong thang

* Vecto & khac 0 va c6 gia song song hoic tring véi duong thang d duoc goi 1a vecto' chi phwong cia
duong thang d .

(1) Néu d 1a mét vecto chi phuong cua duong thang d thi k.a@ (k # 0) cling 1a mot vecto chi phuong cua
d . (N6i cach khac, mot duong thang cd vo sé vecto chi phuong va chiing cung phuong nhau)

(2) Mot duong thang hoan toan duoc xac dinh khi biét mot diém va mot vecto chi phuwong ciia no.

(3) Néu duong thing d vuéng goc véi gia 2 vecto G, v thi = [U,V] 14 vecto chi phuong cta d .
2. Phwong trinh cia dwong thing

Puong thang d di qua M (Xo; Yo Zo) va co vecto chi phuong a= (al; az;ag) , CO:

X=X, +at
Phuong trinh tham s6: Yy =Y, +a,t,(teR) (1)
z=17,+at
Phwong trinh chinh tic: X% _Y7¥ 275 (a,.a,.a, #0) (2)
a, 8
X=t x=0 x=0
Phuwong trinh cdc truc toa dp: Ox:iy=0 Oy:<y=t 0Oz:iy=0
2=0 7= 7=l
X=X, +at
(1) Cho duong thang d c6 phuong trinh tham s6: 1Y = Y, +a,t,(t € R). Véi mdi gia tri cia tham s6 t
z=17,+ait

duy nhét x4c dinh duoc toa d6 mot diém thudc duong thang va nguoc lai.

X=% _Y=¥% _2-% (
, 5 & &
tri duy nhat cta céc ti I thirc ta Xac dinh dugc toa d6 mot diem thudc duong thang va nguoc lai.
3. Vi tri twong ddi giira 2 dwong thang

(2) Cho duong thang d o phuong trinh chinh tac: a,.a,.a, #0). V6i mdi gia
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X=X, +at
Cho hai duong thang (d):1y =y, +a,t di quadiém M (X;Ys:Z,). c6 vecto chi phuong a =(8,;8,;a,)
zZ=127,+at
X=x'+a’t'
va (d'):y=y',+a’,t" diquadiém M'(X';;y'5;2'), c6 vecto chi phuong E'z(a'l;a'z;a'3)
z=17'+a';t'

X, +at=x'+a’t" (1)
Xét h¢ phuong trinh twong giao gitra (d) va (d): (1):Y, +at=y'+a’,t' (2).

Z,+at=z+a'st" (3
Khi do -

. Diéu kién
Vi tri twong :

doi Cach 1 Céach 2 Cach 3

& G a’ a SN GL aa cung phuong

dvad’song va va k
song MM ' khong cung phuong véi Hé phuong trinh (I) vo i i SM cd"
a a' nghiém

S : a, a' cung phuong

o
=]

dvad’trung , MM cung phuong | Hé phuong trinh (I) c6 v6 so A
nhau nghiém va
Mede Med!
dvad’ cit o El iy G e H¢ phuong trinh (I) c6 dung
va . ' |
nhau I 1 nghigm (') =(t;;t',)
[aa’|[MM'=0
5, a' khong cung phuong a, ' khong ciing phuong
dvad’ cheo . va
va
nhau [- _] I Hé phuong trinh (I) vo
nghiém
Chu y: Céch giai Hé phuong trinh (I), xem phan céch giai dang toan “Xét vi tri twong dbi cua hai dudng
thang”
4. Goc

Cho hai duwong thang d , d' c6 lan luot vecto chi phuong 5:(61;612;33), E:(a'l;a'z;ag) va hai mat

phing (@), (@) ¢6 lan lugt vecto phap tuyén ﬁ:(A; B;C), F:(A'; B';C"). Khi do:

- |aa] laa’+a,a’,+aay|
d,d)=t—— =
= ‘a-‘a" Ja’+a’ +a’ \Ja\’+a’, +a’)
_ an| [aA+a,B+aCl|
sin(d,(@)) = alln| Jai+a, +aiJA+BE+C?
nn‘ |AA+BB+CC
cos((a),(a)) ‘ Hn‘ JA? +B2+C2A/A?+B"?+C"”
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[0 CAC DANG TOAN CO BAN THUONG GAP

Dang todn @ XAC BINH VECTO CHI PHUONG CUA BUONG THANG
X=X, +at

(1) Néu duong thang d c¢6 phuong trinh tham sd 3y =Y, +a2t,(t eR) thi d c6 vecto chi phuong
Z=17,+a4t

a= (31; a,; ag) (toa do vecto chi phuwong 13 cac hé s6 cua tham s6 t)

X% _ y;?yo — Z;:O (88,8, iO) thi d c6 vecto chi

phuong a= (a;8,;8,) (toa dd vecto chi phuong la cac s6 & mau)

(2) Néu duong thang d c6 phwong trinh chinh tic

(3) Truc toa do OX c0 vecto chi phuong 1a i= (1,0;0).
Truc toa d0 Oy €0 vecto chi phuong la ] =(0;1,0).

Truc toa do6 Oz c6 vecto chi phuong la . k= (0;0;2)

Vi du 47: Trong khong gian Oxyz, xac dinh mét vecto chi phwong ctia duong thang dudi day:

X=2-t
oy -1 y-2 z+1 x-1 y-1 2-z
) &Y ) d 2 1 2 ) dy 2 2 1
z=3+t
= Loi gidai

a) Puong thang d; co mot vecto chi phuong 14 a, = (-1,2;2).
b) Buong thang d,c6 mét vecto chi phuong la 6TZ =(212).

¢) Phuong trinh dudng thing d; chua ding cdu tric nén ta viét lai
q- x—1: y—1= 2-z2 —d- x—1: y—1= z2-2
2 2 1 2 2 -1

Vay duong thang d; c6 vecto chi phuong 1a a? =(2,2,-1).

Dang toan = XAC PINH TOA PO PIEM THUOC PUONG THANG
X=X, +at

(1) Cho duong thing d c6 phuong trinh tham sé: 1y =Y, +a,t,(t € R). Voi mdi gia tri caa tham s6 t
Z=17,+a,t
duy nhét x4c dinh duoc toa d6 mot diém thudc duong thang va nguoc lai.
X=% _Y=¥%_2-% ,(
& &, &

tri duy nhét cua cc ti Ié thirc ta xac dinh duoc toa d6 mot diém thudc duong thang va nguoc lai.

(2) Cho duong thang d o phuong trinh chinh tac: a,.a,.a, #0). V6i mdi gia

Vi du 48: Trong khong gian Oxyz, xac dinh toa d6 hai diém thuoc mdi duong thang dudi day:
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Xx=2-t
a) d,qy=1+2t, b) dz:x_lzy_2=2+1,
2 1 2
z=3+t

w Lot gidi
a) Cho t=0, ta tinh dugC x=2-0=2; y=1+2.0=1 z=3+0=3.
Vay A(Z;l; 3) ed, (toa do diém A 4 cac hé sb ty do trong cac phuong trinh)

Cho t=1, tatinh dugc x=2-1=1; y=1+2.1=3; z=3+1=4.Vay A(1;3;4)€d1

b) Cho X;1: yIZ _ Z;_lzo,tatinhdu:qc x=1+2.0=1 y=2+1.0=2; z=-1+2.0=—1.

Vay C (1; 2; —1) ed, (toa do diém C la sé dbi cua cac hé sé ty do & céc tir thire trong phuong trinh)

Cho x=1_ y—2 _z+1
2 1

Vay D(3; 3;1) ed,

=1, tatinhdugC x=1+21=3; y=2+1.1=3; z=-1+2.1=1.

Dgng toan = L4P PHUONG TRINH DUONG THANG
Phwong phdp: Xdc dinh yéu té: Piém di qua va vecto chi phwong (nhw bing dwéi diy)
Buwéc 1. Tir gia thiét, xac dinh cac vecto va cac yéu té khac lién quan (néu can)
Buwéc 2. Xac dinh toa do vecto chi phuong va toa d6 mot diém cua duong thang
Buwoéc 3. Thay vao phuong trinh tham sé hay phung trinh chinh tac

Diéu kién xdc dinh dwong thang d

Dang (gid thiét cho) Di qua diém Vecto chi phwong
1 |QuaAB A hay B a, = AB
2 | Qua A va song song dwong thang A A i = i
3 | Qua A vavudng géc mat pheing () A a, =n,
4 | Qua A va vuéng goc 2 dwong thang d, dz A a, = [a—dl a—dz]

Qua A, song song (&) va () (hay song song mdt phdang A o
2 d -
nay va chiza trong mat phang kia)

[
6 | Lagiao tuyén cia (a) va (B) I e(a)n(p) a;=[n,.n, |
[

Qua A, vuéng géc dwong thang A va song song (hay chiza

, A a, =
trong) mat pheng (o) ‘

Vi du 49: Trong khdng gian Oxyz, viét phuong trinh ctia dudng thang d
a) Pi qua hai diém M (2;0;-1) va N(2;-3;1)

b) Bi qua diém A(2;-1;0) va vudng goc voi mit phing (r):2x—z+5=0

= Loi gidi
a) Do duong thang d di qua M, N nén MN co gia la duong thang d | S
suy ra duong thing d nhan MN = (—1;3;2) 1am vecto chi phuong. d M N
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X=2-t
Puong thang d qua M nén c6 phuong trinh tham s6 & < y =3t
z=-1+2t
Hay duong thang d qua N nén c6 phuong trinh chinh tic 1a il = yT_l — 27_3

Nhan xét. Puong thang qua 2 diém M, N nén c6 thé chon diém toa do diém M hay N dé thé vao phuong
trinh.

b) Do dudng thing d vuéng géc voi mat phing (@) nén vecto phap

tuyén n=(2;0;-1) ciia mt phing (@) co gia song song hoac triing voi

.
S
o

duong thang d , suy ra duong thang d nhan n lam vecto chi phuong.

, , ]
Ma duong thing d di qua diém A(2;-1,0) .
o |
X=2+2t
Vay phuong trinh tham sb cua duong théng dlasy=-1
z=-t

Nhégn xét. Do vecto chi phuong c6 thanh phan toa d6 bang 0 nén duong thang khong viét duoc dang
phuong trinh chinh tic.

Dang todn & XET VI TRI TUONG PO\ CUA HAI PUONG THANG
Cach 1

Cho hai duong thang (d) di qua diém M | ¢6 vecto chi phuong ava (d ') di qua diém M ', ¢6 vecto chi

phuong a’
Vi tri twong doi Diéu kién

!

, &' cung phuwong va MM * khong cling phuong voi @, a'

QD |

d va d’ song song

!

ol
QD

d va d’ trung nhau

MM ' cung phuong

—

QD |

d va d’ cit nhau , &' khong cung phuong va [é,a']_MM =0
d va d’ chéo nhau a, @' khong cung phuong va [é,EJ.MM "0
Céch 2.
Trwong hop 1: Hai dwong thang cho béi phuwong trinh tham so
X=X, +at
Cho hai dudng thang (d):1y =Yy, +a,t diquadiém M (XO; Yo ZO), c0 vecto chi phuong a= (ai; a,; a3)
Z=17,+at
x=x'+a’t'
va (d'):dy=y',+a',t" diquadiém M'(X'5;y'5;2'), co vecto chi phuong a'= (a';a'y;a%)
z=17'+a’t'
Phwong phap

X, +at=x'+a’t" (1)
Buwéc 1. Lap Hé phuong trinh twong giao gitra (d) va (d7): (1):9y, +at=y' +a’,t' (2).
Z,+at=z'+a'st' (3)
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Buwdc 2. Dua vao nghiém Hé phuong trinh (I), ta két luan vi tri trong d6i:

Vi tri twong doi Piéu kién
a, a' cung phuong a, a' cung phuong
d va d’song song va va
H¢ phuong trinh (I) vo nghiém Med=Megd'
a, a' cung phuong
d va d’trung nhau H¢ phuong trinh (I) c6 v6 s6 nghiém va

Mede Med'

) H¢ phuong trinh (I) c6 dung 1 nghiém
d vad’ cat nhau | 1
: (6t)=(t:t')

a, a' khong cung phuong
d va d’ cheo nhau va

H¢ phuong trinh (I) vo nghiém

Trwong hop 2: Mgt phuwong trinh tham sé Vv mét phwong trinh chinh tic.
Trwong hop 3: Hai phwong trinh chinh tic.
Phwong phdp: Hai truong hop nay giai phic tap nén dua vé truong hop 1 dé giai

Céch gidgi Hé bdc nhdt 2 an gom 3 phwong
X, +at=x'+a't' (1)
y,+at=y' +a,t (2) (1)@n¢t)
Z,+at=2"+a',t" (3)

Giai Hé phuong trinh gdm 2 phwong trinh (thudng chon (1) va (2)) {

® Néu Hé phuong trinh (11) v nghiém thi He (1) vo nghiém;

X, +at=x"+a’t" (1)
yo +3.2t = ylo+al2 r (2)

(1)

@ Néu Hg phuong trinh (11) c6 1 nghiém (t;t")=(ty;t'y) thi thé nghiém nay vao phuong trinh (3):

Néu thoa phuong trinh (3) thi H¢ phuong trinh (1) ¢6 1 nghiém (t;t') =(t;;t'y);
Néu khong thoa phuong trinh (3) thi Hé phuong trinh (1) v6 nghiém;

® Néu Hé phuong trinh (I1) vo s6 nghiém thi Giai Hé gdém phuong trinh (2) va (3) (hay gom phuong trinh

(1) va (3)): Khi @6, nghiém cua Hé phuong trinh nay ciing 1a nghiém cua Hé phuong trinh (1)

Vi du 50: Trong khong gian Oxyz , Xét vi tri twong ddi cua cac cap duong thang sau:

X=1+t X=2+2t
a)d:qy=2t (teR)vad:qy=3+4t'(t'eR)
z=3-1 Z=5-2t
Xx=1+2t
by d:sy=-1+3t(teR) va g w2 2l
3 2 2
Z=5+t
c)d-fzy__lziva OI,_x—1:y—2=z+2

1 -1 2 5 1 -2
w Loi gidi
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a) Dung cach 1

Puong thang d di qua diém M (l; 0; 3) , €0 vecto chi phuong a= (1,2;-1)
Puong thang d ' di qua diém M '(2;3; 5), c6 vecto chi phuong a'= (2,4;-2)
MM = (1;3;2)

Taco: a= %5‘ suy ra aa' cung phuong

va MM " zka, vk suy ra MM * khéng ciing phuong voi a,a’

Viy hai duong thiang d va d’ song song
b) Cach 1

Taco: d qua M (1; ~1;5) va c6 vecto chi phuong &' :(2;3;1)
d’ qua M '(1; —2;—1) va c6 vecto chi phuong &' =(3; 2;2)
MM * = (0;-1;,-6)
Vi d va @' khong cing phuong nén d va d' cat nhau hoic chéo nhau.
Va tinh duoc [5, 5‘] MM %0
Nén hai duong thang d va d’ chéo nhau.

Céch 2
Vi d va @ khong cung phuong nén d va d’ cét nhau hoic chéo nhau.

x=1+3t'
Do d' qua M '(1;—2;—1) va c¢6 vecto chi phuong 3'2(3;2;2) nén d:iy=-2+2t'(t'eR)
z=-1+2t

1+2t=1+3t" (1)
Xét h¢ phuong trinh twong giao: {—1+3t=-2+2t' (2)
5+t=-1+21' (3)

3
2t-3t'= T 5

Ta()va () tacs: 12 =0 ) 5
t-2t=-1" |, 2

5

3 2
Thay t = —g, t'= —g vao phuong trinh (3), ta dugc: 5-{—5) =-1+ 2(—gj (Sai)

Suy ra h¢ phuong trinh v6 nghiém

Viy hai duong thang d va d’ chéo nhau.

Nhgn xét. Chi nén ding cach 1, néu 2 duong thang cit nhau va c6 yéu cau tim toa do giao diém thi moi
giai h¢ phuong trinh tuwong giao.

c) Cach 1

Tacd: d diqua M (0;1;0) va c6 vecto chi phuong a = (1; -1 2) :
d' diqua M '(1; 2;—2) va c6 vecto chi phuong &' = (5;1; —2).
MM '=(1;1;,-2)

Vi d va @ khong cing phuong (toa d6 2 vecto khong ti 1¢) nén d va d' cat nhau hoic chéo nhau
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Va tinh duoc [5, E‘]MM '=0
Nén hai duong thang d va d’ cét nhau.

Chu y. Céch nay khong tinh duoc toa do giao diém cua hai dudng thang nén nhitng bai toan c6 yéu cau
tinh toa do giao diém thi ta phai ding céch 2.

Céch 2

Vi i va &' khong cung phwong nén d va d' cat nhau hoic chéo nhau.

X=t X =1+5t'
Phuong trinh tham s cia d va d' lanluwotla d:{y=1-t va d:cy=2+t'
=2t z=-2-2t
t=1+5t" (1)
Xét h¢ phuong trinh tuong giao: <1-t=2+t" (2)
2t=-2-2t'(3)
. 2
X . |t=5t"'=1 )
Twr (1) va (2), ta co: { = 3
t-t'=1 |, 1
t=—=
3
2 1, . 2 1 )
Thay t=—§, t'=—5 vao phuong trinh (3), ta dugc: 2 3 =-2-2 3 (bung)
Suy ra hé phuong trinh c6 mét nghiém t = _g, t'= _%

Thay tz_% vao phuong trinh duong thang d (hay thay t'=—=

=3 vao phuong trinh duong thang d '), ta

tinhdu(_)’c Xz_z; y=§; Z=—4
3 3 3

, , . 25 4
Vay hai duong thang d va d’ cat nhau tai diém | (—??—ﬂ
Dang toan <= TINH GOC
Phwong phap: Dung cong thut ¢ muc 4.
Hay c6 thé Tinh goc bang may tinh cam tay (MTCT).

phuong cta duong thang.
(1)Go6c gida hai dwong thang d, d'

Néu 0°<(a,a’)<90° thi (d,d")=(aa’);
Néu 90°<(a,a’) <180° thi (d,d")=180°—(a,a’);
(2) Goéc gisa hai mat phéng (().(a"))
Néu 0°<(n,n") <90° thi ((a),(a'))=(n,n");
Néu 90° < (n,n*) <180° thi ((«), (")) =180°—(n,n’);

(3) Goc gisa dwomg thang d va mgt phing ()

Vao mdi truong vector trén MTCT, tinh géc giira cac cap vecto phap tuyén cia mat phang hay vecto chi
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Néu 0°<(a,n)=<90° thi (d,(a))=90°—(a,n);

Néu 90° < (,n)<180° thi (| ())=90°~(180°~(a,n)) = (an)-90°

Vidu 51: Trong khong gian Oxyz , tinh céac gdc:

x=t x=1-4t'

a) Giita hai duong thang d,:{y=5-2t va d,:qy=2+t'
7=14-3t z=-1+5t
X-3 y-4 z+3
2 -1
¢) Giira hai mt phing (P):x+2y+2+10=0 va (Q):—x+y+2z+13=0.

x= Loi gidi

a) Puong thang d, c6 mot VTCP U, = (1; -2, —3).

b) Giira duong thang A : va mit phang (P) :2X+y+2-1=0.

Puong thing d, c¢6 mot VICP U, = (—4;1; 5) :

Ta.co: cos(dy.d, ) - Fl'uf| _ B(-4)+(-2)1+(-3) 5 B
LG 22+ (<2 +(<3) (4 +12 452 2

Vay (d,,d,)=30°

Dung May tinh cam tay (MTCT)

Tinh goc gitra 2 vecto chi phuong, ta duoc: (uj, uj) =150°

Vay (d,,d,)=180°~(u;,u, ) =180°~150° = 30°
b) Pudng thang A ¢6 mot VICP G =(L2;-1).
Mit phing (P) c6 mot VTPT fi=(2;11).

|G| 1.2+2.1+(-1).1
jul-|m

Taco: sin(A,(P))=

Al 12 422 4 (—1)? 222412

1
2

Vay (A,(P))=30°
Dung MTCT
Tinh géc gitta 2 vecto chi phuong ctia duong thiang va vecto phap tuyén ciia mat phang, ta duoc:

(u,n)=60°
Vay (,(P))=90°~(u,n)=90°-60°=30°
c) Mit phang (P) c6 mot VIPT la fi, =(1,2;1).
Mt phang (Q) c6 mot VIPT 1a fi, =(-112).
A 1.(-1)+21+1.2 1

Ta co: cos((P).(Q)) |ﬁl|-|ﬁ2|_m-\/m_i

Vay ((P).(Q))=60°
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Bai 3. PHUONG TRINH MAT CA

1. Khai niém mit cau
Dinh nghia
Tap hop cac diém trong khong gian cach déu diém | ¢ dinh mot khoang khong doi R goi 1a mat cau tam
|, bankinh R. Kihiéula S(I,R).
Poan thing ndi hai diém trén mat cau va di qua tim goi 1a duong kinh cua mat cau.
2. Phwong trinh mit ciu
(1) Mat cau (S) cotam 1 (a;b;c), ban kinh R c6 phuong trinh 1a (x—a)2 +(y—b)2 +(z—c)2 =R? (1)
(2) Phuong trinh dang x* + y* + 2> —2ax—2by—2cz+ d =0 (2) v6i a’ +b*+c*—d >0 1a phuong trinh mit

cau (S) co tam | (a;b;c) va ban kinh R = Ja’ +b*+c%—d
3. Vi tri twong ddi

a) Piém véi mdt cau

Cho mat cau S(I,R) vadiém M

(1) Néu IM =R thi diém M nam trén mat cau

(2) Néu IM >R thi diém M nam ngoai mat cau

(3) Néu IM <R thi diém M nam trong mat cau

b) Puong th&ng Véi mdt cau

Cho mat Cau ) c6 tam I, ban kinh R va duong thang A.

© O 6

(1) d(1,A)>R )NA =& A khéng cit (S)
(2) d(1,A)=R (S)mA={H} A tiép xtc (S) tai H (H: tiép diém, A: tiép tuyén)
(3) d(I,A)<R (S)mA ={AB} | A cit(S)tai2 diém A, B

¢) Mdt phang véi mdt cau

an
Cho (S): (x—a)" +(y—b) +(z—c) =R? (tam I, ban kinh R) va (P):Ax+By+Cz+D=0

7
[ ][ [

(1) d(1.(P))>R| (S)n(P) =2 (P) khéng cit (S) nhau
(2)d(1.(P))=R| (S)n(P) ={H} (P) tiép xtc (S) tai H (H goi la tiép diém, (P) goi la tiép dién)
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(P) cit (S) theo mot dudng tron c6 tdm H (1a hinh chiéu cua | 1ér

(P)) va ban kinh r =VR?~d? , véi d =d (I,(P))

(3 d(1.(P))<R| (S)n(P) =C(H:r)

0 CAC DANG TOAN CO BAN

Dang toan = XAC BDINH TOA PO TAM VA BAN KINH CUA MAT CAU CHO BOI PHUONG TRIN.
Vidu 52: Trong khong gian Oxyz, trong cac phuong trinh sau, phuong trinh nao 1a phuong trinh cta mat

cau va xéac dinh toa do tam, ban kinh.

a) (x—1)° +(y+2)° +2°=9 b) X2 +y? +2° —2x+4y—62-2=0.
C) X +y*—7°+2x—-y+1=0 d) X*+y*+2°+2x—2y+5=0
. Loi gidi

a) Phuong trinh (x-1)"+(y+2)"+22 =9 ding dang (1) vaco a=1 b=-2,¢=0, R*=9
Vay phuong trinh da cho 1a phuong trinh cia mét cau c6 tam 1(1;-2;0) va ban kinh R =3.

b) Phuong trinh x? + y® +z° —2x+4y—6z—2=0. ding dang (2) vacé a=1,b=-2,c=3,d =2 (lay h¢
sé cua X, Y, z lan lwot chia cho —2 ta dwoc a, b, ¢ va d 1a hé sé tuw do)

Kiém tra dicu kién: a? +b? +¢? —d =12 +(-2)" +3* —(~2) =16 > 0 (thoa diéu kién)
Vay phuong trinh dd cho la phuong trinh cua mat cau c6 tam 1(1;—-2;3) va ban kinh
R=\1+(-2) +3 -(-2) = 4.

¢) Phuong trinh X* 4+ y* —2* +2x—y+1=0 khong dang dang (1) va (2).

Viy phuong trinh dd cho khong phai 1a phwong trinh mat cau.
d) Phuong trinh X* +y* +2z° +2x—2y+5=0 dung dang (2) vac6 a=-1,b=1c¢c=0,d =5
Kiém tra diéu kién: a®+b*+c’>—d = (—1)2 +1% + 0> =5=-3<0 (khong thoa diéu kién)

Vay phuong trinh da cho 1a khéng phai phuong trinh ctia mat cau.

Dang toan = LAP PHUONG TRINH MAT CAU
Cach 1: Xac dinh yéu té: TAm va ban kinh, (nhw bang dud6i day)
Buwéc 1. Tir gia thiét, xdc dinh cac vecto va cac yéu to khac lién quan (néu can)
Buéc 2. Xac dinh toa d tam va ban kinh cia mat cau
Buwoc 3. Thay vao PT (1).
Xdc dinh tam va ban kinh cia cac mdt cdu thwong gap

Dang Diéu Kién xdc dinh mdt cau (gia thiét cho) Tam Ban kinh
Dang 1 | Mt cdu (S) tam I di qua A [ R=1A
. N A AB
Dang 2 | Mdt cdu (S) dieong kinh AB Ia m;\”ég i R="2
Dang 3 | Mdt cau (S) tam | tiép xdc mat phang(e) I R=d(l,(a))
Dang 4 | Mt cau (S) tam | va tiép xiic dwong thang A | R=d(1,A)
Mdt cdu (S) tam | va cat mp(a) theo dwong tron c6 R=+r?+d’
Dang 5 I »
ban kinh r véi d =d I,(a))

Céch 2: Xac dinh hé s6 (Ap dung cho truong hep xac dinh tam va ban kinh giip khé khin)
Buwéc 1. Goi mit cau da cho ¢ PT dang X2 +y? + 2% —2ax—2by—2cz+ d =0 , (2)
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Buwéc 2. Tir gia thiét 1ap hé 4 PT an a, b, ¢, d > Giai tim a,b, ¢, d
Buwoc 3. Thay vao PT (2)
Dang 6: Mat cau (S) ngogi tiép tir dién ABCD (hay di qua 4 diém A, B, C, D)
+ Goi phuong trinh mat cau (S) ¢6 dang: X+ y® +z? —2ax—2by—2cz+ d =0 (2)

& 2ax+2by+2cz—d =x* +y* +2° (2))

+ A B, C,De(S) =>Toadd3 diém A, B, C, D théa man PT(2) > Thay toa d6 A, B, C, D vao PT(2), Ta
dugc hé 4 phuong trinh 4 an a,b,c,d

+ Giai hé tim a,b,c,d

Dang 7: Mt cau (S) di qua 3 diém A, B, Cvatam | e (a)

+ Goi phuong trinh mit cau (S) ¢6 dang: x* +y®+2* —2ax—2by —2cz+ d =0 (2) = tam 1 (a;b;c)

+ A, B, Ce (S) = Toa do 3 diém A, B, C thoéa mén PT(2) > Thay toa do 3 diém A, B, C vao PT(2), Ta
dugc 3 phuong trinh 4 an a,b,c,d

+Tam | (a; b; C) e (0)= a, b, ¢ théa man phuong trinh mat phang(a) > Thay a, b, ¢ vao phuong trinh mit
phing(a), ta duoc thém 1 PT 4 4n a,b,c,d
+ Giai hé 4 phuong trinh trén tim a,b,c,d

Dang 8: Mgt cau (S) di qua 2 diém A, B vatam | e (d)
Cdch 1: Puong thang (d) cho bgi phuwong trinh tham sé

+le(d) = (% +at;y, +at; 7, +ast)

+ A Be(S) = Al” = BI” > Ta dugc phuong trinh an t - Giai tim t - Thay t, tim toa do diém |

Cdch 2: Puong thang (d) cho bdi phwong trinh chinh tdc:

+ Goi phuong trinh mit cau (S) ¢6 dang: x* +y®+2% —2ax—2by —2cz+ d =0 (2) = tam 1 (a;b;c)

+ A, Be(S)= toadd diem A, B théa man PT(2) > Thay toa d6 A, B vao PT(2), Ta dugc 2 phuong trinh
4 an a,b,c,d

+Tam I(a,b,c)e(d) = a, b, ¢ thda man phuong trinh duong thang (d) - Thay a, b, ¢ vao phuong trinh

duong thang (d), ta duoc thém 2 PT 34na, b, ¢
+ Giai hé 4 phuong trinh trén tim a,b,c,d

Viduy 53: Trong khong gian Oxyz, Viét phuong trinh cdc mt cau (S) trong cac truong hop sau:
a) Cotam 1(1;2;3) di qua diem A(LL2).
b) Co duong kinh AB véi A(1;0;-3) va B(3;2;1).
c) Cotam 1(1;—-2;1) vatiép xdc véi mit phang (Oxy).
d) Di qua boén diem M (2;2;2),N(4;0;2),P(4;2;0) va Q(4;2;2)
= Loi gidi
a) Do mit cau (S) co tam 1(1;2;3) di qua diém A(L12) nén c6 ban kinh 1a R=1A=0%+1° +1* = J2
Vay phuong trinh cia mat cau (S) la (x—l)2 +(y—2)2 +(Z —3)2 =2.

b) Do mt cau (S) c6 duong kinh AB nén c6 tam 1(2;1-1) 1a trung diém cua doan thang AB va ban

kinh 1a R:%:J@
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Vay phuong trinh ciia mat cau (S) 1a (x—2)° +(y-1)° +(z+1)" =6.
¢) Domitcau (S) cotam 1(1;—2;1) vatiép xtic (Oxy) nén cé ban kinh R=d (1;(Oxy)) =7 = \/@zl
Viy phuong trinh mit cau (S) 1a (x=1)" +(y+2)° +(z-1)" =1.
d) Goi phuong trinh mat cau (S):x*+y® +2* —2ax—2by—2cz+d =0 (a2 +b*+c*—d >0)
< 2ax+2by+2cz—d =x* +y* +2° (¥)
Vi M,N,P,Q &(S) nén toa do 4 diém thoa man phuong trinh (*) (thay toa do 4 diém vao (*))

da+4b+4c—d =22+2%+27 a
8a+0b+4c—d =4%+0°+2° b
c
d

Do d6 ta ¢6 hé phuong trinh:

=

8a+4b+0c—d =4%+2°+0°
8a+4b+4c—d =4%+2°+2°

Vay phuong trinh mat cau (S):x* +y? + 2> —6x—-2y—-2z+8=0
Chuy
Véi dang toan lap phuong trinh mit cau qua 4 diém thi ta c6 thé giai truc tiép bang “May tinh cam tay”:
Giai Hé phuong trinh bac nhat 4 4n véi “5 hé $6” & mdi phuong trinh, theo quy tic nhu sau:

& 3 hé sb dau, lan luot |a cac thanh phan toa do cua cac diém nhan 2

@ Heé sb th tu, luon bang -1

@ He¢ s6 thir nam (hé s tu do & vé phai), 12 téng binh phwong cua cac thanh phan toa do cua cac diém.

3
1
1
8

v'BO SUNG MOT SO KIEN THUC CAN THIE

LITIM TOA4 PO GIAO BPIEM

> Giao diém ciia dwong thang va mat phang
- Lép phuong trinh twong giao (Lay phuong trinh tham sé caa duong thang thé vao phuong trinh tong
quat cia mat phang)
- Giai tim duoc t =t
- Thé t =t,vao phuong trinh tham sb ciia dudng thang
- Tinh duogc X, y, z 13 toa d6 giao diém.
> Giao diém ciia hai dwong thang
X, +at=x+a’t'" (1)
> Lép Hé phuong trinh tuong giao giita 2 duong thang (1):4y, +at=y' +a', t' (2)
z,+at=z"+a’t" (3)
- Giai nhy trén (Xem céach giai & muc 4.): Néu Hé c6 1 nghiém (to;t') thi thé t =t , vao phuong trinh
duong thang c6 tham sé t hay thé t'=t', vao phwong trinh duong thang ¢ tham s6 ¢’
- Tinh duoc X, y, z 13 toa d6 giao diém.
> Giao diém ciia hai mgt phang
- Lap Heé phuong trinh twong giao (gdm 2 phuong trinh cta 2 mat phang va cd 3 4n X, y, z)
- Cho 1 s6 tlly ¥ vao mét 4n nao d6 (Thudng cho z=0)
- Ta dugc Hé phuong trinh bac nhat 2 an x, y
- Giai tim duoc nghiém (X,; Y,)
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> Toa do giao diem 1a (X,; Y,;0)

> Giao diém cia dwong thang va mat céu ’ 7 ‘
—> Lap phuong trinh twong giao (Thé phuong trinh tham so6 cua duwong thang vao phuong trinh mat cau)
- Gidi phuong trinh, tim dugc nghiém t =t
> Thé t= t, vao phuong trinh tham s6 cua duong thing

- Tinh dugc X, y, z 13 toa d6 giao diém.

X=1+t
Vi du 54: Trong khong gian Oxyz, tim toa do giao diém cua duong thang d : <y =2-2t va mat phang
Z=3+3t
(a):2x+y—-z+2=0
= Loi gidi
Thay phuong trinh tham s ctia dudng thang d vao phuong trinh mit phang (a) , ta dugc:
2+t)+(2-2t)-(3+3t)+2=0=>-3t+3=0=>t=1
Thay t =1 nguoc lai vao phuong trinh dudng thang d | ta dugc:
x=1+1=2; y=2-2(1)=0; z=3+3(1) =6
Két qua: Giao diém 1a M (2;0;6) .
Vidu 55: Trong khong gian Oxyz , tim toa dé giao diém cau mat cau(S): (x—l)2 +(y+2)2 +(z —3)2 =56
Xx=t
va duong thang d:<y=-2t
z2=3t
= Loi gidi
Thay phuong trinh tham s6 ciia dudng thing d vao phuong trinh mit cau (S), ta duoc:
(t—1)? + (-2t +2)* + (3t —3)* =56, khai trién thu gon, ta dugc:
t* —2t—3=0, gidi phuong trinh ta dwgc 2 nghiém: t=-1t=3
Thay t vao phuong trinh duong thang d , ta dugc:
Voit=-1: x=-1y=2z2=-3=M,(-12,-3)
V6it=3: x=3, y=—6;z=9=M,(3,-6;9)
Vay giao diém ciia duong thang d vamit cau (S) 1a M,(-12;-3) va M,(3;-6;9)

LJTIM HINH CHIEU

> Tim hinh chiéu ciia diém 1én mdt phang
Tim toa do hinh chiéu H cua diém M 1én mp(a): Ax+By+Cz+D =0
Céach 1.
Ax, +By, +Cz,+D=0
> H 12 hinh chiéu caa M 1én () @{E (@ X = Ak
MH =kn, |Ys—Yy =Bk
z,-12,=Ck
- Giai hé phuong trinh, tim dugc toa do diém H
Céach 2.
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- Lap phuong trinh (tham s6) duong thang (d) qua M va vudng goc g
X =X, + At M

mp(a):<y =Yy, +Bt,(teR) n
Z=ZM +Ct / H |

- Lap phuong trinh tuong giao gitta (d) va ():
A(xy +At)+B(y, +Bt)+C(z,, +Ct)+ D=0

- Giai phuong trinh, tim duoc nghiém t =t

> Thé t= t, vao phuong trinh tham s6 cua duong thang (d)
- Tinh duoc X, Y, z 12 toa do cua diém H

> Tim hinh chiéu cia diém lén dwong thang
X=X, +at
Tim toa do H Ia hinh chiéu cia M 1én duong thang(d):{y =y, +a,t
Z=17,+at
Cach 1.
X i ) H e (d) He(d)
> HlahinhchicucuaM lén(d)=< .~ o9 1
MH J— ud MH .ad = 0

Xy =X, +at

yH = yo + azt

Z, =2z, +agt

(X =Xy )@ +(Yy — Yy ) +(2y -2 )3, =0
- Giai h¢ phuong trinh, tim toa d6 diém H.

Céach 2.
- Lap phuong trinh mp(a) qua M va vudng goéc duong thang (d):
(X=Xy )2, +(Y—Yu )@, +(z—2y).a,=0

>Dua vé dang: ax+a,y+a,z+n=0
- Lép phuong trinh tuong giao gitra (d) va (@): a, (%, +at)+a, (Y, +a,t)+a;(z, +at)+n=0
—>Giai phuong trinh, tim t
> Thay t vao phuong trinh (d), Ta duoc toa d6 diém H

LI TIM PIEM POl XUNG

> Tim diém M’ déi xirng véi M qua mat phang ()
= Tim hinh chiéu H cia M 1én mat phang(a). Khi d6, H 1a trung diém M
cua MM '

Xy = 2Xy — Xy a0
> Toadd M' 1 {y,. =2y, — Yy, ‘ "

Zy. =22, — 7,

> Tim Piém M’ déi ximg Véi M qua dwong thang (d)
- Tim hinh chiéu H cua M 1én duong thang (d). Khi d6, H 1a trung diém caa MM '
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Xy = 2Xy — Xy,
> Toadd M '3y, =2y, — VY,
Zy =22, —1

LI TINH KHOANG CACH

> Khodng céch tir mét diém dén mgt mat phang

Khoang cach tir diém M (X,; Yy; Z,) dén mat phang (@) :Ax+By+Cz+D=0Ia

d(M.(a)) - | AX, +l3y0 +2CZO : D|
JA?2+B*+C
> Khodng cach tir mét diém dén mét dwong thang
Céach 1.

Khoang céch tir diém M dén duong thiang A 1& khodng cach tir diém M dén hinh chiéu H cia M 1én
dwong thang A .

- Tim diém H 12 hinh chiéu cia M 1én duong tthiang A .

- Khi dé: d(M;A) = MH

Céch 2.
Khoang céch tir diém M dén duong thing A duoc tinh bai cong thirc
MM Aa,| .
d(M ,A):f‘, véi M, € A va a, 1a vecto chi phuong ctia A
aA

> Khodng céch gisa hai mét phang song song
Khoang céch giita 2 mat phang song song () : Ax+By+Cz+D=0 va (8):A'x+B'y+C'z+D'=0,
véi (A;B4C")=k(A;B;C)
Céach 1. Bang khoang cach tir mot diém thugc mit phang nay dén mat phang kia.
> Ly M (X; ¥o;2) € ()
Ax +By +Cz +D
> Khi do: d((@).(8))=d(M;i(a)) =Pt B*C2 + D
JA*+B*+C?
Céach 2.
- Pong nhit hé s6 cua phuong trinh 2 mat phang: Bién doi 2 phuong trinh ctia 2 mat phang sao cho
cac hé so cua X, Y,z tuong tmg bang nhau. Chang han (a):Ax+By+Cz+D =0 va
(P):Ax+By+Cz+D, =0

|D -Dy |
JA? +B?+C?
> Khodng cach giia dwong thang va mdt phang song song
Khoang cach giita duong thang A va mat phang (a): Ax+ By +Cz + D =0 song song véi nhau bang
khodng céach tir mgt diém thuge dwong thang A dén mét phang ().
> Lay M (Xo; Yoi Z,) €A.

> Khi d6: d((a);(8))=

_ |Ax,+By,+Cz,+D|
VA? +B?*+C?
> Khodng céch gifa hai dwong thang chéo nhau
Céch 1.

> Khi d6: d(A;(a))=d(M;(a))
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Khoang cach giita hai duong thang A va A’ chéo nhau 1a khodng cach giita dwong thang d véi mat
phéng (@) song song chiza dwong thing d’.

> Lép phuong trinh mat phang () chira A’ va song song véi A.
> Lay M (Xo; Yoi 2, ) €A.

Ax +By +Cz +D
> Khi d6: d(A;A) =d(A;(a))=d(M;(a))= [ A% + By, +Cz, + D|
VA2 + B2+ C2
Céch 2.
Khoang cach giita hai duong thang A va A’ chéo nhau dugc tinh boi céng thuc:
[AB.(a, nay) o
d(A,A")="——————,V6i Aed,BeA va a,, a, lavecto chi phuong cua A, A’
a, Aady

LU TINH GOC ﬂ

Xem muc 4 va Dang toan tinh goc ¢ Bai 3 “Phuong trinh Buong thang”
LI CUC TRIHINH HOC

Dgng 1: Tim toa dé diém M thugc mp(c) sao cho khodng cach tir diém M dén mét diém cé dinh A
nhé nhat.
Khi d6, M 12 hinh chiéu cia A 1&n mat phang (o) (Cach tim hinh chiéu xem muc phia trén)

Dang 2: Tim tea dé diém M thudc dwong thang A sao cho khodng cach tir diém M dén mét diém co
dinh A nhé nhdt.

Khi d6, M 12 hinh chiéu ciia A 1én duong thang A (Céch tim hinh chiéu xem muyc phia trén)

Dgng 3: Tim toa dj diém M thugc mp(«) sao cho MA+MB nhé nhdt.

TH1: Néu A, B khac phia so véi mp(a) thi M = ABN(a)
TH2: Néu A, B ciing phia so véi mp(«) thi M = AB'n(«), véi B’ la diém ddi x(ng cta B 1én mp(«)
hay M = A'Bn(a), v6i 4’ 1a diém ddi xting cia A 18n mp(ar)
Cha y: Vi tri twong ddi ciia 2 diém véi mit phang:
Cho hai diém M (X Yy ), N (Xy; Yy ) vamat phang (a): Ax+By+Cz+ D =0. Khi dé:

¢ M va N nim cung phia déi véi mp(a) < (Ax,, +By,, +Cz,, + D)(Ax, +By, +Cz, +D)>0
¥ M va N ndm khac phia ddi véi mp(a) < (Ax, + By, +Cz,, +D)(Ax, +By, +Cz, +D)<0
Dgng 4: Tim tga dp diém M thugc mp(a)(hay dwong thang A) sao cho k.MA?+h.MB? hay
k.MA+ h.MB| nhé nhdt.
> Tim toa do diém I théa k.IA+h.1B=0
- M la hinh chiéu cta | 1&n mét phang (e) (hay dudng thang A)
Mg¢ réng:
Tim toa dp diém M thugc mp(«) (hay duong thang A) sao cho k.MA® +k,.MA? +...+k .MA?
hay ‘h.ﬁ+k2.@+...+kn.ﬁ‘ nhé nht.
> Tim toa do diém | thoa k.IA +k,.IA, +...+k 1A =0
> Khi d6, diém M 1a hinh chiéu cta diém | 18n mét phing () (hay lén duong thang A)
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Dgng 5: Tim tpa dg diém M thugc mat cau (S) sao cho khodng cach tir diém M dén mét diém cé dinh
A nhé nhdt (Ién nhat).

> Viét phuong trinh duong thang (d) di qua tim | va diém A

> Tim giao diém cua (d)va (S) 1a M,, M,

- Tinh AM,, AM, . So sénh va két luan.

Dgng 6: Tim ta dg diém M thugc mgt cdu (S) sao cho khodng cach tir diém M d@én mgt phang («)
nhé nhdt (Ién nhat).

> Viét phuong trinh duong thang (d) di qua tam | ciia ma cau (S) va vudng géc mp(a)

- Tim giao diém cta (d)va (S) 1a M,, M,

> Tinh khoang cach tir M,, M, dén mat phang (). So sanh va két luan.
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PHAN® THONG KE VA XAC SUAT

CHUONG = CAC SO PAC TRUNG PO MUC PO PHAN TAN CUA MAU SO LIEU GHEP NHOM

Bai 1. KHOANG BIEN THIEN KHOANG TU PHAN VI CUA MAU SO LIEU GHEP NHO
1. Khoang bién thién
Khoang bién thién, ki hiéu R, cia mau sb liéu ghép nhom 12 hiéu sb gitra dau mat phai ciaa nhém cudi
cung va dau mat tri cia nhom dau tién cé chira dix liéu cua mau sé liéu.

Xét mau sé lidu ghép nhom duoc cho ¢ bang sau:

Nhém [u;u,) [u,;u,) [uiue,)

Tan so n, n, ... N,

Néu n, va n,, cing khac O thi R=u,, —u,.

Khoang bién thién caa mau sb liéu ghép nhém ludn Ién hon hoic bang khoang bién thién cua mau sé liéu
géc.

Khoang bién thién caa mau sb liéu ghép nhdm 1a gié tri xap xi khoang bién thién cia mau sé liéu gbc va
c6 thé dung dé do mirc d6 phan tan ciia mau s liéu.

Khoang bién thién R =u,,, —u, chua phan 4nh duoc day di mirc d6 phéan tan cta phan 16n cac s6 liéu. Hon
nira, gia trj cia R thuong ting vot khi xuat hién gia tri ngoai 18 trong mau sé liéu. Do dé, dé phan &nh muc
d6 phan tan cua sb lidu, nguoi ta con ding cac s6 dic trung khac.

Vidu 56: C0 Ha thong ké lai duong kinh than gd ciia mot s6 cay xoan dao 6 nam tudi dugc trong & mot 1am
truong ¢ bang sau.

Pudmg kinh (cm) [40; 45) [45; 50) [50; 55) [55; 60) [60; 65)
Tan 50 5 20 18 7 3

Hay tim khoang bién thién cua mau s6 liéu ghép nhom trén.
w Loi gidi

Khoang bién thién ciia mau s6 liéu ghép nhom trén la 65—40 = 25( cm).

Y nghia ciia khoang bién thién ciia mau sé liéu ghép nhém

[JKhoang bién thién cua mau sé liéu ghép nhom 1a gia tri xap xi khoang bién thién ciia mau sé liéu géc va
c6 thé ding dé do mirc d6 phan tan cua mau sé liéu.

[1Khoang bién thién R =u,, —u, chua phan anh duoc day di mic do phan tan cia phan 16n céc sd liéu.
Hon nita, gi4 tri cia R thudng ting vot khi xuat hién gia tri ngoai 1é trong mau sé liéu. Do d6, dé phan &nh
mtrc ¢ phan tan caa sb liéu, ngudi ta con dung céc sé dic trung khac.

2. Khoang tir phén vi

Nhém [u;u,) [u,;u,) [u;ue,)

Tan so n, n, o N

Ta phan vi tha i, ki hiéu 1a Q,, véi i=1,2,3 ctia mau sb liéu ghép nhom (Bang 1) duge x4c dinh nhu sau:

M_c
4
n

m

Qi =Um + (um+l_um)

Trong do:
On=n+n,+...+n_lacd mau;
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O [Up; Up,1) 18 NhEm chura tir phan vi thir i ;

[n, 1atan s ciia nhém chua ta phan vi thi i ;

[1C=n+n,+...+n_, (Tong tan s6 cac nhém truéc nhom chira t phan vi gei Ia tan sé tich liy).

Chi

Khoang ttr phan vi cia mau s liéu ghép nhom ciing duoc xac dinh dwa trén ti phan vi thir nhat va t phan
vi thir ba nhu ddi véi mau sé lieu khong ghép nhom.

Khodng ti# phan vi caa mau s liéu ghép nhém cho & Bang 1, ki hiéu A, 1a higu gitra ta phan vi thu ba
va tir phan vi thi nhat: A, =Q,—Q,.

Y nghia ciia khoang tir phan vi ciia mau so liéu ghép nhom

[JKhoang tt phan vi caa mau sé liéu ghép nhém 1a gia tri xap xi cho khoang ta phan vi caa mau sé lidu
géc va c6 thé dung dé do murc do phan tan cua nira gitra cia mau sb lidu (tap hop gom 50% sé liéu nam chinh
gitra mau sé liéu).

[JKhoang t& phan vi cuia mau sb liéu ghép nhdm cang nho thi dix liéu cang tap trung xung quanh trung vi.

[JKhoang t& phan vi dugc ding dé xac dinh gié tri ngoai 18 trong mau s6 liéu. Gia tri x trong mau sé lidu
la gia tri ngoai 1€ néu x >Q, +1,5A, hodc x<Q —15A,.

[JKhoang t phan vi ciia mau sé liéu ghép nhém khong bi anh huong nhiéu boi céc gia tri ngoai 18 trong
mau s liéu.

QUY TAC TIM CAC TU PHAN VI VA KHOANG TU PHAN VI CUA MAU SO LIEU GHEP NHOM
Nhém [u;u,) [u,;us,) [UiUis)

Tan so n, n, ... n,

Buéc 1: Xac dinh ¢ mau n=n, +n, +...+n,
Buwoc 2: Xac dinh cadc nhom chura cac tir phan vi
Sép xép lai miu s liéu theo thir ty khdng giam, ta dugc X, < X, <...< X .

- Trung vi ctia mau, ki hiéu 1a M, la gia tri & chinh gitra day x,,%,,---, X, . Cu thé:
+Néu n 1é thi trung vi mau la M, = x_, (S0 liéu dtng chinh giira)

2

: SRR L x 1 . , T
+ Neéu n chan thi trung vi mau la M, = E[X“ +X, J (Trung binh cong cua 2 so6 ligu ¢ gitra)
= —+1
2 2

- Tt phan vi cia mot mau ngau nhién gom 3 gia tri, 6 1a tu phéan vi thi nhat, thir hai va tha ba (an luot ki
hiéu 12 Q,,Q,,Q,). Ba gia tri nay chia tap hop dir liéu da sap xép thanh bon phan déu nhau. Cu thé:
+ Gia tri t& phan vi thir hai, Q,, chinh la trung vi cua mau.

+ Gia tri tir phan vi tha nhat, Q,, 1a trung vi ctia nira s6 lidu da sap xép bén trai Q, (khdng bao gom Q, néu

n lé).
+ Gid tri ta phan vi thir ba, Q,, Ia trung vi ctia nira 6 li¢u da sap xép bén phai Q, (khdng bao gém Q, néu
n lé).
(.}I i."}: {)\
s e il S
25% 25% 25% 25%

Buwéc 3: Xac dinh cac dai luong, yéu té va thay vao cong thac tinh ta phan vi
Uy Up,e ) 12 nhEM chura tir phan vi thir i ;

[n_ latan s6 ctia nhém chwa tir phan vi thi i ;
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[1C=n+n,+...+n_, (Tong tan s6 cac nhém truéc nhom chira t phan vi gei 14 tan sé tich liy).

Nhom [u;u,) [usu) | o | [Unasty) [UpiUps) . | [usue,) | Comau
Tan sb n, n, " n_, n. s N, n
Nhém chua tir
phéan vi

Téng tan sb ciia cac nhém
dirng trirrc nhom chira
TPV (Tan s6 tich liv)

%f B
. f_ﬁ" .f/’-_hh( . -
T phan vi — x’l Do dai cua
{Tw} e mo LT ('um+1 _ 'um )G O {:_-) \ A ghép /3
n S E':- L=u,, —u, \V
~ = o
RH“&_ \\»__}\__ /
e
. = Déan mit bén phai
Tan s6 cua nhom , cua nhom chira /l
chira TPV N\ TPV S

-\""-\—\_\_\_\__'_,_,_,-F

QUY TAC TIM GIA TRINGOAI LE
Buwdc 1: Xac dinh cac ta phan vi va tinh gia tri khodng ti phan vi: A, =Q, —Q,.
Buwéc 2: Tinh Q —1,5A, va Q,+1,5A,.

Buwéc 3: Két luan: cac gia tri X (trong mau s liéu) nam ngoai doan [Ql —%AQ;Q3 +%AQ} la gia tri ngogi 1¢

Vung chea gia tri ngogi I¢
X, Giatringogile Q —15A, Q;+19A,  Giatringogilé X,

Vidu 57: Hang ngay dng Théing déu di xe buyt tir nha dén co quan. Duéi ddy 1a bang théng ké thoi gian caa
100 l4n 6ng Thing di xe buyt tir nha dén co quan.

Thei gian (phat) | [15; 18) | [18;2D) | [21;24) | [24:27) | [27:30) | [30:33)

Sé Tuot 22 38 27 g 4 1

a) Hay tim khoang t& phan vi cia mau s liéu ghép nhom trén.
b) Biét rang trong 100 lan di trén, chi c6 ding mot lan dng Thing di hét hon 29 phut. Thoi gian cua lan di
do6 co phai la gia tri ngoai Ié khong?
w Loi gidi
a) C& mau n=100.
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GO X; X5 ;% 12 MAU s licu géc gém thoi gian 100 lan di xe buyt cia 6ng Thang.
Taco: X,.... Xy, €[15;18); Xy5, ..., Xeo €[18;21); Xgy,- .., Xg7 €[21;24); Xgg. ..., Xg5 €[24;27) ;

Xag:- -+ Xgg €[27;30); X4 €[30;33).

A . ’ A 5 X A 1:A A Y 1 y ’ A . ’ A 5 X A
T phan vi thi nhat cia mau so ligu goc la E(x25 + X, ) €[18;21) . Do d6, ttr phéan vi thir nhat ciia mau so

ligu ghép nhom 1a Q —18+—_22-(21—18)—@
u ghép ) ” —.

. x4 . 1 A X £
T phan vi thir ba cua mau so ligu goc la E(X75 +X;6 ) €[21;24) . Do d6, tir phan vi thir ba ctia mau s6 ligu

3100 25 1 38) -
ghép nhém 13 Q, =21+ —4 (24-21)=—.
27 3
5z 68 693 505
Vay khoang tir phén vi caa mau s6 liéu ghép nhémla Ay =—-—=—.
ay gup 1 Cu cu ghep °T 3 38 114
b) Trong lan duy nhat dng Thiang di hét hon 29 phut, thoi gian di cua dng thuoc nhom [30; 33). Vi

Q,+15A, = % <30 nén thoi gian caa lan 6ng Thang di hét hon 29 phat 1a gia tri ngoai 1& cua mau sé liéu

ghép nhém.

Bai 2. PHUONG SAI VA PO LECH CHUAN CUA MAU SO LIEU GHEP NHO

1. Phwong sai va d9 Iéch chuan
O 16p 11, ta da biét gia tri dai dién ctia nhoém [a;b) la c= E(a+b) :

Tuong tu nhu cach tinh s6 trung binh, phuong sai va do léch chuan cua mau sé liéu ghép nhém cé thé dugc
xéc dinh thdng qua gia tri dai dién va tan s cia mdi nhom.
Xét mau sb lidu ghép nhom cho bai bang sau:

Nhém [u;u,) [u,;u,) Ui Ui )
Gid tri dgi di¢n C, c, C,
Tin so n, n, N,

Phuong sai cia mau sb liéu ghép nhom, ki hiéu S?, duoc tinh bai cong thirc:

s? :%[nl(cl—i)z +n2(c2 —>_<)2 +..40, (ck —?()2}

Trong do: n=n+n,+...+n_lacdmaiu
-1 .k .
x==(nc, +n,C, +...+nc, ) laso trung binh
n

Do léch chuan cua mau sb liéu ghép nhom, ki hiéu S |, 1a can bac hai s hoc cua phuong sai.
(1) Phuong sai cia mau sé liéu ghép nhém c6 thé duoc tinh theo cdng thic sau:

1 —2
% ==(ngf +n,C; +... 40,67 )—X
n

(2) Trong thdng ké, ngudi ta con ding dai lwong sau dé do mirc d6 phan tan cua mau sé liéu ghép nhom:
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2 1 —\2 —\2 —\2
s =—[n1(c1—x) 4y (6= %) +...+n, (¢, ~X) }
n-1
2. Y nghia ciia phwong sai va dé léch chuan ciaa mau sé liéu ghép nhém
(1)Phuong sai cua mau sé liéu ghép nhdm 1a gié tri xap xi cho phuong sai cua mau sé liéu gbe. Bo léch chuan
ctia mau sd liéu ghép nhom ciing 1a gia tri Xap xi cho d6 léch chuan caa mau sé liéu gbc. Ching duoc ding
dé do muc do phan tan cuia mau sb lidu ghép nhom. Phuong sai va do léch chuan cang Ién thi dir liéu cang
phén tan.
(2) Do léch chuan co6 cung don vi voi don vi caa mau sb liéu.

Vidu 58: Théng ké téng sé gio nang trong thang 9 tai mot tram quan trac dat & Ca Mau trong cic ndm tir
2002 dén 2021 dugc théng ké nhu sau:

11,6 1349 130,35 1342 1409 1093 1544 1563 116,1 96,7

1052  B0.8 20,8 110 109 139 145 161 126 114

a) Hay tinh phwong sai va do léch chuan ciia mau s liéu trén.

b) Hay 1ap bang tan sé ghép nhém véi nhom dau tién 1a [80;98) va do dai mdi nhom béng 18. Tinh phuong
sai, do léch chuan caa mau sé liéu ghép nhém.

c) Hay tinh sai s6 twong ddi cia do léch chuan caa mau sé lidu ghép nhém so véi d6 léch chuan cua mau
s6 lieu goc.

(Két qua cac phép tinh 1am tron dén hang phan nghin.)

w Loi gidi
a) Cdmau la n=20.
111,6+134,9+...+114

Sé trung binh cua miu sé lieu trén 13 x; = >0 =122, 755.

Phuong sai ctia mau sé liéu trén 1a S? = 2%(111’ 6> +134,9° +...+1142)—122, 755° ~ 515,453,

Do léch chuan caa mau sb liéu trén 1a S, ~ 515,453 ~ 22,704

b) Ta c6 bang sau:

Sé gios néng [80;98) | [98;116) | [116;134) | [134;152) | [152; 170)
Gia tn da1 dién RO 107 125 143 161
S6 nim 3 6 3 5 3
Sé trung binh cua miu sé lieu ghép nhém 13 x; = 3'89+6'107+3;é5+5'143+3'161 =124,1.

Phuong sai cua mau sb liéu ghép nhom la

S?= 2%)(3.892 +6.107° +3.125° +5.143 +3.1612)—124,12 =566,19.

Do léch chuan caa mau sé liéu ghép nhom 1a S, = /566,19 ~ 23,795.

¢) Sai s6 twong di cua do léch chuan caa mau sé liéu ghép nhém so véi do léch chuan caa mau sé lidu goe
la

|S,~S,| [23,795-22,704]

-100% ~ 4,805%.
S, 22,704
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CHUONG & XAC SUAT CO PIEU KIEN|

Bai 1. XAC SUAT CO PIEU KIE

1. Pinh nghia xac suat ¢ diéu kién

Cho hai bién c6 A va B. X&c suat cua bién cd A véi didu kién bién c6 B da xay ra duoc goi 1a xac suat
cua A véi diéu kién B . Kihiéu P(A[B).
2. Cong thitc tinh xac suat c6 diéu kign

C LA g R ) P(AnB

Cho hai bién c6 A va B trong d6 P(B)> 0. Khi dé: P(A|B)=%
Chay

(1) Giao cua hai bién c6 A va B con duoc ki hiéu AB hay AN B = AB

(2) Cong thirc nhan xac sudt:

Néu A va B Ia hai bién cé bat ki thi : P(AB)=P(A)-P(B|A) hay P(AB)=P(B)-P(A|B).
n(AB

n(B)

S—"

(3) Cho A va B la hai bién cé véi P(B)>0.Khi do, ta co: P(A[B)=

Trong d6: n(AB) Ia s6 cac truong hop thuan loi ciia AB ;
n(B) Iasd céc truong hop thuan loi cia B..
(4) Néu A va B la hai bién c6 bat ki, voi P(B)>0 thi P(A|B)=1-P(A|B)
(5) Cho A va B Iahai bién cé véi 0<P(A)<L 0<P(B)<1.Khido:
A va B 1 hai bién c6 doc lap khi va chi khi P(A)=P(A|B)=P(A|B) va P(B)=P(B|A)=P(B|A)

(6) Nhirng bai todn xay ra xac suat didu kién thuong di kém vdéi viéc sir dung quy tic nhan xac suat, khi
gap bai toan nay ta can luu ¥ dén su doc 1ap cua bién cb dé van dung cong thirc ding.
3. So d6 hinh cay

@ﬂ XAC SUAT CO PIEU KIEN
SO DO HINH CAY
Xac §u§t caa  Xac suit cé Cong thirc
Diéu kién dieu kién nhan xac suat
P(A)-P(BIA)
P(BIA) Br——">1AB 1
A R P(AB) + P(AB)
P(A ~ —— P(A)-P(BJA) —= — > B
) P(B|A) B t— > AB {—
Phép
thir _ P(A)-P(BIA) = =+ D(EE
A P(BIA) Bt+————>1AB | P(AB) +P(AB) ==
P(A) = > B
>~ = P(A)P(BIA) ==
P(BIA) Bt+—>ABt+

(1) Xaéc suat xay ra caa mdi két qua bang tich cac xac sut trén cac nhanh cua cay di dén két qua do.
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Chang han: P(AB)=P(A).P(B|A)
(2) Vi ABNAB=¢ (hai bién cb xung khic) va ABuU AB =B nén theo cong thirc cong xac sudt ta co
P(B)=P(AB)+P(AB)

Bai 2. CONG THUC XAC SUAT TOAN PHAN VA CONG THUC BAYE

1. Cong thirc x4c suat toan phan
Cho hai bién c6 A va B véi 0<P(B)<1,taco:

P(A)=P(AB)+P(AB) hay P(A)=P(B).P(A|B)+P(B).P(A|B)
goi la cdng thirc xac sudt toan phan
Cong thirc x4c suét toan phan ciing dung véi moi bién cd B bat ki
2. Cong thirc Bayes
Cho hai bién c6 A va B véi P(A)>0,P(B)>0, taco:
P(B).P(A| B)
P(A)

P(B|A)=
(1) Cong thirc xac suat toan phan ciing dung véi moi bién cd B bat ki
(2) Cho hai biénco A va B véi P(A)>0,P(B)>0,do P(A)=P(B).P(A|B)+P(B).P(A|B)
P(B).P(A| B)

Nén cong thirc Bayes con o dang: P(B| A) = P(B).P(A|B)+P(B).P(A[B)

(3) Cac cong thuc can nhé

» P(A)+P(A)=1hay P(A)=1-P(A) (Bién ct dbi)
» P(A[B)+P(A|B)=1hay P(A|B)=1-P(A|B)

» P(AB)+P(AB)=P(A)

» P(AB)+P(AB)=P(B)

(4) Cong thtc xac suat toan phan va Cong thirc Bayes duoc ap dung trong cac truong hop su viéc bai toan
dé cap dén gdbm nhiéu giai doan c6 sy lién quan nhan qud trong qua trinh xay ra.

CAC KIEN THUC CAN NAM CUA CHUONG

o

(1) Céng thirc xdc suit cé diéu kign: P(A|B)= 0 (P(B)>0); P(B|A)= P((A/f))(P(A)>o)

(2) Tir(1) suy ra Cong thicc nhin xdc sudt: P(AB)=P(A)-P(B|A) hay P(AB)=P(B)-P(A|B)
Suy ra: P(A)-P(B|A)=P(B)-P(A|B)
(3) Vi ABNAB=@ (hai bién cé xung khic) va ABU AB =B nén theo cong thizc cong xac sudt ta co:
P(B)=P(AB)+P(AB)
Tuong ty tac6: P(A)=P(AB)+P(AB)

(4) Tu(2), (3) suy ra Cong thikc xac sudt toan phan: P(A)=P(B).P(A|B)+P(B).P(A|B)
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(5) Tir(2) suy ra Cong thiic Bayes: P(B|A)=

(6) Tu (4), (5) suy ra Cong thitc Bayes (dang ddy dii): P(B|A)= 5

P(B).P(A|B)
P(A)

(P(A)>0)

P(B).P(A|B)

(B).P(A|B)+P(B).P(A|B)

@

XAC SUAT CO PIEU KIEN

SO PO HINH CAY
Xac §u5t cia  Xic suit cé Cong thirc Cong thirc xac
Piéu kién diéu kién nhan x4c suit sudt toan phin
P(A)-P(B|A)
P(B|A) Bt+————>ABt+—
A < G P(AB) + P(AB)
P(A = — P(A)-P(B|A — > B
*) P(BIA) Bt 5{AB}—
Phép
thir = =
_ P(A)-P(BJA) = — —
A P(BIA) 1 B +———>1AB | P(AB) +P(AB) =
P(A) ~ > B
~ — P(A)P(BIA) ==
P(BIA) B ABt-
Cong thuc A .
nhan xéc suit Cong thirc Bayes
P(AB) = P(A)-P(B|A) P(A)-P(B|A)
P(A)-P(B|A) = P(B)-P(A|B) PAB)= ————
P(AB) = P(B)P(A|B) ¥ [P@PEIN =PEPAIBY—> PAB) P(B)
thirc Bayes theo so dé hinh cdy
P(A|B)= —Yichdoc theo nhanh tr A dén B
Tong tat ca cic nhanh dan dén B
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PHU LUC = CHUONG TRINH TOAN LOP 10 VA 11

PHAN = PAI SO VA MOT SO YEU TO GIAI TiCH

Chuwong = HAM SO BAC HAI VA PO THI

Bai 1. HAM SO BAC NHA

1. Ham s6 bac nhat y=ax+b
Tdp xdc dinh: D =R
Chiéu bién thién:

a>0: Ham sb dong bién trén R a <0: Ham sb nghich bién trén R
T | — + o x | — 0 + oo
+ + o0
— o0 —

2. Po thj cia ham s6 bac nhat

Do thi 1a mot dudng thang cat truc tung tai diém A(0;b)

Néu a =0 thi ta dugc ham sé y =b 13 ham hing va c6 db thi 1a dwdng thang nam ngang cét truc tung tai
diém A(0;b)

Duong thing X =c la dudng thang ding ludn cat truc hoanh tai diém M (c;0)

a>0 YA 2<0 YA
y=ax+b VRN,
b/B b B\b
A |O )X O A )X
a2 0 7 7
b y=b
B
> ¢ >
0O X Cc |O X
X=C
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Bai 2. HAM SO BAC HA

1. Ham sé bac hai
Dinh nghia

Ham s6 bac hai 1a ham s6 cho bai cong thic: y = f (x)=ax® +bx+c,

Trong d6 x 1a bién s, a,b,cla cac hangsbva a=0.

Tap xéc dinh cia ham s6 bac hai 1a R .
Chay

» Khi a=0, b=0, ham s tro thanh ham sb bac nhat y =bx+c.

» Khi a=b =0, ham s6 tré thanh ham hang y=c .
2. Sw bién thién cia ham sé bac hai

Ham s6 dong bién trén ( :+o0 |; nghich bién trén

a>0 a<o
—_h —-b
x |—oo E + oo T 2a
+ oo + oo A
y \ A/ Yy /4_\
da

Ham s ddng bién trén | —oo;

(=3
E

j nghich bién trén

%)
2a
Cha y
Khi a>0, min f (x)=—2 Khi x=—2;
4a 2a

3. P6 thi ciha ham sé bac hai

Khi a<0, maxf(x)=% khi x

b

 2a

Trong mat phang Oxy, do thi ham s6 y =ax? +bx+c(a=0) 1a mot duong Parabol (P), co:

b A

» Pinh la S(
2a’

)

» Truc ddi xtmg 1a dudng thang x = —23 :
a

» B& 16m huéng lén trén néu a >0, bé 16m huéng xudng dudi néu a<0.

» Cit truc tung tai diém co tung do bang ¢, tuc 1a d6

y A

=y

X,

y=ax +bx+c

Chay

thi di qua diém (0;c)

A
y= ax’ +bx+c N 4da
c
X, \\'2
0 ¥
b
X=—-—
2a
b)a<0
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v’ Néu phuong trinh ax® +bx+c =0 c6 hai nghiém x,, X, thi 6 thi ham s6 y = ax® +bx+c cat truc
hoanh tai hai diém c6 hoanh do x,, X,

v/ Cit truc tung tai diem A(0;c): Nam trén truc hoanh - ¢ > 0; Nam dusi truc hoanh > ¢<0.

v Pinh | (;—Z;%j: Nam beén tréi truc tung = a, beutng dau; Nam bén phai truc tung > a, b tréi
dau.
Céch vé db thi
L e A 4 b A
(1) Xac dinh toa d6 dinh S| ——;—— |;
2a  4a

(2) V& tryc dbi xttng d 1a duong thang x = —21 ;
a

(3) Xac dinh toa do cac giao diém cua parabol véi truc tung, truc hoanh (néu c6) hay Lap bang gia tri
(4) V& parabol c6 dinh S , c6 truc déi xang d va di qua cac diém tim dugc

Bai 1. BAT PHUONG TRINH BAC NHAT HAI A.

1. Bat phwong trinh bac nhét hai 4n
Dinh nghia
Bat phuong trinh bac nhat hai an x,y c6 dang tong quét la:

ax+by+c<0 (1) (ax+by+c<O0;ax+by+c>0;ax+by+c>0)
Trong d6 a,b,c 1a nhiing s thuc, a® +b” #0;
(Xo; ¥o) 1anghiém cua (1) < ax, +by, +¢c <0

2. Biéu dién nghiém cia bat phwong trinh bac nhat hai 4an.
Dinh nghia
Trong mat phang Oxy , tap hop cac diém c6 toa do 1a nghiém cua (1) dugc vk ()

\ ar+by+c>0

d:ar+by+c=0

goi la mién nghiém cua no.

Puong thang d :ax+by+c =0 chia mp thanh hai nira mp, khi d6:
[J Nira mp (A) (ké ca bo) 12 mién nghiém cua ax+by+c <0 (B)
[ Ntra mp (B) (ké ca bo) 1a mién nghiém cua ax+by+c¢>0. aw by +e<0

)
A-

QUY TAC: Biéu dién mién nghiém ciia bat phwong
» Buwéc 1: Vé duong thang A : ax+by+c=0.

» Buwdc 2: Lay mét diém M (%,; Y, ) khdng thugc A (thuong ldy géc toa dé O).
> Buwoc 3: Tinh ax, +by, +c va so sanh vgi 0.
>» Budc 4: Két lugn:
[1 Néu ax, +by, +c <0 thi nizamp bo A chira M, 1a mién nghiém cua (1).
[1 Néu ax, +hby, +¢ >0 thi nizamp bo A khéng chiza M, 1a mién nghiém cua (1).
(») Chay:
Mién nghiém cua (1) bo di duong thang A 1a mién nghiém cua bat phuong trinh ax+by+¢<0.
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£ CAC DANG TOAN CO BAN THUONG GAP

Dang toan = TIM NGHIEM CUA BAT PHUONG TRINH BAC NHAT HAI AN
Vidu 1. Cho cac diem A(L-1), B(-2;1), C(L-1), D(4;2). biém nao la nghiém cua bat phuong trinh
7x-3y—-7<0

= Loi gidi
Thay toa d6 cac diém vao bat phuong trinh.
Xétdiem A(L-1),taco 7+3-7<0 (sai).

Xét diem B(
Xét diém C(L-1),tacd 7+3-7<0 (sai).
Xét diem D(4;2),taco 28—-6-7<0 (sai).

Viy diém B nam trong mién nghiém cua bt phwong trinh.

-2;1),tacé —14-3-7 <0 (dung).

Dang toan = BIEU DIEN HINH HOC MIEN NGHIEM
Phwong phap
Xét bat phuong trinh ax+by+c>0 (1).

» Buwéc 1: V& duong thang A : ax+by+c=0.
» Buréc 2: Lay mot diem M (X,;Y,) khong thudc A (thuong ldy goc toa do O ).
» Bugc 3: Tinh ax, +by, +c va so sanh véi 0.
> Budc 4: Két luan:
[1 Néu ax, +by, +c <0 thi nttamp bd A khong chira M, 1a mién nghiém cua (1)
[1 Néu ax, +by, +c>0 thi ntamp bd A chira M, 1a mién nghiém cua (1)
(») Chay:
Mién nghiém cta (1) bé di duong thang A 1a mién nghiém cua bat phuong trinh ax+by+¢<0.
a)
Vidu 2. Xac dinh mién nghiém ciia cac bat phuong trinh:
1) x=1 (2) y<1 (3) x+y<4 (4) 2x+y<3
= Lo gidi
(1) Xéc dinh mién nghiém cua x >1 vk
V& duong thang A : x-1=0.
Lay mot diem O(0;0) ¢ A .
Taco: —1< 0 nén mién nghiém cua bat phuong trinh x >1 1a nira mp khéng
chua diém O (tinh ca bo A).

(2) Xac dinh mién nghiém cua y <1 7\
V& duong thang A : y-1=0. 1
Lay mot diem O(0;0) ¢ A .
Ta c6: —1< 0 nén mién nghiém cua bat phuong trinh y <1 la nira _
mp chira didm O (tinh ca by A). o @
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(3) Xac dinh mién nghiém cua x+y < 4 )

V& duong thang A : x+y—-4=0. i

LAy mot diém O(0;0) ¢ A .

Ta c: —4 <0 nén mién nghiém cua bat phuong trinh X+ y <4 1a na

mp chira diém O (khong tinh bor A). )

0 ‘\‘ x

(4) Biéu dién hinh hoc tap nghiém cua 2x+y <3 Yl

V& duong thang A:2x+y=3. X

Lay géc toa do O(0;0),
Tathdy OgA vaco 2.0+0<3 nénnramp bd A chtra goc toa do O 1a mién
nghiém cua bat phwong trinh da cho (mién bi t6 ¢&am trong hinh, tinh ca bo). o)

Bai 2. HE BAT PHUONG TRINH BAC NHAT HAI A

1. Hé bat phwong trinh bac nhat hai an
Dinh nghia
» Heé bat phwong trinh bac nhat hai an gom maot s6 bat phuong trinh bac nhat hai an x, y ma ta phai tim
nghiém chung cua chung.
» M&i nghiém chung d6 duoc goi 12 mot nghiém cua hé bat phuong trinh da cho.
2. Biéu dién nghiém ciia bat phwong trinh bac nhit hai an
Quy tac
» Ta c6 thé biéu dién hinh hoc mién nghiém cua hé bat phuong trinh bac nhat hai an: 14 giao ctia cac mién
nghiém caa cac bat phuong trinh trong hé.
» DEé biéu dién mién nghiém caa hé bat phuong trinh ta 1am nhu sau:
[J  Trong cung hé toa do, biéu dién mién nghiém caa mdi bat phuong trinh trong hé bang cach gach bo
phan khong thugc mién nghiém cua né.
] Phan khong bi gach Ia mién nghiém can tim.
3. Bai toan tdi wu (Quy hoach tuyén tinh).
» Tim gia tri lén nhdt, gia tri nhé nhat cia cac biéu thizc dang F = ax+by, trong dé x,y nghiém diing
cud mét hé bdt phuwong trinh bac nhat hai dn da cho:
) V& mién nghiém cua hé bt phuong trinh d cho.
Mién nghiém nhan duoc thuong 1a mot da giac. (Gia tri 16n nhat va nho nhat cia F dat dugc tai mot
trong cac dinh ciia mién da giac).
[0 Tinhgiatricua F ang véi (X,y) 1atoa do cac dinh ciia mién da gidc nay.

[J  So sanh céc két qua vira tinh duoc, tir 6 suy ra gia trj 16n nhat va gia tri nho nhét caa biéu thic.

LJ CAC DANG TOAN CO BAN THUONG GAP

Dang toan = BIEU DIEN MIEN NGHIEM CUA HE BAT PHUONG TRINH BAC NHAT HAI AN
Phwong phap
» Dé biéu dién mién nghiém caa hé bat phwong trinh ta 1am nhu sau:

[J  Trong cung hé toa do, biéu dién mién nghiém caa mdi bat phuong trinh trong hé bang cach té mau
phan khong thuéc mién nghiém cua no.
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[J  Phan khdng bi td 1a mién nghiém can tim.

3X+y<6
s . ; X+y<4
Vidu 3. Biéu dien hinh hoc tap nghiém cua hé bat phuong trinh: .
y>0
= Loi gidi
V& cac duodng thang A
d,:3x+y=6;d,:x+y=4;d,:x=0(QOy);d, : y=0(Ox) 6

Vi diém M, (1; l) c6 toa do thoa méan tat ca céc bat phuong trinh trong hé \
A

trén nén ta t6 dam cac nira mat phang be (d,), (d,), (d;), (d,) khéng chua

diém M,

Mién khong bi té ¢am (hinh ta giac OCIA ké ca bon canh O 2\ "
Al, IC, CO, OA) trong hinh v& Ia mién nghiém cua hé di cho. di

Dang toan = TIM GIA TR LON NHAT — NHO NHAT CUA BIEU THUC HAI AN

Phwong phap
(») Bai toan: Tim gia tri 16n nhét, nhé nhét cta biéu thac T (X, y)=ax+by véi (x;y) nghiém ding mot hé
bat phuong trinh bac nhét hai an cho trudc.
> Buwéc 1: Xac dinh mién nghiém cta hé bat phuong trinh di cho. Két qua thuong dwgc mién nghiém S 13
da giac.
» Buwdc 2: Tinhgidtri cua F twong ung vé6i (X;y) 1atoa do cua cac dinh cua da giac.
> Buwoéc 3: Két luan:
[J Gia tri I6n nhat caa F 1a s6 16n nhét trong cac gia tri tim dugc.
[J Gia tri nho nhat cia F 1 s6 nhé nhat trong céc gia tri tim dugc.

Vidu 4. Timgiatri I6n nhat, gid tri nhé nhat cua F =30x—4y—6 véi (X;y) langhiém cua hé bat phuong

X-y+5>0
2X 4>0
trinh i :
X+y—-5<0
2Xx-y—-4<0
= Lol gidi
X—-y+5>0
5 . 2X+y+42>0
Mién nghiém ciia hé bt phuong trinh |~ ¥ )
X+y-5<0
2x-y-4<0

Mién nghiém cta hé bat phuong trinh (1) 1a mién tir gidc ABCD
ké cd bo, véi A(-3;2),B(0;-4),C(3;2),D(0;5)
F(-3;2)=-104; F(0;—4)=10; F(3;2)=66; F(0;5)=—-26
Vay GTLN 1a F =66 va GTNN la F =-104 ¢
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Dgng toan = BAI TOAN TO!

Phwong phap

(») Bai toan: Tim phwong dn t6i wu cuia mét ké hoach san xudt, kinh doanh, ... (hai an).

> Buéc 1: Dya vao gia thiét, 1ap h¢ bat phuong trinh bac nhat hai an va biéu thiac muc tiéu F =F(x;y).

> Buwéc 2: Xac dinh mién nghiém cua hé bt phuong trinh di cho
» Buwdgc 2: Tinhgidtricua F tuong Gng véi (x;y) la toa do cua cac dinh cua da giac.
> Buwéc 3: Theo yéu cau bai toan, két luan:

[ Gia tri 16n nhat (nho nhat) cia F twong tng véi phuong én tdi wu (X; ).

Vidu 5. CO63nhommay A B,C dung dé san xuat ra 2 lai san pham | va Il . Bé san xuat mot don vi san
pham mai loai phai lan luot dung cac may thuoc nhém may khac nhau. S6 may trong mot nhém va sé may
tirng nhém can thiét dé san xuét ra mot don vi san pham thuoc mdi loai duoc cho trong bang bén duéi:

S may trong tirmg nhom dé san xuat mot don vi
Nhom S6 may trong mdi nhom SP
Loai | Loai Il
A 10 2 2
B 4 0 2
© 12 2 4

Mot don vi san pham | 131 3000 dong, mot don vi san pham |1 13 5000 dong. Hay 1ap phuong 4n san xuat
hai loai san pham trén sao cho c6 lai cao nhat.
= Lol gidi
Goi x va y lan luot 1a s don vi san pham | va Il (x,y>0).

S6 tién 1ai ciia don vi ndy 1a F(X;y)=3x+Yy (nghin dong).

2x+2y <10 X+Yy<5
o . 2y <4 y<2
Ta c0 hé bat phuong trinh: < (*)
2X+4y <12 X+2y<6
X,y>0 X,y>0

Bai toan tro thanh tim gia tri 16n nhat ciia F (x;y)=3x+ytrén

—
O
I
I
I
I
I
I
I
1

mién nghiémcaahe (*. T
Mién nghiém cua hé (*) 1a ngii giac OABCD (ké ca bién).
Taco: 0(0;0),A(5,0),B(4;1),C(2;2),D(0;2).

F(0;0)=0, F(5,0)=150, F(41)=190, F(2;2)=160, f (0;2)=100

D@ - -

O

DE thay F(x;y)=3x+Y lénnhatkhi (x;y)=(4;1) tec Ia can san xuét 4 san pham | va 1 san pham 11 ¢é

thu vé loi nhan cao nhét.
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CHUONG < BAT PHUONG TRINH BAC HAI MOT AN

1. Tam thrc bac hai

Dinh nghia

» Tam thtc bac hai d6i véi x 1a biéu thic c6 dang f (x)=ax’ +bx+c, trong d6 a,b,c 1a nhing hé sé,
a=0.

» Nghiém cua phuong trinh ax® +bx+c¢ =0 dugc goi la nghi¢m cria tam thizc bac hai f (x)=ax* +bx+c.

» A=Db*—4ac va A'=b">—ac theo thir ty dugc goi la biét thic va biét thic thu gon cua tam thirc bac hai
f (x)=ax’+bx+c.

2. Dau cia tam thitc bac hai

Dinh li

Cho f(x)=ax’+bx+c (a=0),A=b’-4ac.

»Néu A <0 thi f(x) ludn cing dau véi hé sé a, véi moi xeR.

A N A < A r: A A r: - b
»Néu A =0 thi f(x) luon cung dau véihéso a, véi moi x»——.

2a
»Néu A >0 thi f(x) ludn:
= Cung dau véi he sé a khi x e (—o0; X, ) U (X,;+0)
= Tréi dau véi hé s6 a khi xe(X;X,).
Trong dé x,.X, |a hai nghiém cia f(x).
Bdng xét dau
A<O A=0 A>0
( f (x) vo nghi¢m) ( f(x) c6 nghiém kép) ( f (x) c6 2 nghi¢m phan biét )
X | —o© +o0 X | —o0 % +oo X |- X, X, +o0
. % Cung Cung Cung Trai Cung
By | Climgekla 0| déua ddu a | gdua ddu a ddu a
3. Bat phwong trinh béc hai
Dinh nghia

» Bdt phwong trinh bac hai mgt @n x 1a bat phuong trinh dang ax® +bx+c <0
(hogc ax®+bx+c<0, ax* +bx+c >0, ax’ +bx+c>0),
Trong d6 a,b,c la nhiing sb thuc da cho, a#0.
» Nghiém ctia bat phuong trinh 1a cac gia tri cua an x thoa man bat phuong trinh do.
4. Giai bat phwong trinh bac hai
» Gidi bdt phwong trinh bat hai 12 tim tap hop cac nghiém caa bat phuong trinh do.

Bai 2. PHUONG TRINH QUY VE PHUONG TRINH BAC HA

1. Phuong trinh dang vax2 +bx+c = \/dxz +ex+ f
» Ta lam nhu sau:
=Buwéc 1: Binh phuong hai vé va rut gon vé phuong trinh bac 2 hoic bac nhat.
*Buwoc 1: Giai phuong trinh nhan dugc ¢ Buac 1.
=Buwgc 2: Thir lai cac gia tri x tim duoc ¢ thoa phuong trinh ban ddu hay khong? Sau d6 két luan nghiém.

2. Phwong trinh dang vax® +bx+c =dx+e

» Ta lam nhu sau:
=Buwéc 1: Binh phuong hai vé va rat gon vé phuong trinh bac 2 hoic bac nhat.
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*Buwoc 1: Giai phuong trinh nhan dugc ¢ Budc 1.

=Buwéc 2: Thir lai cac gid tri X tim duoc cd thoa phuong trinh ban dau hay khong? Sau d6 két luan nghiém.

L CAC DANG TOAN CO BAN THUONG GAP,

Dang toan = Gl4AI PHUONG TRINH QUY VE PHUONG TRINH BAC HAI
Phwong phap (nhw trén)
Vidu 6. Giai cac phuong trinh sau:

(1) V2x2 —4x—2 =/x2 —x—2 (2) V3x2 —6x+1=~/-2x> —9x+1
(3) V2x* -5x—-9=x-1 (4) N2x* +x+3=1-x
= Loi gidi

(1) V2X% —4x—2 =+/x2 —x -2
Binh phwong hai vé cua phuong trinh ta dugc: 2x* —4x—2=x>—x—-2
Sau khi thu gon ta dugc x* —3x =0
T d6 tim dwoc x =0 hoac x=3
Thay lan Iuot hai gia tri nay vao phuong trinh da cho, ta thy chi c6 x =3 théa méan.
Vay nghiém cua phuong trinh da cho 1a x = 3.
(2) V3x2 —6x+1=+—2X> —9x+1
Binh phuong hai vé cta phuong trinh ta dugc 3x* —6x+1=—-2x* —9x+1.
Sau khi thu gon ta dugc 5x° +3x=0.

Tir d6 tim duwoc x =0 hoac x = —g.
x i e 2 s 3 s
Thay lan Iugt hai gié tri nay vao phuong trinh da cho, ta thay x=0 va x = 5 thoa mén.

Vay tap nghi¢ém cta phuong trinh da chola S = {0 y— g}

(3) V2x* —5x—9 =x-1

Binh phwong hai vé ciia phuong trinh ta dugc: 2x* —5x—9 = x* —2x+1.
Sau khi thu gon ta dugc x> —3x—-10=0.
Tu d6 tim duwgc x =-2 hoac x=5.
Thay lan lugt vao phuong trinh d3 cho, ta thay chi c6 x =5 thoa man.
Vay nghiém cua phuong trinh da cho la x =5.

(4) V2x* +x+3=1-x
Binh phwong hai vé ctia phuong trinh ta dugc 2x° +X+3=1-2x+ X
Sau khi thu gon ta dugc x* +3x+2=0
Tu d6 tim dwoc X =-1 hoac x=-2
Thay lan luot vao phuong trinh da cho, ta thdy x = —1 hodc x = -2 thoa man.
Vay tap nghiém cua phuong trinh da cho 1a S = {-1;,-2}.
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Chuwong = DAI SO TO HQP

1. Quy tic cong
Dinh nghia
Gia st mot cong viéc c6 thé duoc thuc hién theo phuong an A hoic phuong an B. Phuong an A ¢6 n céch
thuc hién, phuong an B ¢6 m cach thuc hién (khong triing véi bat ctr cach nao ctia phuong an A). Khi d6, cong
viéc co thé duoc thuc hién theo n+m cach.
Téng quét
v M6t cong viéc duoc thyc hién theo mot trong k phuong an A | A, ,..., A, , trong do:
» Phuong an A cO n, céch thyuc hién.
» Phuong an A, c0 n, cach thyc hién.
» Phuong an A cO n, cach thyc hién.
S6 cach hoan thanh: n(X)=n, +n, +...+n, cach.
2. Quy tac nhan
Dinh nghia
Gia s mot cong viéc duoc thuc hién theo hai cong doan. Cong doan tthir nhat cd m cach thuc hién va tng
véi mdi cach d6 co n cach thyuc hién cong doan thir hai. Khi d6, cong viéc ¢ thé dugc thuc hién theo m.n
cach.
Téng quét
v M¢t cong viéc duoc thyc hién theo k cong doan A, A, ,..., A, , trong do:
» Cong doan A c0O n, cach thuc hién.
» Cong doan A, c6 n, cach thyc hién

» Phuong an A cO n, cach thyc hién.

S6 cach hoan thanh: n(X)=n..n,....n, cach.

Bai 2. HOAN VI, CHINH HOP, TO HOP

Ddu hiéu nhgn

Logi Dinh nghia Cong thac tinh sé liweng bidt
MJi vi tri sap xép thir tw cia n phan tir L4y hét n phan
Hoan vi | (neN*) goilamothoanvicianphan | P, = n(n-1).(n-2)....2.1=n! tr dé sap xep

\ thi tu
tu.
MJi vi tri sap xép thir tu k phan tir duoc Lay k phan to
Chinh | lay trong n phan tir(n> k) goi lamdt | X —n(n—1)....(n—k+1) = n! | trong n phan tu
4 AY A olin A ,
oD chinh hgp chap k caa n phan tir. n k)' ?e 54p; Xep/ thir
u

MOi tap hop k phan tir dugc lay trong Lay k phan to
Téhop | phan ta(n=k) goi la mot t6 hop ck__nt trong n phan ti
: " kli(n-k)! va khong sip

chap k cua n phan tu. .
xep thi tu

0983 900 570 Vo Cong Truong 92 2025-2026



| N p ; / ;A ;
VA/ VUI CUNG TOAN Hé thong kien thirc Toan dé On thi Tot nghiép THPT

Cong thac té hep mé réng

Loai Cong viéc thurc hign Cong thire dém
Hoan vi vong quanh | Sép xép n phan tir theo mét vong tron (n—-1)!
. Chon k phan tir trong n phan tir va sap xép vao m vi tri o
Chinh to hep (k<n, k<m) C,.A,
Cong thirc dac biét
. R n! n!
0l=1 Néu k=n thi Al=—=—=nl=P,.
or 1
e el Cl=n
Cy=C* (0<k<n) Cy+C*=Cit (0<k<n)
n 1 — — — k
3 ICK=Co+Cl+C2+..+Cl =2" (0<k<n) ce=— 1 _n-Dn-2).n-k+)_A
= KI(n—K)! k! k!

Bai 3. NHI THUC NEWTO

COng therc nhi thac Newton
n
(a+b)"=CPa"+Cra"'b+C2a" b’ +..+Cka"*b" +..+ C/b" =D "Cka"*b*,(ne N*)
k=0
Tinh chdt ciia nhi thirc Newton
[1S6 céc sb hang cua cong thuc la n+1
[1S6 mil cua a giam dan tir n dén 0, s6 mii cta b tang tir 0 dén n; dong thoi tong céc sé mii ciia a va b trong
mdi hang tir déu bang n
[1S6 hang tong quét thir k +1 c6 dang T,,, =C*a"*b* (k=0,1,...,n)

[1Céc h¢ s6 caa nhj thitc cach déu hai s6 hang dau va cudi bang nhau: C* =C"™*;0<k <n

LJ CAC DANG TOAN CO BAN THUONG GAP

Quy tiac: Hanh dpng nao cé diéu kign manh nhdt thi thuec hién dém trwéc nhat,...
Dang todn = PEM SO TU NHIEN
B1: Goi s6 tu nhién c6 dang: a,a,...a, va a, thuoc tap chira cac chir s6 theo dé.

B2: Chon chir s6 thoa diéu kién bai toan dit vao cac hang sb theo tha tu vu tién: Hang ndo cé diéu kién
“manh” nhat thi theec hign trwée nhat. (Cha y phan ra nhiéu triong hep néu bj tring diéu kién)
B3: Dung Quy tic nhan dé tinh két qua timg truong hop va Ding Quy tic cong dé tinh Két qua ca bai.

Tinh chat chia hét Diu higu chia hét
Sb 1¢ Chir s6 tan cung 1a chir s6 1
S6 chén (S6 chia hét cho 2) | Chir sb tan cung 1a chit s6 chin
Chia hét cho 3 Téng cac chir s6 chia hét cho 3
Chia hét cho 4 S6 gom 2 chir s cudi 1a s6 chia hét cho 4
Chia hét cho 5 Chir s6 tan cung 12 0 hodc 5
Chia hét cho 6 Chia hét cho 2 va 3
Chia hét cho 7 NhAén dei fh& fé cufﬁi CI.‘mgAr(‘”)i lay s6 ‘géfn ciéc ch&~sé c':(‘)n }ai trtr cho phép
nhan do6 néu két qua chia hét cho 7 thi s6 da cho s€ chia hét cho 7
Chia hét cho 8 S6 goém 3 chit s6 cubi 1a s6 chia hét cho 8
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Chia hét cho 9 Téng cac chit s6 chia hét cho 9

Chia hét cho 10 Chir s6 tan cung 14 0

Chia hét cho 11 T?ng cac chir s0 ¢ hang 1¢ trir di tong cac chit s6 ¢ hang chan 1a mdt so chia
hét cho 11.

Chia hét cho 25 Hai chir s6 tan cung 13 00, 25, 50 hoic 75.

Dang toan = PEM SO CACH S4P XEP
® Sap xép xen ké 2 nhom A, B:
TH1. Sé phan tir 2 nhém bang nhau: n(A)=n(B)=m-> Sé cach sip xép la 2.m!L.m!.

TH2. S6 phén tir 2 nhém hon kém 1 don vi: n(A)=m, n(B)=m-+1-> Sé cach sap xép la m!.(m+1)!
@ Sip xép theo nhém A, B, C: cho n(A)=a, n(B)=b, n(C)=c

TH1. Chi c6 cac phan tir nhém A ké nhau = S cach sip xép la al.(b+c+1)!

TH2. Céc phan tir 2 nhom A, B ké nhau - S6 cach sap xép 1a alb!.(c+2)!

TH3. Céc phan tir 3 nhém A, B, C k& nhau = S6 cach sap xép la alb!.c!.3!
© Tuong ty cho sip xép n nhém.

® Sap xép nhom A ¢ n phan tir sao cho c6 k phan tir a,, a,,...,a, khong ké nhau (k < nTHJ

B1. Xem s vi tri can sap xép 1a 2(n—k)+1 > Sap xép n—k phante a,,,, a,,,,...,@, VA0 CAC Vi tri chan
> C6 (n—k)! cach

B2. Sap xép k phantu a, a,,...,a, vao n—k+1 vi tri con lai > C6 A*, , cach

Vay S6 cach sap xép la (n—k)LAS, .,

Dang toan == PEM SO CACH CHON

® Chon khong sap xép:

Chon k phan ti loai | tir cac nhém A, B, C,... > Phan loai nhiéu Truong hop, chon mdi nhém 1 sé luong
phan tir loai 1, sao cho téng s6 lwong phan tir loai | & mdi trudng hop phai bang k phan tu.

@ Chon c6 sap xép (Chinh té hgp):

Chon k phan tir trong n phan tir va sap xép vao m vi tri (k<n, k<m)co: C¥.A¢ cach
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Chuwong = HAM SO LUQONG GIAC VA PHUONG TRINH LUONG GIAC

N \\ sinAy tangAt / ’
/ 4
\\ \\ 7/
\\ \
AN \
\\ \
\\ \\
N\ \
N\ \
\\ \
N \
S \\ \\ £ -
\\\-\/§ \\l \\3 -7 S
\\ N\ 2 )
~_ N & cotang
SO N 3
SO E\
\\\ 4 I\
~ | N
5t o1
WARRN
N
I |
N )
T f-11 I 2
cosin
AN
\.
Bai 1. CONG THUC LUONG GIAC
Hé thikc co ban Cos doi
sina-+cos’a=1; tana.cota=1 sin(—a)=-sina  tan(-a)=-tana
l+tanta=—— 1+cot?a=—— cos(—a) =cosa cot(—a)=—cota
cos” a sin“a
Sin bu Chéo phu
sin(z—-a)=sina tan(z—a)=-tana . (r T :
sin| = COSa, COS| ——a |=Sina
cos(7—a)=—cosa cot(z —a) =—cote 2

‘“j:

2

tan (z—aJ = Ccot Cot(z—aj= tan o«
2 2

Tang, Cotang hon kém r Cdng thac céng
sin(a+7)=-sina sin(axb)=sina.cosb+ cosa.sinb
cos(a+7)=—cosa cos(axh)=cosa.cosb¥sina.sinb

= +
tan (o +7)=tana tan(a+b) = tilna_tanb
cot(a +7)=cota l¥tana.tanb
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Cong thirc nhéin doi
sin2a =2sina.cosa
cos2a =cos*a—sin’a

=2cos’a-1
=1-2sin’a
2tana

tan2a = >
1-tan“a

Cong thec ha bédc
B 1+cos2a
cos"a=———
5 1-cos2a
sinfa=———
2

tanzazl—cosZa
1+cos?a

Cong thire bién doi tich thanh téng

cosa.cosb=%[cos(a+b)+cos(a—b)]
. . 1

.Sinb== -b)- b
sina.sin 2[cos(a )—cos(a+b)]

) 1-. )
: b== b —b
sina.cos 2[sm(a+ )+sin(a )]

Cong therc bién déi tong thanh tich

a+b a-b
cosa+cosh = 2COST.COST

. a+b . a-b
cosa—cosb:—ZSlnT.smT

) . . a+b a-b
sina+sinb =2sin T.COST

sina—sinbzzcosa%b.sina—;b

Bai 2. HAM SO LUONG GIA

Ham sé y =sinx

Ham sé y = cos x

OTXP: D=R.TGT: T =[-11]

OTinh chdn 1é: La ham 1é = D6 thi ddi xang qua
goc toa do

[ Tinh tu@n hoan: Tuan hoan v&i chu ki 27

T

[JSw bién thién: Bdng bién trén [ d 2) : Nghich

bién trén ( j
2 2

[1Pé thi:

OTXD: D=R.TGT: T =[-L]]

[ Tinh chdn chdn: La ham 1é = D4 thi ddi xang qua
truc tung.
O Tinh tuan hoan: Tuan hoan véi chu ki 27

[1Sw bién thién: Nghich bién trén (0; z ) ; Dong bién

trén (7:; 27[)

[1Pé thi:

y=sinx

Ham sé y =tanx

Ham sé y = cot x

OTXD: D=R\{%+k7r/keZ}.TGT: T=R

OTinh chdn lé: La ham 1é¢ = B thi dbi xang qua
géc toa do

[ Tinh tuan hoan: Tuan hoan véi chu ki 7

[JSe bién thién: Ludn dong bién trén ting khoang

[ TXD: D:R\{kﬁ/keZ}.TGT: T=R

OTinh chdn 1é: La ham 1é = Do thi dbi xang qua
géc toa do

OTinh tuan hoan: Tuan hoan vai chu ki 7

[JSw bién thién: Ludn nghich bién trén tirng khoang
xac dinh (0;7[); (7r;27r)

xc dinh [_%9 ; (%37”}
[1Dé thi:
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[Pé thi:

M|

|
(A=
o

./' 2

--------l\.ﬂ-:‘]------.
[=]

-

L8]
[=]
(%]

e e

Bai 3. PHUONG TRINH LUONG GIAC CO BAN

Dang f(u)=m

Dang f (u)=f(v)

sinu=m, (-1<m<1)
& sinu=sina, (a :sin‘l(m))

U=a+k2r
@{ keZ

U=rz—-a+k27'

] . u=v+k2rz
sinu=sinv &
U=rz-v+k2rz

cosu=m, (-1<m<1)
& COSU = CoS a, (a = cos’l(m))

U=a+k2r
. keZ
U=-a+k2r

COSU=COSV < U==xV+k27

tanu = m
& tanu =tana, (a - tan‘l(m))

Su=a+kr, keZ

tanu=tanv< u=v+kr

cotu=m

1
& cotu =cote, (a =tan™ (—D
m

Su=a+kr, keZ

cotu=cotv<u=v+kr

Truong hep dic biét: D6i véi phuong trinh sinu=m, cosu=m
[JNéu m = +1 thi chi can ldy 1 trong 2 c6ng thuc nghiém.
[JNéu m =0 thi chi can lay 1 trong 2 cong thirc nghiém va thay k2z thanh kz

Cu thé:

sinu=1l<u =%+k27z

sinu=-1<u

:_§+k2;z sinu=0<u=kr

cosu=lsu=k2x

cosu=-1l<u=rx+k2z

T
cosu=0<:>u=5+k;z
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Chuong = DAY SO, CAP SO CONG, CAP SO NHAN

Cap sb cong Cap so6 nhan
Day s6 (u,)1a cap s6 cong Day s6 (u,)1a cap s6 nhan
Dinh nghia N o
<, =u,+d, (neN’) S, =U,-q,(vneN)
So hang téng quat | U, =u +(n-1)d, ( n EN*) u, =U1.qn*l , (n GN*)
Tinh chit u, =% (k22 kel') W =U b (K22, keN)
Tong n s6 hang diu | S = U +u,) Khi g=1: S, =nu,
tién & X 1 q
n Khi g=#1: S, =u,.
S,=U +U,+..+U, Sn=§[2U1+(n—1)d] q =T,
Céng sai, cong bgi | d=u_,—u ; d=—k—"'n g=-"L;  gm=—x
ong sai, cong boi =U.,—U; =1 m u T
Chuong = GIOI HAN, HAM SO LIEN TUC
Bai 1. GIOT HAN CUA DAY SO
1. Giéi han hiru han
Gioi han dac biét.
oIimE:O; olimik=0(keZ*) e limq"=0 (|g/<1); elimC=C
N—-+0 n—+ N N—+w0 n—+o
Dinh Ii:

Cho limu, =a, limv, =b. Taco:

e lim(u,£v,)=ath e lim(u,v,)=ab . Iimu—“=% (néub=0)
v

o lim|u,|=lal o limJu, =a (u,, a>0)

Tong cua cap so nhdn lui vo han

u
S=u1+u1q+u1q2+...=1 L (Jal<1)
—q
2. Gioi han vo cuc
Gioi han ddc biét:
o limn“=+0 (keZ") e limyn =+ o limq" =+ (q>1)
Dinh li:(Quy tic vé gidi han vé cuc)
u /la u /IaaD
e S 0; ¢ o o [U,.v,] o0
Vn\m Vn\o 1 a‘Lo

1. Giéi han hiru han
Gigl han dac biét:
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e lim x=x,; e limC =C (C la hang sd)

X=X, X=Xg
binh Ii:
Cho lim f(x)=L, lim g(x)=M. Taco:
x—>x0 x—>x0

o lim [f(x)+g(x)|=L+M; o lim [f(x)—g(x)]|=L-M
x—>x0 x—)xO

e lim [f(x).g(x)]=L.M; e lim 12 _L (néuM #0)
X=X, X—>X, g(x) M

o lim \f(x) =L (f(x)>0) o lim |f(x)| =L
XX, X—>X,

Gidi han mgt bén:
lim f(x)=L < lim f(x)= lim+ f(x)=L

X—)XO x—)xo x—)xo

2. Gidi han vo cue, gioi han tai vo cuc
Gidi han dac biét:

o lim x* =+ o lim xk=]+® néuk chan
X—>+o0 X—>—0 —o0 néu k 1é
. . C
e|limC=C: o Iim —=0
X—>00 X—>+00 .Xk
Dinh li: (Quy tdc vé gi6i han vo cuc)
/IL /IL#O
-&—m; OL—)oo; o [f(X).g(X)] > > (VoI X — X, hay x — o0)
g(x)\x g(X)\o i L;lZO

(Dd'u cua gioi han vo cuc dwoc xdc dinh theo quy tdc nhan déu)

Bai 3. HAM SO LIEN TU:

1. Ham s6 lién tuc tai mot diém
v y= ié i i =
y = f(x) lién tyc tai x, < XILnQ0 f(x)="f(x)
v y=1f(x) liéntyctai x, < lim f(x)=lim f(x)=f(x,)
2. Ham s6 lién tuc trén mdt khoang , doan
v/ Ham sb lién tuc trén mot khoang khi ham sé lién tuc tai moi diém thudc khoang do.
v Ham s y = f (x) lién tuc trén mot doan [a;b] néu y = f (x)lién tuc trén(a;b) va lim f (x)=f (a)

x—a*

lim f (x)= f (b)

X—b~

3. Tinh chit
e Ham sé da thuc lién tuc trén R .
e Ham s6 phan thirc, cac ham s luong giac lién tuc trén tirng khoang xac dinh caa chung.
e Tong hiéu, hiéu, tich, thwong ctia cac ham sé lién tuc tai mot diém 1a ham sé lién tuc tai diém do.
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Chwong = HAM SO MU VA HAM SO LOGARIT

Bai 1. PHEP TINH LUY THUA

1)a"=aa...a (4)a"a"=a™" = ="
7 9 —an
(tich cua n thirasé a) i a (9 Va ?
—=a 1
(2) aO =1 ,(a¢0) ( ) 3" (10) n/a:an

(6) a".b"=(ab)"

a" a)
5= (5)

(8) (am)n — (an)m — am.n

a1
(3 a =5 (a=0)

Bai 2. PHEP TINH LOGARIT

(1) Iogab =a<a’ =b (a-) b> 01 a+ 1) (6) Ioga (blbz) = Ioga bl + Ioga b2 (10) |Og b= IOg—cb
_ " log,a
2)log.1=0 ¢
( ) % (7) Ioga (EJ: Iogabl_loga b2 1
3)log, a=1 b, (11) log,b=
Mlog. (a (8)log, (b ) =.log, b e
_ =a.
(4)log, (a") =a 9 9 (12) log.a.log,b=1log_b
(5)a"%" =b _1
(9) |Ogaab P |Oga b (13) Iogaa (bﬁ) - ﬁ Ioga b
a

Bai 3. HAM SO MU VA HAM SO LOGARI

1. Ham sé mii y=a* (0<a=1)

a>1 O<ax<l

OTXD:D=R.TGT: T =(0;+x). OTXD:D=R.TGT: T =(0;+).

[THam s6 ludn dong bién [JHam sé luén nghich bién

[1Tiém can ngang la truc Ox [1Tiém can ngang la truc Ox

D6 thi nam phia trén truc hoanh [P thi nam phia trén truc hoanh
:}: - -\-l - a_‘l’ }I b

(a>1)

—

1 x o 1 x

0o

a

1
__/

o
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2. Ham s logarit y=log, x, (0<a=1)

a>1
OTXD: D :(0;+oo). TGT: T =R.

[JHam sé ludn dong bién
[1Tiém can dung la truc Oy
D) thi ndm phia bén phai truc tung

Y4

o 1 a x

y =log x
(a=>1)

O<ax<l

OTXD:D =(0;+%). TGT: T =R
[JHam sé luén nghich bién

[1Tiém can dung la truc Oy

[1D4 thi nam phia bén phai truc tung

L
.

]..

&l--

o ¢ 1\
y=log,x
D<a<l)

Chay : D6 thi ham s6 y =a*va y=log, x (hai ham ngugc nhau) d6i xtng nhau qua dudng thang y = x

Bai 4. PHUONG TRINH, BAT PHUONG TRINH MU, LOGARIT CO BA

1. Phwong trinh, bAt phwong trinh mii co ban

Phuong trinh mii co ban co dang a" =b,(a>0,a#1)

[1b<0: Phuong trinh v6 nghi¢ém
Ob>0:a"=b<u=log,b

Chiuy: a"=a"<u=v

Bét phwong trinh mii c¢6 ban dang a" >b ,(a>0,a=1)
[Véi b< 0: Bat phwong trinh ¢6 nghiém véi moi u thoa diéu kién xac dinh.

1Vé6i b>0:
Khia>1la">b<u>log,b,

Khi 0<a<1 a">b<u<log,b,

Chu y: Tuong tu cho cac bat phuong trinh dang: a* <0; a' <0; a" >0

Téng quéat
Khia>1:a"'>a"<u>v

Khi0<a<1l:a">a"<u<v
2. Phwong trinh, bat phwong trinh logarit co ban

Phuong trinh logarit co ban c6 dang log,u=b,(a>0,a#1)

[Piéu kién: u>0
[log,u=b<u=a’

Chay: log,u=log,v<>u=v (Piéukién: u>0;v>0)

Bat phuong trinh logarit co ban dang log, u > b, (a >0,a# 1)

OPiéu kién: u>0
(1 Khi a>1: log,u>b<u>a’

Khi 0<a<1: log,u>b<u<a’

Chu y: Tuong tu cho cac bat phuong trinh: log, u<b; log,u>b; log,u<b
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Tong quét: Véi diéu kién: u>0;v>0
Khi a>1: log,u>log,v<u>v

Khi 0<a<1: log,u>log,v&eu<y

UNG DUNG HAM MU — LOGARIT VAO BAI TOAN THUC TE

Bai toan cong thic Dién gidi
1.Tinh tién ga#i 18i kép: T, : 6 tién ban dau guri;
Guri mét lan va rat mét lan T

¢ ¢ r:lai Ki
Tn :TO (1+ r)n a Suat/ y

n: s ki guri;
T : 6 tién sau n Ki guri.

2.Tinh tién ga#i tiét kiém lai
kép:

Mdi ki gii mét lan sé tién cé
dinh va ch/ rat mét lan

n

T =T0.1+Tr[(1+ r)' 1]

T, : s6 tién giri mdi Ki;
r: 13i suat/ki;

n: s ki guri;

T, : s6 tién sau n Ki giri.

3.Tinh tién vay trd gop lai
kép:

Vay mét lan va tra gop co
dinh maéi ki

=T

r(l+r)
T (1+r) -1

t: 56 tién tra moi ki;

Ty: sb tién vay ban dau;
r: 14 suat/ki;

n: s ki phai tra

4.Tinh tién rit dinh Ki:
Guri mét lan va rat dan mai ki
sé tien ¢é dinh

T, =T,.(1+r)" +M[1—(1+ r)"]

r

T, : s6 tién giri ban dau;

r: 14i suat/ki;

n: s6 ki gui:

T : 56 tién con lai sau n ki;
M: sb tién rit méi Ki.

5.Tinh sé dan ting, giam:

S, =S,€e""

S, : s6 dan ban dau;

r: ti 1& bién dong dan so/ki;
n: s6 ki;

S, : s6 dan sau n Ki.

6.Tinh lwong phong xa ban
ra:

m, : khdi lwong chat phong xa ban
dau;

t: thoi gian ban rg;

T: chu ki ban ra;

m, : khéi lugng tai thoi diém t.

7.Tinh cwong dé dong dat:

M: cudng d6 dong dat;
A: bién d6 rung toi da;
A, : bién do chuan (hang s dinh

trudce).

8.Cong tharc lién hé 2 tragn

A,M,va A,,M,: lan luogt 1a bién do

A A roo~ oA A Al = M;-M, A
dgng dat c6 ciing bién dp oo rung téi da, cudng do cua tran dong
chuan: dat thir nhat va th hai.
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Chuong = PAO HAM|

Ham so cdp Ham hgp Phép toan
Quy tic de,u? ham caa ham hop 67 (u iv)' ey
(33) (C)' ~0 Vv6i u=u(x) ,
, (58) (uv) =u'v+uyv’
(34) (x) =1 [f(u)] =f"(u)u A
u) uv-vu
(35) (Xa )r :a_xa_l (46) (ua) :a.ua—l.u/ (59) [Vj - V2
- (J}) :L\/_ “7) (JJ) :235 (60) (ku) =ku’, (k lahing sb)
24X ' 0 '
, Y o) (&) -
(37) ER (48) (—) =— v v
x) x usou Dic bigt
iny) — 49 =u". G
(38) (sinx) =cosx | (49) (sinu) =u 3(’3SU €2 (Xiaj =);Ofl
(39) (cosx) =-sinx |(50) (tanu) = o0 b
(40) (tanx)'=COSlZX (51) (cosu)':—u'.sinu (63) (ax+bj _ e d‘ _ ad-hc
, L d q 2 q 2
a (COtX), _ 52) (cotu) = CX + (ex+d)”  (cx+d)
sin® x sin- 4 ax’ +bx+c) adx’ + 2aex +(be—cd )
X 53 uy —a' | ' (64) [ j = 2
(42) (a ) _a*lna | (63) (a')=a".lnau dx+e (dx+e)
(43) (eX) (54) (e“)':e”.u'
(44) (log, x) = e (55) (log,u) = =
' 1 0 __'
(45) (Inx) =~ (56) (Inu) =

QUY TAC TIM PA0O HAM
Khi tim dao ham cta ham sé ta thuc hién theo thir tu wu tién nhu sau:

IPHEP TOAN 2 HAM HOP 2 HAM SO CAP|
= TIEP TUYEN
1. Binh ly

Phuong trinh tiép tuyén cta duong cong (C):y = f () tai tiép diem M (X, ; Y, ) ¢6 dang:
Y=Y = k.(X—XO) (*)

Trong do:

X, : Hoanh d¢ tiép diém;

Yo = Y(X%,): Tung do tiép diem;

k= f'(x,): Hé s6 goc cua tiép tuyen tai diem c6 hoanh d¢ X,

2. Quy tic 1ap phwong trinh tiép tuyén ciia duwong cong y = f ()
Budc 1. Tim dao ham y'= f ()

Budéc 2. Dya vao gia thiét, tinh x,, Y,, '(X,).
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Budc 3. Thay vao phuong trinh (*), thu gon, ta duoc phuong trinh tiép tuyén can tim (Cha y: So diéu kién,
loai phuong trinh néu c6)
3.Chuy
=Duong thang (d):y =ax+b c6 hé sé goc k, =a;

= Puong thang (d):ax+by+c=0<:>y=—%x—% c6 hé s6 goc k, :_Fa'

= Hai duong thing song song thi hé sé gc cia chiing bang nhau.
= Hai duong thiang vudng géc thi tich hé sé géc cua chiing bang —1.
4. Cé4c dang phwong trinh tiép tuyén

Gid thiét Theo GT, Ta co: Cdc dai lwong can tinh
Biét hoanh ¢ tiép diém Xo Tinh: y, =y (%), k=f'(x,)
. . Tu: Yo=Y(%) > Tinh duoc x, va
Biét tung do tiép diem Yo
k="1"(x)
Biét h¢ sé géc ciia tiép ’ Ta: k=1f'(%) - Tinh dugc x, va
tuyén Yo=Y(%)
Tu: k=f'(x,) > Tinh dugc X, va
f;te‘t tlephtztyen Zong song K=k, Yo = Y(Xo)
wong thang ( ) (Cha y loai phuong trinh tiép tuyén tring
phuong trinh duong thing d)
Biét tiép tuyén vuong goc KK sl -1 Tu: k=f'(x,) = Tinh dugc X, va
| z Ky =—l=>K=—
dwong thang (d) K, Yo =Y (%)

Biét tiép tuyén qua . . . ,
Ya—Y(%)=Y(%).(Xxs— %) | Gidi tim X, = Tinh y, =y(%,), k= f'(X,)

A(Xx3 Ya)

Tiép tuyén tai giao diém

cia (C):y="1(x) va f(%)=ax,+b Giai tim X, > Tinh y, =y(%,), k= f'(x,)

(d):y=ax+b

Tiép tuyén tai giao diém T Yo=Y(%) = Tinh dwoc x, va
. 5 Yo =0

ciia (C) va Ox k=1"(x)

Tiép tuyén tai giao diém N ,
ciia (C) va Oy % =0 Tinh: y,=y(%,), k=1'(x,)

M f'(x) latde do thay doi ciia y = f ()

M Mot vat chuyén dong duoc cho bai ham s theo thoi gian t 1a s =s(t). Khi do:
x v(t)=s'(t) latoc do ciia chuyén dong tai thoi diem t

x a(t)=V'(t) lagia toc cua chuyén dong tai thoi diém t
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PHAN < HINH HQC VA PO LUONG

Chuwong = HE THUC LUONG TRONG TAM GIAC, TU GIAC

=HE THUC LUONG TRONG TAM GIAC THUONG

1. Pinh li Coésin
»  Trong AABC vési BC =a,CA=Db, AB =c, ta cé: A
o a’ =b®+c? —2bc.cos A
o p? =a? +¢? —2ac.cos B c b
o ¢? =p?+a’ —2ba.cosC
» H¢ qua B a C
2 2 2 2 2 2 2 2 2
| CosA:b—i_C—a ] CosB:u ] Cosczm
2bc 2ac 2ac
2. Pinh li Sin
»  Trong AABC ta co:
a b ¢
sinA sinB sinC
» H¢ qua
= a=2RsinA; b=2RsinB; c=2RsinC
DsinA:i; sinB:L; sinC:L
2R 2R 2R
3. Pwong trung tuyén

ChoAABC, M 1a trung diém canh BC,
AB® + AC* =2AM? + BC?,
»  Goim,,m,,m_ lan luot 1a d6 dai cac duong trung tuyén tir A, B,C

M

, _b*+c? a® _ ,_a’+c® b’ _ mz_b2+a2 c?
) 4 2 4 ) 4
. Cong thirc tinh dién tich tam giac

Trong AABC ta cd dién tich dugc tinh bai cac cong thuc

]

SN

M

(1) S =%a.ha =%b.hb = %c.hc (h,, h,, h, lan luot 12 d6 dai duong cao dinhe A, B, C)

(2) S =1bc.sin A= lac.sin B= 1ab.sinC
2 2 2

abe
4R
(4) S = p.r(rla ban kinh dudng tron ndi tiép AABC).

(5) S :\/p(p—a)(p—b)(p—c) voi p =

(3) S =—— (R 1a ban kinh duong tron ngoai tiép AABC).

a+b+c

, VGi p la ntra chu vi.

= HE THUC LUONG TRONG TAM GIAC PAC BIET

(M Tam giac vubng:
Cho AABC vuéng tai A c6 dudng cao AH va trung tuyén AM. Ta co:
e BC® = AB® + AC” (Pi-ta-go) e AH.BC = AB.AC
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e AC*=CH.BC e AB’ =BH.BC A
2 2
A T o AH2_ PBPAC
AH? AB®* AC? AB? + AC?
2 2 2 2
.BH:AB: AB .CH:AC: AC B EY C
BC BC? AB’+AC? BC BC? AB?+AC?

e AM = % e Dién tich: S = %.AB.AC (bang nira tich d6 dai 2 canh géc vubng)

Cho AABC vubéng can tai A c6 duong cao AH. Ta cé: C b
e AB=AC=a e BC=a2 . AH =22 a“

2 9
AB? AC? BC? A A e
e Diéntich: S = = = a
2 4
Nira tam giac déu:
Cho AABC déu canh a, c¢6 tam I va duong cao A
AH. Ta co: h0°
2a
a+/3 .. a3 ° i © 2 &

e IH e e Dién tich:S =

Dién tich hinh thang ABCD c¢6 day AB,CD: S = %(AB +CD).h (véihla chiéu cao va h bang khoang

cach gitta AB va CD)
yAlHinh thang vubng:

Dién tich hinh thang ABCD vuong tai A D: S :%(AB+CD).AD

KM HiNnh binh hanh:

Dién tich hinh binh hanh ABCD: S =%(AB+CD).h (véi h 1a chiéu cao va h bang khoang céch gitra

ABva CD)
EHinn thoi ]

Dién tich hinh thoi ABCD: S = % AC.BD (bang nira tich d¢ dai 2 dudng chéo)
IEllHinh chit nhat

Dién tich hinh chir nhat ABCD: S = AB.BC (bang tich chiéu dai va chiéu rong)
IGlHinh vuong:

Cho hinh vuéng ABCD canh a, tdm O

e Duodng chéo: AC =BD =a+2 . OAzOBzOCzODzag e Digntich: S=a’
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CAC TAM CUA TAM GIACHES ’

e Trong tdm tam gidc 1a giao diém 3 duong trung tuyén

Truc tim tam giac 1a giao diém 3 duong cao

Tam dudng tron ngoai tiép tam giac 1a giao diém 3 duong trung truc
Tam dudng tron ndi tiép tam giac 1a giao diiém 3 dudng phan giac

Chuong = VECTC

1. Khai niém vecto
Dinh nghia
» Vecto 1a mot doan thang c6 huéng.

Ki higu
» Vecto ¢6 didm du A va diém cudi B duoc ki hiéu 13 AB, doc Ia "vecto AB ™ A/

» Vecto con duoc ki hiéu 1a &,b, X, V, ... khi khdng can chi 5 diém dau va diém cubi
cua no.

D¢ dai vecto

» Do dai cia vecto 1 khoang cach gitta diém dau va diém cudi cia vecto do.

» D¢ dai cia vecto AB duoc ki higu Ia \ﬁ

, nhu vay [AB| = AB. B¢ dai cia vecto & duoc ki higu 12 [4].

» Vecto co d6 dai bang 1 goi 1a vecto don vi.

2. Vecto cung phuwong, cung hudéng

Dinh nghia

Gia cua vecto -————t— A — = —— 1 ———

» Puong thang di qua diém dau va diém cudi cua 1
vecto dugc goi la gia cua vecto do.

Vecto cung phwong, cung hwong

» Hai vecto cing phuong néu gia cua ching song
song hoac trung nhau.

» Hai vecto cting phuong thi ching chi c6 thé cing
hudng hoac ngugc hudng.

Nhgn xét

» Ba diém phan biét A, B,C thing hang <> hai vecto AB va BC cung phuong.

3. Hai vecto bang nhau — ddi nhau

Dinh nghia

—— — ———_————_——— . — — =

» Haivecto @ vd b goi 1 bang nhau néu chiing ciing huéng va c6 ciing dg dai.

Ki hi¢u d=b

» Haivecto @ va b goi Ia @i nhau néu chiing nguoc huéng va cé cing do dai.

Chay

» Khi cho truéc vecto d va diém O, thi ta luén tim dwoc mot diém A duy nhét sao cho OA=4.
4. Vecto — khong

Dinh nghia

»  Vecto-khong 12 vecto dic biét c6 diém dau va diém cudi déu cling mot diém, ta ki hiéu 12 0.
» Ta quy udc vecto-khong cung phuong, cung hudng véi moi vecto.

» Nhuvidy 0=AA=BB=..va MN=0<M=N.

5. C&c quy tic vé phép toan vecto

Quy tic ba diém
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» Véi3diém A B,C: AC=AB+BC.

Quy tic higu vecto: B

» \V6i3 diém O, A B: AB=0B—-OA. - C
Quy tac hinh binh hanh %
A

» Tirgidc A B,C,D Iahinh binh hanh: AC = AB+ AD . D
Trung diém ciia dogn thang

» Diém | 1a trung diém cta doan thing AB < 1A+ 1B =0

» Néu | 1a trung diém cua AB thi MA+MB =2MI, VM
Treng tdm cua tam giac

» Néu G latrong tam cia AABC thi MA+MB+MC =3MG, VM

» DPiém G 4 trong tam cia AABC < GA+GB+GC =0
6. Piéu kién dé hai vecto ciing phwong

» Hai vecto d,b (b #0) cung phuong khi va chi khi c6 mot sé thuc k dé a=kb.
Nhdn xét

Ba diém phan biét A, B, C thing hang khi va chi khi c6 mot sé thuc k = 0dé AB =kAC .
7. GOc giira hai vecto
Dinh nghia

» Cho hai vecto 4 va b déu khac vecto 0. -
, . - T a -
» Tirmotdiém O bitkitavé OA=4 va OB =b. / a_, A
G6c AOB Vi s6 do tir 0° dén 180° duoc goi 1a goc gidka hai vecto & va <ﬁ)
B

»  Ki higu goc giira hai vecto & va b 12 (a,b).
Néu (5,6):90" thi ta néi rang @ va b vudng géc véi nhau, ki hiéu la
d1b hogch La
Chay.
» Tt dinh nghia ta c6 (é, 5) = (5, é).
» GOC giita hai vecto (khac 0) cung huéng ludn bing 0°
» GOC giita hai vecto (khac 0 ) nguoc huéng ludn bing 180°
8. Tich v6 hudng hai vecto
Dinh nghia
» Cho hai vecto @ va b déu khac vecto 0. Tich vo huéng ciia @ va b 1a mot sé.

Ki hiéu la ab duge xac dinh bai cong thirc §.6=|§|.‘5‘.cos(é;6) .

»  Trudng hop it nhit mot trong hai vecto @ va b bing 0 ta quy uéc ab=0.

Chuay.
Vi d va b khéc vecto 0 taco a Lb < ab=0.
Khi a=b thi a.a duoc ki hiéu 12 d° va goi 1a binh phuong v6 huéng cua vecto & .
Taco &° =|dl|a|cos0° ="
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Bai 1. TOA DO PIEM VA VECTO

Cho u=(x;y),v=(x"y").Khi do:

a:o@{izxy, BT (et o] 0= Xy
iencry=0 | [y o) R ey

Cho A(X4;Ya), B(Xs;Yg)- Khido:

A—B':(XB_XA;yB_yA)

AB:\/(XB _XA)Z +(ys _yA)Z

M 14 trung diém cta AB:
_ Xt Xe ., _YatVYe
M 2 1M 2

G la trong tam tam giac ABC:
Kt XX o Yat¥et¥e
3 L oe 3

G la trong tam t&r gidc ABCD :
Xy Xg X+ Xp

_YatY¥et¥ct¥o

4 P76 4

M chia AB theo ti s6 k:
_ XA_kXB Ly = YA_kyB

MUk M 1k

Bai 2. PUONG THANG TRONG MAT PHANG TOA P

1. Véc to chi phuong va vecto phap tuyén cia dwong thiang

Vecto chi phwong

» Vécto U goi la vécto chi phuong cua duong thing A néu G =0 va gia cua U song
song hoac trung vai A.

Nhgn xét
(1) Néu U 1a mot vecto chi phuong ciia duong thang d thi k., (k #0) ciing la

mot vecto chi phuong cua d .
(2) Mot duong thang xac dinh khi biét mot vecto chi phurong va mét diém ma né di qua.
Vecto phdp tuyén

» Vécto i goi la vécto phap tuyén ciia duong thing A néu fi=0 vagidcua ii vuong .
goc vai A. )
Nhdn xet

(1) Néu i 1a mot vecto phap tuyén cua duong thang d thi ki , (k #0) ciing la mot

vecto phap tuyén cuad .
(2) Mot duong thang xac dinh khi biét mot vecto phap tuyén va mo diém no di qua.
(3) Néu fi 12 mot vecto phap tuyén cua duong thang d va G 1a mot vecto chi phwong cia dudng thang

d thi n.u=0.

Lién hé giita vecto chi phwong va vecto phdp tuyén Y
Tur nhan xét (3), ta c6:
(1) Néu fi=(a;b) 1a mot vecto phép tuyén cia duong thang d thi vecto chi

Yo

phuong cua d 13 U =(b;—a) hay G =(-b;a)
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(2) Néu G =(a;b) 1a mét vecto chi phuong ciia dudng thang d thi mot vecto phap tuyén cua d 1a
i =(—b;a) hay n=(b;—-a)
2. Phuong trinh dwong thang
Phwong trinh tham sé ciia dwong thang
Cho dudng thang A di qua diém A(X,; Y, ) va c6 vecto chi phuong G =(a;b).
» Khidé M (x;y)thue dusng thing A khi va chi khi ton tai s6 thuc t sao cho AM =t , hay
X=X, +at
X (2)
y =Y, +bt
H¢ (2) duoc goi 12 phwong trinh tham sé cia dudng thang A (t 12 tham sé).
» Duong thing A di qua diém A(X,;Y,) Va c6 vecto chi phuong G =(a;b) thi c phuong trinh tham sé la
X =X, +at
y=y,+bt
(Mdi diém M bt ky thuge duong thang (d) twong g véi duy nhat mét s thuc t e R va nguoc lai).
Nhdn xét
(1) AcA<= A(x,+at;y, +bt),teR
X=X, +at

v6i a’ +b® =0 déu 1a phuong trinh cua
y =Yy, +bt

(2) Trong mat phang Oxy , moi phuong trinh dang {

duong thang d c6 mot vecto chi phuong 1a U = (a;b).
Phwong trinh chinh tic ciia dwong thang
» Duong thing A di qua diém A(X,;Y,) va co vecto chi phuong G =(a;b) véi a=0,b#0 cb phuwong

R , , . X=X —
trinh chinh tac la; —=2 _Y Y%

a b
Phwong trinh tong quét ciia dwong thang
» Moi duong thang déu c6 phwong trinh tong quét dang ax+by+c =0, voi a va b khong dong thoi
bang 0.
» Nguoc lai, mdi phuwong trinh dang ax+by+c¢ =0, véi a va b khong dong thoi biang 0, déu 1a phuong

trinh ctia mot duong thang, nhan fi = (a;b) 1a mot vecto phap tuyén.
Nhdn xet
(1)Puodng thang d di qua diem M (X,;Y,) va c6 vecto phap tuyén fi=(a;b) thi c6 phuong trinh tong

quét la a(x—x,)+b(y—y,)=0.

(2)Néu a =0 phuong trinh tré thanh by +c=0< y = —% duong thang song song vai truc hoanh Ox va

cét truc tung Oy tai diém M (O; —%) .
(3)Néu b =0 phuong trinh tr¢ thanh ax+¢c=0< x = < duong thang song song vai truc tung Oy va
a

cit truc hoanh Ox tai M (—E;Oj
a

(4)Néu ¢ =0 phuong trinh tr& thanh ax+by =0 dudng thang qua géc toa do O(0;0).
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(5)Puodng thang y =ax+b, (trong d6 a dwoc goi la hé s6 goc cua dudng thang) co vecto phap tuyén 1a
i=(a;-1).

. 2 Lo S 2 T B st 1 a
Nguoc lai duong thang c6 vecto phap tuyén fi =(a;b) thi cé hé s6 géc la =

(6)Pudng thing d di qua diém A(a;0) va B(0;b) c6 phuong trinh Ia 5%:1.
a

3. Vi tri twong doi cia dwong thang
Cho hai duong thang A, va A, c6 lan luot hai vecto chi phuong uj, @ hay c6 lan luot hai vecto phap
tuyén n;, n,. Khi do:
(1) Néu Jl @ (hay nj nj) cung phuongva M e A, =M €A, thi A, =A,
(2) Néu uj, u, (hay n, n,) cing phuong va M e A, =M ¢ A, thi A, ||A,
(3) Néu uj, u, (hay n,, n,) khong cung phuong A, va A, cit nhau
Trwong hop 1: Hai dwong thang cho béi phwong trinh téng quét
Cho hai duong thang A, :a,x+by+c =0 va A,:a,x+by+c,=0.
Toa d6 giao diém cua A, va A, la nghiém cua hé phuong trinh bac nhét hai an:

aXx+by+c =0
a,X+b,y+c,=0

1)

(1) A, =A, < hé (1) co vd s6 nghiem < a_b_g (a,,b,,c, #0)
aZ bZ CZ
A A A a bl C,
(2) ALl A2 < hé (1) vO nghigm < 4 =—%—= (a,Db,,c,=0)
aZ bZ C2
(3)A, cat A, < h¢ (1) c6 mot nghiem < ﬁ;ﬁ% (a,,b,,c, #0)
a'2 2
v Néu h¢ (1) c6 mot nghiém (X;y) =(%,; ¥,) thi A, va A, cat nhau tai diém 1 (x,; Y,)
Trwong hop 2: Hai dwong thang cho béi phwong trinh tham sé

X=x+at {x=x2+a2.k

Cho hai duong thang A, :{ va A, Y=y, +h K’ Xét hé phuong trinh twong giao bac nhat hai
- J2 2"

y=y +bt 2
an t, k (ghép lai tr hai phwong trinh):
oo @
(1)A,=A, < hé (2) c6 vd s6 nghiem
(2) A1l A2 < hé (2) vO nghiém

(3)A, cht A, < hé (3) c6 mot nghiem <> %zik% (a,.b,,c, #0)
v Néu h¢ (2) c6 mot nghiem (t;k)=(ty;k,) thi A, va A, cat nhau tai diem 1(x, +a.t;y, +b.t;) (thay
t =t, vao phuong trinh tham s6 A, hay tai diém 1(X, +a,Ky; Y, +b,K,) (thay k =k, vao phuong trinh tham
$6 A,.
Chay —z .
Cac truong hop khéc thi bién d6i phuong trinh vé truong hop 1 hoac truong hop 2.
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4. Khoang céach tir mét diém dén dwong thiang
Cho diém M (X,; Y, ) va dudng thang A:ax+by+c=0. Khi do:

|ax, + by, +¢|

Ja? +b?

Khoang cach tir diém M dén duong thang A 1a d(M,A) =

5. GAc giira hai dwong thiang
Dinh nghia
Hai duong thang A, va A, cat nhau tao thanh bén gac.
» Néu A, va A, khdng vudng goc nhau thi goc nhon trong bbn géc d6 goi 1a goc gia hai dwéng thang
A, va A,, ki hiéu I3 (Al,Az) hay (A,,A,)
» Néu A, va A, vudng goc nhau thi gdc giira A, va A, bang 90°
Quy woc: Néu A, va A, song song hoac tring nhau thi goc gitra A; va A, bang 0°
Nhdn xét: 0°<(A,,A, |<90°
Cong thirc tinh goc gidka hai dwong thang
» Cho hai duong thing A, va A, c6 lan lugt hai vecto chi phuong u, = (a;h,), u, =(a,;b, ) . Khi do:
_ [ by +2, 0|
_‘Jl“@‘ Ja’ +a,” (b7 +b,?
» Cho hai duong thing A, va A, ¢6 lan luot hai vecto phap tuyén n, = (a;h), n, = (a,;b,) . Khi do:

n.n,
_ ‘ L suyra cos(A,,A,) 2.1 2,5
N

cos(A,, A, )= ‘cos(ul, uz)

suy ra cos(A;,A,)=

cos(A,, A, ) = ‘cos(nj, nj)

Bai 3. PUONG TRON TRONG MAT PHANG TOA PO

1. Phwong trinh dwong tron

Dinh nghia

Phuong trinh (X—a)2 +(y—b)2 = R? duogc goi 1a phwong trinh dwong tron co y 4 My
tam | (a;b) ban kinh R

Nhan xét b

Phuong trinh x* + y? —2ax—2by+c=0 véi @’ +b*—c >0 14 phuong trinh

dudng tron tam 1 (a;b) ban kinh R=+a*+b*—c. o 2 >

2. Phwong trinh tiép tuyén ciia dwong tron
Phwong trinh tiép tuyén tai diém ndam trén dwong tron
Phuong trinh tiép tuyén ctia duong tron tam 1 (a;b) tai diém M, (%,;Y,) ndm
trén duong tron la
(8=%)(x=%)+(b=Yo)(¥~¥,) =0
Phurong trinh tiép tuyén tai diém nam ngoai dwong tron
Viét phrong trinh tiép tuyén A cua (C) tai diém Mg (X,;Y,) nam ngoai (C)

Buwgc 1. Timtoaddtdm | vaban kinh R cua (C).
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Buéc 2. Tiép tuyén la dudng thang di qua M, nén cé dang a(x—x,)+b(y—y,)=0
Buwéc 3. Do A tiép xtc véi (C) nén d(1;4)=R (*).
Gidi (*) tim dwoc mdi lién h¢ giita a, b. Chon a, b phti hop dé két luan.
Phwong trinh tiép tuyén song song véi dwong thang
Viét phuong trinh tiép tuyén A véi (C) biét A song song véi d :ax+by+c=0
Buwgc 1. Timtoadd tam | vaban kinh R cua (C).
Buwgc 2. Do A song song véi d :ax+by+c=0 nén phuong trinh A c6 dang ax+by+c'=0 (c'=c)
Buéc3. Do A tiépxtcvéi (C) nén d(1;A)=R (*).
Giai (*) tim duoc c', so véi diéu kién dé két luan.
Phwong trinh tiép tuyén vudng goc véi dwong thang
Viét phurong trinh tiép tuyén A véi (C) biét A vudng goc véi d :ax+by+c=0
Buwgc 1. Timtoaddtam | vaban kinh R cua (C).
Buwgc 2. Do A vudng géc véi d:ax+by+c=0 nén phuong trinh A ¢ dang bx—ay+c'=0 (c'#c)
Buéc 3. Do A tiép xtic v6i (C) nén d(I1;A)=R (*).

Giai (*) tim dugc c', so véi diéu kién dé két luan.

Bai 4. BA PUONG CONIC TRONG MAT PHANG TOA DO

1. Elip
Dinh nghia elip
Cho hai diém c6 dinh F,, F, va mot do dai khong doi 2a y
[6n hon FF, .
Elip (E) latap hop tat ca diém M trong mat phang thoa
MF, + MF, =2a Aj
Céc diém F,, F, goi la c4c tiéu diém cua elip

bo dai FF, =2c goi la tiéu cxr cuaelip (a>c).

Phwong trinh chinh tdc cia elip
Trong mat phang Oxy, cho elip (E) c6 cac tiéu diém F,(—c;0),

v A

F,(c;0). b B,

2 2
X : - 7 -
Phuong trinh c6 dang — + Z—z =1 véi b*> =a*—c* duogc goi la A / ‘\A;
a

—a C O c a \=
phuong trinh chinh tac cua elip (E)

Chuy b B
> Elip (E) cat truc Ox, Oy tai c4c diem A (-a;0), A,(a;0),

B,(0;-b),B,(0;b) goi la cdc dinh cua elip.
Doan thang AA =2a goi la truc lén ; doan thang B,B, =2b goi la truc bé.

v

M

»  Giao diém O cua hai truc goi 12 tdm doi xieng cua elip.
2. Hypebol
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Dinh nghia hypebol
Cho hai diém cb dinh F,, F, va mot do dai khong doi 2a nhé hon
FF,.
Hypebol (H) latap hop tt ca diém M trong mat phing thoa
IMF, —MF,|=2a

Céc diém F,, F, goi la c4c tiéu diém cua hypebol

Do dai FF, = 2c goi la tiéu cz cua hypebol (a<c).
Phwong trinh chinh tac ciia hypebol
Trong mit phang Oxy , cho hypebol (H) c6 céc tiéu diém

F.(-c;0), F,(c;0).

X y? : -
Phuong trinh c6 dang —z—g—z =1 voi b? =c®—a® duoc goi la
a

phicong trinh chinh tic ciia hypebol (H )
Chuy
Hypebol (H) cét truc Ox tai cdc diém A (—a;0), A, (a;0) goi la cac dinh cua hypebol.
Doan thang A A, =2a goi la truc thuc; doan thang B,B, = 2b goi la truc do.

M

M

»  Giao diém O cua hai truc goi 1a tim déi xirng cia hypebol.
3. Parabol
Dinh nghia parabol
Cho mot diém F va mot duong thang ¢é dinh A khéng qua F .
Parabol (P) latap hop tat ca diém M trong mit phang cach déu F va A
biém F goi |a fiéu diém cua parabol va duong thang A goi & dwéng chuan cua parabol (P)
Phwong trinh chinh tdc ciia hypebol

Trong mat phang Oxy, cho parabol (P) c6 tiéu diém F(g;oj va

duong chuan A: x+§=0.

Phuong trinh ¢6 dang y? = 2px duoc goi 1a phuwong trinh chinh tic

H
ciia parabol (P)
chay
» Diém O goi la dinh cua parabol (P).
A

»  Truc OX goi la true déi xirg cua parabol (P).

» P goi latham sé tiéu cua parabol (P).
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Chuwong = PUONG THANG VA MAT PHANG. QUAN HE SONG SONG KHONG GIAN

Bai 1. HAI PUONG THANG SONG SON

Vi tri trong ddi giira hai dwong thing va Pinh nghia

(1) Hai duwong thang a va b cting nam trong mot mat phang va khong @
¢6 diém chung. Khi d6: a va b song song nhau /

» Ki hicu: a||b N —

(2) Hai duong thiang a va b cing nam trong mot mit phang va cd mot a b
diém chung | duy nhat. Khi d6: a va b cit nhau tai diém | y
» Ki hiéu: anb=1 P

(3) Hai duong thang a va b va b clng nam trong mot mat phang va cé b
tir hai diém chung tré Ién. Khi do: a va b triing nhau /
» Ki hiéu: a=b P «

(4) Hai duong thang a va b khong cling nam trong mot mat phang. -
Khi d6: a va b chéo nhau S /

» Hai duong thang goi la dong phang néu ching cung nam trong mot mat phang.

» Hai duong thang chéo nhau néu chung khong dong phang. 7

» Hai duong thang song song néu chung dong phang va khong c¢6 diém chung.

» Co6 dung mot mat phang chira hai duong thang song song.

Tinh chat (cac quan hé song song thudng gap trong cac hinh da giac)

(1) Hinh thang: Hai canh day song song

(2) Céac dang hinh binh hanh (hinh binh hanh thwong, hinh thoi, hinh chéiz nhdt, hinh vuéng): Hai cap canh
d6i song song va bang nhau.

(3) Pwong trung binh:

[ Pwong trung binh cia tam giac: Poan thang ndi trung diém hai canh, song song va bang nira canh con
lai.

[1Pwong trung binh hinh binh hanh: Poan thang ndi trung diém hai canh ddi, song song va bang hai canh
con lai.

[1Pwong trung binh hinh thang: Poan thang ndi hai canh bén, song song va bang trung binh cong hai canh
day.

MA/\\l M7 /D /M/A D\N

/ /"

B C B C B
(4) Pinh ly Thalés trong tam giac A
Mot duong thang chin hai canh cia tam giac theo cac doan thang twong
ung ti I€ thi duong théng do song song véi canh con lai va nguoc lai M N
AM_ AN < MN ||BC /
AB AC B ¢
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Bai 2. PUONG THANG VA MAT PHANG SONG SON

Vi tri twong déi giira dwong thiang, mit phang va Pinh nghia

(1) d va (a) khong ¢ diém chung.

Khi d6 ta néi d song song vai (a) hay (a) song song voi d
» Ki higu 1a d// (o) hay («)//d. a
(2) d va () c6 mot diém chung duy nhat M. d

Khi d6 tanéi d va () cit nhau tai diém M A \M
«

»Ki higu 1a d () ={M} hay dn(a)=M.

(3) d va (a) c6 tir hai diém chung tré 1én.

d
Khi d6 ta néi d nam trong (a) hay (a) chtra d A /
«

» Ki hiéu la dc(a) hay (a) >d )

Tinh chat
binh li 1:
Néu dudng thing d khong chaa trong mat | |d < (@) @
phang () va song song véi dudng thang d' | dld’
chtra trong mét phang () thi duong thang d delw) / d
o

: d
song song véi mat phang («) =d|l(a)

Dinh Ii 2:
Cho duong thang a song song véi mit

phéng («). Néu mit phang (f) chira a

va cat (a) theo giao tuyén b thi b song

song voi a.

H¢ qua:

Hai m4t phang cting song song véi mot
duong thang thi giao tuyén ctia chiing
néu 6 cling song song véi duong thang
do.

Bai 3. HAI MAT PHANG SONG SON:

Dinh nghia

Hai mét phang (P) va (Q) duoc goi la song song v6i nhau néu

Ky hiéu: (P)//(Q) hodc (Q)//(P).

ching khong c6 diém chung. /14 /
A /
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<% Nhan xét:

Né&u hai mat phang (P) va song song vdi nhau thi bat ky
it phang (P) va (Q) song song v y A"/’F/

duong thang nao nam trong mit phang nay ciing song song véi
mat phang kia. A /
Tinh chat Q
B!nh li1: () >a,b X

Néu mat phiang ndy c6 chta 2 dudng ’ - |

- 2 N . anb=1
thang cat nhau cung song song véi mat X
phing kia thi hai mat phing song song | (% 1(8)
AL, = (@) 1(8) .

Hé qud: abc(a)
Néu mat phing nay co chia 2 duong | janb=I : ¢

thang cit nhau lan luot song song 2 | |alla’, b|lb'
duong thang chira trong mét phang kia | |a'b' < (B)

thi hai mat phang song song nhau. = (@) () a b
dll \d-z
Dinh li thales trong khong gian: A Yy — R /
Ba mit phang d6i mot song song AB BC CA L I "\
171 __ 7171 71T 1

chan trén hai cat tuyén bat ki nhitng A,B, = B,C, = C.A, %Bl .! e /

doan thang twong tng ti 18

= TIM GIAO TUYEN CUA HAI MAT PHANG

Céch 1: Ae(a)n(p)
Tim 2 diém chung phén biétcia | | g (@) ()
2 mat phang 2 Giao tuyén la

duong thang di qua 2 diém AzB
chung d6 = AB=(a)N(p)
Cach 2:
Tim 1 diém chung coa 2 mat
g "1 (1e(a)n(B)

phang va chung to trong 2 mat
phang Ian lugt ¢6 chua 2 duong | 1@< (@), b (B)

thiang song song nhau = Giao | |a|lb

tu.);/en la duong thang di qua :(a)m(ﬂ): IX(IX||a||b)
diém chung va song song 2
duong thang do.
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Céch 3:

Tim 1 diém chung cua 2 mat
phang va chiing to trong mit L e(a)n(6) /
phing nay c6 chua 1 duong | 1@< (@)

thang song song véi mét phang | |al( )
. . A s 9 2 |
k!aé Gl.a;o tuyén lad\uo?ng thang = (@) (B)=Ix (IxI|a) /m/

di qua diém chung va song song

duong thang do.

= TIM GIAO PIEM CUA PUONG THANG VA MAT PHANG.

Trwong hop 1: (a) Sa
Néu trong (&) c6 chira sin duong thang acat | |3 ~b= | \
b tai I thi I 1a giao diém cua b va («). =bn(a)=1 L2

Truwong hop 2:
Néu trong («) khong chira sén duong thang

a cit b nhu TH1 thi ta thuc hién nhu sau: (ﬂ) b B
B1: Chon mt phang phu () chta b sao cho (@) (f)=d b
giao tuyén cua («) va () dé tim. dnb=1 d /

B2: Tim giao tuyén d cua () va (B). —~bn(a)=I
B3: Trong (), tim giao diém I ciad vab >

I 1a giao diém cua b va ().

= TIM THIET DIEN CUA HINH CHOP, LANG TRU PUQC CAT BO1 MOT MAT PHANG
Cach 1: Tim tat ca céc doan giao tuyén cua () véi cac mat cia hinh chép, lang tru - Thiét dién la da

giac tao bai cac doan giao tuyén do.
Cach 2: Tim tat ca cac giao diém cua (ar) Véi cac canh (néu cd) cua hinh chop, lang try - Thiét dién la

da gi4c tao bai cac giao diém do.
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Chuwong = QUAN HE VUONG GOC TRONG KHONG GIAN

Bai 1. H4I PUONG THANG VUONG GOC.

binh li
Néu mét duong thang vudng goc voi mot mit phang thi
duong thing d6 vudng goéc véi moi dudng thing chia {d L(a)

trong mat phang ay.

ac(a)
>Dé chimg minh 2 duong thang vudng géc, taching | _ 4 | 4 //\ |

minh: duong thing ndy vubng goc véi mit phang chia
duong thang kia.

Néu mot duong thang vudng goc véi hai canh cua mot

B R s 2 A B o f . .. |dLAC
tam giac thi duong thang do vuong goc vai canh con lai ‘
cua tam giéc ay. =d LBC B\

binh li
Néu mot duong thing vudng goc vei 2| [d1LadLb d
dudng thing cit nhau cuing chira trong mat | (anb=1

phang thi duong thang d6 vudng goc véi | |a,b c («)
mat phang ay. —d 1 (a)

H¢ qud {d 1 AB

Hé qud 1 (o) L(B)
Néu 2 mat phing vudng géc nhau thi bat ki | | (@) N (8) =d
duong thiang ndo nam trong mat phiang nay | |A < (8)

va vudng goc vai giao tuyén 2 mat phang | |A 1 d

s& vudng goc mit phang kia. = AL ()
A @ p
Hequaz (@) (B)=d o/ |
Hai mat phang phén biét cung vuéng géc (@) L) d
mat phang thir 3 thi giao tuyén cua 2 mat (5 L () l
phing d6 (néu c6) s& vudng goc mat phang 4 N N

th 3 do. —d 1(y) L

Bai 3. HAI MAT PHANG VUONG GOC.

Dinh nghia

Hai mat phing vuéng goc khi mit phéng
nay chira mot duong thing vuéng goc vai {A < (p)
mat phang kia. Al(a)

> D& chiing minh hai mit phang vudng | = (o) L (5)
g6c, ta chang minh: mat phang nay cé chira
mét duong thang vudng goc mat phang kia.
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binh li

Néu mat phang nay c6 chra mot duong
thang vudng goc véi hai duong thang cat
nhau nam trong mit phang kia thi hai mat
phang vuéng géc nhau.

(ﬂ)DA
Ala, Alb
anb=I
a,bc(a)

=(a)L(8)

= TIM HINH CHIEU CUA PIEM LEN MAT PHANG
e Dinh nghia: H 14 hinh chiéu cia M Ién (o) <MH L(«)tai H.

Truong hop 1 Truwong hop 2

C6 duong thang A di qua diém M va | Chua c6 sén duong thang A nhu trudng

vudng goc mit phang («) tai H . hop 1.

Suy ra, H Ia hinh chiéu caa M 1én e Tim mat phang(f)qua M va

(@) (8)L(a)

eTim d=(a)m(ﬂ)
eVEé MH Ld tai H
= MH L (a)tai H

= H lahinh chiéucua M Ién (a)

1. G6Oc giira 2 dwong thiang cit nhau

Dinh nghia

G6c giira 2 duong thang cat nhau la goc co s6 do nho nhit (goc nhon)

trong 4 goc tao thanh.

e

2. Goc gitra 2 dwdng thang bat ki

Dinh nghia

Goc gitta 2 duong thang bat ki la goc
giita 2 duong thang cit nhau lan luot
song song Véi 2 duong thang do.

{

afla’_ -
MEICORICEY

Y

e

T

|

3. Géc giira dwdng thang va mit phang

Dinh nghia Liy A Bed

Goc gilta  dwong | Tim A', B' Ian Iuot 13 hinh chiéu cua A, B Ién

thang va mit phing (@)
la goc gitra duong

thing v&i hinh chiéu | > d' (hay A'B") la hinh chiéu cua d Ién («)

cuia nd trén mat
phang.

> (d,(@))=(d,d")

d

e
15aN

-
A' B
[0}

(d, () =(d,d”) Dic bigt

Vi d ' 1a hinh chiéu | Néu Al cét () tai | va AH vubng goc («)

cia d 1én () tai H thi (Al,())=AIH

d

pa

a
b
a
b’
a
d
d

N
X

H
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4. Géc giira hai mat phang

Dinh nghia

GAc gitra hai mat phang la goc gitra 2 duong
thang lan luot vudng goc vai 2 mat phang do.

= ((a), (S a,b
bl(ﬁ)

Cich xdc dinh thwong dung
G6c giira hai mat phing bang
géc giita 2 duong thang lan
luot chira trong 2 mat phang
va cung vudng goc vai giao
tuyén cia 2 mit phang do.

(a)n(B)=d

ac(a);bc(p)

ald; bld

=((@).(8))=(ab)

5. Géc nhi dién va goc phang nhi dién

Dinh nghia

Goc nhi dien (hay nhi dién) la hinh tao boi
hai nira mat phang va giao tuyén caa hai
nira mat phang doé.

Goc nhi dién [a,d, 8]
Hai nra mat phang o, B 1a hai mat cua
nhi dién; d la canh cua nhi dién

Dinh nghia

Goc phang nhi dign cia mot goc nhi dién 1a goc ¢é dinh nam
trén canh cua nhi dién, c¢d hai canh lan luot nam trén hai mat cua
nhi dién va cung vudng goc vai canh cua nhi dién

Cidch xdc dinh goc phang nhi
dign
(@) (B)=d
ac(a);bc(ﬂ)
ald; bld
anb=1

:>[a,d,,8]=alb

Bai 5. KHOANG CACH
1. Khoang céch tir mét diém dén mit phing

Khoang cach tr mot diém dén mat
phang 1a khoang céch tir diém do dén
hinh chiéu cia n6 1én mat phang.

Dinh nghia Tim H Ia hinh chiéu cua A Ién (a). A\ ’

Khi do:
d(A (a))=AH / ' P

2. Khoang cach giira dwong thing va mit phing song song

Dinh nghia Liy AcA. A y
Khoang cach gitra duong | Khi do:

thang va mat phing song | d(A, («)) =d(A, («)) / H—'

song la khoang cach tir mot o

diém bat ki thuoc duong

thang dén mat phang.

3. Khoang céch giira hai mit phiang song song

Dinh nghia

Khoang cach gitra hai mat phang song
song la khoang céch tir mot diém bat ki
thudc mat phang nay dén mit phang kia.

Lay Ae(a). 1A
Khi do: / '
a@m=oaw |~ h
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4. Khoing cach giira hai dwong thing chéo nhau

binh nghia

Khoang céch giita hai duong thang
chéo nhau la d6 dai doan vudng goc
chung cua 2 duong thang do.

Tim dudng thang A cuing
vudng goc a tai M va
vuodng goc vai b tai N.
Khi d6: d(a,b)=MN

Céch xdc dinh khéc

Khodng cach gia hai dwong thing
chéo nhau la khoang cach gitra duwong
thang nay véi mat phiang song song
chtra dudng thang con lai.

{(a)aa

(a)/ b
= d(a,b)=d(b,(a))

PN

Khodng cach giga hai dwong thang
chéo nhau la khoang céach gitra 2 mat
phang song song lan luot chira 2 duong
thang do.

{(0{)3 a,(B)>ob
(@)/1(B)
=d(a,b)=d(().(8))

e

/N

eDAC BIET: Quy tic doi diém khi tinh khodng cach tir diém dén mdt phang:

A B

Khéi ldp phwong
| . & B
= e Ay
1 | D
a_": ﬂ:
b}}._____ﬂ__---__ : B'
- Q’J____fl__7

" D C

Bang tich 3 kich thudc Bang lap phuong d6 dai canh | Bang dién tich ddy nhan chiéu cao

Khéi chép

Khéi chop cut

5

B
<

V= :—t S.h (Bing mot phan ba dién tich day nhan chiéu cao)
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v Quy tic tinh thé tich khdi da dién
‘Buéc 1. Xac dinh cac yéu td: duong cao, day > Lap cong thirc thé tich (khai trién)
*Budére 2. Xac dinh cac dai lugng khong gian (néu c6): cac loai goc khong gian, cac loai khoang cach, ...
Budre 3. Tinh sé do ciia cac yéu t6 (c6 trong cong thirc thé tich ¢ B1)
*Budée 4.Thay vao cong thirc thé tich & B1> Két qua.
= Ung dung thé tich
1. Cong thic ti so thé tich
Cho hinh chép S.ABC va 4’, B’, C’ lan luot thudc canh bén SA, SB, SC. Khi
do:

Vs apce  SA" SB' SC'
Vi SA'SB SC
(*Cha y: Chi &p dung cho hinh chép tam giéc)

2. Khoang céch tir 1 dinh dén mat ddi dién cia mét hinh ti dién (hinh chép tam giéc)

VA_BCD = %'SBCD'd (A, ( BCD)) =d (A, ( BCD)) = .3'\S/A.BCD

BCD

LJ CAC DANG HINH KHONG GIAN THUONG GAP

v"HINH CHOP
1. Hinh ch6p c6 mét canh bén vudng goc day (hay hai mat bén vuéng goc veoi day)
Dang 1: Hinh chop S.ABCD c¢6 day la hinh chir nhat va canh bén S

SA vudng g6c mit day. H, K lan luot 12 hinh chiéu cua A 1én
SB, SD.

[INéu mot dudng thang vudng goc vai mot mat phang thi duong
thang d6 vudéng goc véi moi dudng thang chira trong mit phang.
[JNéu mot mat phang vudng goc véi mot duong thang thi mat
phang dé6 vudng gbc voi moi mat phang chira dudng thang.
SA 1 AB,BC,CD, DA AC,BD,...
(ABCD) L (SAB),(SAC),(SAD)....

[)BC L (SAB), AD L (SAB);

[ AB L (SAD), DC L (SAD);

[ AH 1 (SBC); AK L (SCD)

[IN€u ddy 1a hinh vudng thi BD L (SAC)

DSAL(ABCD):{

Dang 2: Hinh chop S.ABC c6 day ABC la tam gidc vuodng tai B
va canh bén SA vudng goc mat day. H 1a hinh chiéu cia A 1én
SBva K lahinh chiéu cua B 1én AC .

. SAJ_(ABC):> {SAJ_ AB,BC, AC,...
(ABC) L (SAB),(SAC)....

[1BC L(SAB);

[JAH L (SBC);

[1BK L (SACD)
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Dang 3: Hinh chép S.ABC c6 day la tam giac déu va canh bén 5

SA vudng goc mat day. M 1a trung diém BC, H lan luot 12 hinh
chiéu cua A 1én SM
[1BC L(SAM);

[ AH L (SBC);

2.Hinh chép déu (La hinh chép cé day la da gide déu va hinh chiéu cia dinh 1én ddy (chdn dwong cao) tring
tam day)

Tinh chdt (chung): Dinh
-Cac canh bén bang nhau, canh day bang nhau

-Cac mat bén 1a nhirng tam giéc can tai dinh hinh chdp va bang nhau

-Buong cao cua hinh chop 1a SH (Véi S 1a dinh va H 1a tam day) Budng cao
-GAc giira cac canh bén va mit day bang nhau, Mat ddy
-G6c giira cac mat bén va mat day bang nhau.

S Canh bén
i Trung doan
Mat bén

Hinh chép tam gidc déu: S
Tinh chdt (riéng):

Mit day 1a tam giac déu

buong cao cua hinh chop la SH (Vi S
1a dinh va H 14 giao diém 2 duong trung
tuyén ciia tam giac day)

Goc gitra canh bén va mat day la:
SAH =SBH =SCH =« .

GOc gitta mat bén va mat day la:

Goc gira canh

bén va mat day B AL

bén va mat day

Céch vé hinh chép tam gide déu S.ABC (hogc ti dign déu):
o . | Veday ABC > Dung trong tam H (La giao diém 2 duong trung
SIH = 3 (voi | 1a trung diém canh ddy) | t,vén) 5> V& SH vudng géc (ABC) = V& céc canh bén

Hinh te dién déu la hinh chop tam giac
déu c6 canh bén bang canh day (hinh
chdp tam giac c6 tat ca cac canh bang
nhau.

Cho khdi ta dién déu canh a, chiéu cao
h va d la khoang cach gitra hai canh

NN

ddi dién. Ta co: h:a? d=a—

2
Hinh chop ti gide déu
Tinh chdt (riéng): s60 gt
Mat day la hinh vudng bén va mit day
Puong cao caa hinh cr)(’)p la SH (Vi S ngrf 3;0;:5@;:)/
la dinh va H 1a giao diém 2 duong chéo ' ' 5
cua day hinh vudng)
Goc gitta canh bén va mat day la: £ X
SAH =SBH =SCH =SDH =« Cach vé hinh chop ti gide déu S.ABCD:
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canh bén

Go6c giita mat bén va mat day 1a: | V& day hinh binh hanh ABCD > V& H 1a giao diém cua hai
SIH = B (véi | 1a trung diém canh d4y) | duong chéo AC va BD - V& SH vudng géc (ABCD) > V& cac

3. Hinh chop c6 mgt mit bén vudng goc day

- DPuong cao hinh chop 1a duong cao cia mat bén d6 (ha tir dinh
hinh chop).

Vi du: Hinh chép S.ABCD c6 (SAB) vudng géc mat day (ABCD)
- Dbuong cao SH cua tam giac SAB la duong cao hinh chdp
S.ABCD

4. Hinh chop c6 tit ca canh bén bang nhau

- Pudng cao hinh chop 1a doan thang ha tir dinh hinh chép dén tam
duong tron ngoai tiép cua da giac day.

Vi du: Hinh chop S.ABC cac canh bén SA, SB, SC béng nhau va day
ABC la tam gidc vubng tai B >Duong cao hinh chop la S, vai | 1a
tam dudng tron ngoai tiép tam giac ABC (I 1a trung diém AC)

5. Tw dién vubng

(T dién co 3 mat la 3 tam gi&c vudng tai cung mot dinh hay co
3 canh d6i mdt vudng goc)

- Chan dudng cao tng véi dinh vudng la truc tam mat di dién
véi dinh vuodng. A
Vi du: Hinh chop S.ABC c6 mit bén SAB, SBC, SCA la tam giéc
vuong tai S >Puong cao SH, (vai H la truc tdm tam giac ABC)

X7

v"HINH CHOP CUT

Tinh chat: Hinh chép cut c6

+ Céc canh bén ddng quy;

+ Cac mat bén Ia hinh thang;

+ Hai mit day song song va dong dang nhau;

day kia;

+ Dudng cao 1a doan thang néi tir mot diem thude ddy nay dén hinh chiéu caané 1én

Hinh chdp cut déu co

+ C4c canh bén dong quy;

+ Cac mat bén la hinh thang cén;

+ Hai mat day 1a hai da giac déu, song song va dong dang
nhau;

+ Pudng cao 1a doan thang ndi tir mot diém thudc day
nay dén hinh chiéu ciia né 1én day kia;

+ GOc gitra cac canh bén va mat day bang nhau; Hinh chdp déu
+ Goc phang nhj dién tao bai cac mat bén va mat day bang nhau.

Hinh chép cut déu
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v'HINH LANG TRU

Tinh chat: Hinh Lding tru cO

+ Céc canh bén song song va bang nhau;

+ Cac mat bén Ia hinh binh hanh;

+ Hai miat day song song va bang nhau;

+ Pudng cao 1a doan thang ndi tir mot diém thudc day nay dén hinh chiéu cua A

no6 lén day kia;

+ Goc giita cac canh bén va mat day déu bang nhau

B

Lang tru dung la lang tru c0 cac
canh bén vubng goc véi day

Puong cao la cac canh bén 44,
BB, C°C

Ldng tru déu 13 lang try ding co
day 1a da giac déu

buong cao la cac canh bén 44,
BB, CC

Hinh hgp 1a lang tru c6 day la hinh
binh hanh

buong cao: 4’H (véi H 1a hinh
chiéu cua 4’ 1én (ABC)

Hinh hgp dving 1a hinh hop cé cac
canh bén vuong goéc day (day la
hinh binh hanh)

B C'
Al l D
h E‘L 777777777777777 C
B Z
Bu(‘rng Cao:

A'A,B'B,C'C,D'D

Hinh hép chi# nhdt 1a hinh hop
dung c6 day 1a hinh chir nhat (c6 6

mat déu 1a hinh chir nhat)
A’ B

D
buong chéo:

AC'=+/AB? + AD? + AA?>

Hinh Idp phwong 1a hinh hop c6 6
mat déu 1a hinh vuéng

A’ B’

Hinh nén Hinh tru Hinh cau
' Y
~— ——
n
Hinh vé va :
cacyeu to . -
, ~— -1
Chiéu cao: h Chiéu cao: h N
Bén kinh day: r Ban kinh: r Ban kinh: r
Do dai dwong sinh: | D¢ dai duwong sinh: | =h
Dig¢n tich
: S,, =7l S, =27zrl — 2
xung quanh =77 =7 S =4nt
Dién tich
toéf]”ptr'%n So=Sq+Sy =arl+ar? | S, =S, +2., =2zl +2.2r] S = dzr?
. 1 4
Thé tich V= §7r.r2.h V =zr’h V= gn.ﬁ
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PHAN = THONG KE VA XAC SUAT

Chuwong = THONG KE

Bai 1. CAC SO PAC TRUNG PO XU THE TRUNG TAM CUA MAU SO LIE

1. Sé trung binh

- Gia sir ta c6 mot mau so lidu 1a X, X,,..., X, .

S trung binh (hay sb trung binh cong) cia mau sb liéu ndy, ki hiéu 1a X, duoc tinh boi cong thic
X + X+ X

X =

n

- Gia sw mdu so liéu dwoc cho dwdi dang bdang tan so
Gia tri X X, o X,
Tan so n, n, N,

nX +n,X, +...4n,X
n

Khi d6, cong thirc tinh s6 trung binh tré thanh X = X trongdd n=n+n,+...+n, .

Ta goi n 13 c& mau.

1 oa Ne v % e \ 1x A AN X A1ea 1y A . \
Kihiéu f, =— 1a tan so twong doi (hay con goi la tan suat) ctia X, trong mau so liéu thi so trung binh con
n

c6 thé biéu dién 1a X = f,x + f,x, +...+ f, X, .

Y nghia ciia sé trung binh

S6 trung binh ctia miu s6 liéu dugc dung lam dai dién cho céc s6 liéu cia mau. N6 1a mot sd do xu thé
trung tAm ctia mau do.
2. Trung vi va tw phan vi

Sap xép lai mau s6 liéu theo thir tyr khong giam, ta duge X, <X, <...<X, .

Trung vi cua mau, ki hiéula M .» 1a gid tr1 ¢ chinh gitra ddy X, X,,---, X . Cu thé:

+Néu n=2k +1, k eN thi trung vi mau la M, =X,
. x 1
+Neéu n=2k, k e N thi trung vi mau la M, :E(Xk + X ) -

Y nghia ciia trung vi

Trung vi dugc ding dé do xu thé trung tdm ctia mau s6 liéu. Trung vi 13 gia tri nAm & chinh gitta ciia mau
s6 liéu theo nghia: ludn cé it nhét 50% sb liéu trong mau 16n hon hoic béng trung vi va it nhat 50% s liéu
trong mau nho hon hoic béng trung vi. Khi trong mau xuét hién thém mét gia tri rat 16n hodc rat nho thi sd
trung binh s& b thay d6i ddng ké nhung trung vi thi it thay doi.

- Tt phan vi ctia mdt mau ngau nhién gdm 3 gid tri, d6 1 tu phan vi thir nhat, tha hai va tht ba (1an luot ki
hiéu 1a Q,,Q,,Q,). Ba gia tri nay chia tap hop di liéu d4 sap xép thanh bon phan déu nhau. Cuy thé:

+ Gia tri t phan vi thir hai, Q,, chinh 1a trung vi cua mau.

+ Gia tri tir phan vi thi nhét, Q,, 14 trung vi ctia nira s6 liéu di sip xép bén trai Q, (khong bao gém Q, néu
n 1é).

+ Gié tri t& phan vi thit ba, Q,, 14 trung vi cia nira s li¢u da sip xép bén phai Q, (khong bao gom Q, néu
n 1é).

Y nghia ciia tir phin vi
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Cac diém tir phan vi Q,,Q,,Q, chia miu sd li¢u da sip xép theo thir tur tir nhé dén 16n thanh bon phan, moi
phﬁn chira khoang 25% téng s6 sb liéu da thu thap dugc. Tt phan vi thir nhét Q, con duogc goi la ti phan vi
dué6i va dai dién cho ntra mau sd liéu phia duéi. Tt phan vi thir ba Q, con dugc goi 1a tir phan vi trén va dai

dién cho nura mau so liéu phia trén.
0, 0, 0,

& & B -

25% 25% 25% 25%
3. Mot
- Cho mdt mau so6 liéu dudi dang bang tan so. Gia tri c6 tan so 16n nhat duoc goi 1a mot cia mau so ligu, ki
hiéula M, .
Y nghia ciia mot
Mot dac trung cho gia tri xuat hién nhi€u nhat trong mau. li¢u c6 tan so xuat hi¢én bang nhau thi mau so
liéu d6 khong cé mot.

Bai 2. CAC SO PAC TRUNG PO MUC PO PHAN TAN CUA MAU SO LIE

1. Khoang bién thién va khoang tir phan vj

Sap xép mau sé ligu theo thi tw khong giam, ta dugc: X, <X, <X, <. <X

Khodng bién thién caa mot mau sé liéu, ki hiéu 1a R, 13 hiéu gitra gié tri 16n nhat va gié tri nhé nhat caa
mau s6 liéu do, tac 1a: |R = X — X,

Khodng ti phan vj, ki hi¢u 1a A, 1a higu gitra Q, va Q,, tuc la:|A, =Q; —Q
Vidu 1

Hay tinh khoang bién thién va khoang ti phan vi cia mau sé liéu: 10; 20; 3; 1; 3;4; 7 ; 4; 9
Giai

Xét mau sé lieu da sap xép 1a: 1; 3; 3; 4; 4; 7; 9; 10; 20.

[JKhoang bién thién cua mau sé liéu 1a: R =20 - 1 = 19.

[1C& mau la n =9 1a s6 1é nén gié tri ta phan vi tha hai la: Q, =4.

(TG phén vi tha nhat 1a trung vi caa mau: 1; 3; 3; 4. Do d6 Q, = 3.

[JT& phan vi tha ba 1a trung vi cia mau: 7; 9; 10; 20. Do d6 Q, =9,5.

[1Khoang tir phan vi ciia mau la: A, =9,5-3=6,5..

Y nghia ciia khodng bién thién va khodng tir phén vi

Khodng bién thién ddc trung cho dé phan tan cua toan bé mdu sé liéu.

Khodng ti phan vi ddc trung cho dé phan tan cua mét niza cac sé liéu, co gia tri thuge doan tir Q1 dén Qs
trong mau.

Khodng ti phan vi khdng bi dnh huéng bdi cac gia tri rat 1on hodc rdt bé trong mau.

Gia tri ngoai l¢

Khoang ttr phan vi duoc ding dé xac dinh céc gid tri ngoai I trong mau, d6 1a cac gia tri qua nho hay qua
I6n so voi da sb cac gia tri cua mau.

Cu the, phan tir xtrong mau la gia tri ngoai ¢ néu x<Q, —1,5.A, hodc x>Q, +15.A,

Trong Vidu 1, Q,+1, 5.AQ =9,5+1,5.6,5=19,25va Q, -1, 5.AQ =3-15.6,5=-6,75

Nén mau c6 mot gid tri ngoai 18 14 20.

Sy xuét hién caa cac gié tri ngoai 1 1am cho sé trung binh va pham vi cia mau thay d6i Ién. Do d6, khi
mau cé gia tri ngoai &, nguoi ta thuong sir dung trung vi va khoang tir phan vi do murc do tap trung va mic
d6 phan tan cua da s6 cac phan tir trong mau s liéu.
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2. Phwong sai va dé léch chuan
Gia sir ta c6 mot mau sé liéu 1a X5 Xoyees X,
[JPhwong sai cua mau sé lidu nay, ki hiéu 1a S, duogc tinh boi céng thuc:

5% =2[ (% =% +(, = %)* +...+ (4, ~X)'

trong d6 x 1a sd trung binh cua mau s liéu.
[JCan bac hai cua phwong sai dugc goi 1a dg léch chudn, ki hiéu Ia S.
ChU ¥: C6 thé bién ddi cong thirc tinh phuong sai & trén thanh:

1
= — + §+...+ 5 — .
s? n(xl2 X xz) X’

Trong thdng ké, ngudi ta cling quan tim dén phuong sai hiéu chinh, ki hiéu 1a §%, duoc tinh bai cong thic:
1 \2 2 —\2

&2 _ _ — _ _ _

§ _n_l[(x1 X) +(%,—X) +...+(x, —X) }

Y nghia ciia phwong sai va d léch chudn
Phurong sai la trung binh cong Cia cdc binh phwong dé 1éch tir mdi gia tri cua mau sé liéu dén so trung
binh.
Phwong sai va dé léch chudn dwoc dimg dé do mirc dé phan tan cua cac so liéu trong mau quanh sé trung
binh. Phwong sai va dé 1éch chudn cing lén thi cac gia tri cia mdu cang cdch xa nhau (c6 do phan tan lén).
Gid stz mdu sé liéu dwge cho dwéi dgng bdng tan so:
Giatri  x X, . X,

Tanse n n, N,

Khi d6, cong thirc tinh phuong sai trd thanh:
1

S? =H[nl(x1—i)2 +n, (%, —Y)z +...+ 0 (%, —Y)z}

trong d6 N=n,+n,+...+n,
C6 thé bién d6i cong thirc tinh phwong sai trén thanh:

1 -
S? :—(nl.x12 +N,C +. .+ nk.xlf)—xz.
n

Bai 3. CAC SO PAC TRUNG PO XU THE TRUNG TAM CHO MAU SO LIEU GHEP NHO

1. S trung binh va mét ciia miu sé ligu ghép nhom
a) Sé ligu ghép nhom ’
Mau so li¢u ghép nhom thuong dugce trinh bay dudi dang bang thong ké co dang nhu sau:
Bang 1: Bang tan sé ghép nhom
Nhém [u;u,) [u,;u,) [UgiUe,s)

Tan so n, n, . N,

Jllch.

- Bang trén gdm k nhom [uj;uy,) véi 1< j<k, mdi nhom gom mot s6 gia tri dugc ghép theo mot tiéu

chi xac dinh.
-Comau n=n+n,+...+n, .
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- Gié tri chinh gitra mdi nhém duoc dung 1am gia tri dai dign cho nhom ay. Vi du nhém [ul;uz) co gia tri
dai dién la %(ul+u2).

- Higu u,,, —u; duoc goi la d¢ dai cua nhém [uj : uj+1).
Mgt sé quy tic ghép nhom ciia mau sé ligu ‘ ’
Moi mau so liéu cé thé dugc ghép nhdm theo nhicu cach khac nhau nhung thuong tuan theo maot s6 quy
tac sau:
- Sirdung tir k=5 dén k =20 nhoém. C& mau cang Ion thi can cang nhiéu nhém sé liéu. Cac nhom co
cung d6 dai bang L thoa man R <k.L, trong d6 R 1a khoang bién thién, k 1a s6 nhom.
- Gid tri nho nhét cua mau thugc vao nhém [u,;u, ) va cang gan u, cang tot. Gia tri I6n nhat cua mau thuoc

nhém [u,;u,.;) Vacang gan u,,, cang tét.

b) Sé trung binh o
Gia str mau so liéu duoc cho dudi dang bang tan s6 ghép nhom:

Nhém [u;u,) [u,;us,) [UiUis)
Gia tri dai dién (o C, .. 8,
Tan s6 n n, N,

S6 trung binh ciia mau s6 liéu ghép nhom, ki hiéu X, dugc tinh nhu sau:
e, +N,C, +...+NC,
n

X =

trong d6 n=n +n,+...+n,.

Y nghia ciia sé trung binh cia mdu sé liéu ghép nhom
So6 trung binh ctia mau so6 liéu ghép nhém la gia tri xap xi cho so trung binh cta mau s6 liéu goc.
N6 thuong dung dé do xu thé trung tam ctia mau sb liéu.

cyMat
Bang tan so ghép nhom
Nhém [u;u,) [u,;u,) [UgiUe,y)
Tin so6 n, n, i

Nhom chira mét caa mau sé lidu ghép nhém 1a nhém cé tan s6 16n nhat.
Gid str nhém chira mét 12 [u,;u,.., ), khi d6 mét ciia méu sé ligu ghép nhom, ki higu 1a M, dugc xac

dinh bai cong thuc

n_ —n
M, =u_+ m___m-l (u_..—u_).
° " (nm_nm—l)+(nm_nm+l) ( " m)

Chay:

Néu khdng c6 nhém ké truge caa nhém chira mét thi n__, =0. Néu khong c6 nhom ké sau ctia nhom chira
métthi n_, =0.

Y nghta ciia mét ciia mau sé ligu ghép nhom

- Mot cua mau so liéu khéng ghép nhom |a gia tri co6 kha nang xuat hién cao nhat khi lay mau. Mot cua
mau s liéu sau khi ghép nhém M xap xi véi mét ciia mau sb lieu khdng ghép nhom. Cac gia tri nam xung
quanh M, thuong c6 kha niang xuat hién cao hon cac gia tri khéc.

- M6t méu s6 lieu ghép nhém c6 thé c6 nhiéu nhém chira mét va nhiéu mét.
2. Trung vi va tir phan vi ciia mau soé liéu ghép nhom
a) Trung vi
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Cong thire xdc dinh trung vi ciia mdu sé liéu ghép nhom
- Goi n la cd mau.

- Gia sa nhoém [u,,;u,.,) chtatrung vi;

- n, 1atan s ciia nhém chia trung vi;

-C=n+n,+...4n_,.

LG
Khi do: Me:um+2n (Upy = Uy, )-

m
Y nghia ciia trung vi ciia mau sé ligu ghép nhom
T dix liéu ghép nhém néi chung khdng thé xac dinh chinh xéac trung vi caa mau sé liéu gdc. Trung vi cia
mau sb liéu ghép nhdm 1a gid tri xap xi cho mau sé liéu goc va cd thé 1ay 1am gié tri dai dién cho mau sé liéu.
b) Ta phan vi
Cong thire xdc dinh tir phan vi ciza mdu sé liéu ghép nhom
Tir phéan vi tha hai caa mau sé ligu ghép nhom, ki hiéu Q,, ciing chinh 1a trung vi caa mau sé ligu ghép

nhom.
Dé tim t phan vi thi nhat caa mau s6 liéu ghép nhom, ki hiéu Q,, ta thyuc hién nhu sau:

- Gid sir nhém [u,;u,,,,) chua ta phan vi thi nhat;
- n, latan sb ciia nhom chira t phéan vi tha nhat;

-C=n+n,+...4n_,.

"¢
Khi dé: Q=u, + 4n (Up—Uy)

m

Twong tu, dé tim tir phan vi thir ba ciia mau sé lieu ghép nhém, ki hiéu Q,, ta thyc hién nhu sau:
- Gia sir nhom [ u;;uy,, ) chira tir phan vi this ba;
- n, latan s6 ciia nhom chira tw phan vi thi ba;

-C=n+n,+...4+n,,.

Khi do: Q=u;+—(u,,-u)).

Y nghia ciia tir phan vi ciia mau sé ligu ghép nhom S ’
Ba diém ta phan vi chia mau so liéu da sap xép theo tha ty khong giam thanh bon phan déu nhau. Giong
nhu véi trung vi, n6i chung khong thé xac dinh chinh xac cac diém tir phan vi ciia mau sé liéu ghép nhom.
Bo ba t&r phan vi cia mau sb lieu ghép nhém 1a gia tri xap xi cho ta phan vi cua mau sé liéu goc va duoc
st dung 1am gié tri do xu thé trung tdm caia mau sé liéu.
Tir phan vi thir nhat va thi ba do xu thé trung tm cta nira dudi (cac dit liéu nho hon Q,) va nira trén (cac

dit ligu lon hon Q,) ciia mau s6 liéu.
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Chuwong = XAC SUAT)

1. Khdng gian mau
Tap hop tat ca cac két qua co thé xay ra caa mot phép thir goi 1a khdng gian mau. Ki hiéu: Q
2. Biéncd
Bién c0 la tap con ctia khdng gian mau
Bién co khong thé xay ra goi la bién co khéng. Ki hiéu la &
Khang gian mau 1a bién 6 ludn xay ra goi la bién co chéc chan.
3. Xéc suat caa biéen co
Dinh nghia cé dién ciia Xac sudt:
n(A) [

XAac suat caa bién cd A la: P(A) = =
n(Q) |9

Trong d6:n(A)=|Q,| 1a s6 phan tir (hay két qua thuan lgi) cua bién ¢ A;

n(Q) =] laso phan ti ciia khdng gian mau (hay tat ca két qua co thé xay ra cua phép thu).
Tinh chat

o P(0)=0 ; o P(Q)=1; e 0<P(A)<1; o P(A)=1-P(A)

Quy tic tinh x4c sudt
Budc 1. M6 ta khong gian mau Q (Néu duoc). Kiém tra tinh hru han cia Q, tinh dong kha nang cua cac

két qua. Dém s két qua c6 thé xay ra ciia phép thi: Tinh n(Q)

Buwdc 2. Xac dinh bién c6 A va Dém sb két qua co thé xay ra cua bién co A: Tinh n(A)

Buéc 3. Tinh xac suat cia biéncd A: P(A)=

Bai 2. BIEN CO GIAO VA QUY TAC NHAN XAC SUA

1. Bién cd giao

Cho hai bién ¢ A va B. Biéncd "Ca A va B cung xay ra", ki hiéu AB hoic AnB
dugc goi 12 bién cé giao cua A va B.
Chay:

Tap hop mo ta bién c6 AB 1a giao cua hai tap hop md ta bién ¢ A va bién cé B . Bién
cd AB xay ra khi va chi khi ca hai bién c6 A va B xay ra.
2. Hai bién cé xung khic

Hai bién c6 A va B duoc goi la xung khic néu A va B khong dong thoi xay ra. (Hay

ANnB=yY)
3. Bién cé dac lap @

Hai bién c6 A va B duoc goi 1a doc 1ap néu viéc xay ra hay khdng xay ra caa bién c6 Q
nay khong lam anh hudng t6i xac suat xay ra cua bién ¢ kia. o
4. Quy tic nhan xac suat cha hai bién cé doc lap

Pé tinh xéc suat cua giao cac bién cd doc 1ap, ta sir dung quy tic nhan xac suat sau:

Néu hai bién c6 A va B doc lap thi P(AB) = P(A)P(B).

Chuy:

Tir quy tic nhan xac suit ta thiy, néu P(AB) = P(A)P(B) thi hai bién c6 A va B khong doc lap.
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1. Bién cb hop
Cho hai biéncd A va B.Biéncd" A hoic B xay ra", ki hiéula AU B, duoc goi labién 4 B
cbhopcua A va B.
Chuy:
Bién c6 AU B xay ra khi c6 it nhat mot trong hai bién cé A va B xay ra. Tap hop md
ta bién c6 AU B 1a hop cua hai tap hop mo ta bién c6 A vabiéncod B.
2. Quy tic cdng xac suat
Cho hai bién ¢ xung khiac A va B.Khi d6 P(AUB)=P(A)+P(B).
Cho hai bién c6 A va B bét ki. Khi d6 P(AUB) = P(A)+P(B)—P(AB)
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