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CHUONG < PHUONG TRINH MAT PHANG, PUONG THANG, MAT CAU

BAI 1. PHUONG TRINH MAT PHANG

1. Vecto phap tuyén va cip vecto chi phwong ciia mit phang
* Vecto 7 khac 0 vaco gid vudng géc voi mit phang (a) dugc goi 1a vecto phdp tuyén ciia mat phang (a)
* Néu hai vecto @ va b khéng ciing phwong va gid cta ching song song hodc nam trén mit phéng(a) thi

a,b dugce g0i 14 cdp vecto chi phwong clia mit phang (a) .

()Néu 7 1a mot vecto phap tuyén cta (o) thi k-7 (k #0) ciing la mot vecto phap tuyén cia (o) (Néi

cach khac, mot mit phang co vo sb vecto phap tuyén va ching cing phuong nhau)

(2) M6t mat phéng hoan toan duge xéac dinh khi biét mot diém va mot vecto phap tuyén ctia nd, hodc biét
mot diém va mot cip vecto chi phuong ctia mat phang do.
2. Tich c6 huwong cuaa 2 vecto

Trong khong gian Oxyz, cho hai vecto a = (al;az;a3) va b= (bl;bz;b3) .

Vecto 71 =(a,b, —asb,;ab, —ab;;ab, —ayb,) dugce goi 1a tich ¢6 huwdng cua hai d va b, ki hiu 1a [&,I;]

\ a
(1) Biéu thuc a,b, —a,b, thuong dugc ki hidu

o

(2) @ cing phuong véi b < [Zz,[;] =0 i

(3) Néu 7 :[5,5} thi vecto n vudng goc voi ca hai vecto a va b L<.£
(4) Néu mit phing () nhan hai vecto a va b 1am cp vecto chi phuong thi A -
(8%

() nhén 7= [a”,lﬂ 1am vecto phap tuyén.

“ Ly 2y 2y @
. Tuong tu =a,b, —a,b,, =ab —ab;.

h Dy s O
a, a,

b, b,

a, a

b, b,

|4 9,

’bl b2

b

Nhu vay: [5,13} = {

3. Phwong trinh tong quat ciia mit phang

Dinh nghia

Trong khong gian Oxyz , mdi mat phang déu c6 phuong trinh dang Ax+ By+Cz+D =0 (1), véi 4, B, C
khong dong thoi bang 0, dwoc goi 1a phuwong trinh tong qudt ciia mat phang.

(1) M&i phuong trinh Ax+By+Cz+D=0 (v6i 4, B, C khong dong thoi bang 0) déu xac dinh mot mit
phang nhan 7 =(4;B;C) lam vecto phap tuyén.

(2) Cho mit phing (c) c6 phuong trinh Ax+By+Cz+D=0 .

Khi d6: Ny (x,;¥,52,) €(a) < Ax,+ By, +Cz,+ D=0

(No6i cach khac, Mot diém thudc mot mat phéng khi chi khi toa do cta diém thoa man phuong trinh cua
mat phéng. Khai quat, Mot Piém thudc mot Hinh khi chi khi toa d6 cua Diém thoa mén phuong trinh cia
Hinh)

(3)Mit phang(o) qua M (xo; yo;zo) va ¢ vecto phap tuyén n= (A4; B; C) c6 phuong trinh 1a
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A(x—=x,)+B(y—y,)+C(z—2,)=0(2) < Ax+By+Cz+D =0, véi D=—Ax,— By, —Cz,
(4) Phwong trinh theo doan chin
Mat phéng ct cac truc toa dd Ox, Oy, Oz lan luot tai cac diém A(a;O; 0), B(O;b; 0),C(0; O;C) c6 phuong

trinh dang: L % +2=1 3) (a #0,b#0,c# 0) (g0i 12 phuwong trinh mdt phéing theo doan chin)
a c

Phwong trinh mdt phéng trong cdc truwong hop ddic bigt

Tinh chit mdt phing Phuong trinh H¢ 56

(«) di qua gbc O. (a): Ax+By+Cz=0 D=0

(a) song song hodc chira Ox . (a):By+Cz+D=0 A=0 (Chira Ox khi D=0)
(a) song song hodc chtra Oy . (a) :Ax+Cz+D=0 B=0(Chta Oy khi D=0)
(a) song song hoic chira Oz . (a): Ax+By+D=0 C =0 (Chira Oz khi D=0)
(a) song song (Oxy) (a):CZ+D=0 A=B=0

(a) song song (Oxz). (a):By+D=O A=C=0

(a) song song (Oyz). (a): Ax+D =0 B=C=0

Phuwong trinh cdc mdt phéng toa dé: (Oyz) x=0; (Oxz) :y=0; (Oxy) 1z=0

4. Diéu kién dé hai mit phing song song, vudng géc
Cho 2 mit phang (a): Ax+By+Cz+D =0 va (a,): 4x+B,y+C,z+D, =0 1an luot ¢6 vecto phép

tuyén 1a 7, =(4;B;;C,), 7, =(A4,;B,;C,) . Khi do:

n=kn. A;B;C )=k(A;B,;C
(a1)||(a2)@{”1 " @{( 585G ) = k(43 B3 Cy) hay 2=B_G LD (4 B .c.D, #0)
D, # k.D, D, #k.D, A B, C, D,
n=kn. A;B;C )=k(A,;B,;C
(CZI)E(CZZ)@{HI n, @{( 1> 1) ( 2>2 2) hay £=ﬁ=g=&,(A2.Bz.C2.D2¢O)
D, =k.D, D, =k.D, A B, C, D,
(e),(a,) citnhau <7, va 7, khong cing phuong
(o) L(e,) = nni,=0< 4 4,+BB,+CC, =0
5. Khoang cach tir mét diém dén mot mit phing
Khodng cach Cadch tinh va Cong thirc

1. Khodng cdch tir diém
M (X3 952, ) dén mét phing d(M,(a))
(a):Ax+By+Cz+D=0

3 |Axo +By, +Cz, +D|
NA+ B> +C

Cich I: Bang khoang cach tir 1 diém thugc mat phang nay dén mat
2. Khodng cdch giira 2 mit phing phang kia.

song song: Léy M(xo;yo;zo) € (ﬂ) . Khi do: d((a),(ﬁ)) = d(M;(a))
(a):Ax+By+Cz+D=0 Cich 2: Pong nhat hé sb clia phuong trinh 2 mit phang:

va (B):A'x+B'y+C'z+D'=0 Bién d6i 2 phuong trinh cta 2 mit phang sao cho cac hé sd cua

V6i (45BC')=k(A4;B;C) X, y,z twong tmg bang nhau. Chang han (a):4x+By+Cz+D=0

va (f):Ax+By+Cz+D, =0
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g pnang, g 8

. a, D-D
Khi do: d((a);(ﬁ))=—|2 2°| :
NA*+B +C
o icBiET
Khodng cdch tiv diém Dén Bing

Goc toa dd O \/xM2 +y, +z,°
Truc toa do Ox ¥y, +2,~ (cho hoanh do bang 0)
Truc toa do Oy Jx, +z,° (cho tung d6 bang 0)

M (X3 Y1152,) Truc toa do Oz Jx,2+v,” (cho cao d6 bing 0)
Mit phing toa do (Oxy) | [z, =|z,,| (cho hoanh d¢ va tung d¢ bing 0)
Mit phing toa do (Oxz) Vi’ =]y (cho hoanh d¢ va cao do bang 0)
Mit phing toa do (Oyz) | \Jx,°> = |x,,| (cho tung d¢ va cao d¢ bang 0)

L CAC DANG TOAN CO BA.

Dang toin @ XAC DINH VECTO PHAP TUYEN CUA MAT PHANG

(1) Vecto 7 khac 0 va co gia vuong géc véi mat phing (@) duge goi la vecto phdp tuyén ciia mit phang

(@)

(2) Néu mit phing () nhan hai vecto a@ va b 1am cip vecto chi phuong thi () nhén 7 = [&,l;] lam vecto

phap tuyén
(3) Néu mit phing (a) c6 phuong trinh Ax+ By+Cz+ D =0 thi vecto 7= (A;B; C ) la mot vecto phap
tuyén clia mét phang (c)
(4) Mt phing (Oxy) c6 vecto phap tuyén 1a k = (0;0;1).
Mit phang (Oxz) c6 vecto phap tuyén 1a ; =(0;1;0).
Mit phang (Oyz) c6 vecto phap tuyén 1a i= (1;0;0).

Vi du 1:rong khong gian Oxyz, cho mit phang (P):3x—y+2z—1=0. Vecto nao dudi day khong phai la
mot vecto phap tuyén caa (P)?

A. 1 =(-3;1;-2). B. 1, =(3;1;2) C. n,=(3-1;2) D. n, =(6;-2;4)

= Loi gidi

Dua vao phuong trinh (P):3x— y+2z—1=0, ta thdy vecto phap tuyén cia (P) la: ns = (3;-1;2)

nT =(=3;1;-2) =—1(3;—1;2) 13 mot vecto phap tuyén cta (P)

n, = (6;-2;4) = 2(3;—1;2) 1a mot vecto phap tuyén cia (P)

Dap an: B
Vi du 2: Trong khong gian Oxyz, cho hai diém A(2;1;-3), B(0;-2;5). X4c dinh mot vecto phép tuyén
cia mat phiang (@) vudng goc voi dudng thang 4B .

= Loi gidi

0983 900 570 Vo Cong Truong 4 2025-2026



) . , . . .
@' VUI CUNG TOAN Phuwong trinh Mat phang, Duong thang, Mat cau

Puong thing 4B 1a gia cia AB.
Do mit phang () vudng géc véi duong thing AB nén mét vecto phap tuyén ciia mit phang (a) la

AB =(-2;-3;8)
Vi du 3: Trong khong gian Oxyz, mit phang () song song véi gid clia hai vecto a =(1,-2;3), b =(3;0;5)
. Tim vecto phap tuyén cia mit phang («).
w. Loi gidi
Do mat phéng (a) song song vOi gia cua hai vecto a va b néna vab la cap vecto chi phuong cua mat
phang ()
Vay vecto phép tuyén clia mt phing ()14 7 = [5,5 ] =(-10;4;6).

Dang todn * XAC DINH TOA DO PIEM THUOC MAT PHAN
Cho mit phang () ¢6 phuong trinh Ax+By+Cz+D =0 .

Khi d6: Ny (xy; ¥, 2,) € () < Ax, + By, +Czy+ D=0

(N6i cdch khdc, Mot diém thudc mot mat phéng khi chi khi toa d6 ctia diém thoa man phuong trinh cta
mit phang. Khai quat, Mot Diém thudc mot Hinh khi chi khi toa d6 ciia Diém thoa man phuong trinh cta
Hinh)

Vi du 4: Trong khong gian Oxyz, cho mit phing (@):x+y+z—6=0. Diém nao duéi day khong thuge
(@)?

A. 0(3;3;0). B. N(2;2;2). C. P(1;2;3). D. M (1;-11).

w. Loi gidi

A. Thay toa dd O(3;3;0) vao phuong trinh mit phang (), ta dugc 3+3+0-6=0 (ding) = O e(a)
B. Thay toa do N(2;2;2) vao phuong trinh mat phang (a) ,tadugc 2+2+2-6=0 (dung) = N e (a)
C. Thay toa do P(l; 2;3)V€10 phuong trinh mat phang (a) ,tadugc 1+2+3-6=0 (ding) = Pe (a)
D. Thay toa dd M (1;,—1;1)vao phuong trinh mit phang (), ta dugc 1+(-1)+1-6=0 (sai) = M ¢(«)

Pap an: D

Dang todn @ LAP PHUONG TRINH MAT PHANG]
Cdch 1. Xdc dinh 2 yéu té co bin ciia mit phing la Diém di qua va vecto phdp tuyén.
Buwéc 1. Tir gia thiét, xac dinh cac vecto va cac yéu té khac (néu can)
Bude 2. Xéc dinh toa d§ diém M (x,;,;z,) va toa d0 vecto phép tuyén n=(4;B;C) ctia mit phing

Buréc 3. Thay vao phuong trinh A(x—x,)+B(y—y,)+C(z—2z,)=0, Thu gon vé phuong trinh tong quat

Dang | Diéu ki¢n xdc dinh mdt phing (@) (gia thiét cho) Di qua diém Vecto phdp tuyén
1 Qua M va song song (f): Ax+By+Cz+D=0 M E: a:(A;B;C)
Qua M va vudng géc dwong thang AB M a = AB
? Qua M va vuéng géc dwong thang (d) M a = 7,
3 La mdt phang trung triec doan AB Mla t’:;lgg diem Z = AB

0983 900 570 Vo Cong Truong 5 2025-2026



1)
| AY 4 ? 2 \
@/ VUI CUNG TOAN Phuwong trinh Mat phang, Duong thang, Mat cau

4 | Qua3diéma B C A (hay B, hay C) n, = [@, E*}
Qua A, B va song song CD A (hay B) Z: [TB,@J
Qua A, B va song song (d) A (hay B) a= [E,aj]
’ Chira (d) va song song AB Lay M € (d) E = [a, E]
Chira (d) va song song (d’) Lay M € (d) E: [7,5.}
Qua 2 diém M, N va vuéng géc mdt phang(f) M (hay N) : = [M—N, 7;]
’ Chita (d) va vudng géc mdt phang () Lay M € (d) E: [a, aJ
7 Oua diém M va vudng géc 2 mdt phang (), (7) M a = [@,a}
8 Qua diém M va song song 2 dwong thang (d), (d’) M a= [a,a]
9 Qu;z diém M, vudng goéc mp(p) va song song dwong M a: [E:ZJ
thang (d)
10 | Chira (d) va di qua M e (d) M hay Ldy N €(d) a: [m,—d]

Cidch 2. Xdc dinh hé sé

Buéc 1. Goi mit phang da cho co phuong trinh dang: Ax+By+Cz+D =0
Buorc 2. Tu gia thiét, xac dinh 4 hé s6 4, B, C, D (kiém tra diéu kién, néu co)
Buoc 3. Thay vao phuong trinh Ax+ By+Cz+D =0

Néu mit phang khong qua goc toa dd O thi phwong trinh mat phang dugc bién doi vé dang ax + by +cz =1

).
Khi mit phang duoc xac dinh boi 3 yéu td thi ta 1ap duoc hé phuong trinh bic nhat 3 an a, b, ¢. Giai hé

phuong trinh tim a, b, ¢ r6i thay vao phuong trinh (4) va thu gon va phuong trinh dang tong quat.

Vi du 5: Trong khong gian Oxyz , 1ap phuong trinh mit phang ( p ) qua diém 4 (—1; I; 2) va song song v4i mat
phang (a) 12x-2y+z-1=0
w. Loi gidi

Cach 1.

Mit phing (&) c6 vecto phap tuyén n, = (2;-2:1)

Do mit phang () song song mit phing («) nén mit phang () nhén n, = (2;-2;1) 1am vecto phap
tuyén.

Ma mit phang (ﬂ) qua diém 4 (-L1; 2)

Véy phuong trinh mit phang (8) 1a 2(x+1)-2(y-1)+1(z-2)=0<2x-2y+z+2=0

Cach 2.

Do mit phing () song song mit phing (&) nén mit phang (3) c6 phuong trinh dang

2x=2y+z+m=0,v61 m#-1.

Ma (B) di quadiém A(-1;1;2) nén —2—2+2+m=0< m=2 (nhan)

Vay phuong trinh mat phang (,6’) la 2x-2y+z+2=0.
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Vidu 6: Trong khong gian Oxyz, viét phuong trinh mit phing (4ABC), véi A(-10;3), B(2;-11),
C(1;-1;0).
= Loi gidi

Cach 1.

Taco AB=(3;-1;-2); AC =(2;-1;-3)

Do mit phang (ABC ) chita AB, AC nén mit phang (ABC ) ¢6 vecto phap tuyén
n= [E,@] =(-1-51).

Ma mit phing (ABC) qua 4(-1;0;3)

Vay phuong trinh mit phang (ABC) la —(x+1)—5(y—0)+1(z—3) =0 x+5y—-z+4=0

Cdch 2.

Gid sir mt phang (ABC)c6 phuong trinh dang ax +by +cz =1 (*) (gia st mat phang khong qua O)

Do mit phing (ABC ) qua A4, B, C nén thay toa d6 3 diém 4, B, C vao phuong trinh (*) ta ¢ hé phuong

—a+0b+3c=1 | |
trinh: <2a—-b+c=1 @(a;b;c):(__;_é;_j
4= 44

a—-b+0c=1

Vay phuong trinh mét phang (ABC)l1a —ix—§y+iz:1<:>x+5y—z+420

Vi du 7: Trong khong gian Oxyz , cho hai diém 4(2;4;1), B(-1;1;3) va mit phiang (P):x—3y+2z-5=0.
Lap phuong trinh mat phang (Q) di qua hai diém 4,B va vudng goc voi mat phang (P) .
= Loi gidi

Cach 1.

Ta c6: AB = (—3;—3;2) , vecto phép tuyén ctia mp (P) la E = (1;—3;2) .

Do mit phang (Q) di qua hai diém 4, B va vudng goc v6i mit phing (P) nén AB, Z la c@p vecto chi
phuong ctia mp(Q). Suy ra, n = [TB,;?P} =(0;8;12) 1a vecto phép tuyén ctia mp(Q).

Mit phang (Q) di qua A(2;4;1)

Vay phuong trinh mit phang (Q)1a 0(x—2)+8(y—4)+12(z-1)=0<2y+3z-11=0.

Cach 2.

Gia st mat phang (Q)c6 phuong trinh dang ax+hy +cz =1 (gia sir mdt phang khong qua O)

Ta co:

Mit phang (Q) qua diém A(2;4;1) nén 2a+4b+c=1 (1)

Mit phang (Q) qua diém B(—1;1;3) nén —a+b+3c=1 (2)

Mit phang (Q) vudng gbc mit phang (P) nén a.l +b(—3) +¢2=0(3)

Giai h¢ phuong trinh (1), (2), (3), ta dugc: a=0, b= %, c =%

Vay phuong trinh mit phang (Q)la O.x+%y+%z =1<2y+3z-11=0
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Khi giai cach 2 ma hé phuong trinh khong giai duoc (khi d6 mat phing di qua gbc O) thi ta phai giai bang
cach 1.

Dang toan @ V] TRI TUONG POI CUA HAI MAT PHANG
Phwong phdap: Xem muc 4. Bai 1.

Vidu 8:Trong khong gian Oxyz, xét vi tri twong d6i cla hai mat phang (@):2x+4y—6z-5=0
(ﬂ):x+2y—3z—2=0.
= Loi giai
Xét ti 16 cac hé sd tuong ng: %z%zi—g;t:—;
Suy ra hai mt phang (), () song song nhau
Vidu 9:Trong khong gian Oxyz, xét vi tri twong ddi cia hai mit phang (a):x+2y-3z-5=0
(ﬂ):x—2y—z+3=0.
= Loi gidai

. 1 4 - . . .
Xét ti 1& cac hé so tuong Ung: 1F 5 —:i , suy ra hai mat phang («), (/) cat nhau.

Xét tich v6 huéng ciia hai vecto phap tuyén: 1-1+2-(-2)+(-3)-(-1)=0
Vay hai mit phang (a), () vudng géc nhau

Dang todn & TINH KHOANG CAC,

Phwong phap: Xem muc 5. Bai 1.
Vidu 10: Trong khong gian Oxyz, cho mit phang (P):2x—2y+z—1=0. Tinh khodng cich tir diém
M(-1;2;1) dén mit phang (P).

= Loi gidi

. . , 2(-1)-2.2+1-1
Khoang cach tir diém M(—I;Z;I) dén mat phang (P) la d(M,(P))J ( ) i ‘ =2.
224 (=2) +1
Vidu 11: Trong khong gian Oxyz, tinh khodng céch gitta hai midt phing (P):x+2y+2z-10=0 va
(Q):2x+4y+4z—5=0
= Loi gidi
Cach 1.
Lay A(2;l;3)e(P).
Do (P) song song véi (Q) nén khoang céch giita 2 mit phang (P), (Q) la
22+4.1+43-5] 5
d((P),(Q))=d(4,(0))= ==
((P).(2))=d(4.(0)) NV
Cach 2.
Tacd (P):x+2y+2z-10=0< 2x+4y+4z—20=0 (Dong nhat h¢ sé cua x, y,z trong 2 phuong trinh)

Do mp(P) song song véi mp(Q) nén khoang cach giita 2 mit phang (P), (Q) 1a
e )

d((P),(Q))= N EVavaE)
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BAI 2. PHUONG TRINH PUONG THANG TRONG KHONG GIAN

1. Vecto chi phwong ciia dwong thing

e Vecto @ khac 0 va c6 gi4 song song hodc trung véi duong thang d duoc goi 13 vecto chi phwong cia
duong thang d .

(1) Néu a 1a mot vecto chi phuong cua dudng thing d thi k.a (k #0) ciing 1a mét vecto chi phuong ciia
d . (N6i cach khac, mot duong thiang ¢ vo sé vecto chi phuong va chiing cting phuong nhau)

(2) Mot dudng thang hoan toan duogc xac dinh khi biét mot diém va mot vecto chi phuong cia né.

(3) Néu dudng thing d vudng gbc voi gid 2 vecto i, v thi G =[u, V] 1a vecto chi phuong cia d .
2. Phwong trinh ciia dwong thing

Puong thing d di qua M (x,;,;z,) va cb vecto chi phuong a =(a,;a,;4a, ), cb:

xX=x,+at

Phuong trinh tham s6:|{y =y, +a,t,(t €R) | (1)

z=2z,+a;

Phwong trinh chinh tic: 2 P 2 (a,.a,.a; #0)[(2)

4 a, a,
x=t x=0 x=0
Phuwong trinh cdc truc toa dp: Ox:{y=0 Oy:3y=t Oz:{y=0
z=0 z=0 7=

xX=Xx,+at
(1) Cho dudng thang d c6 phuong trinh tham s6: {1y =y, +a,¢,(¢ € R). V6i mdi gia tri cua tham s6 ¢ duy
z=z, +at
nhét xac dinh dugc toa d6 mot diém thude duong théng va nguoc lai.
X _ V=X :Z_Zo,(

a,.a,.a; #0). Vi moi gi tri
4 @ “

(2) Cho duong thang d c6 phuong trinh chinh tic: al

duy nhét ctia céc ti 1é thirc ta x4c dinh duoc toa 46 mot diém thudc duong thang va nguoc lai.
3. Vi tri twong doi giira 2 dwong thang
xX=x,+at
Cho hai dudng thing (d):{y =y, +a, di quadiém M (x,;¥,;2,), c6 vecto chi phuong a =(a;;a,;a,)
z=z ta;t
x=x'+a' t'
va(d):{y=y' +a', ¢ diquadiém M'(x'y;y'5;2',), c6 vecto chi phuong a'=(a';a'y;a';)
z=z"''+a'yt'
x +tat=x'+a' t' (1)
Xét hé phuong trinh twong giao gitra (d) va (d’): (1):3y, +a,t=y' +a',t' (2).
z,+at=z"+a'yt' (3)

Khi do :
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Ny Diéu kién
Vi tri twong :

doi Cach 1 Cdch 2 Cach 3
a, a' cing phuong a, a' cung phuong - =
< 1 . a, a' cung phuong
dvad’ song va va X
song MM ' khong cung phuong voi Hé phuong trinh (I) vo e :v;zM cd’
a,a' nghiém

dvad’ trung a,a', MM ' cing phuong | Hé phuong trinh (I) c6 v6 sb
nhau nghi¢m

Zz, a' cung phuong
va
Med<sMed'

Zz, a' khong cung phuong . . )
dvad’ cit H¢ phuong trinh (I) c6 diing

h v 1 nghiém (£;¢")=(t,:¢",)
nhau - nghiém (#;¢')=(¢,;
[a,a'].MM':O 00
a,a’ khong cung phuong a, a' khong cung phuong
dvad’ chéo vi va
nhau S A - A
[a,a ,} MM =0 H¢ phuong .tArlnh (I) vo
nghiém
'Chu y: Cach giai HE phuong trinh (I), xem phan cach giai dang toan “Xét vi tri twong ddi cua hai duong
thang”
4. Goc

Cho hai duong thang d, d"' c6 lan luot vecto chi phuong a= (a;aya,), a'= (a';;a'y;a'y) va hai mit

phang (a), (a') c6 lan luot vecto phap tuyén Z:(A;B;C), ;':(A‘;B';C'). Khi do:

A
a.a 1 1 1
COS(a’ d')= ‘ _ |a1a1+a2a 2—|—a3a3|
i R 2 2 2 V2 v 2 02
al.la a’+a, +a;° ja'"+a',+a';

sin(d,(a)) = ‘

‘;l;l‘ |a1A+a2B+a3C|

a n‘ \/a12+a22+a32.\/A2+Bz+C2

|l |4.4'+ B.B'+CC|
| e+ Jare R c®

cos((ar)(a)

LJ CAC DANG TOAN CO BA.

Dang todn @ XAC DINH VECTO CHI PHUONG CUA PUONG THANG

x=x,tat
(1) Néu duodng thing d c6 phuong trinh tham s6 {y=y,+ayt,(teR) thi d c6 vecto chi phuong
z=z, tast
a= (a;a,;a;) (toa dd vecto chi phuong 1a cac hé s6 cua tham s0 ¢)

— X, — 2 = by I4 ?
0o _ Y=Y _ ¢, (a,.a,.a, #0) thi d cb vecto chi

a, a, a,

(2) Néu duong thang d c6 phuong trinh chinh tic al

phuong a = (a;a,;a,) (toa dd vecto chi phuong 1a céce s6 & mau)
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(3) Truc toa do Ox co vecto chi phuong la i= (1;0;0).
Truc toa d0 Oy c6 vecto chi phuong la ; =(0;1;0).
Truc toa dd Oz c6 vecto chi phuong la k= (0;0;1)

Vidu 12: Trong khong gian Oxyz, xac dinh mot vecto chi phuong ciia duong thang duéi day:

x=2-t
a)d y=1+2, b) dz;xz_lzyf:z;l, o d3;x2—1:y2—1:212
z=3+t
w Loi gidi

a) Puong thing d, c6 mot vecto chi phuong 13 a, = (-1;2;1).
b) Pudng thing d, c6 mdt vecto chi phuong 1 a, = (2:1;2).
¢) Phuong trinh duong thang d, chua ding cAu tric nén ta viét lai

x—1_ y-1 2-z

J- <::wi_x—l:y—lzz—2

2 2 1 S 2 2 -1
Vay duong thing d, ¢6 vecto chi phuong 13 a, = (2;2;-1).

Dang todn @ XAC PINH TOA DO BPIEM THUOC DUONG THANG

xX=Xx,+at

(1) Cho dudng thang d 6 phuong trinh tham s6: < v =y, +a,t,(t € R). Véi mdi gia tri ctia tham s6 ¢ duy
z=z, +at
nhét xac dinh dugc toa d6 mot diém thude duong théng va nguoc lai.
_Z7% (

X _ V=Y _
a, a, a,

(2) Cho duong thang d c6 phuong trinh chinh tic: al a,.a,.a, # 0) . Vi mbi gia tri

duy nhét ctia céc ti 1é thirc ta xac dinh duoc toa 46 mot diém thudc duong thang va nguoc lai.

Vidu 13: Trong khong gian Oxyz, xéac dinh toa do hai diém thudc mdi duong thang dudi day:

x=2-t
x-1 y-2 z+1
a)d :qy=1+2¢, b) d. : — — :
) diyy ) d, 5 1 5
z=3+¢

= Loi gidi
a) Cho 1 =0, tatinh dugc x=2-0=2; y=1+2.0=1;,z=3+0=3.
Vay A(2;1;3)ed1 (toa do diém A4 1a cac hé $6 tu do trong cac phuong trinh)

Cho ¢ =1, tatinh dugc x=2-1=1; y=1+2.1=3; z=3+1=4. Viy 4(1;3;4)ed,
x—=1_ y-2 z+l
1
Vay C (1;2;—1)ea’2 (toa do diém C 1a sb ddi cua cac hé s tu do & céc tir thir trong phuong trinh)

b) Cho =0, tatinh dugc x=1+2.0=1, y=2+1.0=2; z=-1+2.0=—1.

x—1 y-2 z+1
2 1
Vay D(3;3;1) ed,

Cho =1, tatinh dugc x=1+2.1=3; y=2+1.1=3; z=-1+2.1=1.
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Phuwrong trinh Mdt phang, Pwong thang, Mdt cau

Dan

toan = LAP PHUONG TRINH PUONG THANG

Phwong phdp: Xdc dinh yéu té: Diém di qua va vecto chi phwong (nhw bing dwéi day)
Buwéc 1. Tu gia thiét, xdc dinh cac vecto va cac yéu t6 khac lién quan (néu can)
Buorc 2. Xac dinh toa do vecto chi phuong va toa do mdt diém cua duong théng
Buwéc 3. Thay vao phuong trinh tham sé hay phung trinh chinh tic

Diéu kign xdc dinh dwong thang d 2
Dang e xa'C’ '"? J wong thang Di qua diém Vecto chi phwong
(gia thiét cho)
I | Quad, B A hay B a, = AB
2 Qua A va song song dwong thang A A Z = a
3 Qua A va vuéng géc mat phang (a) A a = a
4 | Qua A va vuéng goc 2 dwong thang d;, d> A Z = [a:,a}
E Qua A, song song (a) va (,B) (hay song song mdt phang y — T —
a,=|n,,n
nay va chira trong mat phang kia) tk .
6 | La giao tuyén ciia (a) va (/3’) le (a’)r\(ﬂ) Z = _a,@_
Qua A, vudng géc dwong thang A va song song (hay chira — o —
7 - < A a; =| Qp,n,
trong) mat phang (a) L .

Vidu 14: Trong khong gian Oxyz, viét phuong trinh ctia dudng thang d
a) Di qua hai diém M (2;0;-1) va N(2;-3;1)

b) Di qua diém A(2;-1;0) va vudng goc v6i mit phang (a):2x—z+5=0

= Loi gidi

a) Do duong thang d diqua M, N nén MN ¢b gia la duong thang d , suy

ra duong thang d nhan MN = (—1;3;2) lam vecto chi phuong.

x=2-t

Puong thang d qua M nén cé phuong trinh tham sb 1a § y = 3

Hay duong thang d qua N nén cé phuong trinh chinh tic 1a 11 =

Nhin xét. Puong thang qua 2 diém M, N nén cé thé chon diém toa do diém M hay N dé thé vao

_———~

d

z=—1+2¢

phuong trinh.

b) Do dudng thing d vudng géc voi mit phing () nén vecto phap

tuyén n= (2; 0;—1) clia mit phang (a) c6 gia song song hodc trung véi

duong thang d , suy ra duong thang d nhan n lam vecto chi phuong.
Ma dudng thing d di qua diem 4(2;-1,0)

x=2+2t

Vay phuong trinh tham sé cua duong thang d 13 { y=-1

z=-—1

M

— >
S
E)
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Nhin xét. Do vecto chi phuong c¢6 thanh phan toa do bang 0 nén duong thang khong viét duoc dang
phuong trinh chinh tic.

Dang todn @ XET V] TRI TUONG POI CUA HAI PUONG THANG
Cach 1

Cho hai duong thang (d) di qua diém M , ¢6 vecto chi phuong ava (d') di qua diém M ', c6 vecto chi

phuong a'
Vi tri twong doi Diéu kién

a' cung phuong va MM ' khong cung phuong véi a,a'

\.Ql

d va d’ song song

a', MM' cung phuong

QY

d va d’ trung nhau ,

d va d’ cit nhau a,a' khong cung phuong va [Zz,a—'] MM'=0

d va d’ chéo nhau Zz, a' khong cung phuong va [Zz,cﬂ MM'#0
Cdch 2.

Trwong hop 1: Hai dwong thing cho béi phwong trinh tham so
xX=x,+at
Cho hai duong thing (d):{y =y, +a,t di quadiém M (x,;1,:2,), c6 vecto chi phuong a =(a;a,;4a, )
z=z, tast
x=x'+a' t'
va(d):{y=y' +a',¢'" diquadiém M'(x'y;y'5;2',), c6 vecto chi phuong a'=(a';a'y:a';)
z=z'+a'st'
Phwong phap
x, tat=x'+a't' (1)
Buoc 1. Lap H¢ phuong trinh twong giao gitra (d) va (d°): (1): y,tat=y' +a',t' (2) .
z,+at=z'+a'yt' (3)

Buwée 2. Dua vao nghiém Hé phuong trinh (I), ta két luan vi tri trong d6i:

Vi tri twong doi Diéu kién
a,a' cung phuong a,a' cung phuong
d va d’ song song va va
H¢ phuong trinh (I) vd nghiém Med=>Mgd'

Zz, a' cung phuong
d va d’ trung nhau Heé phuong trinh (I) ¢6 v6 s6 nghiém va
Med<sMed'

. H¢ phuong trinh (I) c6 dung 1 nghiém
d va d’ cat nhau (tt')_(tt')
> - 0°° 0

a,a' khong cung phuong
d va d’ chéo nhau va

H¢ phuong trinh (I) v nghiém
Truwong hop 2: Mjt phwong trinh tham sé va mét phwong trinh chinh tic.

Trwong hop 3: Hai phwong trinh chinh tic.
Phwrong phdp: Hai trudng hop ndy giai phtc tap nén dua vé truong hop 1 dé giai
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z,+at=z"'+a'yt' (3)

X, +at=x'+a't' (1)

(17)

Giai Hé phuong trinh gdm 2 phwong trinh (thudng chon (1) va (2))
y,tat=y' +a',t' (2)

® Néu Hé phuong trinh (II) vé nghiém thi Hé (/) v6 nghiém;

@ Néu H¢ phuong trinh (IT) ¢6 1 nghiém (#;¢')=(¢,;¢',) thi thé nghiém nay vao phuong trinh (3):

Néu théa phuong trinh (3) thi Hé phuong trinh (/) ¢6 1 nghiém (#;¢")=(t,;¢', );

0°Y0)>
Néu khong thoa phuong trinh (3) thi Hé phuong trinh (/) vo nghiém;
® Néu Hé phuong trinh (II) v6 s6 nghiém thi Giai Hé gdm phuong trinh (2) va (3) (hay gdm phuong trinh
(1) va (3)): Khi d6, nghiém cua H¢ phuong trinh nay ciing 1a nghiém cia H¢ phuong trinh (/)

Vidu 15: Trong khong gian Oxyz , xét vi tri twong ddi cua cac cap duong thing sau:

x=1+¢ x=2+2¢

a) d:qy=2t (teR)vad:{y=3+4r(/'eR)
z=3—¢ z=5-2¢
x=1+2¢

b) d:{y=-1+3t(teR) va d’:x_1:y+2:2+1

3 2 2

z=5+t

QdiiYTl_Z gy g 22l _y=2 z+2
1 -1 2 5 1 2

v Loi gidi

a) Dung cach 1

Duodng thing d di qua diem M (1;0;3), c6 vecto chi phuong a= (1,2;-1)
Duong thang d' di qua diém M '(2;3;5), ¢6 vecto chi phuong a'= (2;4;-2)
MM ' =(1;3;2)

N -
Taco: a :Ea' suy ra a, a' cung phuong

va MM '+ k.a, Yk suy ra MM ' khong cung phuong voi a,a'

Vay hai dudng thing d va d’ song song

b) Cdch 1

Tacd: d qua M(1;—1;5) va co vecto chi phuong @' =(2;3;1)
d' qua M'(1;-2;—1) va c6 vecto chi phuong a’=(3;2;2)
MM '=(0;-1;-6)

Vi @ va d@' khong cing phuong nén d va d’ cat nhau hodc chéo nhau.

Va tinh duoc [21,57'} MM'#0

Nén hai duong thiang d va d’ chéo nhau.
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Cach 2
Vi @ va a@' khong cing phuong nén d va d’ cat nhau hodc chéo nhau.

x=1+3¢
Do d' qua M'(1;—2;—1) va co vecto chi phuong a’=(3;2;2) nén d':qy=-2+2¢'(¢' €R)
z=-1+2¢
1+26=1+3¢ (1)
Xét hé phwong trinh trong giao: < —1+3t=-2+2¢' (2)
S5+t=—1+2t"  (3)
. 3
2t-3t'=0 s
Tir (1) va (2), ta cb: o >
-2'=-1" |, 2
5
3 2 X 3 2 .
Thay t=—§, t'=—§ vao phuong trinh (3), ta dugc: 5+ 3 =—1+2 3 (Sai)

Suy ra hé phuong trinh vé nghi¢ém
Vay hai dudng thang d va d’ chéo nhau.

Nhén xét. Chinén dung cach 1, néu 2 dudng thang cit nhau va c6 yéu cau tim toa do giao diém thi méi
giai hé phuong trinh twong giao.
¢) Cach 1

Taco: d diqua M(0;1;0) vacé vecto chi phuong d =(1;-1;2);

d' diqua M'(l; 2;—2) va c6 vecto chi phuong a’ = (5;1; —2).

MM "= (1;1;-2)
Vi @ va a' khong ciing phuong (toa d6 2 vecto khong ti 1¢) nén d va d’ cit nhau hoic chéo nhau
Va tinh duoc [Zz,cﬂ MM'=0

Nén hai duong thiang d va d' cit nhau.

Chii y. Cach nay khong tinh duoc toa do giao diém cta hai duong thang nén nhimg bai toan co yéu cau
tinh toa do giao diém thi ta phai dung cach 2.

Cich 2

Vi a va a' khong cung phuong nén d va d' cat nhau hodc chéo nhau.

x=t x=1+5¢
Phuong trinh tham sé cia d va d' lanluotla d:{y=1-t va d :{y=2+¢
z=2t z=-2-2¢
t=1+5" (1)
Xét hé phuong trinh tuong giao: {1-¢1=2+¢ (2)
2t=-2-21"'(3)
2
' l=—=
, . . |t=5t"=1 3
T (1) va (2), ta co: =
t-t'=1_ |, 1
!'=——
3
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Thay ¢ = —%, t'= —% vao phuong trinh (3), ta duogc: 2(—%) =-2- 2(—%) (bung)
1

Suy ra hé phuong trinh c6 mot nghiém ¢ = —%, t'= -3

Thay ¢ = —% vao phuong trinh duong thang d (hay thay ¢'= —% vao phuong trinh dudng thang d '), ta

tinh duoc x:—z; y:é; z=——
3 3 3

Vay hai duong théng d va d' citnhau tai diém 1 (—%;g;—g)

Phwong phap: Dung cong thirc ¢ muc 4.

Hay c6 thé Tinh géc bang mdy tinh cam tay (MTCT).

Vao méi trudng vector trén MTCT, tinh goc gitra cac cip vecto phap tuyén ciia mit phing hay vecto chi
phuong cta duong thang.
(1) Géc giiva hai dwong thang d, d'

Néu 0°<(a,a’)<90° thi (d,d")=(a,a’);

Néu 90° < (a,a") <180° thi (d,d") =180°—(a,a’);
(2) Géc giita hai mt phing ((a),(a'))

Néu 0°<(n,n)<90° thi ((a),(a"))=(n7');

Néu 90° < (n,77) <180° thi ((),(")) =180°—(n,n);
(3) Goc giita dwong thang d va mgt phang (a)

Néu 0°<(a,n)<90° thi (d,(a))=90°—(a,n);

Néu 90° < (a,n) <180° thi (d,()) =90°~(180°~(a,1)) = (a,)-90°

Vidu 16: Trong khong gian Oxyz , tinh cac goc:

=¥ x=1-4¢
a) Giita hai duong thang d,:{y=5-2t va d,:{y=2+¢
z=14-3¢t z=—1+5¢

x-3 y—-4 z+3
2 -1
¢) Giita hai mit phang (P):x+2y+2z+10=0 va (Q):—x+y+2z+13=0.

b) Giita dudng thang A:

va mit phang (P):2x+y+z-1=0.

w= Loi gidi
a) Duong thang d, ¢6 mot VICP 4, =(1,-2;-3).
Puong thang d, c6 mot VICP i, = (—4; 1;5) .

i, L(-4)+(=2).1+(-3) 5 NS

Ta co: cos(d,,d,)= | =

AL e (o) (3 () e 2
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Vay (d,,d,)=30°

Diing Mdy tinh cam tay (MTCT)

Tinh goc gitta 2 vecto chi phuong, ta dugc: (171,172) =150°
Vay (d,,d,)=180°=(u,,u, ) =180°~150° = 30°

b) Buong théng A cO6mdt VICP u = (1; 2;—1) .

Mit phang (P) c6 mot VIPT 7i =(2;1;1).

Ta co: sm( ( )) |un| ‘12+21+ 1‘ _

1
al Ji] 1/ P22 4 (-1) 22+ 12 41 2
Vay (A,(P))=30°

Dung MTCT
Tinh goc gitta 2 vecto chi phuong ctua duong thiang va vecto phap tuyén ctua mit phang, ta duoc:

(&,Z) = 60°

Vay (A,(P))=90°~(u,n)=90°—60° = 30°

¢) Mit phang (P) c6 mot VIPT la 7, =(1;2;1).
Mit phang (Q) ¢6 mot VIPT la 7, =(-11;2).
i, 7, | L(-1)+2.1+1.2| |

B T R el o

vy ((P).(0))=60°
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BAI 3. PHUONG TRINH MAT CAU

1. Khai niém mit ciu

Dinh nghia

Tap hop cac diém trong khong gian cach déu diém I ¢ dinh mot khoang khong ddi R goi 1a mat cau tim
I, bankinh R.Kihi¢ula S(/,R).

Poan thing ndi hai diém trén mat cau va di qua tAm goi 1a dudng kinh ciia mit cau.
Cho mit cau S(I,R)

(1) Néu IM =R thi diém M nam trén mit cau
(2) Néu IM > R thi diém M nam ngoai mat cau
(3) Néu IM <R thi diém M nam trong mat cau

2. Phwong trinh mit cau
(1) Mit cau (S) c6 tam /(a;b;c), bankinh R c¢6 phuong trinh 1a (x—a)2 +(y—b)2 +(z—c)2 =R’ (1)
(2) Phuong trinh dang x* + y* + 2> —2ax—2by—2cz+d =0 (2) véi a’ +b° +c* —d >0 la phuong trinh mit

chu (S) ¢6 tam 1 (a;b;c) va ban kinh R=+a® +b* +¢* —d

LJ CAC DANG TOAN CO BA.

Dang toin @ XAC PINH TOA DO TAM VA BAN KINH CUA MAT CAU CHO BOI PHUONG TRIN.
Vidu 17: Trong khong gian Oxyz, trong cac phuong trinh sau, phuong trinh nao la phuong trinh cua mat

cau va xac dinh toa d¢ tam, ban kinh.

a) (x—1)" +(y+2) +2 =9 b) x*+)* +2° —2x+4y—62-2=0.
©) ¥’ +)*—z*+2x—y+1=0 d) X’ +1* +2°+2x—2y+5=0
= Loi gidi

a) Phuong trinh (x—l)2 +(y+2)2 +z> =9 dung dang (1) vacd a=1, b=-2,¢=0, R* =9
Vay phuong trinh da cho 14 phuong trinh ctia mat cau ¢ tam / (1;— 2;0) va ban kinh R =3.

b) Phuong trinh x* + y? + 2% —2x+4y—6z—2=0. ding dang (2) vacd a=1, b=-2, ¢ =3, d =2 (ldy hé

6 cua x, v,z lan lwot chia cho =2 ta dwoc a,b,cvad lahé $0 tw do)

Kiém tra didu kién: a®+b*+¢* —d =1 +(-2)" +3* —(~2) =16 > 0 (thoa diéu kién)

Vay phuong trinh d cho 1a phuong trinh clia mdt cdu c6 tm 7(1;—2;3) va ban kinh
R=\I+(-2) +3 —(-2) =4.

¢) Phuong trinh x* +y* —z° +2x—y+1=0 khong dting dang (1) va (2).

Vay phuong trinh da cho khong phai 1a phuong trinh mit cau.
d) Phuong trinh x* +)° +2z° +2x—2y+5=0 dung dang (2) vacé a=-1,b=1,¢=0,d =5
Kiém tra diéu kién: @*+b>+c*—d = (—1)2 +17+0? —5=-3<0 (khong thoa diéu kién)

Vay phuong trinh d4 cho 1a khong phai phuong trinh ctia mit cau.
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Dang todn = LAP PHUONG TRINH MAT CA
Cich 1: Xac dinh yéu t6: TAm va ban kinh, (nhw bang duéi day)
Buwéc 1. Tur gia thiét, xdc dinh cac vecto va cac yéu t6 khac lién quan (néu can)
Budée 2. Xac dinh toa d6 tAm va ban kinh cta mit cu
Buorc 3. Thay vao PT (1).
Xdc dinh tdm va bdn kinh ciia cdic mdt cdu thwong gap

Dang Diéu kién xdc dinh mit cau (gia thiét cho) Tam Ban kinh
Dang 1 | Mat cau (S) tam I di qua A I R=1IA
, [ la trung dié AB
Dang 2 | Mat cau (S) duwong kinh AB B =—
AB 2

Dang 3 | Mt cau (S) tam I tiép xiic mdt phang(c) I R= d(Ia(a))
Dang 4 | Mat cau (S) tam I va tiép xiic dwong thang A 1 R= d(I,A)

Mat cau (S) tam I va cdt mp(a') theo dwong tron co R=~Nr’+d’
Dang 5 1 »

ban kinh r Voi d = d([,(a))

Cich 2: Xac dinh hé s6 (Ap dung cho trwong hop xic dinh tim va ban kinh giip kho khiin)

Budrc 1. Goi mit cau di cho ¢6 PT dang x* + y* +2z° —2ax—2by—2cz+ d =0 , (2)

Buwéc 2. T gia thiét 1ap hé 4 PT an a, b, ¢, d > Gidi tim a,b,c¢,d

Buorc 3. Thay vao PT (2)

Dang 6: Mat cau (S) ngoai tiép tir dien ABCD (hay di qua 4 diém A, B, C, D)

+ Goi phuong trinh mat cau (S) ¢6 dang: x* +* +2z° —2ax—2by —2cz+ d =0 (2)

& 2ax+2by+2cz—d =x"+y +2° (2°)

+ A, B, C, De(S) = Toa dd 3 diém 4, B, C, D thda man PT(2) > Thay toa dd 4, B, C, D vao PT(2), Ta
dugc hé 4 phuong trinh 4 an a,b,c¢,d

+ Giai hé tim a,b,c,d

Dang 7: Miit cau (S) di qua 3 diém A, B, C va tim I € (@)

+ Goi phuong trinh mit cu (S) c6 dang: x* +)* +2z° —2ax—2by—2cz+ d =0 (2) = tam I(a;b;c)

+ A, B, Ce (S) = Toa do 3 diém 4, B, C théa min PT(2) > Thay toa d6 3 diém 4, B, C vao PT(2), Ta
dugc 3 phuong trinh 4 an a,b,c,d

+ Tam [ (a;b; c) € (0)= a, b, ¢ théa man phuong trinh mit phang(a) > Thay a, b, ¢ vao phuong trinh mat
ph:fmg(oc), ta dugc thém 1 PT 4 4n a,b,c,d

+ Giai h¢ 4 phuong trinh trén tim a,b,c,d

Dang 8: Miit cau (S) di qua 2 diém A, B va tim I € (d)

Cach 1: Duong thang (d) cho boi phwong trinh tham so

+1e(d) = I(x,+at;y,+at;z,+ast)

+ A4, Be (S) = AI’* = BI* - Ta dugc phuong trinh 4n t > Giai timt > Thay t, tim toa do diém I

Cidch 2: Puong thang (d) cho béi phwong trinh chinh tdic:

+ Goi phuong trinh mit cu (S) ¢ dang: x*+)* +2z° —2ax—2by—2cz+ d =0 (2) = tam I(a;b;c)

+ A, Be (S ) — toa d6 diém 4, B thoa min PT(2) > Thay toa d§ 4, B vao PT(2), Ta dugc 2 phuong trinh

4 an a,b,c,d
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+Tam I(a,b,c)e(d) = a, b, c théa man phuong trinh duong thang (d) > Thay a, b, ¢ vao phuong trinh

duong thing (d), ta dugc thém 2 PT 3 4na, b, ¢
+ Giai h¢ 4 phuong trinh trén tim a,b,c,d

Vidu 18: Trong khong gian Oxyz, viét phuwong trinh cac mat ciu (S ) trong cac truong hop sau:
a) C6 tam 7(1;2;3) di qua diém 4(L;1;2).
b) C6 duong kinh AB v6i A(1;0;-3) va B(3;2;1).
¢) C6 tam 7(1;—2;1) va tiép xtic véi mét phang (Oxy).
d) Di qua bon diém M (2;2;2),N(4;0;2), P(4;2;0) va 0(4;2;2)
= Loi gidi
a) Do mit cau (S) cotam /(1;2;3) di qua diém A(L;1;2) néncod bankinh 1a R=14= m =2
Véy phuong trinh ctia mt ciu (S) 1a (x—l)2 +(y—2)2 +(z—3)2 =2.
b) Do mit cau (S) c6 dudng kinh 4B nén c6 tam 7(2;1;—1) 1a trung diém cia doan thing AB va ban
kinh 1a R = % =6
Vay phuong trinh ciia mat cau (S) 1a (x—2)" +(y—1)" +(z+1)’ =6.
¢) Domit cau (S) 6 tam 7(1;—2;1) vatiép xtc (Oxy) nén céd bankinh R = d([;(Oxy)) = \/2 = \/W =1
Vay phuong trinh mt cau (S) 1a (x—l)2 +(y+ 2)2 +(z —1)2 =1.
d) Goi phwong trinh mat cau (S) X+ Y +2° —2ax—2by—2cz+d =0 (a2 +b*+c*—d > O)
& 2ax+2by+2cz—d =x"+ )" +z° (¥)
Vi M,N,P,Q e (S) nén toa do 4 diém thoa man phuong trinh (*) (thay toa do 4 diém vao (*))
da+4b+dc—d=2"+2"+2° a=3
8a+0b+4c—d=4"+0"+2 b=1

=
8a+4b+0c—d=4>+2>+0’ c=1
8a+4b+dc—d=4"+2"+2° d=8

Do d6 ta ¢6 hé phuong trinh:

Vay phuong trinh mat cau (S):x2 +y +22—6x-2y-22z+8=0
Chu y
V6i dang toan 1ap phuong trinh mit ciu qua 4 diém thi ta c6 thé giai truc tiép bang “May tinh cim tay”:
Giai Hé phuong trinh bac nht 4 an v6i “5 hé s6” & mdi phuong trinh, theo quy tic nhu sau:

@ 3 hé sb dau, 1an lugt 1a cac thanh ph?m toa d6 cua cac diém nhén 2

@ He¢ s6 tha tu, ludn bé‘mg -1

& Heé s6 thir nam (hé s tu do & vé phai), 13 tong binh phwong cua cac thanh phan toa d6 cua cac diém.
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v BO SUNG MOT SO KIEN THUC CAN THIET

L0 TIM GIAO PIE

> Giao diém ciia dwong thing va mat phing

- Lap phugyng trinh tuong giao (Lay phwong trinh tham sb ctia duong thing thé vao phuong trinh tong
quat cua mat phang)

- Gidi tim duogc ¢ =1,

> Thé 1= t,vao phuong trinh tham sO ciia dudng thang

- Tinh dugc x, y, z 13 toa d6 giao diém.
> Giao diém ciia hai dwong thing

x, +tat=x'+a' t' (1)
> Lap Hé phuong trinh tuong giao giita 2 dudng thing (1):4{y, +at=y",+a', ' (2)
z,+at=z"+a'y1' (3)

> Giai nhy trén (Xem céch giai ¢ muc 4.): Néu Hé c6 1 nghiém (¢,;¢';) thi thé # =¢,, vao phuong
trinh duong thang c6 tham s6 ¢ hay thé ¢'=¢', vao phuong trinh duong thang c6 tham sd ¢’

- Tinh duoc x, y, z 1a toa do giao diém.
> Giao diém ciia hai mit phing ‘

- Lap Hé phuong trinh twong giao (gdm 2 phuong trinh ctia 2 miat phang va ¢ 3 an x, y, z)

- Cho 1 s6 tiiy ¥ vao mdt 4n nao d6 (Thuong cho z=0)

- Ta dugc Hé phuong trinh bac nhat 2 4n x, y

- Giai tim dwoc nghiém (x,;,)

> Toa dd giao diém I3 (x052030)
> Giao diém ciia dwong thang va mdt cau

- Lép phuong trinh twong giao (Thé phuong trinh tham sé cta duong thang vao phwong trinh mit cau)

- Giai phuong trinh, tim duoc nghiém 7 =1,

> Thé ¢ = t, vao phuong trinh tham sO ctia duong thang

- Tinh duoc x, y, z 1a toa d giao diém.

N
Vidu 19: Trong khong gian Oxyz, tim toa do giao diém cia duong thang d : < y=2—-2¢ va mat phang
z=3+3¢
(a):2x+y—z+2=0
= Loi gidi
Thay phuong trinh tham sb ctia dudng thang ¢ vao phuong trinh mit phang (a) , ta duogc:
20+H)+2-26))-3+30)+2=0=>-3t+3=0=1¢=1
Thay ¢ =1 nguoc lai vao phuong trinh duong thang d , ta duoc:

x=1+1=2; y=2-2(1)=0; z=3+3(1)=6

Két qua: Giao diém 1a M (2;0;6) .
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Vidu 20: Trong khong gian Oxyz , tim toa d giao diém cdu mit ciu(S): (x—l)2 +(y+2)2 +(z—3)2 =56

xX=t
va duong thang d :{ y =2t
z =3¢
= Loi gidi

Thay phuong trinh tham s6 ciia dudng thdng d vao phuong trinh mit cau (), ta dugc:

(t =1 +(=2¢+2)* + (3t —3)* = 56, khai trién thu gon, ta dugc:
t* =2t -3=0, giai phuong trinh ta duoc 2 nghiém: ¢t =-1; =3
Thay ¢ vao phuong trinh dudng thing d , ta dugc:

Véit=~1: x=-1; y=2; z=-"3=M,(-1;2;-3)

Véit=3: x=3; y=—6; z=9= M, (3;-6;9)

Vay giao diém cua duong thang d va mit cau (S ) la M (-1;2;-3) va M,(3;-6;9)

L TIM HINH CHIE

> Tim hinh chiéu ciia diém 1én mdt phing

Tim toa d6 hinh chiéu H# cua diém M 1én mp(a): Ax+By+Cz+D=0

Cach 1.

Ax, +By, +Cz, +D=0

He(a) X, —x,, =Ak
=

- H 14 hinh chiéu cia M 1én(a) << . = _.
MH =kn, Yy —Yy =Bk

zy,—2z,=Ck
- Giai hé phuong trinh, tim dugc toa d6 diém H
Cich 2.
- Lap phuong trinh (tham s) duong thing (d) qua M va vudng goc
x=x, +At
mp(Q):{y =y, +Bt,(teR)
z=1z,+Ct

- Lap phuong trinh tuwong giao gitra (d) va (@):
A(x,, +At)+B(y, +Bt)+C(z,, +Ct)+D=0
- Gidi phuong trinh, tim duoc nghiém ¢ =1,
> Thé ¢t = t, vao phuong trinh tham s6 cua dudng thang (d)
- Tinh dugc x, y, z 1a toa do cua diém H
> Tim hinh chiéu ciia diém lén dwong thang
xX=Xx,+at

Tim toa d H 1a hinh chiéu ctia M 1én duong thang(d):{y =y, +a,t
z=2z,+ast

Cach 1.

e
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, Hed) [He(d)
- H 14 hinh chiéu cia M lén(d ) = =

MH Lu,  |MHa, =0
Xy =X, +at
yH = yo +a2t
z, =z,tat
(xH —xM).a1 +(yH —yM).a2 +(ZH —ZM).a3 =0
- Giai hé phuong trinh, tim toa d6 diém H.
Cach 2.
- Lap phuong trinh mp(e) qua M va vudng goc duong thang (d):
(x—xM).al +(y—yM).a2 +(Z—ZM).CZ3 =0

>Dua vé dang: ax+a,y+a;z+n=0

=

— Lap phuong trinh twong giao gilta (d) va (@): a, (x, +ait)+a, (v, +a,t)+a,(z, +ast)+n=0
—>Giai phuong trinh, tim ¢
— Thay ¢ vao phuong trinh (d), Ta duoc toa do diém H

> Tim diém M déi xirng v6i M qua mit phing (o)
- Tim hinh chiéu A cua M 1én mat phang(a). Khi d6, A 13 trung diém M
cua MM'

Xy =2X, — X, H/|
> Toadd M'1asy, =2y, -y, 5 i

Zy =22, -2y,

> Tim Diém M’ déi xieng véi M qua dwong thing (d)
- Tim hinh chiéu A ctia M 1én dudng thang (d). Khi d6, H 1a trung diém ctia MM '
Xy =2Xx, — X,
> Toadd M':3y,, =2y, -y,

Zy =22, — 2,

L TINH KHOANG CAC

> Khodng cdch tic mét diém dén mot mat phing

Khoang céach tir di€m M (x,;y,;2,) dén mit phang (a):Ax+By+Cz+D=01a

d(M,(a)) _ |A‘xo +fyo ‘:CZO :‘D|
\/A +B +C
> Khodng cdch tic mét diém dén mot dwong thing
Cich 1.
Khoang cach tir diém M dén duong thang A la khodng cdch tiv diém M dén hinh chiéu H ciia M lén
dwong thing A .
- Tim diém H 1a hinh chiéu ciia M 1én duong tthing A .
- Khi d6: d(M;A) =MH
Cich 2.
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Khoang cach tir diém M dén duong thing A duoc tinh boi cong thic

MM A,
d(M,A) ="

, Vo1 M, €A va a, lavecto chi phuong cua A

a

A

> Khodng cdch giita hai mdt phdng song song
Khoéng cich giita 2 mit phang song song (a):Ax+By+Cz+D=0 va (f):A'x+B'y+C'z+D'=0,

Vol (A';B‘;C‘) = k(A;B;C)
Cich 1. Bang khoang cach tir mot diém thudc mit phang nay dén mat phang kia.
> Lay M (xy;v0:2,) €(B).

_ |A4x,+By,+Cz,+D|
NA + B> +C

> Khi do: d((a),(ﬂ)) = d(M;(a))

Cach 2.
- Pong nhit hé s6 cua phuong trinh 2 mat phang: Bién doi 2 phuong trinh ctia 2 mit phing sao cho

cac hé sb clia x,y,z tuong img bang nhau. Chang han («):Ax+By+Cz+D=0 va
(B):Ax+By+Cz+D, =0

D-D,
> Khi dé: |d ((«):(B)) __DD|
N4+ B+ C
> Khodng cdch giiva dwong thing va mit phang song song
Khoang cach giita duong thang A va mit phing («):Ax+ By + Cz+ D =0 song song voi nhau bang

khodng cdch tiv mét diém thudc dwong thing A dén mdt phing (o).
> Lay M (xy;0:2,) € A.

_ |Axo +By, +Cz, +D|
NA* + B>+ C?
> Khodng cdch giita hai dwong thing chéo nhau
Cich 1.
Khoang cach gitra hai duong thang A va A’ chéo nhau la khodng cdch giita dwong thang d véi mdt

> Khi d6: |d(A;(ar)) =d(M;(a))

phing () song song chiva dwong thing d’.
> Lap phuong trinh mét phang () chira A’ va song song véi A.

> Lay M (xy; 2, ) €A.

3 |Ax0 + By, +CZO+D|

JA + B>+ C?
Cich 2.

Khoang cach gitra hai duong thang A va A’ chéo nhau dugc tinh boi cong thuc:

d(A,A’)=@

‘aA/\aA,

- Khi d6: [d(A;A") = d(A;(a)) = d(M;(a))

. voi Aed,BeA va a,, a, lavecto chi phuong cua A, A’

L TINH GO

Xem muc 4 va Dang toan tinh goc & Bai 3 “Phuong trinh Pudng thiang”
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LJ CUC TRI HINH HO

Dang 1: Tim toa dp diém M thugpc mp(c) sao cho khodng cdch tir diém M dén mét diém co dinh A

nhé nhit.
Khi d6, M 14 hinh chiéu cia 4 1én mit phang (&) (Céch tim hinh chiéu xem muyc phia trén)

Dang 2: Tim toa do diém M thujc duong thtfng A sao cho khoang cach twr diém M dén mét diém co
dinh A nhé nhit.
Khi d6, M 13 hinh chiéu cia 4 1én dudng thang A (Cach tim hinh chiéu xem muc phia trén)
Dang 3: Tim toa dp diém M thujc mp(c) sao cho MA+ MB nho nhit.

TH]I: Néu A, B khac phia so véi mp(a) thi M = ABN(«)
TH2: Néu 4, B cing phia so v&i mp (o) thi M = AB'n(a), v6i B’ 1a diém ddi xtng ctia B 1én mp(a)
hay M = A'B(a), v6i A’ 1a diém ddi xtmg cia 4 1én mp ()
Chu y: Vi tri twong d6i ciia 2 diém véi mit phing:
Cho hai diém M (x,,;v,, ), N (xy;»,) va mit phang (a): Ax+By+Cz+D=0. Khi dé:

¢ M va N ndm cung phia d6i v6i mp (a) < (Ax,, + By, +Cz,, + D)(Ax, + By, +Cz, + D) >0
¥ M va N ndm khac phia doi voi mp (@) < (Ax,, + By,, +Cz,, + D)(Ax, + By, +Cz, + D) <0
Dang 4: Tim toa d¢ diém M thuéc mp (cx)(hay dwong thing A) sao cho k.MA®>+h.MB* hay
k.MA+ h.MB| nhé nhit.
> Tim toa do diém / thoéa k.IA+h.IB =0
- M 1a hinh chiéu ctia / 1én mit phang () (hay duong thang A)
Mo rong:
Tim toa dp diém M thugc mp(a) (hay duong thing A) sao cho k,.MA? +k,.MA,? +...+ k,. MA,?
hay |k MA, +k, MA, + ..+ k, MA,| nh6 nht.
- Tim toa d6 diém I thoa k.14, +k,dA, +..+k,IA, =0
> Khi d6, diém M 14 hinh chiéu cta diém / 1én mit phing () (hay 1én dudng thang A)
Dang 5: Tim toa d¢ diém M thuc mdt ciu (S) sao cho khoding cich tir diém M dén mgt diém cé dinh

A nhé nhit (I6n nhit).
> Viét phuong trinh dudng thang (d) di qua tim / va diém 4

> Tim giao diém cta (d)va () 1a M,, M,
- Tinh AM,, AM, . So sanh va két luan.
Dang 6: Tim toa dj diém M thugc mét céu (S) sao cho khoing cich tic diem M dén mit phing ()

nhé nhat (I6n nhay).
> Viét phuong trinh dudng thang (d) di qua tim / ctia md cdu (S) va vudng géc mp(a)

> Tim giao diém cta (d)va (S) 1a M,, M,
- Tinh khoang céch tir M,, M, dén mit phang (). So sénh va két luan.
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L QUY TAC GIAI BAI TOAN THUC TE VE MAT PHANG, DUONG THANG VA MAT CA
Budéc 1: Doc hiéu va phan tich dé bai
[1Xéc dinh 0 dai luwgng cAn tim (Vi du: Toa d9, khoang cach, goc, dién tich, thé tich,...).
[X4c dinh 1 cac doi twong can thiét 1ap (Vi du: Diém, mit phang, dudng thing, mit cau,...).
[X4c dinh 5 cac quan hé hay vi tri twong doi giira cac ddi tuong (Vi du: Song song, vudng goc, cit, chira,
trung,...).
[X4c dinh diéu kién ban ddu.
Buwdc 2: Xay dung mo hinh toan hoc
@ Thiét lip hé truc toa dp Oxyz phit hop
Pay 1a budc quan trong nhat. Mot lwa chon gdc toa do thong minh s& giup cac phuong trinh tré nén don
gian.
e Chon goc O : Thudng 1a cac goc tudong, chan cot, hodc tim ciia mot vat thé c¢6 tinh ddi xing.
e Chon cdc truc Ox, Oy, Oz: Uu tién cac canh vudng goc v6i nhau cé san trong thuc té (vi du: mép
tuong, canh ban, phuong thang dimg).
o Pon vi: Thong nhat don vi do (mét, centimet,...) cho tat ca cac dit kién.
Meo nho khi lam bai:
« Mit dat/San nha: Ludn uu tién chon 1a mat phang (Oxy) c6 phuong trinh z=0.

« Vit ding yén: Coi 1a mot Diém.
« Vit c6 kich thudc dang ké (nhu qua bong): Coi 1a Mit cau.
« Tia sang/DAay cang: Coi la Puong thang.
@ Toa dé héa cdc dir kién thuwe té
Chuyén céc vi tri, kich thudc thuc té thanh diém va vecto:
e Piém: Vi tri mot bong dén, mot cai dinh, hodc tim ctia mot qua cau.
e Vecto chi phwong/phdp tuyén: Huéng cia mot tia sang (duong thang), mit nude bién (mit phing),
hodc hudng cua mot cdt truy.
®@ Thiét ldp cdc phwong trinh todn hoc
Duya vao yéu cau bai toan, ban s& 1ap mot trong ba loai phuong trinh:
o Mt phang: Khi n6i vé san nha, mit tuong, mat ban hodc mit nude.
o Can: 1 diém va 1 vecto phap tuyén 7 .
e Duong th(fng: Khi néi vé tia laser, soi day cang, truc cua mot cdt try, hodc quy dao chuyén dong
thang.
o Can: 1 diém va 1 vecto chi phuong i .
o MGt cau: Khi noi vé bong bong, vé tinh bay quanh trai dat, hodc ving phi séng ctia mot tram phat tin
hiéu.
o Can: Tam I(a,b,c) va bankinh R .
Buéc 3: Giai md hinh toan hoc
Str dung cac cong thirc giai tich dé tim ra két qua:
e Khodng cdch: Khoang cach tir mot diém dén mat phang (vi du: chiéu cao tir dén dén san).
e Gdc: Goc giita hai bire tudng, goc gitta duong dng nude va san nha.
e Giao diém: Diém cham cia tia sang 1én tuong, hodc vi tri hai duong 6ng cit nhau.
Budre 4: Tra 10i dap 4n va dién giai két qua
[ Kiém tra tinh hop Iy cta két qua (c6 phu hop véi bdi canh khong?).
[Dién dat két qua dudi dang ngén ngi thwe té: Pap an ding cau hoi ban dau cua dé.
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L CAC DANG BAI TOAN THUC TE THUONG GAF

Dang todn = VE KHOANG CACH , DO DAL, CHIEU CAO,..
Dang nay thuong yéu cau tinh d6 dai ngén nhét hodc kiém tra xem mot vat c6 va cham/vugt qua gidi han
hay khong.

o Khodng cdch tir diém dén mdt phéing: Tinh chiu cao ctia mot vat so véi mat dét, hodc khoang cach
tir mot bong dén dén bire tuong ddi dién.

o Khodng cdch tir diém dén dwong thing: Tinh khoang cach tir mot vi tri (vi du: mot tram quan tric)
dén duong di ctia mot thién thach hodc mot tia laser.

o Khodng cdch giiva hai dwong thang chéo nhau: Kiém tra khoang cach an toan gitra hai duong day
dién hodc hai duong 6ng nude chay cat nhau trong toa nha.

Vidu 21: Mot chiéc thuyén may di chuyén trong mot ving nuée cd mit day phang nhung hoi ddc 1én. Céc
diém P(0;0;-20),0(50;50;—-15) va R(0;50;—15) 1a cac diém thudc mit day. Trén thuyén cé mot cam bién
do tiéng vong dit & mat nudc. Khoang cach tir cam bién dén mit day 1a bao nhiéu khi cam bién ¢ diém
A(50;50;0) ? (1am tron két qua dén hang don vi)

X

i

= Loi gidi
Phan tich dé: Bai toan quy vé bai toén tinh khodng cach tir diém 4 dén mit phang (POR)
1. Tim phwong trinh mdt phing ddy (POR)
DAu tién, ta tinh cac vecto:
. @ =(50—-0;50—-0;—-15—(-20)) =(50;50;5)
e« PR= (0—0;50—-0;—15—-(-20)) =(0;50;5)
Vecto phép tuyén 7 ctia mat phang (PQR) 14 tich c6 huéng cua ITQ va PR:
50 5|5 50|50 50
50 5115 0|0 50
Pé don gian hoa, ta chon vecto cuing phuong 7’ = (0;—1;10) (chia tat ca cho 250).
Phuong trinh mit phang (POR) di qua diém P(0;0;—-20) véi vecto phap tuyén (0;—1;10):
0(x-0)-1(y-0)+10(z—(-20)) =0 < —y+10z+200=0 hay »—-10z—-200=0
2. Tinh khodng cdch tiv diém A(50;50;0) dén mdt phing (POR)

[1-50-10-0-200 |
JO? + 12 +(=10)’
3. Két qud cuéi cung , ,

Lam tron két quéa dén hang don vi. Két qua: 15

b

b

ﬁ=[FQ,ﬁ]=[

J hay n =(0;-250;2500)

d(4,(POR)) = ~14,925
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Vi du 22: Hinh v€ minh hoa la hinh anh mét toa nha trong khong
gian véi hé toa d0 Oxyz (don vi trén moi tryuc toa do 1a mét). Biét
OABC.DEFG 13 hinh chop cut c6 hai ddy nam trén hai mat phang
song song, OABC 1a hinh chit nhat nim trong mit phing (Oxy),

04=100m, OC =60m va diém D(10;10;8). Khoang céch tir

B dén mit phang (OCGD) bang bao nhiéu mét? (két qud lam
tron dén hang phan chuc)
= Loi gidi
1. Xdc dinh tga dj cac diém
Dua vao d8 bai, ta c6 cac thong tin sau:

e Goc toa do 1a 0O(0;0;0).

e 04=100m nam trén truc Ox = A(100;0;0).

e OC=60m nam trén truc Oy = C(0;60;0).

e Vi OABC 1a hinh chit nhat nén B c6 toa do 1a B(100;60;0).

e Diém D di cho sin: D(10;10;8).

2. Viét phwong trinh mdt phing (OCGD)
Mit phang (OCGD) di qua ba diém: O(0;0;0), C(0;60;0) va D(10;10;8).

e Vecto OC = (0;60;0); Vecto OD = (10;10;8) 1a cap vecto chi phuong
Vecto phap tuyén ctia mat phang (OCGD) 1a tich c6 hudng cia OC va OD:
60 0|0 0[|0 60
10 8|8 10/ (10 10
Vi mit phang di qua gbc toa &6 O(0;0;0) nén phuong trinh mit phang (OCGD) 1a

4(x—-0)+0(y—0)-5(z-0)=0<=4x-5z=0
3. Tinh khodng cdch tiv B(100;60;0) dén mdt phiang (OCGD)
Cong thirc tinh khoang cach tir diém M (%43 Y03 20) dén mit phang Ax+By+Cz+D=0 la

b

b

ﬁ=[7€,@]=U

] = (480;0;-600) = 120(4; 0; —5)

| Axy+ By, +Czy+ D|

- NA* + B> +C?

| 4(100) + 0(60) — 5(0) |
4 +0° +(-5)

Lam tron d&én hang phan chuc theo yéu cau dé bai

Ket qua: 62.5 m.

d

~ 62.4695...

Ap dung vao bai toan: d(B,(OCGD)) =

Viduy 23: Xét trong khong gian Oxyz, dai kiém soat khong luu san bay dit & goc toa do O(0;0;0), don vi
trén mdi truc 1a ki-10-mét. Mot may bay chuyén dong theo duong thang, bay qua hai vi tri 4 (—500; -300; 500)
va B(—ZOO; —200; 450). Khi may bay & gﬁn dai kiém soat khong luu nhéat, toa do may bay la (a;b;c). Tinh

gia tri cua biéu thuc P=a+b+c.
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= Loi gidi
Bai toan yéu cau chung ta tim diém trén duong thing (dudng bay) sao cho khoang cach tir diém d6 dén
gbe toa dd 0(0;0;0) 1a ngan nhat.

1. Tim vecto chi phwong cua dwong bay

May bay bay qua hai diém A4(—500;—300;500) va B(-200;-200;450). Vecto chi phuwong # cia duong
thdng 4B 14 i = AB = (300;100;—50)

: D
beé tinh toan gon hon, ta chon vecto chi phuong cung phuong la v = %u =(6;2;-1).

2. Phwong trinh tham sé ciia dwong bay

Phuong trinh tham s6 cua duong thang di qua B(—200;—-200;450) véi vecto chi phuong v(6;2;-1) 1a

x=-200+6¢
A y=-200+2¢
z=450—¢

3. Tim vi tri gan dai kiém sodat nhat

Goi M(a;b;c) 1a vi tri cia may bay, khi do: M(—200+ 6t,—200+ 2t;450—t)

May bay & gan dai kiém soat (gbc toa d O ) nhit khi vecto oM vuong goc vai vecto chi phuong v
(hay M 14 hinh chiéu ctia O laén A.Khi dd, tich v6 huéng ctia ching bang 0, nghia 1a

OM v =0=> 6(—200+61)+2(—200+21)—1(450 1) = 0=> £ = 50
4. Tinh toa do (a;b;c) va gida tri P
Thay ¢ =50 vao hé phuong trinh tham sb & budc 2:
e x=-200+6(50)=100
e y=-200+2(50)=-100
e z=450-50=400
Vay toa d may bay khi d6 1a (100;—-100;400) .
Gi4 tri ciia biéu thitc P=a+b+c 1a P=100+(-100)+400 = 400

Két qua cudi cing: P =400.
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Vi du 24: Trong khong gian véi hé truc Oxyz, gia sir mat dét tring

v6i mit phang (Oxy). Mot bong deén trang tri dang khoi cau cé tam

I(-1;2;4) va ban kinh R dugc treo ¢6 dinh 1én tran nha (don vi trén

moi truc toa do 1a m ). Mot con kién bo tuy y trén bong dén va mot con

kién khéac bo tuy ¥ trén mat dat, gid str vecto tao boi toa do vi tri cua 2
x y+l z-2

con kién ludn cing phuong véi duong thang A :T = 5 (col

moi con kién 1a mgt diém). Biét ltc 2 con kién gan nhau nhat c6 khoang

cach bang %(m) . Ban khdi cau c6 d6 dai bao nhiéu cm .
w Loi gidi
Phén tich dir liéu:
e Bongdeén: Tam I(—1;2;4), ban kinh R (mét).

e Mt dit: Mit phiang (Oxy) c6 phuong trinh z=0.

<y

e Vecto vi tri 2 con kién: Ludn cing phuong véi duong thang A c6 vecto chi phuong 4 = (1;2;2) .

, . . . 57
e Khodng cach ngdan nhat giiva 2 con kien: d . = T =5,7 m

min
Giai chi tiét:
1. Xdc dinh vi tri kién:
o Kién 1 (A4)nam trén mat cau bong dén.

o Kién 2 (B)nim trén mit dat (z = 0).

o Vecto AB cung phuong véi i = (1;2;2) . DPiéu ndy c6 nghia 1a duong thang AB ludn cd

phuong khong dbi.

2. Khodng cich ngin nhit:

Khoang cach gitra hai con kién 4B nho nhét khi duong thang 4B di qua tim I cua bong dén.

o Goi duong thang d di qua 7(~1;2;4) va co vecto chi phuong i = (1;2;2).

o Phuong trinh tham sbcia d: x=—1+¢; y=2+2t; z=4+2t.

o Giaodiém B cia d voimatdat (z=0): 4+2t=0=>1=-2.

o Toadd diém B(-3;-2;0).

o Tinh doan /B :

IB=\J(-3— (1))’ +(-2-2)? +(0—4)> =1/(=2)> +(—4) +(—4)> =\/4+16+16 =6 (m).

3. Tim badn kinh R :

Kién 4 nam trén mat cau, kién B nam trén mat dat. Khoang cach ngan nhat gitra chung la:
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AB=IB-R = 5,7=6—R=R=0,3m=30cm

Két qua: Ban kinh khi cau 1 30 cm.

Dang nay dung dé xac dinh d6 nghiéng hodc huéng trong xay dung va diéu khién.
« Goc giita dudng thang va mit phang: Tinh goc nghiéng ciia mai nha so voi phuong ngang, hodc goc
ctia mot tAm pin niang luong mat troi so voi mat dat dé thu sang tt nhét.
o Goc giita hai mit phiang: Tinh goc giita hai btrc tudng, hodic goc giira hai mai nha giao nhau.
« Goc giita hai duong thang: Goc 1éch giita hai truc giao thong hodc hai huéng bay.

Vidu 25: Kim ty thap Giza & Ai Cap c6 dang mot hinh chop tir gidc déu. Biét rang \ “
canh day cua kim ty thap dai 230 m va chiéu cao cua kim tu thap 1a 146,6m . Tinh & '

d6 ddc ctia mat bén kim ty thép so véi mat phang nam ngang (két qua lam tron dén
hang don vi cua d9).
= Loi gidi
1. Thiét lap hé truc toa do Oxyz
Dé thuén tién, ta chon hé truc toa do nhu hinh v& Minh hoa kim
tu thap Giza bang hinh chop tir gidc S.ABCD nhu hinh vé.
e Gobctoadd 0(0;0;0) tai tdm cta day hinh vudng.
e Truc Oz diquadinh S cua kim tu thap.
e Truc Ox va Oy song song véi cac canh cia hinh vudng
day.
2. Xac dinh tga do cac diem
Vi canh ddy @ =230 m va chiéu cao 2 =146,6 m
e Tamday O: 0(0;0;0).
e Pinh S nam trén truc Oz: S(0;0;146,6) .
e Xét moOt mat bén, chfmg han mat bén chtra canh song song véi truc Oy . Mot diém M la trung diém
cua canh day nay s€ co toa d6 la: M (115;0;0) (voi 115=230:2).
o Khi d6, hai dinh cia canh ddy nay s€ 1a B(115;115;0) va C(115;-115;0).
Nhu vay, mit bén (SBC) di qua 3 diém: S(0;0;146,6), B(115;115;0), va C(115;-115;0).
3. Tinh toan vecto

 Vecto phéap tuyén ciia mit day (Oxy): 7 iy =(0;0:1) .
« Vecto phap tuyén ciia mat bén (SBC):
Cip vecto chi phuong: SB = (115;115;-146,6), SC =(115;—115;-146,6).
Suy ra vecto phap tuyén: 7i,,, =[SB,SC] = (0;-33718;-26450) = ~2(0;16859;13225).
4. Tinh goc giivra mat bén va mdt day
Goi f la goc gitra mat bén va mat day. Ta c6 cong thirc:

| 0-0+0-16859+1-13225|

cos B = | iy Do bam may tinh
s y

T || 7 | 0P +0% +12 07 +16859% +13225 cosTtR) :
luru két qua vao bién A)
Suyra B ~51,887... 51. 88767876

Lam tron dén hang don vi theo yéu cau, Két qua: 52°.
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Vidu 26: Mot may bay cit canh tai mot san bay, sau khi bat dau cét canh trong thoi gian ngan may bay sé&
bay theo mot duong thing va san bay noi may bay cét canh duogc coi 1a mot mit phiang. Chon hé toa d6 Oxyz

, don vi d¢ dai trén mdi truc 1a 1 km. Biét ring, may bay bét dau cat canh tai diém O(0;0; 0)va sau mot thoi
gian ngdn may bay bay dén diém 4(2;5;1,2) va san bay méy bay cét c4nh ndm trén mat phang (Oxy). Géc

tao boi dudng bay clia may bay cat canh va san bay bang bao nhiéu do? (Iam tron két qua dén hang don vi)

: ~FF

S0

= Loi gidi
Dua vao dé bai ta c6 thé thdy goc tao boi dudng bay cia may bay cét canh va sin bay chinh 1a goc cua 04
va mit phang (Oxy).
1. Xac dinh cac vecto:
e Vecto chi phuong cua duong bay OA4: u = OA = (2;5;1,2).
 Vecto phap tuyén ctia mit phang san bay (Oxy): 7 = (0;0;1).
2. Thiét ldp cong thire tinh géc o :

sina = Au nJ = C-0+G-0+01,2D] = L2 (c6 thé dung may tinh cam tay bam két qua roi
|17 ][22 457 +(1,2)° N0?+0° +1> /30,44
lru vao bién A) TR~
1.2 511‘1‘1[—1'2 ]
Suyra « =arcsin[ g jz12,5596...0. {130, 44

30,44

. . 12. 5622283
3. Két qua cudi cung:

Lam tron dén hang don vi theo yéu cau. Két lugn: Goc tao boi duong bay va san bay 1a 13,

Vi du 27: Mot chiée truc thing bay trong diéu kién tim nhin kém tién vé phia mot suon nti déc 1én, duge
mo ta boi cac diém P(O;S;O), Q(5;10;2), R(10;10;2).

Truc thing bay qua cac diém A(1;6;1) va B(2;7;1) (don vi km).

Néu tryc thang tiép tuc giit nguyén hudng bay hién tai, s& va vao sudn nui. Vi thé dé tranh tai nan, tai diém
B phi cong giit nguyén hudng theo phuong x —y nhung bay 1én véi gbe nang sao cho dudong bay song song
v6i suon ndi. Tinh goc ma phi cong da thay d6i hudng bay tai diém B (Iam tron két qua dén hang phan muoi,
don vi d9)
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Zd

. J_,.r"'r"--r.
/ y ///
Loi giai

Phan tich dé bai: Tinh goc thay d6i hudng bay tai diém B dé truc thing bay song song vi sudn nui.

g

 Vecto hwéng bay cii: Truc thing bay qua A(1;6;1) va B(2;7;1) nén vecto hudng ban dau 1a
v, = AB = (1;1;0).
« Vecto phap tuyén swon nii: Suon ndi di qua P(0;5;0), O(5;10;2), R(10;10;2) .
PO=(5:5,2); PR=(10;5;2).
Vecto phép tuyén mat phang suon nii: 7 = [@,ﬁ] =(0;10;-25), chon n'=(0;2;-5) .

e Vecto hwéng bay méi: Hudng bay méi E = (a;b;c) phai song song voi suon nui va gitt nguyén hudng

hinh chiéu x—y.
Vi giir nguyén huéng x—y (giéng Z?), taco a=1,b=1.
Vi song song v&i suon nui nén vj-ﬁ’:O©(1-0)+(1-2)+c-(—5):O:>c:0,4.

Vay v, = (1;1;0,4).

« Tinh géc thay ddi: Goi o 1a goc giita \71 vav,.

VoV, 1+1+0
cosa =— =

2
v 24 +0- 140,47 V242,16

Suyra a ~15,79".

~0,96225

Két qua: Goc thay d6i huéng bay xap xi 15,8°.

Dang todn @ BAI TOAN CHUYEN DONG VA QUY BAO

» Xic dinh phwong trinh chuyén dong thing déu

Logi 1. Xéc dinh phuong trinh chuyén dong ctia mot vat di tir diém M, (Xy5¥y52,) VO1van téc khong doi
V=(V;Vv5;13).

1. Phan tich bai todn

o Diém xut phat: M,(x,;¥,;2,) tai thdi diém ban dau (thudng chon £ =0).
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e Vantoc: v=(v;Vv,;v;). Vivan toc 1a dai luong c6 hudng, ndé dong vai tro la vecto chi phuong cua

duong thang quy dao.
« Thoi gian: Goi ¢ 1a thoi gian chuyén dong (¢ > 0).
2. Thiét ldp phwong trinh chuyén dong
o Taithoi diém ¢, vat & vitri M (x;¥;z). Theo cong thuc chuyén dong théng déu, ta co: MO—M =t-v

X =x,+Wwt
« Khai trién theo ting toa do, ta c6 hé phuong trinh tham s ctia chuyén dong: < y = Vo TVt

z=2z,+Wt
3. Vi du minh hoa

x=1+4¢
Néu vat xuét phat tir M »(1;2;3) v6i van téc v = (4;—1;5) thi phuong trinh chuyén dong 1a { y=2—1¢
z=3+5¢

Logi 2. Xé4c dinh phuong trinh chuyén dong ciia mot vat di tir diém M, (x,5¥,:2,) theo huéng

u = (u;3uy;u,) vOi toc do v

. . . (vu, vou, vou
Bwoc 1: Tim vecto van toc thuc: v = — -uZ[ —1,—2; qSJ
|u | lu | ful| |ul

Buwdéc 2: Viét phuong trinh chuyén dong (day thuc chat 1a phuong trinh tham s6 cua duong thang theo thoi

gian t):

ul

X=X,+—"1
]
.uz

y=yyt—=-1
|u
u

z=zy+—>t
|u

Vi du minh hoa

Mot vat xuét phat tir M, (1;2;3) v6i theo hudng u = (4;—4;2) vé6i tdc do 30 km/h. Xéc dinh phuong trinh

chuyén dong cua vat.

Buwiéc 1: Xdc dinh vecto vin téc v

Tinh d0 dai ctia vecto hudng i : |ii |= /4 +(—4)’ +2° =\16+16+4 =/36 =6

|<

Vecto van toc v cung huéng voi i va co do dai bang 30. Cong thirc xac dinh 1a: v =

<)

Thay sb vao: v = % (4;—4;2) =5-(4,—4;2) =(20;-20;10)
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Buwéc 2: Viét phwong trinh chuyén dong

x=1+20¢
Str dung toa do diém M,(1;2;3) va vecto van tde v(20;-20;10), ta c6 h¢ phuong trinh: § y =2—-20¢(¢ > 0)
z=3+10¢

Vidu 28: Trong khong gian Oxyz, mét khinh khi cau &
toadd A(—16;—-10;10) bt dau bay véi vecto van téc khong
doi v =(4;3;—1) (don vi van toc la km/h) va du kién bay
trong thoi gian 10 gio. Biét tram kiém soat khong luu dit &
Vi tri géc toa d0 O kiém soat duoc cac vat thé cach tram
mot khoang t6i da bang 12km. Thoi gian ké tir khi tram
kiém soat khong luu phat hién ra khinh khi cau dén khi
khinh khi cau ra khoi ving kiém soat 1a bao nhiéu phiit?

w Loi gidi
1. Thiét Igp phwong trinh chuyén dong ciia khinh khi cau
Goi M(x;y;z) 1a vi tri cia khinh khi cau tai thoi diém ¢ (gio, 0<7<10).
Khinh khi ciu bit dau bay tir diém A(~16;—10;10) v&i van toc khong d6i v = (4;3;-1).

x=-16+4t
Phuong trinh tham sé chuyén dong ctia khinh khi cau 14 < y = —10+ 3¢
z=10—-1¢

2. Xdc dinh diéu ki¢n d@é khinh khi cdu nam trong viing kiém sodt
Tram kiém soat dit tai gbc toa dd 0O(0;0;0) va kiém soat duoc cac vat thé trong khoang cach toi da R =12
km. Khinh khi cau ndm trong viing kiém soat khi va chi khi khoang cach OM <12 suy ra OM* <12* tuong
duong x* +y” +2° <144
Thay cac biéu thurc cua x, v, z theo t vao bat phuong trinh, ta dugc:
(—=16+4¢)* +(=10+31)> +(10—1)* <144 < 261> —208t +312<0<> 2<1<6
3. Tinh thoi gian khinh khi cau nam trong viing kiém sodt

e Thoi diém bat dau phat hién: 7 =2 gio.

 Thoi diém ra khoi ving kiém soat: £ =6 gid.

« Tong thoi gian ndm trong ving kiém soat: Az =6-2 =4 (gid) =240 (phut)
Két luan: Thoi gian ké tir khi tram kiém soat khong luu phat hién ra khinh khi cau dén khi n6 ra khoi ving
kiém sodt 1a 240 phit.

Vi du 29: Trong khong gian véi hé truc toa 30 Oxyz , mdi don vi trén hé truc tmg véi 10 km, tram kiém soat
khoéng luu dang theo ddi hai may bay. May bay th&t nhat ban dau & toa do A(25;—10; 1) va bay theo hudng
vecto v, = (~3;-4;0) v6i toc do khong ddi 1a 750 km/h. May bay th hai ban ddu ¢ toa do B(30;-25;1,1) va

bay theo huéng vecto v, =(—4;3;0) voi tbc do khong dbi 1a 900 km/h, Trén méy bay thir nhat c6 gn radar

tranh va cham voi ban kinh hoat dong 1a 50 km. Hoi thoi gian mdy bay tht hai xudt hién trén man hinh cua
radar may bay thr nhat 1a bao nhiéu phut (Iam tron két qua dén hang phan tram)?
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() /" i

= Loi gidi

Str dung don vi km, gid. Khi do:
o Toadddiém A= 10(25;—10;1) = (250;—100;10)

o Toadd diém B= 10(30; -25;1, 1) = (300; -250;1 l)

1. Xdc dinh vecto vin téc thuwe

e Maybay I: v, =(-3;-4;0) = | |=5
Vecto chi phuong ctia may bay 1 (vecto véan tdc thyc) 1a Vl = [— 3 ;50 ;— 4 ;50 ;O) = (—450; —-600; O).
o Miybay 2: v, =(—4;3;0)=|v,|=5.

Vecto chi phuong ctia may bay 2 (vecto vén toc thuc) 1a V, = (—@ ; @ ; Oj =(—720;540,0).

2. Thiét lap phwong trinh chuyén dong
e Mady bay 1 bay tir 4 va cd vecto chi phuong Vl , phuong trinh dudng thang may bay 1 1a

x=250-450¢
y=-100-600¢ .
z=10

e Mady bay 2 bay tir B va cd vecto chi phuong 172 , phuong trinh dudng thfmg may bay 2 la
x =300-720¢
y=-250+540¢ .
z=11
3. Thiét Igp phwong trinh khodng cdch
Toa do cua hai may bay tai thoi diém ¢ (gio) la
e M,(¢)=(250-450¢;,—-100—-600¢;10)
e M,(¢)=(300—-720t;—250+540¢;11)

Khoéng céch giita hai méy bay tai thoi diém ¢ 1a MM, = \/(50—2701)2 +(~150+1140)" +1.
Dé thoa méan yéu cau bai toan thi M, M, <50 =>1372500¢" —369000¢ +22501<0
= 0,09348 <1 <0,17537 (xap xi).
Vay thoi gian may bay thtr hai xuét hién trén man hinh radar ctia may bay thir nhat 1a xap xi
0,17537—-0,09384 ~ 0,08189 (gi®®) ~0,08189x60 ~ 4,9134 (phit)

4. Két qud cudi ciing
Lam tron két qua dén hang phén tram. Két qua: 4,91
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Dang todn @ VE GIAO BPIEM VA VI TRI TUONG DOI (Su twon
Dang nay xac dinh diém cham hodc ving anh hudng.

o Giao diém cua duong théng va mat phéng: Tim vi tri tia laser chiéu 1én tuong, hodc vi tri mdt cai coc
khi cdm xudng mit dit nghiéng.

e Vi tri twong ddi ctia diém so v6i mat cau: Kiém tra xem mot con tau/may bay c6 nam trong ving phu
song clia tram phat tin hiéu hay khong (Ving phu séng thudng 13 hinh cau).

o Giao cia mit ciu va mat phéng: Xéc dinh hinh dang mat cit khi mot qua bong bi cit boi mot mat
phang (két qua 1a mot hinh tron).

Vi du 30: Trong khong gian vdi hé truc toa dd Oxyz (don vi trén mdi truc toa do 1a kilomét), mot may bay
dang & vi tri A(3;—2;1) va s€ ha canh & vi tri B(4;6,5;0) trén duong bang (nhu hinh v€). C6 mot 16p may
dugc md phong boi mit phing (&) di qua ba diém M (8;0;0); N(0;—8;0); P(0;0;0,8) . Do cao cia may bay
khi may bay xuyén qua ddm may dé ha canh 1a bao nhiéu km (1am tron dén chir s thap phan thi hai).

= Loi gidi

1. Viét phwong trinh mdt phing (o) (I6p may)
Mit phang («) di qua ba diém nam trén ba truc toa d6: M (8;0;0), N(0;-8;0), va P(0;0;0,8). Ta st
dung phuong trinh mat phang theo doan chan:
XY 1o x—p+10z=8 hay x—y+10z-8=0 ()
g8 -8 0,8
2. Viét phwong trinh dwong thing AB : May bay bay tir A(3;-2;1) d&én B(4;6,5;0).
e Véc to chi phuong: u = AB = (4-3;6,5—-(-2);0-1) =(1;8,5;-1).
x=3+¢
e Phuong trinh tham sb ctia duong thang 4B : { y =-2+8,5¢
z=1-t
3. Tim giao diém ciia mdy bay va l6p may
May bay xuyén qua dam may tai diém [ , 1a giao diém cua duong thang AB va mat phang («). Thay toa
d6 tham s6 ctia dudng thang vao phuong trinh mit phang:
B+1)—(2+8,5t)+10(1-¢)—-8=0<= 3+¢+2-8,5(+10-10t -8 =0
<-17,5t+7=0& t=L=0,4
17,5
4. Tinh d$ cao ciia mdy bay tai diém xuyén qua
D0 cao cia may bay chinh la gia tri cao d§ z tai giao diém /. Véi 1 =0,4, ta co:
z,=1-t=1-0,4=0,6 (km)

Két luan: Do cao ctia may bay khi xuyén qua dam may 1 0,60 km.
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Vidu 31: Cho ngdi nha nhu hinh bén phai (céc kich thude
tinh theo mét). Mot ang-ten trén mai nha c6 hai diém dau
mut: A(-2;2;5), B(-2;2;6).

Chiéu 4anh sang song song theo hudng ciia véc-to
v =(2;8;—3) vao dng-ten, bong cua dng-ten s& d6 xudng
mit phang mai EFGH .

Tinh chiéu dai bong ciia dng-ten trén mai nha bang bao
nhiéu mét? (1am tron két qua dén hang phan trim)

X

w Loi gidi 8m
1. Xdc dinh phwong trinh mdt phing mdi nha (EFGH)

Dua vao cac kich thudc ngdi nha, ta xac dinh duogc:
e E(0;0;4): Piém thap bén trai.
e F(8;0;4): Biém thap bén phai.
e H(0;4;6): Piém cao phia trén bén trai.
Ta c6 cac vecto:
e EF =(8;0,0).
o« EH=(0-0;4—0,6—4)=(0;4;2).
Vecto phap tuyén ctia mit phang mai nha: 7 = [E—F EH 1=(0;-16;32)
Chon vecto phap tuyén rat gon 1a 7' = (0;1;-2).
Phuong trinh mit phang (EFGH) qua H 13 0(x—0)+1(y-0)-2(z—4)=0 < y—2z+8=0

2. Tim toa do bong cia A va B :
Ang-ten di qua A(-2;2;5), B(-2;2;6) va huéng tia sang v = (2;8;-3).

e Boingcia 4:
Do diém A nam trén mit phang mai nha (EF GH ) nén bong A ciing chinh la diém 4
« Boéngciia B: B' 1 giao diém ciia dudng thang qua B theo hudng tia sang va mit phang mai nha

Phuong trinh dudng thang qua B theo hudng tia sang v = (2;8;-3): x=—2+2t; y =248, z=6-3¢

Thay vao phuong trinh y—2z+8=0:

(2+8t)—2(6—3t)+8:0<:>2+8t—12+6t+8:0<:>14t—2:0:>t:%

Toadd B' = —2+z;2+§;6—§ = —2;§;£ .
7 7 7

3. Tinh chiéu dai béng A'B’
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RN

2
Chiéu dai bong chinh 1 doan AB': AB' = 12 -2)| +] =-2 = ~1,31
7 7 7 7
Két luan: Chiéu dai bong ciia dng-ten trén mai nha 1a 1.31 m (1am tron dén hang phan trim).
Vidu 32: Trong khong gian vdi hé truc toa dd Oxyz, xét md hinh

phong khong nhu sau: rada dit tai géc toa do O(0;0;0), tén lura
phong khong dit tai diém M (0;50;0), mdi don vi twong Gng voi M(0:50:0)

10m, mat phéng (Oxy) trung voi mat dat, truc Oz vuong goc mat
dat va hudng 1én. Gia sit UAV (phuong tién bay khong nguoi 14i)
va tén Itra déu chuyén dong thang deu. Tai thoi diem ¢ = 0(s), rada
phat hiénra UAV 4 ¢ toa do A4,(1100;0;15). Tai thoi diém ¢ =1s,
rada theo ddi thiy UAV 4 & toa do A4,(1095;1;14,5) trén duong
thang d. Tai thoi diém ¢ =6(s), mot tén lira duge phong 1én va
chuyén dong thing déu véi tbe dd 1300(m/s), va cham va phd huy UAV 4 tai diém B trén d. Hoi sau bao
nhiéu giy ké tir lic dugc phong 1én thi tén lira va cham véi UAV (Iam tron két qua dén hang phan trim cta
gidy)?

= Loi gidi
Dé giai bai toan nay, ching ta can tim thoi diém tén lira va cham v6i UAV tai diém B trén dudng thang d .

1. Xdc dinh phwong trinh chuyén dgng ciia UAV

UAYV chuyén dong thang déu qua hai diém 4,(1100;0;15) tai =0 va 4,(1095;1;14,5) tai ¢ =1.

e Vecto van toc cia UAV (v):v=4,4=(1095-1100;1-0;14,5-15) = (-5;1;—-0,5)

x=1100-5¢
o Phuong trinh dudong bay cia UAV 1a d:{y =t
z=15-0,5¢

e Toadd cia UAV tai thoi diém ¢ bat ky: A() = (1100—5¢,¢15-0,5¢)
2. Thiét lap phwong trinh va cham
Goi T 1a thoi gian tén lira bay cho dén khi va cham (tinh tir lac phong 14 ¢ = 65 ).
Vay thoi diém va cham xayrala 7, =6+T .
o Toadd diém va cham B: Thay 7= 6+T vao phuong trinh chuyén dong ciia UAV:
B=(1100-5(6+T7);6+T;15-0,5(6+T)) hay B=(1070-57;6+T1;12—-0,57)
« Khoang cach tir bé phong M (0;50;0) dén B :
Tén lra bay voi van tdc 1300 m/s . Vi mdi don vi tuong tng 10m, nén van tdc tén lira theo don vi toa do 1a

vy = % =130 (don vi/s).

m

Quang duong tén Itra bay dugc la S =1307".
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3. Gidai phwong trinh tim T

Ta c6 phuong trinh khoang cach: MB* = (1307T)*

< (1070—-5T —0)* +(6+T —50)* +(12—0,57 —0)* = (1307)*

< (1070—5T)° +(T —44)* +(12-0,5T)* =16900T° <>16873,75T° +10800T —1146980 =0
Giai phuong trinh bac hai nay (liy nghiém 7 > 0), ta dugc: T ~7,9319...

Két luan

Lam tron d&én hang phan tram, thoi gian ké tir lac phong dén khi va cham 1a: T ~ 7,93 giay.

Vidu 33: Trong khong gian h¢ truc toa do Oxyz , dai kiém soat khong luu san bay co6 toa do O(O; O;O) ,moi
don vi trén truc tng voi 1 km. Méy bay trong pham vi cach dai kiém soat 417 km s& hién thi trén man hinh ra
da. Mot may bay dang & vi tri 4(222;565;8) chuyén dong theo dudng thing d c6 vécto chi phuong

ii(91;75;0) va huong vé dai kiém sodt khong luu (nhu hinh v&). Toa d9 cia vi tri sém nhat ma mdy bay xuét

hién trén man hinh ra da 1a M (a;b;c). Khi d6 a +b+ c bang bao nhiéu?

= Loi gidi
Chung ta can tim diém M 1a giao diém dau tién cua duong thang quy dao may bay va ving phu song ctia
rada (hinh cau).

1. Phan tich dir ki¢n dé bai

« Dai kiém soat (Gdc toa d6): O(0;0;0) .

Ving phu song rada: La hinh cdu tim O, ban kinh R =417 km.

Vi tri may bay ban dau: A4(222;565;8) .

Vecto chi phuong cta duong thang d : #(91;75;0).
« Luu ¥ quan trong: May bay bay huéng vé dai kiém soat.
2. Thiét lap phwong trinh dwong thing d va phwong trinh viing phii séng rada ( S )

o Puodngthing d di qua A4(222;565;8) va c6 vecto chi phuong (91;75;0) c6 phwong trinh tham sb:

x=222+91¢
y=565+75¢t
z=8
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o Mit cdu gi6i han ving phu song rada co tam 0(0; O;O) va ban kinh R =417 c¢6 phuong trinh:
Xy 4z =417
3. Tim giao diém M véi viing phii séng

« Diém M la giao diém ciia duong thing d va mit cau (S). Thay phuong trinh duong thang d vao
phuong trinh mit cau (), ta duge: (222+91)” +(565+75¢)° +8° =173889 <
139061 +125154¢ +194684 =0

Gidi phuong trinh bac hai nay, ta dugc hai nghiém: t=-2 va t=-7
4. Xdc dinh diém M va tinh tong a+b+c
o t=-2: M(40;415;8), AM* =55624, diém bat dau vao ving phu séng
o t=-T7: M(—415;40;8) , AM?* =681395, diém cudi cing trong ving ph séng
Vay toa do diém M 1a (40;415;8).
Tinh tong: a+b+c=40+415+8=463

Két qua cudi cung: Gia tri a+b+ ¢ bang 463.

Vi du 34: Mot may bay dang bay véi téc @6 khong ddi trong qua trinh tiép can duong bang. (Céc gia tri toa
do tinh bang km).

Lic 16:00, may bay & vi tri 4(4;0;6). Mot phit sau, mdy bay & vi tri B(5;3;4,5) va s& bay tiép dén diém
P trén dudng bang (mat phang z=0).

Cung ltc bat dau tiép can & 4, mot truc thing khéi hanh tir gian khoan déu C(12;0;0) theo huéng téi
tram trén nti D(-2;14;7) . Thoi gian du kién cho chuyén bay nay la ding 5 phut. Ta chimg minh dugc quy
dao bay cua tryc thing va may bay s& cit nhau tai mot diém M nhung s& khong xdy ra tai nan vi thoi gian di
qua diém M cia tryc thing va may bay chénh léch nhau. Tim thoi gian chénh léch d6 1a bao nhiéu giay? (Iam
tron két qua dén hang phan trim)

= Loi gidi

1. Phwong trinh chuyén dpng ciia mdy bay
My bay bay véi tdc do khong doi, di tir A(4;0;6) lic 16:00. Sau 1 phiit (£ =1), n6 dén B(5;3;4,5).

e Vecto chi phuong: u, = AB = (5—4;3—0;4,5—6) = (1;3;—1,5) .
e Vecto van tdc (chia cho 1 phut): \71 = AB= (1;3;-1,5).
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x=4+t
« Phuong trinh tham s (véi ¢ 1a thoi gian tinh bang phut): { y =3¢
z=6-1,5¢
2. Phwong trinh chuyén djng ciia truc thing
Truc thing khéi hanh tr C(12;0;0) cung lic voi may bay (7 =0) va du kién dén D(-2;14;7) sau ding 5
phut.
e Vecto chi phuong: CD=(—2-12;14—0;7-0)=(—14;14;7).

. . — 1—==
e Vecto van toc (chia cho 5 phat): v, = 3 CD=(-2,8;2,8;1,4).

x=12-2,8¢
« Phuong trinh tham s6 (v6i ¢/ 1a thoi gian tinh bang phut): { y = 2,8¢'
z=14¢

3. Tim thoi diém mdy bay va trwe thing di qua diém giao nhau M
beé tim diém giao nhau M , ta gidi hé¢ phuong trinh bang cach cho cac toa d x, v,z bang nhau, ta dugc:
o 4+1=12-2,8" (1)
o 3t=28t ()
o 6-15t=14¢ 3)

Tur phuong trinh (1) va (2),taco: t=2;¢' :g . Thay vao phuong trinh (3): 6-1,5-2 = 1,4-% =3 (Dlng)

. 1
Hé phuong trinh trén ¢6 nghiém: 1 =2; ¢' = 5

Suy ra, quy dao bay cua truc thing va méy bay s& cit nhau tai mot diém M (6;6;3)
.. R , , 5 , 15
Thoi gian to1 diém chung: may bay ¢ =2 phut, tryc thang ¢’ = = phut.

4. Tinh khodng thoi gian chénh léch
Su chénh léch thoi gian giita hai phuong tién tai diém M 1a:
15

. At:|t'—t|:7—2

- % (phuat) = % ~8,751428 (gidy)

Lam tron dén hang phan tram theo yéu cau ciia dé bai:
Két qua: Khodng thoi gian chénh léch la 8,57 gidy.

Dang todn @ TOI UU HOA (Cuec tri hinh hoc)
o Tim vi tri mot diém trén mit dat (mat phang) sao cho tong khoang cach dén hai vi tri khac 1a ngén nhat

(Bai toan dat tram ti€p song, noi day dién).
e Tim vi tri ddt camera trén tran nha dé c6 goc nhin rdng nhat.

Vidu 35: Trong khong gian ba chiéu Oxyz , toa dod cac khu vyc dugc
xac dinh nhu sau:

Khu vuc A(30; 20;0) nam trén mat dat, cach trung tdm thanh phé
3km .

Khu vuc B(70;50;40) ndm trén tda nha cao tang va & d6 cao 40m

Khu vuc C (50; 80; 70) nam trén mot dinh ddi & do cao 70m .
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Goi vi tri lap dat tram phat song 1a D(a;b;c) sao cho khoang cach tir D dén ba khu vuc ké trén 13 bang
nhau va c6 khoang cach dén chiing 1a nhé nhat. Tinh 7 = a + b + ¢ (Két qua lam tron dén hang don vi).
= Loi gidi
1. Phén tich diéu kién DA = DB = DC
Tap hop cac diém cach déu ba diém A4, B,C 1a mot dwong thang A di qua tim dudng tron ngoai tiép
tam gidc ABC va vudng goc voi mit phang (ABC).
Thiét Igp hé phwong trinh tiv DA> = DB va DA* = DC?
o DA =(a—-30) +(h—20)"+c
e DB’ =(a—70)" +(b—50)" +(c—40)’
e DC?=(a—50)"+(b—80)* +(c—70)
Tk DA* =DB’:
(a—30)* +(b—20)* +¢* =(a—70)* +(b—50)" +(c —40)’
< —60a +900—40b +400 = —-140a + 4900 —-10056 + 2500 —80c +1600
< 80a+60b+80c =7700 < 8a+6b+8c =770 (1)
T DA> =DC*:
(a—30)* +(b—20)" +c* =(a—50)> +(b—80)* +(c —70)
< —60a+900—-40b +400 =—-100a + 2500 —-1605 + 6400 —140¢ +4900
< 40a+120b6+140c =12500 < 4a +12b +14c =1250 (2)
2. Tim diém D c6 khodng cdch nhé nhit
Khoang cach tr D dén 4, B,C nho nhat khi D chinh 1a tim dwdng tron ngoai tiép tam giac ABC .
Khi d6, D phai nam trong mat phang (ABC).
Viét phwong trinh mat phang (ABC)
e AB=(40;30;40) = chon u, = (4;3;4)
e AC=(20;60;70)= chon u, =(2;6;7)
e Vecto phép tuyén 7 =[u,,u,]=(-3;—20;18)
Phuong trinh mit phang (4BC) di qua A(30;20;0): —3(x—30)—20(y—20)+18(z—0)=0
< 3x+20y—-18z-490=0
biém D(a;b;c) thudc mit phang (ABC) nén 3a+20b—18¢—490=0 (3)
3. Gidi hé phwong trinh va tinh T
Giai hé gom (1), (2), va (3): 8a+6b+8c=770; 4a+12b+14c =1250 va 3a+20b—18c =490
36520 , 32655 13925

Ta duoc: a=———; b= e
757 757 757

Tinh T=a+b+c= 83100
757

~109,775:

Két qua: Lam tron dén hang don vi theo yéu cau: 7 =110
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Vidu 36: Nguoi ta thiét ké mot day cap chay thang tir
diém X ¢ trén mat dat to1 dinh 7' ctia mot toa thap. Gia su
toa do cua cac diém la 7(40;60;150) va X (100;—-40;0)
trong h¢ toa do khong gian Oxyz, vé1 O la géc toa do dat
tai mat dat. Nguoi ta muén ndi diém A(40;30;-20) nam T

dudi mot cai ho to1 mot di€ém M (a;b;c) nam trén day cap

sao cho khoang cach MA nay 1a nho nhat. Tinh a+b +c.
= Loi gidi
Day 14 mot bai toan tim hinh chiéu vuéng goc ctia mot
diém 1én mot duong thang trong khong gian Oxyz . Bé

khoang cach M4 1a nho nhat, diém M trén day cap phai
13 hinh chiéu vuéng goc cua diém 4 1én dudng thang XT
1. Lip phwong trinh dwong thing chira diy cdp XT
Day cap di qua hai diém X (100;—40;0) va T(40;60;150).

Vecto chi phuong: XT = (40—-100;60—(—40);150—-0) = (—60;100;150) .

Rut gon vecto chi phuong cho don gian: u = %X—T =(—6;10;15) .

x=100-6¢
« Phuong trinh tham s cua dudng thang X7 : { y =—-40+10¢
z=15¢

2. Xdc dinh toa dp diém M theo tham sé t

Vi M nim trén day cap XT néntoa d) cia M c6 dang: M (100—6¢;,—-40+10¢;15¢) .

Khi do, vecto AM v6i A(40;30;-20) la:

AM = (100— 61 —40;,—40+10¢ —30;15¢ — (—20)) thu gon, ta dugc AM = (60—6¢;10¢ —70;15¢ +20)
3. Piéu kign dé khodng cdch MA nhé nhit

Khodang cach MA nhé nhit khi va chi khi AM L XT . Piéu nay twong dwong véi tich vo hudng cua AM
va vecto chi phuong # bang 0:

AM i =0 < —6(60—6¢)+10(10£ —-70)+15(15¢+20) =0 < —360+36¢+1007 — 700+ 225¢+300 =0

o 3611-760=0= =00 _40
361 19

4. Tinh toa dp M (a;b;c) vaténg a+b+c
Thay ¢ = % vao biéu thuc toa do ctia M :

. a:100—6-ﬂ;b=—40+10-ﬂ;c=15-ﬂ
19 19 19
e Tong a+b+c=100

Két qua cuéi cing: a+b+c=100.

Vidu37: HE théng dinh vi toan cau GPS (Global Positioning System) hién tai c6 24 v¢ tinh, mdi vé tinh
cach trai dat 20000 km , ta coi trai dat 1a khéi cau c6 ban kinh R = 6 (nghin km). Vi mot hé toa 46 Oxyz da

chon, O 1a tAm tréi dat va don vi trén mdi truc 1a nghin km, hai vé tinh c6 toa do A4(26;0;0), B(0;26;0). Xét
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diém M (x;y;z) thudc bé mat trai dat. Tinh gia tri nho nhat cia MA+MB theo don vi nghin km (lam tron

dén hang don vi).

y
F.
I

%é i SR
- /
: /

w Loi gidi

Chung ta can tim diém M trén mat cau (Trai Dat) sao cho tong khoang cach dén hai diém 4 va B la
nhé nhat.
1. Phan tich dé bai

o Trai Dat: La mat cau tim O(0;0;0), ban kinh R = 6 . Phuong trinh mat cau la: x* + ) +2z° =36.

e Vétinh A: Toadd A(26;0;0).

e Vétinh B:Toadd B(0;26;0).

o Diém M : Nim trén mit cau, tac la OM =6.
2. Thiét lap biéu thirc can téi thiéu héa

Ta can tim gia tri nho nhat cia S = MA+ MB .

Do tinh ddi xtmg cta bai toan qua mit phang phéan giac cua goc 40B (mit phang x = y), diém M 1am
cho MA+ MB nho nhat s& nim trong mit phang chita O, 4, B va phai nam giita "huéng" ciia 4 va B dé

tong khoang cach 1a ngan nhat.

Mit phang (OA4B) chinh l1a mit phang Oxy (z=0).Khi d6 M s& cé toa do dang (x;y;0).
Vi M thudc mit ciu nén x* + y* =6 =36.

DPé MA+ MB nho nhit, theo tinh d6i xtmg, M phai cach déu 4 va B,suyra x=y.

Thay vao phuong trinh mat cu: x* +x> =36=2x> =36 = x> =18 = x =y =+/18 =32
Vay toa do diém M 1a (3v/2:342;0).

3. Tinh todn gid tri nhé nhit

Tinh khong cich MA : MA=1[(26—342)" +(0-32)* +(0—0)> ~22,167
Vi M cachdéu A va B nén MA=MB .
S=MA+MB=2-MA~ 44,33

4. Két lugn

Lam tron dén hang don vi theo yéu cau dé bai: Gia tri nhé nhat cia M4+ MB 1a 44 (nghin km).
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> BAI TOAN TRONG DE THI TOT NGHIEP NAM 202

Vi du 38: MO hinh toan hoc sau day dugc sir dung trong quan sat chuyén dong ctia mot vat. Trong khong
gian cho hé toa d§ Oxyz co ;, },1; lan luot 1a cac vecto don vi trén cac truc Ox Oy, Oz va d¢ dai cua moi
vecto don vi d6 bang 1 mét. Cho hai diém 4 va B, trong d6 diém A4 c6 toa d¢ 1a (7;7;0). Mot vét (coi nhu
1a mot hat) chuyén dong thing véi téc do phu thudc thoi gian ¢ (gidy) theo cong thirev() = Bt +300 (m/gidy),
trong 6 3 1a hing s6 dwong va 0<¢<6. O thoi diém ban dau (r=0) vat di qua diém 4 véi toc do 300
m/gidy va huéng t6i B. Sau 2 gidy ké tir thoi diém ban dau, vat di duoc quing duong 606 mét. Goi
U= (a;b;c)l'c‘l vecto cung hudng vdi vecto AB . Biét rang |ﬁ | =1 va gbc gilta vecto u 1in luot voi cac vecto

i, j,k co sd do twong tmg bang 60°,60°,45° .
a) a=cos60°.
b) Phuong trinh dudng thing 4B 1a ~ I 7 yT_7 -
¢) f=3.

d) Gia sir sau 5 gidy keé tir thoi diém ban dau, vat dén diém B(x,;y,;z, ). Khi d6 x, > 776,

z
5

= Loi gidi
1. Vecto chi phwong u :
o d=(a;b;c) c6dd dai |i|=1 va i(1;0;0), j(0;1;0), k(0;0;1)

o Goc gifra i va cac truc toa do 1an lugt 13 60°,60,45 .

Ta co :

cos( ) cos60°=a'1+b.0+6'0=a<:>a=l
\ ‘z| 1-1 2

cos(ﬁ,})— fl'] <:>cos60°:a'0+b'1+c.0:b<:>b:l,
u j| 1-1 2

COS(;;];)z _I:t.k <:>C()S450=a.0+b.0+c.1=c<:>6=£_
u|k| 1-1 2

o Vay ﬁ=(%;%;g}

2. Phuwong trinh dwong thing AB

o Duong thing 4B di qua A(7;7;0) va c6 vecto chi phuong i —[% % %J

« Dé don gian héa vecto chi phuong, ta c6 thé chon v = 2i =(1;1; «/5) .

. . -7 -7
e Phuong trinh chinh tac phai la: al " Y-l

3. Hangsé f5:
o Tbc ddo v(t)= Bt+300.
o Quang duong di dugc sau 2 gidy 1a 606 m:
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2

S(2)= [ (Bt-+300)ds = {%2+300t} —24+600

o Theo d& bai: 28+600=606=28=6=>f=3.

5
4. Quéang dwong vt di duwoc sau 5 gidy la AB = I(3t + 300)dt = 3075 .
0

Tacé AB=ku véi k>0 suyra AB=k.1=k hay k=¥.

vay 453975,
2
. == 3075 3075 3075
V&i AB=(xy =75y, -7, 2;) = ; ; :>xB—7=% = x, =775,75<776
47 4 22 4

Panh gia cdc ciu héi: ) Pung. b) Sai ¢) bung. d) Sai.

Vidu 39: Cho hinh chép S.ABCD c6 day ABCD 1a hinh vuéng véi AB = 6. Biét rang hinh chiéu vuong
goéccua S trén mit phang (4BCD) 1a trong tim H cla tam gide ABC va SH = 342 . Khoang c4ch giita hai

dudng thing AC va SD bang bao nhiéu ? (Khdng lam tron két qua cdc phép tinh trung gian, chi lam tron
két qua cudi ciing dén hang phan tram)

= Loi gidi

Dap an: 2,55
Cach 1: Toa dp hoa

bat hé truc Oxyz nhu hinh v€ bén.
A(O;6;0), C(6;0;0), B(O;O;O), H(2;2;0), S(2;2;3\/5), D(6;6;0)

e

Ap dung cong thirc: d(AC, SD)= ‘[E’ ST)]

Ta co: E=(6;—6;0), S—D:(4;4;—3\/5), E=(6;0;0).

[Zﬁ, 57)} - (18\/5; 184/2; 48) = [A_(f, S_D’].E — 1082
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‘108\/5‘
\/(18J5)2 +(18«/§)2 148

Cach 2: Lam theo phwong phap Ilop 11.

= d(AC,SD)=

~ 2,55

Goi O = AC N DB . Dung hinh binh hanh ACDE .

Vi H latrong tdim AABC nén %:z B

1
378D 3 " DB
Vi AC//DE = AC//(SDE).
Ma SD = (SDE) nén d(AC;SD)=d(AC;(SDE))=d (O;(SDE)).
Trong ASHD ké HK L SD ¢ K.
Ta c6: DE | SH;DE 1 DB (do AC L DB; AC//DE) = DE 1 (SDH)=> DE | HK .
Mit khéc HK | SD = HK 1 (SDE)=>d(H;(SDE))= HK

1 1 1
HK®  SH® ' DH’
Trong d6 SH =32 ; DH = EDB = (6\/—) 42

12J_ 12J_

Ta co:

Do d6 HK =-—==>d(H,(SDE))=

Ta co:

o(m.(5DE)_mp_ 3PP 4
) 3

d(0;(SDE)) oD 1.,
2
3 31242 92
d(0;(SDE))==d(H;(SDE))==.—=="=.
Vay d(AC;SD)zd(O;(SDE)):#z2,55.
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v BAI TAP THAM KHAO

@ PHUONG TRiNH MAT PHANG
Cau 1. Phan mém diéu khién mdy in 3D cho biét dau in phun clia méy dang dat tai diém M (13;5;8)( don
vi cm). Tinh khoang cach tir diu in dén khay dat vét in c6 phuong trinh x -3 =07
bap an: 10
= Loi gidi
Ta c6 phuong trinh mit phang 1a (P) :x—3=0

13-3|
Khoang céch tir dau in dén khay dit vat la: d(M;(P)):T:IO

Céu 2. Trong gio thé duc hoc vé k¥ thuat chuyén bong hoi, Binh va An tip chuyén bong cho nhau. O mot
dong tac Binh chuyén bong cho An, qua bong bay 1én cao nhung lai 16ch sang bén trai cia An va roi xudng
vi tri cach chd An dimg 0,5m va cach chd Binh 4,5m . Chon hé truc toa do Oxyz sao cho géc toa dd O tai

vi tri cia Binh, vi tri cia An nam trén tia Ox va mit phang Oxy 13 mit dat (tham khao hinh v&)

- -

=

Biét rang quy dao ctia qua bong nam trong mit phang (a) :x+by+cz+d =0 va (a) vuong goc vai mat
dat. Khi do, gia tri cia —5b° —c” +3d” bang bao nhiéu?

Pap an: —400.

= Loi gidi

Qua béng roi xudng tai diém A(«/%;O, 5;0).

Mit phing (a):x+by+cz+d=0 di qua O nén d =0, diém A(@;o,s;o) thudc () nén c6
J20+0,56=0<b=—445.

Mit khéac (a) vudng goc véi mat dat nén l_’;(a) 1 l_’i(Oxy) = i;(a)./; =0&c=0.

Vay mit phing (e) c6 phuong trinh 1a (@):x—4/5y =0.

—5b* —c* +3d* =—400.
Cau 3. Trong khong gian Oxyz (don vi trén mdi truc toa do 1a mét), mot ngdi nha nhu hinh v& dudi day co
san nha nam ngang trén mit phang (oc) :2x+y—3z+18=0. Hai mai nha lan luot nam trén cac mit phang
(P) :x—y=0, (Q) :x+y—2z=0.Hoi chiéu cao ctia ngdi nha tinh tir san nha dén néc nha (diém cao nhét

ctia mai nha) 1 bao nhiéu? (Iam tron dén hang phan chuc)

0983 900 570 Vo Cong Truong 49 2025-2026



Phuong trinh Mdt phang, Puong thdang, Mt cau

Pap an: 4,8.

w. Loi gidi

Can tim toa d6 mot diém thudc dudng thang giao tuyén cua hai mit phing (P) va (Q)

x=0 x=0
=S

x—2z=0 z=0

Do d6 gdc toa dd O(0;0;0) thudc dudng thing giao tuyén cua hai mit phang (P) va (Q)

Khi d6 chiéu cao tir san nha dén noc nha 1a d (O;(P)) = 18 == 14 ~4,8m
\/22 +17 +(-3) 7
Cau 4. Trong hé toa dd Oxy (don vi d6 dai trén mdi truc tinh 12 mét), mot vuon hoa nam trén mat phang

(P):2x+2y—z—12=0. Cé hai bong dén chiéu sang c6 dinh duoc dit tai cac diem A(40;-40;12),

Cho y =0, ta gidi h¢ phuong trinh: {

B (—40; 50; 38) . Bé dam bao ki thuat chiéu sang, cac ky su muén thiét ké trén mat vuon mot duong ray dé
lap dat mot dén chiéu sang M di dong trén duong ray dy. Yéu cau ki thuat dit ra 13 goc tao boi MA véi mat
vuon va goc tao béi MB v6i mit vuon phai ludn bang nhau. Do dai duong ray 1a bao nhiéu mét? (két qua
lam tron dén hang don vi).

/”“

Pap an: 1720

= Loi giai
Goi 4, B, lan lugt 1 hinh chiéu vudng goc ctia 4, B 1én mit phing (P)
Khi d6 yéu cau bai toan dit ra AMA, = BMB,

M4, _ a4, _d(4,(P))

Ta c6 AMA, = BMB, = tan AMA, = tan BMB1 = = =
MB, BB, d(B,(P))

4
5

. IAIZ_EIBI I,JE(P)
Xétdiem 7,J: = = M thudc duong tron duong kinh 12J

— 44— oo
=278 IMJ =90
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A4, =8
1 4015172

Miatkhactaco < BB =10 = AB =J15112=>[J=—""%

9
AB =15176
Vay diém M chuyén dong trén duong tron dudng kinh bang

20415172
27Z-.T

= d¢ dai cua duong day la

20415172
9

~1720(m)

Cau 5. MO phong trong khong gian véi hé toa dd Oxyz (don vi trén mdi tryc s6 1a kilomét), mot may bay
dang & vi tri A(6;—8;—1) va s& ha canh ¢ diém c6 toa dd 0(0;0;0) trén duong bang. C6 mot 16p may mong
dugc mo phong béi mot mit phang di qua ba diém P(12;0;0), 0(0;—12;0) va R(0;0;1,2) . Tinh khoang cach
gilta may bay va duong bang ngay khi may bay bay xuyén qua 16p may (két qua lam tron dén hang phan
tram cua kilomét).

A

= y

SIS

Q
Dap an: 5,02.
w Loi gidi
Mit phiang (POR) di qua ba diém P(12;0;0),0(0;—12;0), R(0;0;1,2) nén phuong trinh doan chin ctia mat
M . X y z
hing (POR) 1a —+——+-—=1<x—y+10z-12=0
phang (POR) 14 1+ =¥ 12 T

Goi M (xo; yO;ZO) 1a giao diém cua 04 va (POR). Khi d6, do OM va 04 cung phuong nén ton tai sd

x, =6t
thuc ¢ €[0;1] sao cho OM =104 < ¥, =8¢
z, =1

Do M € (PQR) nén ta co

X, — Y, +10z, —12:0<:>6t—(—8t)+10t—12:0<:>z:%

x,=3
Suyra qy, =—4 = M(3;-4;0,5)
z,=0,5

Do do khoang cach gifta may bay va duong bing ngay khi mdy bay bay xuyén qua l6p may la
OM = |3 +(—4)* +(0,5)> =1/25,25 = 5,02

Cau 6. Trong mot tro choi mé phong ban sung, mot nguoi choi dit diém ngim tai diém O 1a giao diém cta
AC va BD trong can phong hinh hdp chit nhat ABCD.A'B'C'D' ¢6 kich thude
AB = 15(m), AD = ZO(m), AA = 25(m) . Nguoi choi di chuyén trén doan BD c¢6 nhiém vu ban tring mot
muc tiéu di dong trén mt phang (CB'D’) Tinh khoang cach ngén nhét tir diém ngdm d6 dén muyc tiéu (lam
tron dén chir s6 thap phan thir 2).

Pap an: 10,8

= Loi gidi
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—

T B' A

Chon hé truc toa d6 nhu hinh vé, ta c6 B'(20; 0;0),D'(0;15;0) , C(O; 0,25) va B(20; 0; 25)

3 = M ’ ’ X y z
Ph trinh mét ph B'CD"):—+—+—=1
uong trinh mét phang ( ) 20+15+25
Do BD//(B'CD') = d(BD,(B'CD')) =d (B,(B'CD’)) =d (C' ,(B’CD')) . Khoang cach ngan nhat tir diém
ban dén muc tiéu chinh 1a khoang cach tir BD dén mit phang (B'CD'). Do vay ta co

d(C',(B'CD'"))= 1 |1|1 —~10.8

20° 15° 25°
Vay khoang cach ngan nht tir diém ngam dén muc tiéu 1a khoang 10,8 mét.

Céu 7. Mot nhom chuyén gia dang nghién ctiru dung mot tim kinh cuong luc hinh tam giac dé dat vao mot
goc tuong. Biét ba mit ctia goc tuong déi mot vudng goc va giao tuyén cia chung lan luot 13 cac tia

Ox, 0y, Oz sao cho (Oxy) triung véi mat phang san nha, mdi don vi trong hé truc toa d timg véi 1m thyc t.
Mit phang kinh luén di qua diém 7 , diém nay cach cic mit phang (Oxy) ,(Oyz),(Oxz) lan luot 14
Im, 3m, 2m . Khi khoang céch tur chiéc dén co toa do D(4;5; 6) td1 mat phéng kinh 16n nhét, tinh dién tich

tam kinh cuong luc theo m® (két qua lam tron dén hang phan chuc)?

z

D(4:5:6)

°1(1:2:3)
| Yy

Pap an: 77,3

= Loi gidi
Tur gia thiét: diém [ cach céc mit phang (Oxy),(Oyz),(Oxz) lan luot 1a 1m, 3m, 2m.
—=Diém [ 6 toa dd 1(3;2;1).

Gia st 4,B,C lan lugt 1a giao diém cta mdt phing chira kinh cuong luc (P) véi cac tia Ox,0y,0z .
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Goi H 1a hinh chiéu vudng géc ctia diém D trén mit phang (P).

Ta c6: DH<ID=+/35.
Déu “=" xay ra khi H tring véi [ .
Khi d6 ID vudng gbc véi mit phang (P).

Ta co (P) :{
Goi 4,B,C lan luot 1a giao diém cua (P) véi cac tia Ox,0y, 0z, suy ra:

A(14;0;0),B(0;%;0),C(0;0;%j.
1 — 1 19635

Dién tich cua tAm kinh cuong lyc: S, = 5‘[@, AC] =5

Vay khi khodng cach tir chiéc dén c6 toa d6 D(4;5;6) t6i mit phang kinh 16n nhét, dién tich tim kinh

qua/(3;2;1)

. :>(P):x+3y+52—14:0.
VIPT n=1ID =(1;3;5)

~717,3

cuong luc xap xi bang 77,3 m”.

Ciu 8. Trong mot quang truong, c6 hai birc twong nghé thuat duoc dat cd
dinh tai cac vi tri A(1;2;—1) va B(-2;1;0).

Mot tru dén chiéu sang thong minh dugc lép dat trén m(f)tqtém kinh 1én ¢
dinh, c6 phuong trinh: (P):x—-2y+z+4=0. Goi toa d0 diem dat tru den la
M (a;b;c) .

Pé tao hiéu (mg anh sang ddi xtimg hoan hao gifta hai birc twong, qua tinh
toan nguoi thiét ké yéu cau try dén phai cach déu hai diém 4 va B sao cho
MA> =MB* =2,75

Tinh gia tricia a+b+c.

Pap an: 0,5

= Loi gidi

Pua bai todn vé thuan Oxyz ta dugc: cho A(1;2;—1),B(—2;1;O)diém M (a;b;c) thudc mat phang

(P):x—2y+z+4=0 sao cho MAzMB:g. Tim gia tri cua a+b+c

. : . .2 1
+Goi (Q) 1a mit phang trung tryc ciia doan 4B, khi do (Q) qua diém I(— ;%;_Ej va ¢6 vec to phap

1
2

tuyén AB(-3;-1;1), nén c6 phwong trinh 1a: —3(x+%j—(y—gj+(z+%J 0 <:>—3x—y+z+%=0.

2
+ Vi MA=MB nén M thudc mat phéng (Q),do do6 thoa man hé
x=2y+z+4=0 —2y+z=-x-4 y:4x+z .
1 oo 1] & 2 =>M| x;4x+—;7x+3|.
3x—-y+z+==0 —y+z=3x—— _ 2
2 2 z=Tx+3

2
+Co MA=£<:>(x—1)2+(4x+§j +(7x+4)2=ﬂ<:>x=—l :M(—l;z;—lJ
2 2 4 22 2

+ Vay a+b+c=é.
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Cau 9. Khbi rubik dugc gan véi hé toa d6 Oxyz c6 don vi bang d6 dai canh cua hinh lap phwong nhé (hinh
v&). Xét bdn diém A(3;0;0), B(0;3;0), C(0;0;2), D(3k;3k; 2k) (voi k > 0) ddng phang. Biét rang toa do
diém D(a;b;c) . Khi d6 gia tri a+2b+ 3¢ bang bao nhiéu?

Dap an: 5
= Loi gidi

Phuong trinh mat phing (4BC) la: g + % + g =1.

3k 3k 2k

Vi D(3k;3k;2k) thudc mit phing (ABC) nén ERER 1

<:>3k=1<:>k=%.Vefly D(l;l;%J.Khidé giatri a+2b+3c=5.

Cau 10. Hinh v€ minh hoa mdt khu nha dang xay dung dugc gz"m hé truc toa d§ Oxyz (don vi trén céc truc
1 mét). Mdi cot bé tong co dang hinh lang try tir gidc déu va tim cua mit dy trén lan luot 1a cac diém
A(2;1;3), B(4;3;3),C(6;3;2,5), D(4k; 0;3k) . Biét rang 4 diém A, B,C,D dong phang, tinh gia tri ctia k (viét

Dap an: 0,8.

= Loi gidi
Ta cb: AB=(2;2;0)#0, AC =(4;2:-0,5) = 0.
e — Gz 01]o 222j
Xét: [AB,AC] = =(-11;-4).
2 -0,51-0,5 414 2
Hay 7 = (I;—1;4) 12 mot vecto phap tuyén ctia mit phang (4BC).
Phuong trinh mit phang (4BC) 1a: I(x—2)-1(y—-1)+4(z-3)=0<=x—y+4z-13=0.
Vi 4,B,C,D dong phang nén D e (ABC) thay toa d6 diém D vao phuong trinh mit phang ( ABC) ta
duoc 4k—-0+4.3k—-13=0

9 2
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Phwong trinh Mdt phang, Pwong thang, Mdt cau

< 16k=13<k 0,8.

CAu 11. Hinh anh bén minh hoa mdt canh ctra hinh chit nhat c6 chiéu rong 1 m va chiéu cao 2 m khi dang
mé. Chon hé toa d6 nhu hinh v&, biét canh cira tao véi bire tuong mot goc 307, bo tuong vuong goc voi mat
san. Bo qua bé day cua canh cira thi phuong trinh mét phiang chira canh ctra 1a x+by+cz+d =0. Tinh gia
tri 9b° +3c” +d.

2m

Pap an: 3.
= Loi gidi
Giast (H):x+by+cz+d=0.
Vi ta dd c6 dang ctia phuong trinh mat phing chtra canh cira (chtra 3 4n b,c¢,d ) nén dé viét dugc phuong
trinh mat phéng (H),ta can di tim duoc 3 diém thudc mit phfmg do.

Ta vé€ lai hinh nhu va ki hiéu cac di€ém nhu hinh sau:
4

/

A(0;0;2)

2m

30°

M
BM 1 Oy

BN LOx’
Duya vao hinh v&, ta thiy mit phang can tim di qua cac diém A4(0;0;2),0(0;0;0), B(BM;—OM;0).
Trong tam giac OBM vudng tai M , ta co

Véi 4,B,0 la cac diém thudc mat phang (H) . Ké {

cosBOM=OO—A;:>0M=OB-COSBOM=1-COS3OO :g

sinBOM:%:BM:0B-sinBOMzl-sin30° :%

Suyra B 1;—£;0 .
2 2
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A}' VUI CUNG TOAN Phuwong trinh Mat phang, Duong thang, Mat cau

1B

ViA(O;O;2),0(0;0;0),3{5;—7;0] déu thuéc mat phiang (H) nén ta c6 hé phuong trinh

2c+d =0 c=0
d=0 =4d=0 .
1 3 1
——bh+d=0 |b=—F
2 2 3

1 2
Vay 9b2+3c2+d=9~(—j =3.

NG

Cau 12. Mot san van dong dugc xay dung theo mo hinh 1a hinh chép cut OAGD - BCFE ¢6 hai day song

song voi nhau. Mat sain OAGD 1a hinh chir nhat va duoc gén hé truc Oxyz nhu hinh vé (don vi trén moi
truc toa do 1a mét). Mit sin OAGD c¢6 chidu dai OA4 =100m , chidu rong OD = 60m va toa dd diém
B(10;10;8) . Gia st phuong trinh tong quét ctia mat phang (OACB) c6 dang ax+ y+cz+d =0. Tinh gia tri
biéu thirc 4(a+c+d).

Dap an: -5.
= Loi gidi
Tur gia thiét, ta ¢ 0(0;0;0); B(10;10;8) ;
AeOx DeOy
= A(100;0;0); = D(0;60;0);
0A=100m OD =60m

®OG = 04+ 0D = (100;60;0) = G(100; 60; 0)

Do 04 = (100;0;0),08 = (10;10;8) = 7 =[0A, OB] = (0;—800;1000) = —200(0; 4; —5)
Suy ra mit phiang (OACB) c6 mét vecto phap tuyén 1a nT =(0;4;-5).

Phuong trinh tong quét ciia mat phang (OACB) 1a 4y-5z=0.

5
& y-——z=0.
4 4
, 5 . 5
Do do a=d=0,c=—z. Vay 4(a+c+d):4(0—z+0j:—5.

Cau 13. Trong mot khung ludi 6 vudng gém céac hinh 1ap phuong, nguoi ta dwa ra mot cach kiém tra bon
nut ludi (dinh hinh 13p phuong) bat ki c6 dong phang hay khong bang cach gan hé truc toa dd Oxyz vao
khung luéi 6 vudng va lap phuong trinh mit phing di qua ba niit ludi trong bon nut ludi da cho. Gia sir co
ba nut ludi ma toa d6 lan luot 1a (1;1;10),(4;3;1),(3;2;5) va mat phang di qua ba nut ludi d6 c6 phuong trinh
x+my+nz+ p=0.Gia tri cia m+n+ p la bao nhiéu?
Dap an: -10
= Loi gidi
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@' VUI CUNG TOAN
Xét cac diem A(1;1;10), B(4;3;1),C(3;2;5).
o JAB=(329)
Khido,tacd § . =[4B,AC]=(-1;-3;-1).
AC =(2;1;-5)
Goi 7 1a mét vecto phap tuyén ciia mit phing di qua ba diém 4, B,C.

Chon n =(1;3;1).
Suy ra phuong trinh cua mit phang di qua ba nat luéi 1a

I-(x-D)+3-(y-D)+1-(z-10)=0<= x+3y+z-14=0
Vay m=3,n=1,p=-14 nén m+n+p=-10.
Céu 14. Mot phan san truong dugc dinh vi boi cac diém 4, B,C, D, nhu hinh v&.

A . B
25 m o

w ]

15 m

C
Budc dau chung duoc léy “ thang b?mg” dé co cung d¢ cao. Biét ABCD 1a hinh thang vuong 6 4 va B
vo1do dai AB=25m, AD=15m, BC =18m. Do yéu cau ki thuat, khi 14t phang phan san truong phai thoat
nudc vé goc san & C nén ngudi ta lay d6 cao ¢ cac diém B, C, D xudng thip hon so voi d6 cao & 4 lan
lugt1a 10cm, acm, 6 cm twong ung sao cho bon diém A4, B',C', D' dong phang. Gid tricla a 1a

Dap an: 17,2
w Loi gidi
z
y b >
[ y
|
|
|
|
1 B!
1
]
D |
\ ]
1 C ,'
“ ]
_ L
X D \\\\\\\ lu,’
\\\\\ :y,
CI
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@ VUI CUNG TOAN Phuong trinh Mdt phang, Puong thang, Mat cau
Chon h¢ truc toa do Oxyz sao cho: O= A4, tia Ox=AD ;tia Oy = AB.

Khi 6, 4(0;0;0); B(0;2500;0); C(1800;2500;0); D(1500;0;0).

Khi ha d6 cao cac diém & cac diém B, C, D xuéng thép hon so véiddcao & 4 1a 10cm, acm, 6¢cm
twong (g ta c6 cac diem méi B'(0;2500;—10); C'(1800;2500;—a); D'(1500;0;—6).

Theo bai ra c6 bdn diém 4; B'; C'; D' dong phing.

Phuong trinh mit phang (AB'D'): x+ y+250z=0.

Do C'(1800; 2500;—a) e(AB'D') nén ¢6: 1800+2500—-250a =0 < a=17,2.

Vay a=17,2cm.
Cau 15. Mot cong trinh dang xay dung dugc g'fm hé truc Oxyz (don vi trén mdi tryc toa do 1a mét). Ba birc
tuong 1an luot thude cic mit phang (P),(Q), (R) (nhu hinh v&) cua toa nha lan luot co phuong trinh:
(P):2x+2y—4z+15 =0, (Q):x+y+z—12=0, (R):x+y—2z =0.

Do rong clia birc tudng thudc mit phang (Q) clia toa nha bang bao nhiéu mét? (Lam tron két qua dén chir
s6 hang phan chuc).
Pap an: 3,1
= Loi gidi

Ta co:
(P) :2x+2y—4z+15=0 cb vecto phap tuyén 14 7i, = (2;2;—4) .
(Q):x+y+z-12=0 c6 vecto phap tuyén 1a 7, =(1;1;1).
(R):x+y—2z=0 cb vecto phép tuyén la 7i, = (1;1;-2).
Ta co: 1, = 27,; L —_—27&2 nén hai bue tuong (P) va (R) song song v6i nhau

B T IR s 82008 ’
Hydip =1.1+1.1+(=2).1= 7, L i, nén bic tuong (Q) vudng goc voi hai birc tudong (P) va (R).
Chon diém O(0;0;0) € (R). Do hai birc tuong (P) va (R) song song nhau nén:

R S

Vay do rong buc tuong (Q) cua tda nha la 3,1m.

, I m
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@ VUI CUNG TOAN Phuwong trinh Mat phang, Duong thang, Mat cau

Cau 16. Biét goc quan sat ngang ctia mot camera 1a 116° . Trong khong gian Oxyz , camera duoc dit tai
diém A(2;1;5) va chiéu thing vé phia mit phang (P):2x—y—2z+13=0. Héi ving quan sat dugc trén mit
phang (P) clia camera la hinh tron c6 dién tich bang bao nhiéu? (Lam tron két qua dén chir sé hang phan

chuc).

(p
Dap an: 32,2

= Loi gidi
Goi 4,B,C 1a cac diém nhu hinh vé& bén dudi va H 14 hinh chiéu vuong goc cua A 1én mat phéng (P) .
Hinh vé

P

Theo dé BAC =116° = BAH =58°.
2-2-1-2-5+13]

Va+1+4
BH

Xét tam giac ABH vudng tai H , ta c6: tan BAH = I = BH =tan58°-2 =2tan 58° (dvdd).

Khi d6 4H =d(4,(P)) =2 (dvdd).

Véy ving quan sat ciia camera trén mét phang (P) 1a hinh tron c6 dién tich S = z7° = 7(2tan 58")2 ~32,2
(dvdt).
Cau 17. Mot nép bé nude hinh chit nhat ABCD nam canh bo tuong co kich thudc 9dm x12dm dugc kéo
dai ra tir mat san, do tac dung cta trong luc nén nip bé khong thé mo ra dugc néu khong co ngudi giit.
Ngudi ta ding mot soi ddy xich dai 15 dm va kéo cing ndi dinh C cta hinh chit nhat voi diém M nam phia
trén bo tuong sao cho AM =9dm va AM vudng goc voi mat san. Chon hé truc Oxyz nhu hinh v€, khi do
nép bé m& ra va tao v4i mat san mot géc a (don vi trén mdi truc toa do tinh béng dm). B6é qua d6 day cua
nap bé.
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@ VUI CUNG TOAN Phuwong trinh Mat phang, Duong thang, Mat cau

Phuong trinh mét phang chira nap bé sau khi kéo 1én1a x+by+cz+d =0. Tinh b+c* —2d =?
Pap an : 3
= Loi gidi
Diém M nam trén mit phing (Oyz) véi AM =9dm = M (0;0;9)¢z=0.
Chiéu C 1an lugt 1én cac mat phéng ta duoc C(9cosa; 12; 9sina) .

Tacd: CM =15 < CM* =15 < (9cosar)’ +12° +(9sina—9)* =157

< 8lcos’a + 144 +81sin’a —162sina + 81 = 225 <> cos’a +sin’a — 2sina +1 =1
<:>1—2sina+1:1<:>sina:%:a=30°.
Mit phang kéo 1én (ABCD) qua diém 4(0;0;0) chtra AB va AD

%;12;2]
2 2

Ta co: AD =(0;12;0) va A—C:(

Vecto phap tuyén cuia mat (ABCD) la [E‘,E] = (54; 0; —54\/3) = 54(1;0; —\/g)

Vay phuong trinh mét phing chtra nip pé sau khi kéo 1én 1a x—\/gz =0. Cach2: Mit phang kéo 1én
(ABCD) di qua truc Oy nén c6 phuong trinh téng quéat 1a x +az=0.

Mit phang kéo 1én (ABCD) di qua C(%;H;%] nén ¥+a-g=0:>a:—\/§.

Vay phuong trinh mit phang chira nép bé sau khi kéo 1én 1a x—3z=0.

Cau 18. Trén suon doc E duge xac dinh boi cac diém A(12;0;5), B(12;10;0),C(0;10;0) va D(0;0;5), tai
diém P(4;8;1) c6 dat mot ang-ten.
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A" VUI CUNG TOAN Phuwong trinh Mat phang, Duong thang, Mat cau

Tai diém S(4:8;6) s& lap mot thanh chdng, sao cho thanh nay vudéng goc va cham vao sudn dc tai diém
F.

Hay tinh chiéu dai cta thanh chéng d6 (1am tron két qua dén hang phan trim)

Dap an: 4,47

= Loi gidi

Vi A(12;0;5),D(0;0;5) (cung y=0=z=5) va B(12;10;0),C(0;10;0) (cung y=10=z=0), suy ra
phuong trinh mat phang (E) 2z4+y-10=0 (n=(0;1;2))

Thanh chéng tir S(4;8;6) vudng goc mat phing

Chidu dai thanh chéng | SF = d(S.(£) = 227371 ) 5o q.47
iéu dai thanh chong =d(S, == ~4,47m.
Ja+1
Céu 19. Mot budi biéu dién san khiu dién ra trén mot san khau nghiéng vé phia khan gia.
eB

&t

Khan gia xem

Cubi budi biéu dién, nit dién vién chinh roi san khau trong mot chiéc ghé treo trén day, di chuyén tir diém
A(8;0;0) dén diém B(0;20;10). Sau khi di duoc % quing dudng, c¢o Ay dimng lai dé thyc hién dong tac cudi.
Hay tinh khoang cach ctia c¢6 4y dén mit phang san khau tai thoi diém d6 (1am tron két qua dén hang phan
tram)

Dap an: 5,82

= Loi gidi

Gén hé tryc toa do nhu hinh v&, ta c6: A(8;0;0), D(8;20;0) va E£(0;20;2)

Mit phang san lghéu

Vecto phap tuyén 7z = (40;0;160) rut gon dugc (1;0;4).

Phuong trinh mit phang qua A(8;0;0): 1(x—8)+0(y—0)+4(z—0)=0=E:x+4z-8=0

Di chuyén treo day tir A(8;0;0) dén B(0;20;10); dimg & % quing dudng

Diém dimg: AC = %E = C(2;15;,7,5)

o e 2+4.7,5-8] 24
Khoang cach vuong goc dén mat phang san khau: d(C,E) = = ~ 5,82

B4 17
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Cau 20. Do c6 anh kim loai va mau vang ong, pyrit (F eSz) con dugc goi la vang gdm. Thuong gap dudi

dang 1ap phuong hoic bat dién hoan hao, d6i khi nhiéu tinh thé dinh lién nhau. Thinh thoang ciing thay cac
khéi 1ap phuong pyrit bi mat mot goc, tao thanh mot hinh chép tam giac déu.

Xét mot khdi 1ap phuong pyrit canh 3 cm, bi méat mot gbc dudi dang hinh chdp tam gidc déu ¢6 céc canh
bén dai 1 cm.

Phuong trinh ctia mit phang v ¢6 dang ax+by+cz+2=0.Tim a+b+c
Pap an: -1
= Loi gidi

3

Taco A4(3;2;3),B(2;3;3),C(3:3;2)

AB = (2-3;3-2;3-3)=(-1;1,0)

AC=(3-3;3-2;2-3)=(0;1;—1)

ji = [E,R‘} =(;-1;-1)

Phuong trinh mit phang di qua diém 4(3;2;3)

I(x-3)-1(y-2)-1(z-3)=0

=>x-3-y+2-z+3=0

Sx—y—-z+2=0
Céu 21. Trong qua trinh 6ng An x4y nha thi phai d6 bé tong cho mot mai vat dé lop ngéi. Ong tinh toan viéc
ghép cbt pha di qua diém B trén mot chan tuong va diém C trén cot gbc nha va tan dung mot chiéc cot c6
san cach déu hai birc tuong 1m va chiéu cao 1m ( dinh cot 1 diém M) dé chong mit ghép, dong thoi mit
ghép cbt pha phai di qua diém A trén mot chan tuong con lai cach diém O mot khoang 4m (tham khao hinh
v&). Biét rang hai btrc tudng dugc xdy vudng goc voi nhau, mdi birc tuong déu vudng goc véi san mai nha.
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Dién tich nho nhat ctiia khung ghép cbt pha ABC 1a bao nhiéu mét vudng (két qua 1am tron dén hang phan
tram)?

O COt géc nha

}.
L}
1
1
1
1

Chan twérng 1
...... gl L N N

.
LY
4

s,
.

Pap an: 8,34

= Loi gidai
Goi mit phang di qua A(4; 0;0),B(0;6;0),C(0;0;¢);b,¢ >0 c6 phuwong trinh 1a E+%+£:1 . Mt khac
a c
, . .2 I 1 3
ta co (ABC) di qua diém M(l;l;l):>3+—:z.
c
T 242 =2 = 3be=4(b+c) = 3be284be = be> 2
b ¢ 4 9
< 1 lr—=.-~7_1
Mit khéc S, = 5‘[,43;/10] -~ J(e) +16(57 +c2)
vatir 3bc =4(b+c)=16(b” +c*)=9(bc)’ —32bc .
Khi do S, ;¢ :%\/IO(bc)2 —32bc,bc 2%. Xét f(x)=10x —32x,x2%:]\ﬁnf(x)=f(%j.
Vay min(S, ;) =% f(%j ~8,338.
\ NPT A« . 1 64
Lam tron dén hang phan tram ta co mm(SAABC) =5 f(;j =8,34.

Cau 22. Trong hoat dong quay phim va chup anh chuyén nghiép, tim hit sang 1a mot cong cu khong thé
thiéu. Mot é-kip nhan dy &n chup hinh cho mét can hd phuc vu cho muc dich quang céo. Tam hét sang dugc
dat trén mot bé mat gs mong hinh tam giac, mdi dinh ctia mat g6 dat trén mot chiée coc 1an luot cao 2m, Im
va 0,5m. Coc cao nhét dit & gbc tudng, coc cao 1m s€ dat ¢ tuong sau nha, cach tuong trai 2m, coc con lai
dit ¢ tudng bén trai, cach tudng sau Im. Pé dam bao su chic chin, ngudi ta chdng mot chiée coc vudng goc
mit dat va d& phia dudi mat gd, cach mdi buc tudong 0,5m (chan coc chong d& ¢ mit dat).
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N

' =

Hoi chiéc coc chéng d& nay c6 chiéu dai bao nhiéu mét?
Pap an: 1
= Loi gidi
Gian hé toa dd Oxyz vao phia goc tudng, diém O(O; 0;0) trung voi goc tuong, truc cao Oz trung voi coc
cao nhét va hai truc Ox, Oy 1an luot 13 hai duong chan tuong. M&éi don vi ung voi 1 mét thuc té.
Pinh cta cac coc ¢6 chiéu cao giam dan 1an luot 1a cac diém A4, C, B. Chiéc coc chdng dit tai diém E va
diém tiép xuc gitra mit gd va coc chong 1a diém H .

z

Theo dé bai, ta duoc cac diém: A(0;0;2); C(2:;0;1); B[O;l;%} ; E(%;%;O).

Khi d6 chiéu dai coc chéng chinh 1a ¢ dai doan théng HE va H 1a diém théa méan nam trén mp(ABC )
sao cho EH cung phuong voi OA.

Ta c6: AB :(O;l;—%j;R:(Z;O;—I) .

Mit phang (ABC) nhan n= [@,E} =(~1;-3;-2) 1a vecto phap tuyén.

Mit phang (ABC ) qua A(O; 0; 2) c6 phuong trinh:

—l(x—O)—3(y—0)—2(z—2) =0 x+3y+2z-4=0.

Goi H(x;y;z):ﬁfz(x—%;y—%;zj

C6 04 =(0;0;2).Ma EH cing phuong véi OA= EH =kOA.
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x—l:O x:l
2 2
— 1 1 11
EH:(O;O;2k):> y——=0=y=— = H| —;=;2k|.
2 2 22
z=2k z=2k

Lai c6 He(ABC):%+3.%+2.2k—4:O:>k:%:>H(

;l;lj.
2

Céu 23. Cho td gidy c6 hinh dang nhu sau: mot hinh vudéng ABCD c6 canh bang 8, ¢ hai canh d6i dién AB
va CD lan luot gin hai nira dudng tron c6 duong kinh 1a mdi canh y. Trén cung tron AB , liy 2 diém chia
thanh ba doan bang nhau, 14y diém gan B 1a P . Trén cung tron CD, liy diém O chia thanh hai doan bang

N | =

Khi d6 EH =(0;0;1)= EH =1,

Nhu vy chiéu dai coc chdng d& nay 1a 1 mét.

nhau. Gép to gidy 1én theo hai duong thang 4B va CD sao cho hai nira duong tron dung dimg (cung phia)
1én khoi mat phang ABCD . Khi d6, tir hai diém P va Q ta ha cac duong vudng goc xudng mit phang
(ABCD) dugc cac hinh chiéula G va H .

A
A D t
Q B b
P
sau dyng
B C \
C

Ngudi ta cho biét G va H nam bén trong hinh vuong ABCD sao cho PG = NEY OH = 23. Goi 6 1a g0c
gilta mit phang (PCQ) va mit phang (4BCD) . Hoi gié tri cia 70cos’ @ bang bao nhiéu?
Dap an: 40

= Loi gidi

Gaén hé truc toa do Oxyz ,saocho O=C (O; 0; 0) ,tla Ox=CD, tia Oy=CB,tia Oz théng dimng 1én.
Goi E(4;0;0) 14 trung diém ctia CD, khi d6 QF =4, EH =\|QE> - QH® =2

Suy ra toa do H(4;2;0) va Q(4; 2; 2\5)

Goi F 14 trung diém 4B, khi d6 tam gidc PFB 1a tam giac déu c6 canh dai bang 4 .

Ké PI L AB tai I ,khido PI =2\/§, ttr d6 ta suy ra duoc IG =PI’ — PG* =3

Suy ra toa 4o G(2:5:0) v P(25:43)
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A 8 D
F Q
60
P I

B C

PC=42
) ) 1
Xét APCQ co: < CQ = 4\/5 la mQt tam giac can tai C, suy ra SAPCQ = 5.2\/7.4 = 4\/7

PO =4

Xét ACGHE(Oxy) ta co: G(2;5);H(4;2)

¥ G

Suyra S, =20—(5+3+4)=8
Ta dé thidy dugc CGH 1a hinh chiéu vudéng goc cia tam gidc CPQ 1én mit phang ABCD nén:

2
cosf = Sacan _ i: 70cos’ 0 = 70.£ij =40

Swco 4T V7
Loi binh cua minh sau khi gidi bai nay
O bai nay, ddi voi mot sb ban hoc sinh, sau khi tim duoc toa do, cac ban s& tim vecto phap tuyén, roi tim
gdc, nhung tinh toan s& dai va dé sai. Cho bén minh giai theo cch nay s& dep mat hon!
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@ PHUONG TRINH PUONG THANG
Céu 24. Khi gin hé toa dd Oxyz (don vi trén mdi tryc tinh theo kilomét) vao mot san bay, mat phang (Oxy)

tring v6i mét san bay. Mot may bay bay theo dudng thang tir vi tri A(5; 0; 5) dén vi tri B(10; 10; 3) va ha
canh tai vi tri M(a; b; 0). Gia tri cia a +b bang bao nhiéu (viét két qua dudi dang s6 thap phan)?
Pap an: 42,5.
= Loi gidi
Phuong trinh dudng thang 4B la: XT_S = % = _25 .
Vi M thudc AB nén ton tai sb thuc ¢ sao cho M (5t+5; 10¢; —2¢ +5).

. . 5
Ngoaira, M thudc mat phang (Oxy) nén —2t+5=0t¢ = 5
Suyra M(17, 5; 25; 0). Vay a+b=17,5+25=42,5.
Céu 25. M6t phan mém mé phong van dong vién tap ban bia myc tiéu c6 kich thude nho (42 cmx42 cm)
trong khong gian Oxyz (gid su H = m = ‘l; ‘ =1lcm). Cho biét van dong vién d6 sir dung thudc ngdm 3 va
ding cach xa bia muyc tiéu 1a 100 m, truc d cia nong sung va coc do bia d’ lan luot ¢ phuong trinh
x=t x=1
d:sy=2vad:y=2 . Dé ban tring hong tdm (thang diém 10) thi van dong vién phai ngdm bén vao
z=4 z=1+3¢
diém N (a;b;c) e d' vacach giao diém cua d va d' mot khoang 6 cm. Khi ¢ <0, tinh gia tri biéu thirc

2a—-b+3c.

r“ .
=

Dap an: -6.
v Loi gidi
=1
Goi I lagiaodiémecta d va d'.Giaihé {2=2 < {t!ZI =1(1;2;4).
4=1+3¢ -

Vi N(a;b;c) ed = N(l; 2;1+3t') va N cach giao diém I mot khoang 6 cm nén IN =6

e J(1-1) +(2-2) +(3¢-3) =6

3t'-3=6 t'=3
= .

3t'-3=-6 t'=-1

Véi t'=3= N(1;2;10) (khong thoa yéu cau dé bai).

Véi t'=-1= N(1;2;-2) (théa yéu cu dé bai).

Vaya=1;b=2; c:—2:>2a—b+3c:2.1—2+3.(—2):—6.

c>|3t’—3|:6c>{
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Cau 26. Xét trong khong gian Oxyz , dai kiém soat khong luu san bay dat ¢ géc toa do O(O; O;O), don vi
trén mdi truc 1a ki-16-mét. Mot may bay chuyén dong theo dudng thing, bay qua hai vi tri
A(-500;-300;500) va B(-200;-200;450). Khi médy bay & gan dai kiém soat khong luu nhat, toa d6 may
bay 1a (a;b;c). Tinh gia tri cia biéu thitc P=a+b+c.

=

A

Dap an: 400.
= Loi gidi
May bay chuyén dong theo duong thang A di qua hai diém 4, B nén s& & gan dai kiém soat khong luu
nhit khi n6 & vi tri H 13 hinh chiéu vuong goc ciia géc O 18n duong thing A .

+ Puong thang Adi quad4,B nén c6 VICP la E(300;100; —50) do d6 phuong trinh tham sb la
x =-500+6¢
y=-300+2¢.
z=500—¢

+ Goi H 1 hinh chiéu vudéng géc cia O 1én A thi

H (=500+6£;-300+2£;500—1) = O—H(—500+ 61;-300+2£;500—1¢) , khi do

OH L A nén OH.AB =0 < 300(~500+6¢)+100(~300+2¢)—50(500~7) =0

< =100, suy ra H (100;—-100;400).

Vay P=a+b+c=400 (km).

Cau 27. Khi khic phuc hau qua ctia thién tai, bio 1ii, mot trong nhiing giai phap nham tiép té hang ctru trg
dén nhimg noi kho tiép can 1a sir dung flycam dé xac dinh vi tri chinh xac ctia ngudi can ctru trg, sau do sir
dung drone dé van chuyén cac vat dung thiét yéu tha xudng cho ngudi nay, giup ho c6 thé cdm cu trong khi
chd doi luc lwong ciru ho dén noi. Hai chiéc drone 1am nhiém vu chuyén hang ciru trg bay 1én tir ciing mot
dia diém. Chiéc thu nhat bay dén diém cach diém xuat phét 2,5km vé phia nam va 1,5km vé phia dong, dong
thoi cach mat dat 60m. Chiéc thir hai bay dén diém cach diém xuat phat 3km vé phia bic va 2,5km vé phia
tay, dong thoi cach mat dat 40m.Trong khong gian, xét hé toa dd Oxyz véi goe toa do O dit tai diém xuat
phat cta hai chiéc drone, mat phang (Oxy)trung v6i mat dat (dugc coi 1a mat phing). Gia st trong truong
hop khén cép can tim mét vi tri trén mat dat dé tiép nhién li€u va céc vat dung cutru trg cho hai drone sao cho
tong khoang cach tir vi tri tiép nhién liéu t6i hai drone nho nhat. Vi tri can tim cach gdc toa do a km theo
hudng bic va b km theo hudng tiy. Khi d6 a + b bang bao nhiéu?

Dap an: 1,7.

= Loi gidi

Ta c6: 60m =0,06km; 40m=0,04km

Chon hé tryc toa dd Oxyz voi gbe O dit tai diém xuat phat cua hai drone, miat phang (Oxy) tring v6i mit
dat, truc Ox c6 hudng tring v6i hudng nam, tryuc Oy c¢6 hudng tring v6i hudng dong, truc Oz vudng goc voi
mat dat hudng lén bau troi, don vi trén mdi truc tinh theo km.

Chiéc drone thtr nhat bay dén diém A(2,5;1,5;0,06), chiéc drone thtr hai bay dén diém B (-3;-2,5;0,04)
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Goi C(x;;0) 1a vi tri trén mit dat dé tiép nhién liéu va céc vét dung.

Diém doi xtmg véi A qua mit phing (Oxy)la 4'(2,5;1,5,-0,06) . Khi d6: 4C+CB=A4'C+CB
Vi A',C, B khac phia so vi (Oxy)nén A'C + CB nhé nhat khi A',C, B thang hang.

= C=A'Bn(Oxy)

Taco BA = (5,5;4;-0,1)

x=-3+5,5t
Phuong trinh dudng thing BA': {y=-2,5+4¢
z=0,04-0,1z

Phuong trinh mét phang (Oxy): z=0

t==
x=-3+5,5¢ >
o o y=2ear =2 4 9
Giao diém cua A4A'Bvoéi (Oxy) la nghiém cua hé = 5 =>C|——;——0
z=0,04-0,1¢ 9 510
z=0 yz_ﬁ
z=0
4
Suyraa:—;b:—:>a+b:1—7:1,7
5 10 10

Ciu 28. Puong 6ng dan trén khong 13 hé théng dudng dng dugce treo trén cac gia d& hodc cot cao, ding dé
véan chuyén dau tho hodc cac san pham dau mo tir noi ndy dén noi khac ma khong can chon dudi 1ong dat.
Hé théng nay thuong duoc sir dung trong cac khu vuc ¢6 dia hinh kho khan, ving bang gia, ring ram,.. .
nhing noi ma viéc dao duong dng ngdm khong kha thi.

Vi hé truc toa do Oxyz thich hop, don vi trén mdi truc 1a mét, ngudi ta thiét 1ap mot duong éng din dau

x=t
trén khong doc theo dudng thang d:{ y=0 (¢ la tham s6). Vi dia hinh phtrc tap, nguoi ta danh chon diém

z=16
A (12;10; 1 5) canh vach nai dé 1am diém trung chuyén tir mat dit (mit phang Oxy ) dén dudng 6ng nay. Dya
vao kinh nghiém cua minh ho phai chon vi tri B thudc duong éng vavitri C thudc mat dat sao cho téng do
dai cac doan duong AB,BC, AC 1a bé nhat, tim gia tri bé nhat d6 theo don vi mét, lam tron dén hang phan
chuc.
Dap an: 42,6.
= Loi gidi

Vi diém A(12;10;15) va duong thang d cb dinh, nén khoang cach tir 4 dén d khong doi
Vay khoang cach tir diém 4 dén diém B nho nhét bang khoang cach tir 4 dén duong thing d .
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Goi (a) 1a mit phiang di qua 4 va vudng goc véi d, («) nhan n= (1;0;0) 1am vecto phap tuyén (c):
x-12=0

Khi d6 B 1a giao diém ciia dudng thang d va mit phing («) = B(12;0;16)

Goi A' 1a diém d6i xtmg ctia 4 qua mit phang (Oxy) = 4'(12;10;—15) va CA=CA'

chcﬂ') AB+ AC+BC=AB+BC+A4'C ) 7

bé tong do dai cac doan duong 4B, BC, AC la bé nhat thi B,C, A' thang hang

= AB+BC+A'C=A4AB+BA4'

Ma AB(0;-10;1); BA'(12;10,-15)

= AB+BC+A'C = AB+ BA' =10 + 31 + 10> +1> ~ 42,6

Céu 29. Trong mot khu du lich, ngudi ta cho du khach trai nghiém thién nhién bang cach du theo dudng
truot zipline tir vi tri 4 cao 15 m cuia thap 1 nay sang vitri B cao 10 m cua thap 2 trong khung canh tuyét
dep xung quanh.

Véi hé truc toa d0 Oxyz cho trude (don vi: mét), toa do cia 4 va B lan luot la A(3;2,5; 15) va
B(21;27,5;10). Khi du khach khi ¢ d9 cao 12 mét thi toa d6 cua du khach luc d6 14 M (a;b;c). Tinh gia trj
biéu thic T=a+b+c.

Pap an: 43,3.

= Loi gidi
Phuong trinh dudng thiang chira dudng truot zipline 1a dudng thang 4B .
Taco: A(3;2,5;15), B(21;27,5;10) = 4B =(18;25;-5)
x=3+18¢

Phuong trinh duong thang chira dudng trugt zipline 1a { y =2,5+25¢ (e R).

z=15-5¢

Khi du khéach khi & 6 cao 12 mét 32212315—5121231‘:%

x=13,8
Thay ¢ zg vao phuong trinh duong thing 4B ta duoc 1y =17,5 = M (13,8;17,5;12)
z=12
Vay T=a+b+c=13,8+17,5+12=43,3.
Céu 30. Trong khong gian Oxyz, mét mot nguoi quan sat dit tai diém M (1;2;3) va vat can quan sat dit tai
diém N (2;3;—-12). Mot tam bia cung c6 dang hinh tron thudc mat phang Oxy tam dat tai géc toa d9, ban

kinh R che khuét tAm nhin ctia ngudi quan sat. Khi d6 ban kinh ctia tim bia nho nhat 14 bao nhiéu? (lam
tron két qua dén hang phan tram)
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M

Dap an: 2,51.

N

= Loi gidi
Gia sir ngudi quan sat khong nhin thy vat khi va chi khi ngudi quan sat khong nhin thiy diém N, hay tim
bia cting che khuit diém N. Khi d6, doan thing MN cit tim bia ctng tai diém / thudc mit phang Oxy.

x=1+t¢
Phuong trinh dudng thing MN :{y=2+¢ (teR).
z=3-15¢

1 6 11
I=MNNOxy:z=0=>t=—=1|—;—;0.
5 55
Vi z, .z, =-36<0 nén M,N nam vé hai phia ciia / hay tAm bia c6 thé che khuét vét.
Mit khac, tim bia hinh tron ¢ tim 1a gdc toa d6 nén tim bia mudn che khuat vat khi va chi khi

2 2 ,
RZOI=\/(§j +(E] +0° = 1557 ~2,51.

5
Cau 31. Trong mét dot dién tap quéc phong, hai nguoi ¢ vi tri khac nhau cung ngém ban mot muc tiéu cb
dinh trén khong. Ngudi ta gan mdt hé truc toa d0 Oxyz (don vi trén moi truc tinh theo mét), mat phang
(Oxy) trung v6i mit dat. Nguoi thir nhat ban mot vién dan di qua hai diém A4(5;7;10) va B(6;9;12).
Nguoi tht hai bén mét vién dan di qua hai diém C (15; 17;5) va D (diém D & do cao 26m so voi mit dat).

Biét rr:ing sau mQt thoi gian ro1 khoi nong siing, hai vién dan cham véi nhau tai vi tri cach diém 4 mot
khoang 150 m (tham khao hinh v&)

)
SRR

Hoi D cach C mot khoang bao nhiéu mét? (Két qua 1am tron dén hang phan chuc.
Dap an: 28,8
= Loi gidi
Goi E (x; y;z) 14 diém va cham cua hai vién dan.
Taco: AB=(1;2;2)= AB=~1"+2>+2? =3
Theo bai ra, ta c6: AE =150 ; AB va AE cung hudng.
x—=5=50.1 x=55

Dodé: AE="C 4B ) y-7=502 ] y=107 = E(55107;110).

3 z—10=50.2 z=110
Ta co: CE =(40;90;105) =i = (8;18;21) 1a vecto chi phuong clia dudng thang CE .
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x=15+8t¢
Phuong trinh dudng thang CE la: y=17+18t.
z=5+21t
a=15+8¢t a=23
Theo bai ra ta co: D(a;b;26) eCE,nén: <b=17+18t <=<<b=35 :>D(23;35;26).
26=5+21t t=1

Viy CD=,/(23-15) +(35-17) +(26-5)" =829 ~28.8.
Céu 32. Mot ho gia dinh mudn 1am chiéc 1éu nhu hinh v&. Py nam trén nén dat phang, cac cot vudng goc
v6i day ¢ chidu cao A4'=DD'=1,5m,BB' = CC' = 2m , day 13 hinh chit nhat c6 AB =2m, AD =1,5m

(Tham khao hinh v& minh hoa). Goc tao boi mai nha va nén nha 14 bao nhiéu d6 (Iam tron dén hang don vi)
(__',

I
I
I .
1 2m
: 1. 5m
2m
I
|
l.5m D
Jm—————m - __JdcC
I/
/1.5m
f/
/
1 |/ B
2m
Dap an: 14

= Loi gidai
Chon hé truc nhu hinh vé

2m

T

Khi d6 ta c6 D'(0;0;1,5), 4'(1,5;0;1,5) B'(1,5;2;2).
D'A' =(1,5;0;0)=1,5(1;0,0), D'B' = (1,5,2;0,5) = 0,5(3;4;1).
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[ﬁ,ﬁ} =(0;-1;—4)=—(0;1;4) 1a vecto phap tuyén cta (A'B'C'D’).
Mt (ABCD) ¢6 vecto phép tuyén la k = (0;01).

Taco

_ 44

N EANT

Cau 33. Khi gén hé truc toa d§ Oxyz (don vi trén mdi tryc tinh theo mét) vao mot cin nha sao cho nén nha

cos((4BCD),(A'B'C'D')) = ((4BCD),(ABC'D'))~14°

thudc mit phing (Oxy), ngudi ta coi mdi mai nha 1a mot phan ciia mit phing va thiy ba vi tri 4,B,C & mai
nha bén trai 1an luot c6 toa d6 (2;0;4),(4;0;3) va (4;9;3). Goc giita mai nha bén trai va nén nha bang bao

nhiéu d6 (1am tron két qua dén hang don vi)?

Dap an: 27
= Loi gidi
Ta goi o 1a goc giita mai nha bén trai va nén nha.
Khi d6 a =((4BC);(0Oxy)).
V6i (ABC) nhan vecto 7 =[AB; AC] v6i AB =(2;0;—1) va AC =(2;9;-1).
Khi d6 n=(9;0;18).
Véi (Oxy) do Oz L (Oxy) nén mit phang (Oxy) nhan k= (0;0;1) 1am vecto phap tuyén.
i-k| 25
|-kl 5
Suyra a =27 .

Vay cosa =

Cau 34. Khi gén hé truc toa d¢ Oxyz (don vi trén mdi tryc tinh theo kilomét) vao mot san bay, mat phfmg
(Oxy) trung voi mat san bay. Mot may bay & vi tri A4(3;2;—3) sé€ ha canh t6i1 vi tri B(8;8;0). Goc gitra
duong bay (mot phan ciia dudong thing 4B ) va san bay (mdt phan cia mit phang (Oxy)) bang bao nhiéu do
(lam tron két qua dén hang don vi)?

o

ZL A
Y

Pap an: 21
= Loi gidi
Goi o la gbc gitra duong bay va san bay. Khi 46 o =(4B,(0xy)).

0983 900 570 Vo Cong Truong 73 2025-2026



Phwong trinh Mdt phang, Pwong thang, Mdt cau

1) vur cow roin
Vi duong thing 4B, nhan vecto AB = (5;6;3) lam vecto chi phuong.
Vi (Oxy) do Oz L (Oxy) nén mit phang (Oxy) nhan k= (0;0;1) 1am vecto phap tuyén.
[4B-K 370

|4B|-|k| 70

Khi ddta co sina =
Vay a ~21.
Céu 35. Khi gin hé toa 6 Oxyz (don vi trén mdi tryc tinh theo kilomét) vao mot san bay, mit phang (Oxy)
tring v6i mit san bay. Mot may bay bay theo dudng thang tir vi tri A(5;0;5) dén vi tri B(10;10;3) va ha

canh tai vi tri M (a;b;O). Giatricia a+b béng bao nhiéu (Iam tron dén hang phén chuc)?

A
ZL A
B
y’—

X
.|
.|
I M
Dap an: 42.5.
= Loi gidgi
AB =(510;-2).

x=5+5¢

Puong thang AB c6 vecto chi phuong U= (5; 10; —2)nén c6 phuong trinh tham s dang AB:{y=10¢
z=5-2¢

Vi tri may bay ha canh la giao diém cua duong thing ABva mit phang (Oxy) =z=0, ta dugc

t=§:>x:§:l7,5;y=25

2
Vay toa do diém M (17,5; 25; 0)nén a+b=17,5+25=42,5.
Céu 36. Nguoi ta muén dung mot cot angten trén mot swon doi. Angten duge dung thang dung trong khong
gian Oxyz vé&i d6 dai don vi trén moi truc béng Im. Goi O la géc cot, A 1a diém budc day cap vao cot

angten va M, N 1a hai diém neo day cap xudng mit suon do6i (hinh v&).

N O
Cho biét toa d9 cac diém néi trén lan luot 1a 0(0;0;0), 4(0;0;8), M (4;-6;3), N(—4;-3;2). Géc tao boi

soi day cap MA vaéi mat phéng sudn doi (Lam tron dén hang don vi, don vi dJ).

Dap an: 53
= Loi gidi

Tacd MA =(~4;6;5), OM =(4,6;3),0N =(~4;-3;2) = | OM,ON |=(~3;-20;-36).
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Mit phang suon ddi (OMN) ¢ vecto phap tuyén 7i = [O—M,ﬁ} =(-3;-20;-36).

M| a(-3)+6.(-20)+5.(-36)
[pa[[i] - [(~4) +62+ 5 \[(-3) +(~20) +(-36)’

Ta co: sin(MA,(OMN)) = ‘COS (m”;)‘

-2 aesye

V131285

Céu 37. Trong khong gian voi hé toa dd Oxyz , mot cabin cap treo xudt phat tir diém A(IO; 3;0) va chuyén
dong déu theo duong cap c6 vecto chi phuong u = (~8;-6;0) véi tde do 1a 10m /s (Pon vi trén mdi truc toa
do 1a mét).

Gid str sau #(s) ké tir lic xudt phat (¢>0), cabin dén diém N . Mot ngudi ding tai diém O(0;0;0) quan
sat cabin chay trén cap treo, sau thoi gian bao nhiéu gidy thi khoang cach giita ngudi quan sat va cabin gan
nhau nhat (don vi giay)?

N

Pap an: 0,98
= Loi gidi
Do téc d6 clia cabin a 10 /s nén do dai AN =10tm.
Do hai véc to AN va u cung phuong nén AN =ku véi k 1asb thuc duong nao do.
Suy ra: ‘Z\f‘ = k‘&‘ = k\/(—S)z + (—6)2 =10k .
Suyra t =k, vithd AN =ku=ru= (—8t;,—61;0).
Goi N(a;b;c)= AN =(a—10;b-3;c).
a—10=-8¢ a=10-8¢
Taco <b—3=-6t <<b=3-6t = N(10—8:3-61;0).
c=0 c=0
Khoéng cach giita ngudi quan sat va cabin bang do dai doan

ON =/(10-8¢)’ +(3—6¢)" =100 —196¢+109 .

Ta c6 100¢* —1967+109 dat gia tri nho nhét tai ¢ = ﬂ = ﬁ =0,98s .
2.100 50

Céu 38. Cau Cong Vang (The Golden Gate Bridge) & My. Xét hé truc toa d6 Oxyz véi O 1a bé ctia chan
cOt tru tai mat nudc, truc Oz trung vé6i cdt try, mdt phang (Oxy) la mit nudce va xem nhu truc Oy clng

phuong véi cau nhu hinh vé.
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i
Day cap AD (xem nhu 1a mot doan thing) di qua dinh D thudc truc Oz va diém 4 thudc mit phiang

(Oyz), trong d6 diém D 1a dinh c6t tru cach mdt nuée 326m , diém A cach mat nuée 82m va cach truc Oz
352m .Gia st ta dung mot doan day nbi diém N trén day cap AD va diém M trén thanh ciu, biét M cach
mat nudc 82m va MN song song voi cot tru. Tinh do dai doan MN , biét diém M cach truc Oz mot khoang
bang 250m (Két qua lam tron dén hang don phan chuc).
Pap an: 70,7
= Loi gidi
Tacod Ae (Oyz) va 4 cach mat nudc 82m va cach truc Oz mot khoang 352m = A(O;352;82).

Diém D la dinh c6t tru cach mdt nuée 326m = D(0;0;326) = AD = (0;-352;244).

x=0
Phuong trinh duong thing AD la < y=-352t  (teR).
z =326+ 244t

Vi N € AD = N (0;-3521;,326+244t).
Piém M trén thanh cu, M cach mit nuéc 82m va cach truc Oz mot khoang béng 250m nén toa do
diém M 1a M(0;250; 82) — MN = (O; —352t—250;244 + 244t) .

— 12
MN song song voi cot tru :>MNJ_0y:>MN.j=0:>—352t—25020<:>t=—%.

— MN = 0;0;E :W:Ezmﬂm.
44 44

Céu 39. Chuan bi dén ngay sinh nhat, ban Binh mudn trang tri cin phong tro cia minh dep hon. Trudc khi
trang tri, Binh gan 2 moéc treo vao cac vi tri P,Q, roi cang mot soi day tr P dén Q. Tiép theo, ban gan 2
moc treo vao cac vitri 4 va B, sau d6 lay mot diém M nam giita doan thang PQ r1di tiép tuc cing day tir
M dén A vatr M dén B. Xét mot hé truc toa do Oxyz sao cho P(l;l;O), Q(3;0;1) A(l;O;—l), B(2;1;1)

don vi trén mdi truc 1a mét. Khi tong d6 dai cac doan diy ma Binh sir dung 1a ngin nhét thi khoang cach tir
M &n P bang bao nhiéu mét? (Lam tron két qua dén hang phan chuyc).

fB

r

Dap an: 0,8.
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w Loi gidi
Cach 1:
Dé thdy P,0, 4, B clng thudc mat phang (PQA):x+y—z—-2=0 va 4,B nam vé hai phia ctia PQ. Khi

do ABNPQO=M [% % %j thoa tong do dai cac doan day 1a ngan nhat.

NG

PMszO,S.
Cach 2:
Goi (a), ( [3) 13 hai mit phang 1an luot qua 4 va B cung vudng goc véi PQO.
x=1+2¢
PO=(2-1L1)= PQ:1y=1-t = M (1+21-5;1).
z=t
(a):2x—y+z—l=0:>PQﬁ(a):A'(l'l'O)EP.

(,B):2x—y+z—4=0:>PQm(ﬁ)=B'(2;l;l)
= PB'+ B'Q = PQ hay B’ thudc doan PQ. Khi do:

min (MA + MB) = \/dz ((a),((ﬂ)))+[01(/hPQ)H*(BJDQ)]2

d((a),(ﬂ)):%:g vi d(A,PQ):ﬁ,d(B,PQ):%.

Tong d6 dai ngan nhat 1a:

| =PQO+MA+MB= \/_+J(*/_] (\/_ \/_J =26 ~4,9.

Lac do6 ta co:

AP S :PM:AP'd((a)’(ﬂ)Lﬁzo,s.
AP+d(B,PQ) d((a).(B)) AP+d(B,PQ) 3
Cach 3:

Ta co
x=1+2¢
PO=(2-1;1)= PQ:{y=1-t = M (1+21-5;1).
z=1

MA+MB =6t +2 +J61* —6t+2 =\/(\/gt)2 +(«/§)2 +\/[§\/5th J{%Jz .

Suyra:MA+MB>\/{\/_t+\/_ \/_tj +£\/§+ng :\/E.

Dangthucxayrakhwachlkm \/_t\/_ [\/_ \/_t]\/_@t_ng(ggéj
J6

Cau 40. Trong mdt trung tdm nghién ctru robot bay, nguoi ta b6 tri mot thiét bi dinh vi tai diém cd dinh
A(1;0;2) trong khong gian ba chiéu voi hé toa 46 Oxyz ( cac don vi toa do duoc tinh bang mét). Thiét bi
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nay giao tiép dong thoi voi hai cam bién: Cam bién thtr nhat di chuyén doc theo dudng thang

A XI3 _ J’;1 _ Z_14 , cam bién thr hai duogc gin trén miat phing (¢):2x— y+z+1=0. Giita hai cam

bién duge két ndi bang mot dudng truyén BC, trong d6 B nam trén duong thang A, C nam trén mit phing
() va thiét bi dinh vi tai 4 1a trung diém cua doan BC . Biét ri‘mg duong thfmg BC ¢6 mdt véc to chi
phuong u =(-2;a;b), hay tinh gia tri a +2b.

(a)

5
o

Pap an: -1,5

= Loi gidi
Goi B=3+t,—-1+2t;4—-t) e A
Do 4 la trung diém ctia BC nén
C=(-1-t1-2t;t) e (@) ©2(-1-1)-(1-20)+t+1=0<=t=2= B(5;3;2)

Suy ra ﬁzTB=(4;3;O)=—2(—2;—%;Oj:>a=—%;b=0:>a+2b=—1,5

Cau 41. Tai mdt san bay, nguoi ta chon hé toa d§ Oxyz co géc O tai vi tri chan cta dai quan sat, mat phéng
(Oxy) trung v6i mit san bay (don vi trén mdi truc toa dg tinh theo kilomét). Trén man hinh Rada ngudi ta
quan sat mot may bay dang ha canh theo dudong thang tir vi tri 4(4;0;10) dén vi tri B(5;5;6) va tiép dat tai

vitri C(a;b;0). Hoi vi tri tiép dét ciia méy bay cach chan dai quan st bao nhiéu kilémét? (két qua 1am tron
mot chir s6 thap phan)

Pap an: 14,1

w. Loi gidgi
Duong bay clia médy bay 12 duong thing AB di qua A(4;0;10) va c6 vécto chi phuong AB = (1;5;—4).
x—4 y z-10

= AB:

1 5 —4
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13
a=—
Vi C(a;;0) e 4B nén “=2-2_0710_ 1= 2 :C(E;E; j
U5 4 |, s (22
2

2 2 ,
Ta co OC=\/(QJ +(§j +0° = 7294 ~14,1.

2 2
Vay vi tri tiép dit cia may bay cach chan dai quan sat khoang 14,1 km.

Céu 42. Mot chiée ban gip gon da duoc thiét 1ap hé toa dd Oxyz . Piém 4 1a chin ban tiép xtc voi mat dat

x=-3+t¢
thuoc duong thang a:{y=1+¢ catmitban (P):x+y—2z+6=0 tai diém F . Do dai chan ban
z==2+4

FA= 40\/5 cm, khi d6 dd cao cia mat ban tinh tir mit dat 1a 1 bao nhiéu cm ?

= Loi gidi

a

x=-3+t¢
Puong thiang a:{y=1+¢ co vecto chi phuong ﬁ=(l;l;4).
z=-2+4¢

Mt phang (P):x+y—2z+6=0 c6 vecto phap tuyén n=(1;1;-2).

sin(a,(P)):‘cos(;t,ﬁ)‘:‘ : :\E:sinqo.

Do cao ctia mit ban tinh tir mat dat 12 khoang cach tir chan ban 4 dén mit phang (P)

Suy ra d(A,(P))=AH = FA.sinp = 40\/5.\/% =40cm.
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Céu 43. Mot cong ty logistics dang thir nghiém hé thong giao hang ty dong bang may bay khong ngudi 1ai
(drone).
Trong khong gian Oxyz , mdi don vi trén céc truc trong ng véi 1 mét trén thuc té. Mt ngoai cia mot toa

nha cao tang dugc xem la mot phan ciia mdt phang (P) thing dimg, di qua hai diém C(10;50;0) va
D(30;10;0). Vi tri giao hang 1a diém B ndm trén mét phing (P). Drone bat dau bay tir kho hang tai géc toa
do 0(0;0;0). Ban dau, n6 bay theo m¢t dudng thing dén vi tri 4(30;40;120). Tur vi tri 4, drone thay doi

duong bay, di chuyén theo phuong vudng goc véi mit phang (P) dén vi tri giao hang B . Tinh khoang cach
tr O dén B (1am tron dén hang don vi).

@)

Pan an: 126
w Loi gidi
CD = (20;-40;0) =20.s; v6i u = (1,-2;0).
(P) la mat phéng théng ding qua C va D nén nhan vec to U= (l; —2;0) va k= (0;0;1) lam cd@p vecto chi
phuong nén vecto phap tuyén cua (P) la n= [&,7{} =(2;1,0) -
(P) : 2(x—10)+1(y—50)+0(z—0) =0 2x+y-70=0
Dudng thing ABvudng géc véi (P) nén nhdn vecto phép tuyén ciia (P) 1a vecto chi phuong

U,y = (2;1;0). Phuong trinh dudng thing 4B :

x=30+2¢
y=40+¢
z=120

B la giao diém cuia dudng thang 4B va mit phang (P) nén ta c6
60+4t+40+t-70=0<=5t=-30t=-6
= B(18;34:120) = OB =/18° +347 +120° =126

Cau 44. Tram tau ctru ho duogc dat tai vi tri A(S; 0; O) trén mgt hon dao nhé trong khong gian Oxyz (don vi

trén moi truc dugc tinh bang km ), dugc sit dung lam tram ctru hg, ctru nan trén bién.
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Tau du lich B dang di chuyén (téc d6 khong dbi) trén tuyén duong dugc méd ta boéi duong thing
x=2+t
d, :qy=1-2t. Tau chd hang C dang di chuyén (toc do khong doi) trén tuyén dudng van tai duoc mé ta boi
z=0
x=2-s
duong thing d,:yy=11+4s. Do thoi tiét x4u, nén hai tau B va C gip su ¢d va can dugce tiép can khan cip.
z=0
Tram ctru ho diéu mot tau ctru ho xuét phat tir 4 dé 1an luot tiép cdn tau du lich B trudc, sau d6 dén tau cho
hang C. Xét vi tri toi vu cua tau du lich B dung lai va tau chd hang C dung lai sao cho tong quang duong
tau clru ho cAn di T = 4B+ BC +CA 1a nho nhét. Khi d6 P, =~/a (km), hiy tinh a+2025?
Dan an: 2269
= Loi gidi
Chutng ta cén tim vi trf t6i uu cua tau du lich B (twong tmg voi diém B) va tau cho hang C (twong
ung voi diem C) sao cho tong quang duong ciru ho 7' = AB + BC + CA 1a nho nhat.
Trong khong gian Oxyz, ta co:
+ Hai duong thang d,,d, cing nam trong mit phing (a) iz=0va Ae (a).
+ d, c6 mdt véc to chi phuong u, = (1;—2;0) ; d, c6 mot véc to chi phuong u, = (—1;1;0).
Do [u,,1, ] # 0 nén d, cét d,.
+Goi 4,4, lan luot 1a diém ddi xing cia 4 qua d, va d,.

+Goi (P) 1a mit phang qua 4 va vudng goc véi d, = (P):x—2y—5=0.

xX=2+t
: X A . o L y=1-2¢
+Goi I =(P)Nd,, thi toa do cia I 1a nghiém cta hé d, : 0 =1(3-10) = 4,(1—-2;0).
z =
x—2y-5=0
+ Goi (Q)la mat phang qua 4 va vudng goc véi d, =(Q):—x+y+5=0.
x=2-s
. . . o Jy=1l4s
+ Goi J=(Q)md2,th1 toa do cua J la nghiém cua h¢ 0 :>J(9;4;0):>A2(13;8;0).
z =
-x+y+5=0

+Khido T=AB+BC+CA=AB+BC+CA4, > 44,

=T dat GTNN khi T= 44, = P,, = 4,4, =244 (km). Vay a+2025=2269

Déu béng Xéy rakhi B,C, A4, A4, théng hang.
Ciu 45. Trong khong gian véi hé toa dd Oxyz, cho hai 16p kinh 1an luot 13 hai mit phiang cé phuong trinh
(@):2x—-2y—z+ 33 =0, (B):4x+4y+2z+ 124/3 =0. Mot ngudn sang duoc chiéu vao hai tim kinh 1a tap
hop cac duong thang co vecto chi phuong 13 i = (1;1;1) va di qua cac diém M (3;0;0), N(1;1;1) va
P(3;5;-5). Biét rang cic giao diém cua cac dudng thang néi trén voi hai tim kinh () va () 1a 6 dinh cia
mot khdi da dién. Thé tich ¥ ctia khéi da dién tao béi 6 diém d6 c6 két qua 1a av/b véi a,b nguyén duong
va b 1a s6 nguyén td. Tinh gia trj cia a +b.

Pap an: 138.
= Loi giai
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‘B \%
A/

Goi d,,d,,d, lan luot 12 céc duong théng qua M,N,P vacoé vec to chi phuong u. Khi do, ta dugc

x=3+¢ x=1+s x=3+/
d:vy=t dy,:qy=l+s;d,:{y=5+1 .

z=t z=I1+s z=-5+/
Goi 4, B,C 1an lugt 14 giao diém cia d,,d,,d, v6i mit phing (a):2x—2y—z+33 =0.
Khi do, gidi tim cac tham s6 ta duoc:
A:dlm(a):>t:6+3\/§:>A(9+3\/?_’;6+3\/?_;;6+3\/?_>)

B=d,n(a)=s =—1+3J§:>B(3J§;3J§;3J§)

C=d,n(@)=1=1+3B = c(4+3J§;6+3J§;—4+3J§).

Taco
AB = (~9;-6,6), AC = (=5,0,~10) = S, .. = %‘[A—B,R’]‘ =45

(@):2x=2y—z+33=0,(B): ~4x+4y+2z+123 =0 2x—2y—z—6+3 =0.

Ta thiy (a)/(B) va mdi 16p kinh 12 mot mat phang nén doan khiic xa trong mdi tdm kinh 1a khong dang
ké. Mat khéc, céc tia toi song song nén tia khiic xa ciing song song. Do d6, mdi 1p kinh c6 do khic xa bang
bao nhiéu di nira thi the tich lang try dugc tao thanh déu co thé tich khong do61 va bang

V=58, 5c-d(), ()

=M=3J§
Ja+4+1

Thé tich lang try 1a: V =S, ,..d =45.3\3 =135\3 = a =135,b =3.

Vay a+b=135+3=138.

Khoang cach gitra hai mit phang («),(B) la: d

Céu 46. Mot cung tha ngim tir diém P(O; 0;15) theo hudng ciia véc to v = (=1;3;0,5) dé ban tring mot

trong ba bia dugc dat trén vung nti. (1 don vi =1dm)

Toa do ,céc bia:
- Bia gau: B(—155;465;85)
- Bia soi: W (—155;465;92,5)
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- Bia nai: E(-160;640;95)
Gia sir mui tén bay theo dudong thang, tinh téc d6 ctia miii tén 1 bao nhiéu m/s, néu thoi gian bay 1a 1 gidy?
(Iam tron két qua dén hang phan muoi)
Pap an: 49,6
= Loi gidi

Diém ban: P(0;0;15). Hudng bin: v =(-1;3;0,5).

x=—t
Phuong trinh tham s6 cua tia ban: { y =3¢ (t=0)

z=15+0,5¢
Xéc dinh bia trung
- B(—155;465;85): tr x=—t =1t =155.Khidé z=15+0,5-155=92,5 # 85 = khong tring.
- W(-155;465;92,5): v6i t =155 tacd z=15+0,5-155=92,5 = triing bia s61 IV .
- E(-160;640;95): khong c6 ¢ thoa dong thoi x, v .

. . 155v41
Do dai quy dao bay PW = ‘PW‘ = J(~155)* +465% +77,5" = > 5;/_ (dm) ~ 496,242dm

Tac khoang 49,624 m.

- Tée do: v:f;—Wz496,242dm/sz49,6m/s.
R)

Céu 47. Mot nghé si di day du dinh chay xe md t6 theo duong thang tir diém 4(20;20;0) 1én thép nha tho
tai diem B(220;420;80) (voi 1 don vi= 1m).

B

||||||

ﬂﬁ_/\_/\_/\"

&

a M| HARE

Soi cap dugc chdng d& bai ba cot thang ding c6 dinh tai:
S,(70;120;20), S,(120;220;30), S,(170;300;60).
Hay tim tong hoanh d6 cac cot phu hop dé lam try d&

Dap an: 70
= Loi gidi
Tu dé ta co: A(20;20;0), B(220;420;80) = AB = (200;400;80) =40(5;10;2)
x=20+200¢
Phuong trinh tham s6 ctia day cap 4B : { y=20+4007 (0<7<1)
z =80¢,

Ba dinh cot: S;,(70;120;20), S, (120;220;30), S,(170;300;60) .
Panh giac cac cot c6 phu hop khong?
Mot cot "phu hop" khi diém dinh ctia n6 nam trén duong thang AB (vi ddy cang thang).
it :M =0,25,t = 120-20 =0,25,¢, = M =0,25= trung nhau.
200 Y 80

Nén S, nim trén 4B = phu hop.

- 8,1 t,=t,=0,5= tai vi tri nay dy c6 d0 cao z=80-0,5=40(m), nhung dinh ¢4t c6 z=30 suy ra
chua phu hop
- 8,:6,=0,75,¢,=0,7 (khong bang nhau) suy ra chua pht hop
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Vay c6 cot S, thi pht hop nén dap an bang 70

Céu 48. Tai cac vi tri M c6 mot hd chira nude (dé trir nudce sau d6 hut nude dua 1én mat dat tai diém E).
Mot kénh tran k dan nuée tt M dén 4. Tir diém T trén mat dit, mot mii khoan thong khi b duoc khoan
theo hudng cua véc to v =(1;1,—4)

T-
A M

(1 don vi = 100m)
Cac toa do: M(8;12;—6), N(14;2;-10), A(11;0;-9), T'(8;2;0)

Hoi chiéu dai miii khoan cin 14 bao nhiéu mét? (1am tron két qua dén hang don vi)
Pap an: 849

w Lot gidi
-Kénh tran k tor M dén A: MA=(3;-12;-3) =3(1;—4;—1).
x=8+t¢
Vay phuong trinh dudng thang k:{y=12-4t (teR)
z=—6—t
- Miii khoan b qua T, theo v =(1;1;—4):
x=8+s

Vay phuong trinh dudng thang b:4 y=2+s (seR)

z=-4s

Gidih¢ 8+1=8+5,12-4t=2+5,-6—-t=-Ads=>t=5=2.

Giao diém P(10;4;-8).

Chidu dai cAn khoan tir T dén P: TP =2\/1> + 1> +(—4)’ =218 =6+/2 (don vi) 60082 m ~ 849m
Cau 49. Tryc thang ciru hd Alpha cét canh Iuc 10 gio 00 tir diém xuat phat Adlerhorst 4(10;6;0). N6 bay
thang v6i toc do 300km/ h t6i dinh niii Mount Devil D(4;-3;3), noi xay ra tai nan. (Toa do tinh bang km).

“y

*B

Cung luc d6, truc thing Beta cit canh tir dinh nui Tempelberg 7(7;-8;3) dé dua du khach vé diém
B(4;16;0). Toc d6 ciané 1a 350km / h .

Nguoi ta chimg minh duge rang hai tryc thang c6 duong bay giao nhau tai S . Khi Alpha téi S thi Beta da
di qua trude d6 mot khoang thoi gian (tinh bang gidy), hiy tim khoang thoi gian d6? (lam tron két qua dén
hang phan mudi)

Dap an: 6,4

= Loi gidi
Phuong trinh duong bay cua Alpha
x=10-6¢t
Piém A4(10;6;0), huéng AD = (—6;-9;3): { y=6—9¢
z=0+3¢
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Phuong trinh duong bay ctua Beta
x=T7-3s

Piém T(7;-8;3), hudéng 7B = (-3;24;-3): {y = -8+ 24s
z=3-3s

- Giao diém duong bay:

Giai hé cho r :g,s = % , duoc giao diém S(6; 0;2)

- Tinh quéng dudng téi diém S :

| AS |= \[(—4)? +(=6)> +2* =/56 ~ 7,48km

| TS |= \J(=1)> + 8 +(~1)> = /66 ~8,12/m

- Tinh thoi gian bay téi S:

Alpha: ¢, = 7’45 h=0,025h = 1,50 phut
12
Beta: 7, = 8, h=~0,023h~1,39 phuat
350

Vay Alpha téi S mudn hon Beta khoang 0,11 phut = 6,4s .

Cau 50. Quy dao ctia mdt tia sdng dugc theo doi. Tia sang Xuét phat tur diém A(O; 6; 6) theo hudng cua véc

to v =(1;—1;—2) va di téi mat phang xOy , tai d6 n6 bi phan xa.

YA

a

o
- =
L

fr

‘r_“

) B

Tia séng phan xa cdt mit phang xOz tai diém C(a;b;c) tinh a+b+c?

Dap an: 12

= Loi gidi
- Phuong trinh tia sang g

x=0+¢
Piém 4(0;6;6), véc to chi phuong (1;—1;-2):{ y=6—1¢

z=6-2t

Giao diém véi mat phang xOy(z =0): 6-2t=0=¢=3= B(3;3;0)
- Phuong trinh tia phan xa %
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x=3+s
Tai B(3;3;0), d6i ddu hé s6 z cta véc to (tir -2 thanh +2): { y=3—
z=0+2s

Giao diém véi mit phang xOz(y =0): 3—s=0=s5=3= C(6;0;6)
Cau 51. Trong hé truc toa d0 Oxyz , c6 doan théng dang PQ véi: P(4;3;0),0(4;3;6).

zh,

[

Anh sang song song theo huéng ctia véc-to v =(—2;1;—2) chiéu vao doan thang (nhu hinh). Hay tinh tong
d6 dai doan chiéu bong PQ"'+Q'Q" (lam tron két qua dén hang phan muoi)

Pap an: 6,9

= Loi gidi
Két qua 1a mot bong gay khiic, duoc xac dinh bang cach xét tia sang di qua diém Q.
x=4-2¢
1. Phuong trinh tham s6 cua duong thang g qua Q: g:{y=3+r (teR)
z=6-2t

2. Giao diém Q' ctia g v6i mit phang x =0 (mit phang yOz): 4-2t=0=>1=2

Thay vao: Q'(0;5;2)

3. Hinh chiéu vuong géc ciia Q' xudng truc Oy :

Diéu kién trén truc Oy:x=0,z=0, giit nguyén y =5

Nén Q'"'(0;5;0)

Khi d6: PO +0'0" =4 +2>+27 +2=2+26 ~ 6,9
CAu 52. Mdy bay Beta huong t6i diém C(10;-10;5) theo huéng clia véc to v = (-2;2;-1)

Khi qua diém C, méay bay Beta nhan 1énh tir dai kiém soét bay doi huéng bay theo véc to

w=(=5;4;—1). O diém P c6 d6 cao 1000 m, mdy bay Beta s& thuc hién mot 1an d6i huéng cudi cing theo
vecto u dé ha canh xuéng san bay F . Tinh cosin goc ctia hai vecto Uvaw. (1am tron két qua dén hang phan
muoi)

ot

Eﬁ

Cl

San bay F nam trén mit phang Oxy . Mdi don vi trong hé toa do tuong tng 1 km.
Dap an: 0,95
= Loi gidi
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x=10-54
Sau khi qua C, Beta bay theo w=(-5;4;—1): < y=-10+44
z=5-1
O cao 1000m =1km:5-2=1=2=4.
biém do6i huong cuoi: P(-10;6;1).

Ching cudi huéng vé F(-12;7;0) c6 véc to chi phuong PF=u= (—2;1;-1).
wu  10+4+1 15
Wl Vs e

Céu 53. Mot tau ngdm bat dau lan tai diém P(100;200;0) véi toc do 11,1 hai ly/gio theo hudng téi muc
tiéu Z(500;600;—80) cho dén khi dat d su 80 m.

(1 hai 1y/gio sip xi 1,852 km /h)

Sau do, tau ti€p tuc di chuyén ngang hudng theo vecto u = (1;1;0) vai toc do 11 hai ly/gio. Mot qua cau T

Khi @6 cos@ = ~ 0,95

dugc tha dong thoi khi tau ngdm bat dau 1dn, tr tau nghién ciru S(700;800;0) va roi thang dimg xudng véi

tbc d6 0,5m /s . Tinh khoang cach tau ngdm véi qua cau khi tau ngdm di dén thang dudi S (1am tron két qua

ST
80m

Pap an: 5

dén hang don vi)

w Loi gidi
Ta ¢ PZ = (400;400;—80).
x =100+ 400¢
-bPoan lan P - Z (dung ¢ d6 sau 80 m): < y=200+400r 0<r<1
z=0-80¢
x=500+s
- Chuyén dong ngang tir Z theo vecto U= (11;0): s ¥y=600+s s5=0
z=-80
x =700
- Qua cau roi thang dung tir S : { y =800 >0
z=-0,57
- Tau di dén thang dusi S khi x =700,y =800=>s=200.
- Thoi gian: lan P> Z :t, = 1PZ] = 80V51
11,1 5,7103
20082 20042
11 5,6589
- Liic d6 qua cdu c¢6 z=-0,5(¢, +1,) ~—75m, con tau & z =—-80m, viy khoang cach giita tau ngdm voi

~100,05s;

- Thoi gian di ngang t61 dudi S:¢, = ~49,98s.

qua cau bang 5m
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Céu 54. Tir diém A(—7;-3;-8) qua diém B(-2;0;—9) mot duong him thang tén Kuckucksloch s& duge

dao xuyén vao nui.

.
Cc . ||J JQ "
: B N

S

Tuong tu, tir diém C(4;-6;—6) qua diém D(7;—1;—8) mot duong ham thing tén Morgenstern ciing sé
dugc xdy dung. Sau khi khoang xong 2 dudng hdm s& gip nhau tai diém S. Tu diém S, dudong ham
Kuckucksloch tiép tuc dao theo hudng véc to (2;1;2), cho dén khi dén diém P trén mat dat ma duong ham
s§ cham t("yi. Trén doan SP, cach P mot khoang 1200 m s& dao mot 16i thoat hiém thiang dimg. Tinh do sau
can dao bang bao nhiéu met? ’ q

(M1 don vi trong hé toa do tuong tng 100 m. Mat dat 1a mat phang xOy )

Dap an: 800

= Loi gidi
x=-T7+5t
- Ham Kuckucksloch qua A,B:A—B=(5;3;—l): k:y=-3+3t (teR)
z=—8—t
x=443s
- Ham Morgenstern qua C,D:C—D=(3;5;—2): m:qy=—6+5s (seR)
z=—6-2s

Giaihé k=m:t=4,5=3=5(13;9;-12).
-Tir S dao theo 4 =(2;1;2) . Piém cham mat dat P

x=13+24
Puong thang: SP:{y=9+1 (1>0)
z=—-124+241

Giao véi z=0=-12+24=0= A =6 suyra P(25;15;0);

-Goi O la diém trong long nui nam trén doan SP, sao cho O cach P 1200m hay QP =12 don vi. Ta co
SP=18.Suyra OQ=(17;11;-8). Ta duogc:

Vi tri trén mit dat dé khoan thang dimg: G(17;11;0).

Do siu can khoan: ‘ZQ‘ =8dv=800m.

Céu 55. Mot cai 1éu c6 dang hinh chop tir giac déu, day rong 8 m va cao 3 m.
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Hr/// K. L!G!

Cira vao 13 hinh thang EFGH trong d6 doan AE = FB, vé6i | EF |=4m,G va H lan luot 13 trung diém
ctia cac doan ES va FS . Mot ngudn sang dit cach dinh S 1m & phia dudi. Anh sang chiéu ra ngoai qua cira
vao, tao thanh mot ving dugc chiéu sang EFG'H' .

O giira canh sau CD cua 1éu c6 gdn mot camera trén mot cot thang dimg. Camera phai dat ¢ do cao it nhat
13 bao nhiéu mét dé quan sat dugc diém K 1a trung diém cta H'G'?

Dap an: 4,5

= Loi gidi
Goi O 1a giao diém cuia AC va BD. Gan hé tryc toa do nhu hinh vé:

H £, Il

Ta dat hé truc Oxyz nhu hinh: khi d6: 0(0;0;0)

A(—4,—4,0), B(4,—4;0), C(4,4;,0), D(—4;4;0),5(0;0;3) , E(=2,-4;0), F(2,—4;0)

G,H latrung diém cua SE,SF = G(-1;,-2;1,5),H(1;-2;1,5).

Ngudn sang L(0;0;2) & trén truc SO . Chiéu xuyén ctra 1én mit dat z=0.
x=—t

Puong chiéu qua G ¢6 phuong trinh: < y = —2¢ giao z=0=r=4=G'(—4;-8;0).
z=2-0,5¢

Tuong tw H'(4;-8;0).

-Trung diém M cua CD:M(0;4;0).

-Trung diém K cua G H :K(0;-8;0).

Pit camera tai C,(0;4; H) trén cot thang ding. Mubn nhin téi K phai vira luét qua dinh S(0;0;3).

x=0
Phuong trinh tham s6 dudong C K : { y=4—-12¢, (0<¢<1)
z=H—-Ht
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1 .
Cho y=0:>t=§.Yéucﬁu z:3:>H(1—%):3:>H:4,5m.
Vay dat camera cao 4,5m ¢ gitta canh CD thi théy duoc diém K

Céu 56. Mot khoi thép khong gi c6 dang hinh chép cut tir giac déu.

- B9 dai canh déay 16n: 8 cm

-Dbo giéli canh déy nhd: 4 cm

- théu cao: 8 cm

Goc toa do O(0;0;0) dat tai tam day lon.

Tia laser khoan theo doan PQ véi: P(-3,5;9,5;6), Q(—6;16;8)

Tinh d6 dai kénh khoan biét diu vao nam trong mat CDHG va dau ra nam trong mat ABFE

Pap an: 7,25

= Loi gidi

Ta quy udc gbc O(0;0;0) tai tam day 16, truc Oz vudng goc day; day 16n (canh 8) 1a hinh vuodng
A(—4,—4;0), B(4,—4;0), C(4;4;0), D(—4:4;0),

day nho (canh 4) song song va ¢ z=8: E(—2;—2;8), F(Z; —2;8), G(2; 2;8), H(—2; 2;8) .

(don vi: cm)

Tia khoan di theo duong théng qua P(-3,5;9,5;6),0(—6;16;8) vdi véc to v = P—Q =(-2,5;6,5;2).
x=-3,5-2,5¢,

Phuong trinh tham s&: (:{y=9,5+6,5t, (teR). Suy ra phuong trinh cic mat:
z=6+2¢

ABFE :—4y+2z-16=0,CDHG:4y+2z—-16=0
- V6i CDHG:4y+z-16=0=t=-1 =TI1=((-1)=(-1;3;4) nam trong mit CDHG = diém vao
1(-1;3;4).

-V61 ABFE:-4y+z-16=0=>1t=-2 :>O:ﬁ(—2):(%;—%; j nam trong mit ABFE

= diém ra O(E;—zﬂj.
22

2 2 ,
Chiéu dai kénh khoan 10=\/(%+1j +(—%—3j +(2-4) =%cmz7,25cm.

Céu 57. Bén ngdi sao a, f,7,0 tao thanh mot ving khong gian hinh chop tt giac. Toa dd cac ngdi sao la:
a(448), f£(0;20,0), y(-16;16;4), 6(-81212)
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Mot sao chdi bay theo dudng thang qua hai diém A(10;3;1) va B(4;7;3). Ngudi ta thay rang sao choi di
vao ving khong gian tai diém S thudc tam gidc afy va tai d6 sao choi roi khoi ving khong gian hinh chop
nay tai diém 7. Tinh do duong di ST bang bao nhiéu km (Iam tron két qua dén hang don vi). (1 don vi
=1000km )

Dap an: 7483

= Loi gidi

Dir kién u , =(—6;4;2)

Mit phang (afy) c6 Ry, = [E, 7705] = (2;9;17), nén phuong trinh tong quat:

2x+9y+17z-180=0.

Tim diém S - giao ciia quy dao va tam giac afy

x=10-6¢

Puong thang qua A(10;3;1), B(4;7;3) (dang tham sd): { y=3+4t (teR)

z=1+2¢

Giao voi (affy):2x+9y+17z—-180=0: 2(10-6¢)+93+41)+17(1+2¢)-180=0=1 =2 = S(-2;1L;5).

Tim diém 7 - noi sao choi roi khéi chop

Phap tuyén cac mat con lai: n,,5 =(8,7;10), n,,5=(5;8;,-1), 1y, =(-1;10;6).

Taco u,,-n,=0vau,, n,;=0

— duong thang song song hai mit nay, khong cat chung.

Mat (Sy9) c6 phuong trinh: —x+10y+62z—-200=0

Giao véi dudng thang: —(10—6¢)+10(3+41) +6(1+21)—200 =0 =t =3 = T(-8;15;7).

Suy ra: ST = 2+/14.1000 ~ 7483 km

Cau 58. Mot khinh khi cau / xuét phat tir san bay L(24;52;0) va sau dé dugc xac dinh tai P(20;42;2).

Mot truc thing /4 bay thang déu cung thoi diém trong ngay, xuét phat tir san bay quéan su F(20;-8;0)
hudng vé dinh ntii S(—4;32;16).
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Birc tudong suwong mu duge mo ta boi mit phiang E se VO1 A(16;0;0), B(0;16;0), C(0;0;16).
Goi T 1a vi tri ma quy dao bay cta khinh khi cAu / va truc thang 4 cat nhau.
Trén quy dao bay ti€p theo, khinh khi cau / di vao tudng swong mu tai N .
Tinh khoang cach TN (lam tron két qua dén hang don vi) (cac kich thudc tinh theo km).
Dap an: 11

x= Loi gidi
Tir dé bai ta xac dinh duoc:

x=24-4¢
Puong thang /: { y=52-10¢ (teR)

z=2t

x=20-3s

Puong thang 7:{y=-8+5s (seR)
z=2s8

Giai h¢ 24—-4¢t=20-35,52-10t =—8+5s,2t =2s =>t=s5s=4 =T(8;12;8).

Vit=s=4>0 (cung thoi diém ké tir lac xudt phat) nén hai quy dao c6 thé va cham tai T .

Khinh khi cau / gip tudng suong mu

Mit phang £ ,.: n=(1;1;1), x+y+z-16=0.

Giao véi [:

(24—-46)+(52—-100)+ 2t—-16=0=>76—-12t-16=0=¢t=5

= N(4;2;10)

Khi d6: TN ~11km
Cau 59. Cho céc diém A(0;0;0), B(12;0;0),C(12;12;0) va D(0;12;0) la cac dinh ctia day hinh chop cut
bang kinh (xem hinh bén).

-P

Cac dinh cua mat trén 1a E£(2;2;3), F(10;2;3),G(10;10;3) va H(2;10;3).

Tai diém P(14;20;0) dat mot tia laser, bén theo hudng vecto v =(-3;-3;0,5). Tia laser s€ cat mat ph'fmg
CDH tai diém T (a;b;c), tinh a+b+2c?

Pap an: 19

= Loi gidi

Mit phang CDH (chira mit bén CDHG )

CD =(-12;0;0), CH =(-10;-2;3).

o= [c—Dxc—H] = (0;36;24)

Suy ra phuong trinh téng quat CDH : 3y+2z-36=0

Tia laser ttr P(14;20;0) theo v = (—3;—3;%)
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x=14-3¢t
Suy ra phuong trinh duong thang: y=20-3t (t=0)
1
z=—1
2

Giao v6i mit phang 3y +2z-36=0: 3(20—3t)+2[%tj—36=0:>t=3:T(S;ll;éj.

Céu 60. Khi phat trién hé théng hd trg dd xe 6 t6, cac nha nghién ctru sinh hoc di sao chép hé thong dinh vi
ctia loai doi va tich hop cac cam bién twong ng vao can sau cia xe. Cac cam bién dugc cai dit sao cho
chung s& phat tin hiéu khi khoang cach dén vit can nhé hon 0,3m.

Mot ngudi lai xe dang Iui thing vé phia mot mit phing nghiéng, dwoc cho boi phuong trinh:
E: 6x+2y+3z=49. Xéc dinh dugc diém R(a;b;c) trén doan PQ trong d6 P(6;3;1) va 0(6;4;1) ma tai
d6 cam bién bat dau bao dong. Tinh a—b+c¢ (lam tron két qua dén hang phan tram)

Pap an: 3,05
= Loi gidi

Diém R trén doan PQ khi cam bién bat ddu bao dong
x=6

Puong thang PQ (dang tham sd): { y =3+, (0<¢<1)
z=1

Khoing cich dén E: d = |36+2(3+1)+3-49| _ | —4+2t|.
7 7

, N SR n 21 19
Cam bién bat dau bao dong nén 4 —2¢ = m =t= 0

Suyra R 6;3+B;1 = 6;7—9;1 ~(6;3,95;1).
20 20

Cau 61. Chinh giita mit bén phai ctia mai nha (nhu hinh minh hoa) c6 mot ing-ten cao 12 m nho ra. Ang-

ten duoc cd dinh bdi mot thanh thép, dau trén cua thanh duoc gén & diém cach dinh ang-ten 4 m va dau dudi
dugc bt vit tai chinh giita dinh mai.

0983 900 570 Vo Cong Truong 93 2025-2026



@ VUI CUNG TOAN Phuwrong trinh Mat phang, Puong thang, Mat cau

6Gm

10 m

0
12m ) i i B
Tinh goc gitta thanh thép gitra thanh thép va mat phang mai nha (gan ang-ten) (lam tron két qua dén hang

phan mudi, don vi do)
Pap an: 82,7

w Loi gidi
Dit gbc O tai trung diém dinh mai (dudng noc), Oy doc theo dinh mai (chiéu dai 16 m), Ox vudng goc
dinh mai hudng sang mai phai (nira bé rong 6 m), Oz thang dtng 1én. (nhu hinh dudi)

Zl\

A

10m

Khi d6: Chan ang-ten tai A4(3;0;-2), dinh C (O; —8;0) va B(6; —-8; —4)

Suy ra phuong trinh téng quéat ciia mat phang mai phai: (P):2x+3z=0 (ii =(2;0;3))

Dau trén cla thanh thép cach dinh dng-ten 4m = diém gén trén dng-ten: 7'(3;0;6) .

Pau dudi cua thanh bét tai chinh giita dinh mai: O(0;0;0) .

Hudng thanh thép: w= OT = (3;0;6).

Khi d6é goéc thanh thép voi mat phang mai:

. [n-w| 1(2;0;3)-(3;0,6)] 8 .8 .

s1nﬂ=|ﬁ|.|w|= NEENG =\/5:,B=arcs1nﬁz82,7.

Goc gitra huong bay v =(—4;4;2) va mat phang ngang z = const (phap tuyen n =(0;0;1) ):
|[n-v| 2 1

sina=T=—=—:>a=arcsinlzl9,47o.
IzllvIl 6 3 3
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Cau 62. Mot san bong da rong 60 m. Trong mot qua da phat, bong dugc sit tir vi tri P(3;9;0) theo hudng
cua vecto v =(18;-6;1) vé phia khung thanh rong 7,20m , cao 2,40m . Quy dao bay duogc gia su 1a mot
dudng thang. Téc d6 bong ude tinh 28,5m/ s .

Z

o=

Tinh thoi gian bong bay tdi khung thanh.

Pap an: 1
= Loi gidi
x=3+18t
- Quy dao bong tir P(3;9;0) theo v=(18;-6;1): < y=9—-6¢ (t>0)
z=t

|V |= /18 +(=6)> +1> = 19m.

- Mit phang khung thanh (bién ngang): y=0.

Piém cham mit phang khung thanh y=0=9-6t=0=1¢= % hay 0(30;0;1,5) .

Khung thanh rong 7,20m , tdm ¢ gitra san rong 60m = x €[30—-3,6;30+3,6], cao 2,40m =0<2z<2,40

.Tai 0:x=30 va z=1,5= nam trong khung thanh
Thoi gian bong bay td1 khung

Quang duong s:|\7|t=19%=28,5m.

285

Toc do 28,5m/s = t,,, = 285

ls.

Cau 63. Mot tau ngdm nghién ctru bi mét tich. Pugc hai tau trén mit bién tim kiém phét hién tiu ngam cing
lac.

- Tau 1 phat hién tau ngdm theo hudng cia vecto v, =(=13;-1).

- Tau 2 phat hién tau ngam cuing liic theo hudng cua vecto v, =(4;2;-1).

Tau 1 & vitri P(6;2;0), con tau 2 & vi tri O(—4;4;0) dang neo dau.

Bén phut sau, cac tau lai do hudng va xac dinh rang tau ngam hién dang & vi tri B(6;10;—1) (1 don vi do
dai =100m).

Tau ngam tiép tuc di chuyén thang tir B cho dén khi ndi 1én mat nudce (tic z =0).
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Tai thoi diém xé4c dinh vi tri B, mot truc thang roi khoi tau 1, bay thing dtng 1én t6i d6 cao 1100 m (vi tri
R), 10i huéng thang toi vi tri ndi W cua tau ngdm. Tdc d6 cta truc thing 13 20m /s . Tinh thoi gian bay cia
tryc thing dé dén W 13 bao nhiéu gidy?

Pap an: 130

= Loi gidi
V& lai mo6 hinh bai toan

Ta tim dugc phuong trinh dudng duy chuyén cua tau 1 va 2 lan luot la:

x=6—t x=—4+4s
P:iy=2+3t,(t20);0:<y=4+2s .(s=20)
z=—t z=-—S

Gial =>t=s5=2= A(4;8,-2).
Suy ra huéng duy chuyén cta tau ngam 1a AB = (2;2;1)
Pi thang theo hudng AB = (2;2;1) ta c6 dugc phuong trinh duong thang duy chuyén cua tiu ngam la:
x=6+4+2u
v =10+2u,u € R . Khi ndi 1én mat bién z =0 = u =1= W (8;12;0)
z=—=1+u
Tryc thing roi tau 1, bay thang dung 1én 1100 m (diém R ) rdi bay thang dén W véi v=20m/s
Tau 1 & P(6;2;0) = R(6;2;11), suyra | RW |= \/(2)2 +(10)* +(=11)* =15(dv) =1500m.
Thoi gian: ¢, = % =555, tyy = % =
Céu 64. Trong mot canh dung phim c¢6 mot ngdi nha, mai nha 1a mot hinh chop tir gidc déu véi day 1a hinh
vuong c6 cac dinh: A4(6;4;2), B(6;6;2), C(4;6;2), D(4;4;2) vadinh chop la S . Chiéu cao cia hinh

755 = Y 1=130s.

chop mai la 2 m.

‘)

Mot dén chiéu tai L(5;10;2) chiéu sang ngdi nha tir phia bén phai.
Trong mit phang xOz c¢6 mot tim man, trén d6 s& xuat hién bong ctia ngdi nha.
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Biét réng cac dinh B,C va S 6 cac diém Chié}l lan lugt 1a: B' va C’' va S’
Tinh S'B"+S'C’ (1am tron két qua dén hang phan muoi)
Dap an: 94
= Loi gidi
Céc dinh day (hinh vudng, nam trén z =2 ): A(6; 4;2), B(6; 6;2), C(4; 6;2), D(4; 4;2)
Tam day O(5;5;2). Dén chiéu L(5;10;2). Man chiéu la mit phang xOz: y =0
Tim dinh chop S
Chiéu cao méi =2 vudng goc v6i day z =2 = S(5;5;4)

Hinh chiéu S’ ctia S 1én man y =0 theo dén L

x=5
Phuong trinh duong thang LS : { y =10—5¢
z=2+2t

Giaovél y=0suyrat=2= S’(5;0;6)
Tuong tu ta tim dugc B'(7,5;0;2),C'(2,5;0;2)
S'B' =(-2,5;0;4),5'C' = (2,5;0;4)

=J@2,57 +4 =@:>S'B’+S'C’=«/@z9,4

Ciu 65. San quan vot duoc md hinh héa 1y twong, co chiéu dai 24 m va chiéu rong 10 m. Cac 6 giao bong

= S'C’

S'B|=

dai 6 m va rong 5 m. Ludi cao lién tuc 1 m. Moi ct danh déu bay theo dudng thang.

Z 4

m'::s

x Y

Mot van dong vién dimg & vach cudi san tai diém P(3;24;0) va cb ging danh qua bong voi toc do 144
km/h & @6 cao 3,10m sao cho bong roi dung vao diém 7(5;6;0) cia 6 giao bong. Sau khi cham dét, bong
phan xa theo goc a (giit nguyén téc do, khong doi hudng ngang). Tai vi tri K trén vach cudi san bén kia dbi
thi s& danh tra, hiy tinh thoi gian d6i thii co dé phan tmg 1a bao nhiéu giay? (lam tron két qua dén hang phan
tram)

Dap an: 0,15

= Loi gidi
x=3+2t

Quydaotr 4 dén T:{y=24-18t (0<¢<1) (hudng v =(2;-18;-3,1)).
z=3,10-3,1¢

Sau nay bong: phan xa giit nguyén téc do, khong d6i hudng ngang.
x=5+2s

Huéng méi: v = (2;—-18;3,1). Vay phuong trinh méi ciia qua bong 1a { y = 6—18s,(s € R)
z=31s

Piém K trén vach cudi san bén kia thuéc mat phang y =0: Suy ra

31

6-185=0=> 5=+ = K(:0;
3 37730
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2 2
Quang duong 7K = \/(1?7—5j +6° +(%} _ 7689

30

Tbc 46 144km/ h=40m /s = thoi gian dbi thu c6 dé phan tng: t:% ~0,155.

Cau 66. Mot kim tu thap ¢b ¢6 céc dinh A(100;0;0), B(100;100;0), C(0;100;0), D(0;0;0) va dinh
5(50;50;100). Tir mat bén BCS nho ra mot thanh PO thing dimg (1a mot phan cta co ciu nang), trung
diém 7' cia thanh PO dugc d& boi cot thang dimg RT . Biét P(50;60;80), 0(50;100;100) .Tinh chiéu dai
cot TR.

X

Pap an: 50

= Loi gidi
Mit phang (BCS) : BC = (—100;0;0), BS = (—50;—50;100), 7 = [E:,B—S] = (0;10000;5000) ~ (0;2;1)
Vay phuong trinh tong quét: (BCS):2y+z-200=0.
Trung diém 7' clia PQ: T(50;80;90).
x=50
Cot RT thang ding (song song Oz) c6 phuong trinh g:4y=80 ,(1eR)
z=90+41
Giao v61 (BCS):2-80+(90+ 1) —200=0= A1 =-50.
Suy ra R(50;80;40) = TR = 50.
Cau 67. Thap gém mét khoi 1ap phuong, trén d6 gén thém mot khung hp chir nhat, va phia trén 1a mot khéi
chop tur giac déu. Tai do cao bang chiéu cao khoi 1ap phuong, c6 gan mgt mat phang trugt hinh chir nhat
(xem hinh, cac kich thudc tinh bang mét).

S
j _-__-_'!-.
1 v,
\VEL B
E : \\
T F
. e 4 -
2] Dj.... == D "
/c \/ -
i b ¥

X
T dinh S c6 budc mot soi day xudng diém P(1;7;0) lam day leo.
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Trén mat phang truot, co mot dura tre ding thang tai vi tri chinh giita tAm truot va véi thang tay (vudng goc
v6i mat dat) nam duge day leo. Tinh chiéu cao tay vin cua dira tré tinh tir mat dét.
Pap an: 1,6

w Lot gidi

Ta x4c dinh duoc toa d6 cac diém nhu sau
D(0;0;0),4(2;0;0),B(2;2;0),C(0;2;0); H(0;0;2), £(2;0;2), F(2;2;2),G(0;2;2),S (1, 1,4)

x=1,
Phuong trinh dudng thang SP:{y=1+6t, (teR)

z=4-4¢
Ta thdy dugc mit phang truot di qua F,G, K (0; 5; 0) nén phuong trinh mat phang trugt 13: 2y +32z-10=0
Diém chinh giita tAm trugt c6 toa do: 1(1;3,5;1)
Drra tré dung thang tai vi tri chinh gitta tdm truot va voi thang tay (vudng goc v6i mat dit) thudt duong

thang ¢ vecto chi phwong 13 (0;0;1) va di qua / (1;3,5;1) .

x=1
Phuong trinh A:<y=3,5 ,(keR)
z=1+k
I1=1
. t=2,4
Tim giao diém A véi SP:13,5=1+6f < 0.6
l+k=4-4t o

Suy ra chiéu cao tay vin cia dua tré tinh tir mat dat1a 1,6m
Ciu 68. Mot may bay dang trong giai doan tiép can dé ha canh. N6 bay theo duong thang g di qua hai
diém A4(25;2;5) va B(15;7;3).

Khu vuc tiép can ha canh duogc gidi han bdi hai duong thfmg g va &, lan lugt di qua céc diém
C(10;4;2), D(0;10;0) va E(10;20;2), F(0;14;0) (cac s6 do tinh bang km).

Puong thang g di ¢ giita khu vuc tiép can duogc coi 1a duong 1y twong cho ha canh. Xac dinh phuong
trinh g;. Pudng bay g ciia may bay cat duong &; tai S . Biét toc do ciia may bay 1a 500km / k. Tinh thoi
gian tir khi may bay ¢ diém A cho dén khi cham dudng Iy tuong &; 1a bao nhiéu gidy? (1am tron két qua dén

hang don vi)
Dap an: 164
= Loi gidi
x=25-10¢
Puong bay g cuamay bay (qua 4,B): g:4y=2+5t  (teR) (hudng v =(-10;5;-2)).
z=5-2t
99 2025-2026
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"Pudng ly tuong" &; di gitta khu vuc tiép can: hay &; di qua trung diém CE, DF (diém dau (10;12;2),
cubdi (0;12;0)).
x=10-10u
Ta dugc phuong trinh: g, :¢y =12 (ueR)
z=2-2u
Giao §Mg;:¢0 2+5t=12=¢t=2=S5(5;12;1). Vay & cit g tai S(5;12;1)
Taco SA=y(5-25) +(12-2) +(1-5)’ =2129

. 24129
Thoi gian bay (toc d¢ 500km / h)la: ¢t = W'%OO ~ 164 (giay)
Cau 69. Mot ngdi nha gdc cé kich thude nhu hinh bén.

D = LY
El E2
B
6 :
A CH -
: A C] BEm
7 CI D ? am

¥ &m
. ¥

Dau tay can ciu co toa do K(11;12;26) . Tir d6 kéo mot soi day t6i mai E, va xoay qua tiép tuc kéo mot
soi day khac voi mai E, . Tinh tong chidu dai tdi thiéu cac soi day d6 (1am tron két qua dén hang phin muoi)
Pap an: 48,2
= Loi gidi
0(0;0;0),4(0;8;4),B(0;4;10),C(-8;8,4), E(-8;16;4), F (-11;16;10)
AB =(0,-4,6), AC = (-8,0,0) = 7i,, :[E,ﬁ] =(0,3,2) = E, :3y+22-32=0.
CE =(0,8,0),CF =(-3,8,6) = i, =(2,0,1)= E, :2x+z+12=0.
- Trén E, duong noc 8pp diqua B va vecto chi phuong la (l; 0;0)
X =t,
— duong noc: g, 11y =4, (teR).
z=10
- Trén E, duong néc €zp di qua F va vecto chi phuong la (0;1;0)
x=-11,
— duong noc: gpp V=S5, (s eR).
z=10
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Giao diém hai duong noc tai D
Gidi hai hé trén: x=—-11,y=4,z=10= D(-11;4;10).

. 12 226
Ta tim duoc hinh chiéu cta K 1én E, 13 K, = (1 L‘B,Fj
cd y <4 = ngoai tir gidc = do dai ngin nhit xay ra trén bién.
- Khoang cach tir K dén cac canh dat min tai dinh B(0,4,10):
KB = \/(11—0)2 +(12-4)* +(26-10)* =+/441 =21m.
- Ta tim duoc hinh chiéu cia K 1én E2 a K, = (-13,12,14)

cd x =-13<-11= ndm ngoai t&r gidc = dJ dai ngdn nhat xdy ra trén bién.

x=-11
-Xétcanh DF :{y=4+12t,0<¢<1.
z=10

Ta c6: Khoang cach tir K dén DF = Jzzz +(12—4—-121)* +16° nho nhat khi ¢ = % — R=(-11,12,10),
suy ra KR =222 +0?+16> = 2/185 ~ 27,2m.
Téng d6 dai téi thiéu hai soi day L, ~48,2m.

Cau 70. Cac diém 4(0;—1;0), B(1;—4;0) va C(4;-3;0) la cac dinh thu duoc cua ddy mot kim ty thap khoi

chop tir giac déu, da bi sup mot phan va can duoc phuc dung. Mdi don vi trong hé toa do tng v6i 100 m.

A
S ey
. llr
H.'
¥ 4
- -\ T -
B, = 3

D
Ce
Goitam M ctia hinh vudng va toa ¢ dinh D con thiéu. Trén dinh M theo phuong thang dung 1a dinh S

ctia kim ty thap, v6i chiéu cao 200 m. Theo md ta, anh sang mit troi vudng goc v6i mat bén DAS chiéu qua

. 1 57 . :
diém O (E’E’Ej vao mot 16i vao bi méat ciia kim tu thap. Xac dinh duogc toa do diém P (a;b; c) la vi tri ban
dau cta 16i vao bi mat nay. Tinh 2a+3b+c

Pap an: 0

= Loi gidi
Vi 4,B,C la ba dinh lién tiép ciia hinh vuong, D =(3,0,0)
Tam hinh vudng: M =(2,-2,0).

Cao kim ty thap =200m =2 (dv) theo phuong thang dimg = S (2, -2, 2)
C6 DA= (-3,-1, 0),59 =(-1,-2,2). = phap tuyén 7 = [m,D—S] =(-2,6,5)
Suy ra phuong trinh mit phing (DAS ) :—2x+6y+5z+6=0

Vi anh sang mat troi vuong goc voi mat DAS nén hudng tia la 7 = (-2,6,5)
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x:l—%
2

, 5
DPuong thang di qua O, vudng goc véi DAS c6 phuong trinh: (:3y = 3 +61,teR

Giao V01 DAS: —2x+6y+5z+6=0 cho t=—%.

3 4
S P|—,—=,1].
L

Céu 71. Thap d6i Puerta de Europa, Ty Ban Nha c6 mit tién nghiéng, duoc mé hinh hoa boi mit phiang
(P) :x—y+z+1=0 trong hé toa 40 Oxyz (don vi mét). Chu tdoa nha mudn treo mot bién quang cdo lén mat

tudng ndy, nhung vi vi tri ¢6 ctra s6 thong gié nén phai ding co cdu gian gido nhu sau:

1. Khoan 15 va cim thanh sit

- Khoan hai 13 trén tudng, cdm vao dé hai
thanh sit ¢ dinh sao cho ddu mut cia moi
thanh nho ra phia ngoai.

- Goi hai dau mut 1an lugt 1a diém A va
diém B, véitoa do A(1;—-2;0), B(2;1;—1).

2. No6i khung ngang

- Han mot thanh st ngang ndi tr 4 dén B
. bay la thanh chiu lyc chinh dé treo bién.

3. Gén bién quang cao

- Han khung bién vao thanh ngang, xem bién
nhu mot tim ban mong nim trén cing mit [
phang (Q) . '

Pé bién 4 ap sat tuong nhat - vira ting tinh thAm my, vira giam luc gio - ta cAn diéu chinh sao cho goc 0 gitta
mit phang bién (Q) va mit phang tuong (P) 1a nho nhat.

Gia str phuong trinh tong quat ctia bién hidu 13 (Q): ax+by +cz+d =0,(a;b;c;d € R).
Hay tinh tong a+b+c+d
Pap an: 3

= Loi gidi

Trong khong gian Oxyz, cho hai diém A4(1;—2;0) va B(2;1;—1) va mit phang (P) c6 phuong trinh
x—y+z+1=0. Biét mit phang (Q) di qua 4, B dong thoi tao v6i (P) mot goc nho nhat co phuong trinh
la ax+by+cz+d =0 V0Oi a,b,c,d € R. Tinh gia tri dai luong a+b+c+d .

Taco AB= (L;3; 1) 1a véc to chi phu:(mg cia AB.
Véc to phap tuyén n cua (P) la n =(1;-11).
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Vay ZE =-3#0= duong thang 4B cit (P) tai diém I .
Goi A=P~Q.Giastt H va K lan luot 13 hinh chiéu ciia 4 trén (P) va A.
Tacd AKH la goc gilta (Q) va (P). Lai thiy tan AKH = Al > AT const
AK Al
AH

Vay AKHminc>tanAKHmin<:>tanAKH=ZC>KEIC>AJ_AB

Vi ALAB;A Ln, viy [ 4B.n, ] 1a véc to chi phuong cia A

1 3
I -1

3 -1
-1 1

-1 1
1 1

b b

D& thiy [ 45,1, ] - U

D =2;-2;-4)//(,-1;,-2)=u

Vay (©Q) nhéan u,AB 1am cip véc to chi phuong
-1 =2 |2 1 |1 -1
=(7;-L4)
3 —1]|-1 1|1 3
Mat khidc 4€e 0= (Q):7(x-1)—(y—3)+4(z+1)=0 hay (Q):7x—y+4z-9=0
Theo dé bai Q:ax+by+cz+d=0=>a=7;b=l,c=4;d=-9=a+b+c+d=3

b b

:@z[ﬁ,ﬁ]:ﬂ

Cau 72. Mot chiéc thuyén dang chuyén dong déu véi tbe d6 10 m/s theo hudng tir Nam 1én Béc trén mit ho.
Trén ciy cau nam cach mit hd 20m theo phuong thang dimg, c6 mot chiée 6 to chuyén dong déu vai toe do
20m/s theo hudng tir Tay sang Dong.

Nhu hinh v, tai thoi diém hién tai, thuyén & vi tri cach diém P (nam duwéi cau) 40 m theo phuong Nam,
con 6 t0 & vi tri cach Q (¢rén cau) 30 m theo phuong Tay.

(B6 qua kich thwéc cia thuyén va 6 t6; doan thang PQ luén vudng goc véi huéng chuyén dong ciia ca
thuyén va o6 to)

Hoi: Khoang cach giita thuyén va 6 t6 dat gia tri nhé nhit bang bao nhiéu mét?
Dap an: 30
= Loi gidi
Chon hé toa d6 nhu sau trén mat phing ngang (truc ¥ hudng Pong, truc ¥ hudng Bic, gbc O tai diém
P ngay trén mit nudc, bén dudi diém O trén cau):

-Diém B, 1a vi tri thuyén luc £=0 ¢o toa do (0; —40;0) vi thuyén cach P 40m theo phuong Nam
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-Piém C vi tri 6 t6 luc =0 ¢6 toa do (—30;0;20) vi 6 t6 cach © 30m vé phia Tay va cao 20m so v6i
mat nudc.

Khi f giay troi qua:

- Thuyén di lén Béc véi toc do 10m /s = vi tri B(1)=(0;-40+10z;0)

- O t6 chay vé Dong véi toe dd 20m /s = vitri C(¢)=(-30+20¢0;20) .

Khoéng cach binh phuong giita thuyén va 6 to 1a

D) =(x.—x,) +(ve =y ) +(2c =25 ) =(=30+20£)> +(0—(~40+100))* + (20— 0)".

Do d6 D’ (¢) = 400¢> —1200¢ +900+100¢> —800¢ +1600 + 400 = 500¢> —2000¢ + 2900.
—(=2000) 2000 .

2500 1000~ &)

Gié tri nho nhat: D2, =500-(2)* —2000- 2+ 2900 = 2000 — 4000+ 2900 = 900 — D, . =+/900 =30(m).
Vay khoang cach nho nhat 1a 30m.

Ham D?(¢) 1a ham bac hai nén dat cyc tiéu tai 7, =

Cau 73. Mot ciy cau duoc thiét ké theo dang parabol dbi xtmg, bic ngang con song. Trong d6:
- Dong song chay theo truc Ox , mat nudce séng nam trong mat phang z=0,
- Cau nam trong mit phing yOZ nbi tir: 4(0;—5;0) (b trai song) dén B(0; 5 ;0) (b0 phai song)
-Caucod dang parabol ddi xung qua truc Oz, voi dinh tai H(0;0;4)

- Trén song co tau contamer cao 6 mét, than tau rong 4 mét va can it nhat 1 mét khoang trong chiéu cao an
toan, tlrc yéu cau chiéu cao cau t6i thiéu 1a 7 mét tai doan giita song tir y =—2 dén y = 2. Tim gia tri nh6 nhét
ctia h dé dam bao chiéu cao cau tir y =—2 dén y =2 luén 16n hon hodc bang7 (lam tron két qua dén hang
phan trim)

Dap an: 8,33

= Loi gidi
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Vi cau nam trong mit phiang yOz , ta xét phuong trinh: z =ay? +by +c
Do parabol dbi xtmg qua truc Oz, nén b=0= z=ay” +h(*)
Vi cdu di qua hai diém: 4(0;-5;0), B(0;5;0)

2
= —_ :2
O=a(-5"+h 5a+h:>25a+h=0:>a=—i

Thay vao phuong trinh (*), ta duoc:
¥ Va0 PRTOnE ) {Oza(5)2+h=25a+h 25

h
Suyra z=——y +h
Yy 25y

Dé tau di qua duoc cau thi: z(y) = _2£5y2 +h>7 véi ye[-2;2]

Vi z(y) dat gid tri nho nhattai y=42= z__ :—%-4+h:%
21 > T2 1B 21 8 330m)

Hay —2>7=h2> =
25 21 21 21
Cau 74. Mot ving nii dugec mé phong bang mit phang dia hinh: (P) x+2y-z=0
Mot ngudi bi nan dang ding tai diém B(2;1;6) khong nam trén mit dat, ma dung trén mot mom da cao.
Mot truc thing xut phét tir cin ct tai diém H(1082;—809;1624), bay theo duong thang hudng dén ngudi
bi nan. Tuy nhién, dé dam bao an toan, truc thing chi dugc phép dung lai tai mot diém M trén duong bay,
sao cho: M cach mat phang dia hinh (P) ding 2 mét. Sau d6 tr diem M (trong d6 hoanh d9, tung do va cao
d6 dugc lam tron dén hang phan tram), tryc thing tha cap ctru hd hd trg nguoi bi nan
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Hay tinh d9 dai doan bay tir can cir H dén diém tiép can M (lam tron két qua dén hang don vi).
Pap an: 2104
= Loi gidi
Ta ¢6: i = HB = (2—1082;1+809;6—1624) = (—1080;810;—1618)
x =1082-1080¢
Phuong trinh tham s6 ctia duong thang: { y =-809+810z, <R
z=1624-1618t¢
Cong thirc khoang cach tir diém M (x, y,z) dén midt phang x+2y—z=0:
|x+2y—z]| |x+2y—z]|
d = =
JP+22 +(-1) J6
Thay toa do diém M ed : x+2y—z=(1082-1080 r)+2(-809+810 ¢)—(1624-1618 ¢)
=1082—-1080 ¢t —1618+1620 t —1624+1618 t =—-2160+2158 ¢

=2=|x+2y—z]=26

+
—>|2158t—2160|=2~/5:>2158f—2160=ﬁ£:’=%
Chon nghiém nho hon (vi M nam gitta H va B): ¢ :%

Tai day ta tim duoc toa do diém di duoc lam tron dén hang phan tram la: M (3,45;-0,09;8,17)
Suy ra: HM = 2104

Céu 75. Mot nha mdy can ndi mot dudng éng nudc thing tir bon chira tai diém 4(0;0;0) dén may xir Iy
dit tai diém B(4;3;1). Do dia hinh bj chan giita hai diém, dudng 6ng bat buc phai di qua mot diém M

nam trén mit phang; (P) X+ y+z=9 rdi méi dén diém B .

xt+ty+z=9
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Biét rﬁng hé truc toa d§ Oxyz dugc gén trong md hinh nha may véi mdi don vi twong tmg 1 mét. Hoi chiéu

dai ong nudc nhd nhat ma nha may can ndi bang bao nhiéu mét?

Dap an: 6,16

= Loi gidi

Toéng d6 dai hai doan thing AM +MB 13 ngan nhét khi diém M nim trén dudng thang AB',v6i B’ 1a

diém ddi xtmg cua B qua mit phang (P).

A B

(P) T~y

Goi B’ 1a diém déi xtmg cua B qua mit phang (P).

373’3

Khi d6 toa do diém B' 1a: (4;3;1)+§(1;1;1):(_ 2.2
14
xX=—t
3

z=—t
3

(21,333
5 10 2

Khi do: AM = ,/%;BM=‘/§ ta co: J%h/ﬁ ~ 6,16 (m)
100 100 100 100

14 115

14 11 5

Tacod: AB': y:Et,gQiMeAB‘:M(—t;—t,—t ,vi M € P nén —+
3 3 33 3
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@" VUI CUNG TOAN Phirong trinh Mt phang, Puong thang, Mat cau
@ PHUONG TRINH MAT CAU

Céu 76. Khi gin hé toa dd Oxyz (don vi trén mdi tryc tinh theo kilomét) vao khong gian, ngudi ta thay riang

mot khong gian phu song dién thoai ¢6 dang mot hinh cau (S ) (tap hop nhing diém nim trén va ndm trong

mit cau tuong Gmg). Biét mit cdu c6 phuong trinh x* +3* + 2z —4x—6y—2z+5=0. Khoang cach xa nhat
giita hai diém thudc viing phu song 1a bao nhiéu kilomét?

Dap an: 6.

= Loi gidi

Mit cau () c6 tam 7(2;3;1) vabankinh R=~/2" +3"+1° =5 =3.

Goi 4, B 13 hai diém thudc ving phi séng. Khi d6 4, B c6 khoang cach xa nhat khi doan 4B 13 duong
kinh ctia mt cau.

Vay khoang cach xa nhat gitra hai diém thudc vung phu song 1a 6 kilomét.
Céu 77. Mot co sé san xuat Kem lam mot mé hinh Kem ¢ qué 16n gdm 2 phan: Phan Kem c6 dang hinh
cau, phan ¢ qué c6 dang hinh nén (nhu hinh v& bén). Chi co s& san xuat mudn gin mot chiée dén Led 16n
chiéu thang cay kem véao budi tdi, biét rang chiéc dén nam trén mit phang chira dudng tron (C) 14 phan tiép

xuc gitra phan Kem va phan 6¢ qué. Chon hé truc toa dd Oxyz trong khong gian théa man

phan Kem hinh cau c6 tdm 7(1;2;3), ban kinh R, =3 va phan dinh ctia hinh nén 1a diém H(0;1;-2) day la
duong tron ¢6 ban kinh R, = J6 . Dé t6i uu hoa luong anh sang chiéc dén c6 thé chiéu vao cay kem ngudi ta
tinh toan rang chiéc dén Led s& phai ¢ vi tri M (a;b;2),a € Z va tir diém M ké duoc 2 tiép tuyén voi dudng
tron (C) sao cho goc giira 2 tiép tuyén d6 khong bé hon 60 . C6 bao nhiéu vi tri dit chiéc dén Led thoa man
yéu cau cta chil co s6.
Pap an: 5.
= Loi gidi

Goi 4 1a tim cua dudng tron (C) va MC,MD 14 hai tiép tuyén ké tir M dén (C)
* Ta co: [H = (-L-1-5)

IH = (1) +(=1) +(=5) =33
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A}' VUI CUNG TOAN Phuwong trinh Mat phang, Duong thang, Mat cau

IA=\R ~R: =3*-6=13

2
X==
0-1=3(x,-1) 3
IH=31d={1-2=3(y,-2) = yzg
—2-3=3(z,-3) 4
z=—
3
A o AA x4y NP 254
Vay hinh nén c6 day 1a duong tron c6 tdm A(E;g;gj

* Goi mit phang (P) chtra duong tron (C ) .

Phuong trinh mét phang (P):(x—%j+(y—§j+5(z—§j:0 &S x+y+5z-9=0

biem M e(P)=a+b+52-9=0=b=—a-1
hay M (a;—a—1;2)e(P)
* Tir diém M ké dugc hai tiép tuyén = AM > /6
2 2 5 2 4 2
S AM?>>6=|a-=| +| —a—-1-=| +|2—-=| >6
3 3 3
=2x" +4x+8>6=>x#-1(1)
* Goc giira hai tiép tuyén khong bé hon 60" = sin CMA > sin 30°
:sinCMAZ%

AC 1 J6

R GG
g g
~[o o4

:>2x2+4x—?éo

V330 V330
6

<a<-l1+——(2
S 2)

=

N | =

=-1-

*Tu (1),(2) va a e Z = ae{-4-3;-2;0,1;2} .

Vay ¢6 5 gia tri nguyén thoa yéu cau bai toan.
Céu 78. Ban Binh d6 ban Nam tim duoc dudng kinh ctia qua bong 10, biét rang néu dit qua bong & mot goc
cin phong hinh hop chir nhat, sao cho qua bong cham (tiép xuc) véi hai birc tudng va nén nha cia cin phong
d6 (khi d6 khoang cach tir tim qua bong dén hai birc tudng va nén nha déu bang ban kinh cta qua bong) thi
c6 mot diém M) trén qua bong voi khoang cach 1an luot dén hai birc tudng va nén nha 1a 17 cm, 18 cm va 21
cm (Hinh bén dudi). Tinh duong kinh ciia qua bong rd do, biét rang loai bong rd tiéu chuan c6 duong kinh
tir 23 cm dén 24,5 cm (két qua lam tron dén hang phén chuc, don vi la cm).
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Dap an: 23,9.
= Loi gidi
Xét qua bong tiép xtic voi cac birc tuong va chon hé truc Oxyz nhu hinh vé:

z

a

Ir'h‘_hh"'"“‘"---1
— |

h"

: e
Goi (a;a;a) 13 thm ciia mit cau va r=a > 0.
Phuong trinh mit cau cta qua bong 1a
(S) ‘(x—a)Y+(y—a)’ +(z—a) =a’.
Gia st M (x;y;z) nam trén mit cau (bé mit clia qua béng) sao cho

Cau 1: d(M,(Oxy))=21, d(M,(Oxz)) =18, d(M,(Oyz))=17.

Khid6 z=21,y=18,x=17. Khi do ta c6 phuong trinh

Cau 2: (17-a)* +(18-a)’ +(21—a)’ =a’
) 5 a~11,97
Cau 3: & 2a” -112a+1054 =0 <
a~ 44,03(L)

Vay duodng kinh cta qua béng rd 12 2a ~ 23,9 cm.

Cau 79. Mot khinh khi cau nghién ctru khi tugng duge phong 1én dé thu thap dir liéu trong tang binh luu.
Khi ciu nay c6 thiét bi dinh vi str dung tin hiéu tir cic vé tinh ciia cong ty S dé xac dinh vi tri trong khong
gian. Tai thoi diém quan sat, khi chu dang bay ¢ d cao 50 km va nhén dugc tin hi€u tir ba vé tinh S c6 toa
do trong khong gian Oxyz (don vi km) nhu sau: V& tinh A tai vi tri 4(103;204; 62), vé tinh B tai vi tri

B(106;208; 74), vé tinh C tai vi tri C(105;212;134). Tr thoi gian truyén tin hiéu, hé théng xéc dinh ring
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@ VUI CUNG TOAN Phuwong trinh Mat phang, Duong thang, Mat cau
khoang cach tur vi tri M cuia khinh khi cAu dén cac vé tinh 1a: MA =13 km, MB =26 km, MC =85 km.
Tinh khoang cach tir khinh khi cau dén gbc toa do O . (1am tron két qua dén hang don vi ctia km).

p&
o % o
#°e ey

26 km
13 km Am

Ay T
Pap an: 229
= Loi gidi
Goi M (x;y;z). Ta co:
MA=13< M €(S,) la mit cAu tim 4, bankinh R =13
= x>+ > +2° —206x—408y —1242 455900 =0 (1)
MB=26< M <(S,) lamat cau tim B, bankinh R, =26
= x’+)’ +2° —212x-416y-1482+59300=0 (2)
MC =85<> M e(S,) lamit cau tim C béan kinh R, =85
= x>+ > +2°—210x—424y — 268z + 66700 = 0 (3)
Lay (2) trir (1) ta dugc 6x+8y+24z-3400=0 < 3x+4y+12z-1700=0 (4)
Lay (2) trir (3) ta dugc 2x—8y—120z+7400=0 < x—4y—60z+3700=0 (5)
Nhan xét cac phuong trinh (4) va (5) déu 1a phuong trinh mit phang.
Suy ra diém M thudc giao tuyén d cua hai mdt phing (P):3x+4y+12z-1700=0 va
(Q):x—4y—60z+3700=0.

e =(3;4;12) o
Taco {ﬁ(g) — (1i—4560) =i, = [n(P),n(QJ =(-192;192;-16)=-16(12; -12;1)
Chon diém 7' (—500;800;0) vira thudc (P), vira thuge (Q) =T ed
x=-500+12¢
Phuong trinh tham s6 cta d 1a { y =800-12¢ (zeR).
z=t

Ma M €d = M (=500 +12m; 800 —12m; m) véi m e R .
Thay (x; y; z) =(—-500+12m; 800 —12m; m)vao phuong trinh (1) ta dwoc
(12m—500)" +(800—12m)" +m* =206(12m—500)+ 408 (800—12m) +124m—55900

& 289m” —28900m +722500 =0 < m = 50.
Vay toa do M 1a M (100;200;50) = OM =504/21 ~229 (km).
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@ VUI CUNG TOAN Phuwong trinh Mat phang, Duong thang, Mat cau
Cau 80. (Chuyén Lam Son - Thanh Héa 2025) Mot cong ty xay
dung mot hé théng Giam sat moi truong tai khu cong nghiép. Hai

cam bién khong day dugc dat tai hai vi tri 4, B trong khong gian 3

A3,5,-2)

chiéu dé thu thap dir liéu khong khi. Pé dam bao tin hiéu truyén
giita hai cam bién 6n dinh, cong ty thiét ké mot bong bao vé tin
hiéu hinh ciu di dong nhung ludn di qua ca hai cam bién 4 va B.
Boéng nay can tiép xic voi mat dat dé dam bao tinh on dinh. Gia sir
trong khong gian véi hé toa d§ Oxyz , toa do céc diém la

A(3;5;-2), B(-1;3;2) va mit dat dugc md ta bing mdt phang:

(P):2x+ y—2z+9=0. Trong qua trinh md phong, diém tiép xtc

(P): 2x+y-2z+49=0

giira bong bao vé va mit dit (goi 1a C) thay ddi. K su can xéac
dinh khoang cach tir goc toa do 0(0,0,0) dén diém tiep xuc C dé
danh gia mic d6 anh huong tir vi tri dat thiét bi. Goi m, 1a gia tri 16n nhat, va m, 1a gia tri nho nhét cua do
dai OC. Tinh gia trj m> +m,’.
Dap an: 76
= Loi gidi

QO

= 4B, n, cing phuong nén AB L (P), 4B =6
_ \2.3+5—2.(—2)J:9\ 8 va d(B5(P)) - \2.(—1)+3—2.2t9\ _,
22 +1° +(-2) 22 +1°+(-2)
ABN(P)=M = M cb dinh

Do (P) tiép xtc voi mat cau (S) tai C nén MC L IC tai C
MA=d(4;(P))=8
MB=d(B;(P))=2
= C thudc duong tron tdim M béan kinh » = MC =4

:>MA.MB=MC2,tac():{ S MCP =16 MC=4

x=3+2t¢
. 7 7 10
Taco: AB:<y=5+t ,M=ABN(P)=>M 333
z=-2-2t
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x=2t
Goi H 1a hinh chiéu ciia O 1én mt phang (P) =d(O(P))=3, OH :{y=t
z=-2t

H=0HN(P)=H(-2;-12), HM =+/13<4 nén H nim trong duong tron tim M ban kinh

r=MC=4.Suyra OC =JOH* + HC* =9+ HC>
= OC dat min hoac max < HC dat min hodac max

2
{HCmm —|HM —r|=4-V13 | OCm = 9+(4—«/13 )=m2
=
HCmaX:HM+r:4+ 13 Ocmax= 9+<4+ \/13)2=ml

Vay m’> +m,’ =76
Céu 81. Hé thong dinh vi toan cau (tén tiéng Anh 13: Global Positioning System, viét tit a GPS) 1a mot hé
thong cho phép xac dinh chinh xac vi tri ciia mdt vat thé bat ki trong khong gian. Vi hé truc toa d0 Oxyz
thich hop, mdt v¢ tinh dang & vi tri toa do A(—l; -3; —5) thuong xuyén truyén tin hiéu dén cac tram thu &
cacvitri B (—l; 1; —1) va C (1;—1; —1) trén mat dat. Biét réng miat dit duoc mé hinh hoa bai phuong trinh
mit cau (S ) :x* +y° +2z° =3. Ngudi ta xac dinh duoc toa do diém M (a;b;c) thudc mat dat sao cho téng

do dai MA+ MB + MC nhé nhét. Tinh giatri a+b+c valam tron dén hang ph'?m chuc.

Pap an: -2,1
. Loi gidi
Mit cdu (§) ¢6 tam O(0;0;0), ban kinh R =+/3 .
AB=(0;4;4) —
Taco |42~ ):»[AB,AC]=(8;8;—8)=8(1;1;—1).
AC =(2;2;4)
:>(ABC):x+y—Z—1=0.

Do d (O,(ABC )) = L nén mit phang (ABC ) cat mat cau (S ) theo giao tuyén 1a mot duong tron (C )

B
ban kinh bing r=R? —d? = ﬁ :

3
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Chon diém D thudc (C) sao cho ABCD déu, suy ra D(L;1;1).

Xét diém M thudc cung nhé BC, lay E thude doan DM sao cho MC = ME (1).

Mit khac CME = CBD =60° (gbc ndi tiép cing chin cung CD). Vi vdy tam gidc CME déu.

CM =CE,CB=CD
CBM =CDE

Xét hai tam giac CMB va CED c¢6 { . Do d6 hai tam gidc CMB, CED bang nhau,

suy ra MB=ED (2).
Tu (1) va (2) suy ra MA+MB+MC = MA+ED+ME > AD =214
Déu ding thirc xdy ra khi M = ADN(S) hay M = ADN(C).

x=1+t¢
Ta c6: phuong trinh tham s6 ctia duong thang AD 1a AD:{y=1+2¢.

z=1+3¢
t=0
Thay phuong trinh AD vao phuong trinh (S) thi (lth)2 +(1+2t)2 +(1+3t)2 =3 6 .
t=——
7
Véi t=0 tacé diem D(LL1).
. 1
Véi tz—g ta c6 diem M(l;—é;—E ; suy ra a+b+c=——5z—2,l.
7 77 7 7

Cau 82. Mot robot khao sat khong gian hoat dong trong méi trudng 3D ¢ mot cam bién hinh cau, dugce lap
trinh dé di chuyén sao cho cam bién nay tiép xtc tai mot diém Q trén mot birc tudng nghiéng c6 phuong
trinh 1a mit phang x+ y—z—3 =0 dé do dac. Trong luc khao sat, cam bién ludn phai di qua hai diém chuan
da 6 dinh sin trong khong gian 1a diém M (L;1;1) - vi tri cam bién tai lan do dau tién va diém
N(=3;-3;-3) vi tri cam bién tai ldn do tiép theo. D t6i uu hod phan mém diéu huéng, k§ su muén xac
dinh rang: Du cam bién (hinh ciu) ¢ di chuyén sao cho tiép xuc & dau trén birc tuong, diém tiép xtc do
luén nam trén mot duong tron ¢d dinh. Tinh ban kinh ciia duong tron ¢b dinh dé, tir d6 gitp lap trinh robot
do tim tiép diém dé dang hon trong céc 1an do tiép theo.

Dap an: 6.
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= Loi gidi
x=1+t¢
* Puong thang MN c6 phuong trinh tham s§ 1a { y =1+¢.
z=1+t¢
* Goi I = MN N (P) khi d6 toa do diém I tmg v6i ¢ théa man:
I+t +14+t-1-1-3=01-2=01=2=1(3;3;3)= IM =23,IN = 6:/3.
Do mit cau (S) di qua M, N va tiép xuc v6i dudng thang 0 tai diém O nén ta co:
I0°=IM-IN=KI’ —-R* =10’ =IM -IN =36 <10 =6
Vay Q luén thudc duong tron tdm / ban kinh R =6.
Cau 83. Trong khong gian vi hé truc toa d§ Oxyz (don vi trén mdi tryc 1a kilomét), dai kiém soat khong
lru san bay & vi tri 0(0;0;0) va duoc thiét ké phat hién may bay ¢ khoang cach toi da 500 km. Mot may
bay dang & vi tri A(—IOOO; —185;30) va chuyén dong véi toc d6 khong dbi theo quy dao 13 duong thing d
¢6 vecto chi phuong i = (100;80;0). Tinh khoang cach tir vi tri 4 dén khi dai kiém soat khong luu phat

hién dugc may bay (don vi km, 1am tron két qua dén hang don vi).

/l -

Pap an: 761.

x Loi gidi
Goi M 1a giao diém cia duong thang d v&i mit cdu (S) tim O ban kinh R =500 km. Khi d6, yéu cau
bai toan 14 tinh do dai doan AM.
x =—1000+100¢
Taco: (S):x*+)y* +2°=500>,d:{y=—185+80r = AM =20/41.1
z=30
Tim M :
(=1000+1007)> + (—185 +80¢)* + 30> = 250000
< 164001 — 2296007 + 785125 =0

< 656t° 91841 +31405=0

,_ 1148+/30299

PN 164

. 1148 -+/30299

164
Vay AM =761 km.

= AM ~1032

= AM =761

Céu 84. Trong trong khong gian Oxyz, bé mit Trai Pat c6 phuong trinh: x* + y* + z> =1.(1 don vi dai trong
khong gian Oxyz twong (g v&i 6 371 krn trén thyc té); vi tri P ¢6 vi d9, kinh do tuong ung 1a
a°N, PE(0<a <90,0< 3<180) cb toa dd P(cosa®cos % cosa®sin B°%sina®). Ung dung Google

Maps cho phép xac dinh khoang cach gitta hai vi tri trén bé mat Trai Dat khi biét vi do va kinh do cia
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chung. Khoang cach giira hai vi tri P va O trén bé mit Trai Dat 1a d6 dai cung nhé PQ ctia dudng tron cd
tam O va di qua hai diém P, Q. Tinh khoang cach trén mit dat giita hd Hoan Kiém (Ha Noi) 6 vi tri
21°02'N,105°51' E va déo Trudong Sa & vi tri 8°39'N,111°56'E (don vi: km, két qua 1am tron dén hang
don vi)

Pap an: 1524.

= Loi gidi
Goi P va Q lan luot 13 vi tri twong tng voi hd Hoan Kiém va dao Trudng Sa
Ta co P(c0521°02'c0s105°51'; c0s21°02'sin105°51"; sin21°02') ,
Q(cos 8°39'cos111°56"co0s8°39'cos111°56";sin 8°39 ')
Suy ra
OP = (cos21°02‘c05105°51';cos21°02‘sin105°51';sin21°02') s
@ = (cos 8°39'cos111°56";c0s8°39'cos111°56'";sin 8°39 ') .
Do d6 OP.00 ~0,9715384942 vi P, Q thudc mit dat nén \@\ - ‘@‘ =1
OP.0Q

Do d6 cos POQ = ‘O—P‘ ‘®‘

~0,97154 . Suy ra POQ ~13,70257035°
Mit khac, mat cau tim O, di qua P, Q c¢6 ban kinh 1 nén cung nhé PO cua duong tron d6 co do dai xap xi
13,702570357x

bing ————"""" £ 0,2391549686 .
180

Do 1 don vi dai trong khong gian Oxyz tuong (mg v&i 6 371 km trén thyc té, nén khoang cach trén mit dat

giita hai vi tri P, Q x4p xi bang 0,2391549686-6371=1523,656305 ~ 1524 (km).

Cau 85. Mot tram X' ¢6 chirc nang thu - phat song dién thoai. Ban kinh phu song cia tram X 1a 2 km.

Chon hé truc toa Oxyz sao cho O trung véi tram X va don vi do dai trén mdi truc toa do 1a 1 km. Tur mot

noi nam ngoai vung phu song cua tram X, ban An di xuyén qua khu vuc tram X phu song va di trén mot
x=t

con duong dang dudng thing c6 phuong trinh: { y =1—¢. Quéing duong ban An di vao ving phu séng cua
R

tram X bao nhiéu kilomét? (két qua lam tron dén hang phan muoi)

Dap an: 14.
= Loi gidi
Phuong trinh viing phu séng 1a: x* + y* +2z° < 2%
Quéng dudng ban An di trong ving phii séng 1a doan AB vé6i A, B 1 hai giao diém cua
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x=t
d:iiy=1-t,(S):x’+y +z>=4.
=B
Ta c6 phuong trinh
t=0= A(0;1;3)

— AB=+2 ~1,4 km.
t=1= B(1;0;4/3)

£+(1-1+WB)Y =420 -2=0=
CAu 86. Hinh chom cau c6 mot day la mot phﬁn ctia hinh cau bi chia boi mot mat phellng. Mot rada c6 thé
phat hién cadc muyc tiéu trong khu vue cua mot hinh chdm cau véi chiéu rong trén mat d4t 1a mot hinh tron
v6i ban kinh 450 km va chiéu cao 30km. Chon hé truc toa dd Oxyz v&i mit phang Oxy 1a mit dit (xem
mat dat 12 mat phéng), truc Oz hudng 1én cao va géc toa d O trung vai vi tri ciia rada (tham khdo hinh vé
bén), mdi don vi trén truc 1a 1 km. Mot tén lira duoc phong 18n cao, bit dau tir vi tri A(30,-780;60), du
dinh bay thang véi toc do khong d6i 7 km/ gidy hudng thang dén vi tri ciia rada. Thoi gian duy kién tir khi tén
lira bi rada phat hién dén khi né ban tring rada I bao nhiéu giay? (Iam tron dén hang don vi)

Pap an: 37.
= Loi gidi
A

Gia st truc Oz cit mit cau tai diém B(0;0;30); truc Oy cét mit cau tai diém C(0;450;0) nhu hinh v&.
Goi mit cau 1a (S) vaco tam 1a 7(0;0;a) véi a <0.
Ta ¢ IB* = IC* < (30—a)’ =450° +a* < a=-3360. Suy ra mat cdu (S) c6 tam 7(0;0;-3360) va

R =3390 nén c6 phuong trinh 1a x* + y* +(z+3360)" =3390°.

x=-30¢
Puong thing 40 c6 phuong trinh 1a < y =780z .
z =—60¢

Thay x =-30t; y = 780¢; z = —60t vao phuong trinh mit cau ta dugc
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1
t=——
(=30¢)" +(780¢)" +(—60z +3360)" =3390> < 681> — 448 —225=0 = , 235 :
t=—""=
227
Khi d6 dudng thing 4O cit mit cau tai 2 diém M va N . Tén lira bi rada phat hién tai diém M théa man

. : . 2 ) 1
A, M cung phia so v&i mat phang Oxy . Khi d6 cao d9 z,, >0 nén toa do diem M ung véi t =——

= M (10;-260;20) = MO =10/681 .
Thoi gian du kién tir khi tén ltra bi rada phat hién dén khi n6 ban trang rada 1a

M7O _ 10V7681 ~37 (gidy).

Céu 87. Trong khong gian véi hé truc toa d6 Oxyz (don vi trén mdi tryc 13 mét), mot thiét bj phat song wifi
duogc dit tai vi tri 7(3;4;2). Ving phu séng cua thiét bi 1a mot hinh cau c6 ban kinh R = 10m. Mot ngudi st
dung dién thoai dung & vi tri K(x =77, 1). Sau d6, nguoi do di chuyén dén vi tri H(x+ 11; 7;1) . Tim gié tri
nguyén cua x sao cho ca hai vi tri K va H déu c6 thé bat duogc tin hidu wifi tir thiét bi.

Pap an: 1.

= Loi gidi

IK <10
IH <10

(x=10)"+3*+(=1)" <100 [¥*=20x+10<0  [10-310 <x<10+3410
= ) 5 = ) =

(x+8) +32+(_1) <100 x +16x-26<0 —8-310 <x<-8+3410
10—310 < x<—8+310 (0,5131< x <1,4868). Do x nguyén nén x = 1.

Ca hai vi tri K va H déu c6 thé bat duoc tin hiéu wifi tr thiét bi < {

Cau 88. Mot nguén am phat ra song am 1a song cau ( mat dau song la mat céu). Khi gén hé truc toa do

Oxyz v6i don vi trén mdi truc 1a mét, vi tri nguén am co toa do (0; -3; —1) , cuong do am chuén phéat ra co
ban kinh 1a 10 mét. Mot ban hoc sinh di chuyén theo phuong thfmg trvitri N (7; 10;—4) dén vitri M (5;0; 2)
dé nhan ngudn am. Khi ban hoc sinh d6 di chuyén tir N dén M thi vi tri dau tién nhan dwgc ngudn am 13
A(xy5932,) - Tinh tong x, +y, +2, .

‘9 MmN 1} o

Dap an: 10.

= Loi giai
Phuong trinh mit cdu mo ta soéng 4m phat ra tir ngudn am 1a
(S): X +(y+3) +(z+1)" =100
NM = (=2;-10;6), phuong trinh dudng thang MN 1a
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x=T7—t
y=10-5¢t,teR.
z=-443¢

Toa d¢ giao diém ctia mit cau (§)va dudng thing MN la nghiém cta hé

x=7-t
y=10-5¢
z=—4+3¢

X+ (y+3) +(z+1) =100
= (7-1) +(13=51)" +(-3+3t) =100

t=1 4,(6;5-1)
<3517 -162t+127=0< 121=) (E_EEJ
35 357 7735

Cac giao diém 14 4, (6;5-1) va 4, (ﬁ;_ﬂ;ﬂ)
Chu 4: NA, =12 +57+(=3) =35 ;
2 2
NA, = (E—7j +(—ﬂ—1oj2+(ﬂ+4) ~21,5.
35 7 35

Tacé NA, < NA, nén 4 (6;5;—1)1a vi tri diu tién nhan dugc ngudn am. Khi d6 x, +y, +z, =10

Cau 89. Trong mét tiét thuc hanh vé quan sat qua dia cAu c6 mdt nhom hoc sinh cAm mot qua dia cAu sao
cho n6 khong cham vio mit ban. Trén mit ban c6 mot to gidy hinh tam giac 4BC . Xét trong khong gian
Oxyz , tam gidc ABC ¢4 A(3;0;0),B(0;5;0),C(0;5;1). Gid sit bé mit qud dia cau 1a mit cau

49 . 2 . . 2 N . 7 .2
(S):x*+y* +(z —3)2 =2 C6 gi4o khang dinh trén qué dia cau (S) ton tai duy nhat mot diem M (a;b;c)

sao cho biéu thitc T = MA> + MB* + MC” dat gia tri 1on nhat va yéu cau nhom hoc sinh d6 di tim diém M
néu trén. Tong a +b+c bang bao nhidu?(Lam tron két qua dén hang phan tram).

Dap an: 2,40

= Loi gidi
s . ., . 10 1),,..,
+ Goi G 1a trong tam tam giac ABC ta cod G[l;?;gj khi do:
T = MA*> + MB* + MC* = GA* + GB* + GC* +3MG” . Do d6 biéu thirc T = MA*> + MB* + MC* dat gia tri
16n nhat khi va chi khi GM 16n nhat.
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x=3t
+Taco IG = %(3;10; —8) trong d6 7(0;0;3) 1a tim mét cau (§). Khi d6 duong thang IG:4 y =10¢
z=3-8t¢

7
J3460
21 .70 .5 56 j,Mz( 21 70 ., 56 j
3460 3460 /3460 V3460 3460 /3460

+ Thay x=3¢;y=10t;z=3—-8¢ vao phuong trinh mit cau ta c6 ¢ =+ . Hay duong thing IG cit

mit cau (S) tai hai diém Ml(

P, ) 21 -0 56
+ De thay IG;IM, cung hudéng nén GM 16n nhat khi M =M, hay M : 3+ )
4 1 oune 8 2 (\/3460 J3460 \/3460j
Khidé a+b+ce 201056 5 540,

\/3460

Céu 90. Tai & Tri 4n va trudng thanh cta hoc sinh khéi 12 ctia mot truong THPT CPV. Két thuc budi 18,
mot hoc sinh khdi 12 dai dién cho céc ban tha mot khinh khi cau voi khat vong bay cao va vuon xa. Trong
khong gian Oxyz , mdi don vi ing véi 1m, gia sir khinh khi cau dang & vi tri c6 phuong trinh 13

(S) : (x—l)2 +(y —2)2 +(z—10)2 = 2. Cung thoi diém d6 co ba chiéc flycam A4, B,C cach nhau 3m, 4m, 5m
va tao thanh mét tam gidc ABC c¢6 ba canh tiép xUic v&i mat cau (S ) , biét rﬁng mat phéng (ABC ) song
song v4i mit phang (P) :2x—y+22z—17 =0 va c6 phuong trinh dang 2x+ay +bz+c=0. Tong gi4 tri cua

T = a+b+c bang bao nhiéu?

Dap an: -22
= Loi gidi
Mit cdu () c6 tam 7(1;2;10),R =2
Goi (C ) ¢6 ban kinh 7 1a duong tron giao tuyén gitra mat phang (ABC ) vGi mit cau (S ) .
Ta c6 dudng tron (C) ndi tiép tam gidc (4BC).

Vi tam giac ABC c6 d6 dai ba canh 3m, 4m, 5m nén tam gidc ABC vudng.

o laa
A = = ABC: =
Tacod S c=pr=r » 31455 1.
2

Khoang c4ch tir tim mit cau dén mit phiang (ABC) 1a d = R> —r* =~/2-1=1.
Do mit phang (ABC) song song voi (P) :2x—y+2z-17 =0 nén phuong trinh mit phing (ABC) co
dang: (P):2x—y+2z+c=0 voi ¢ #—17
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2.1-2+2.10+(| c=-17()
1 =1 20+¢=3< :
22 (1) +22 =

Vay phuong trinh (4BC) 1a 2x—y+2z-23=0=>a=-1;b=2c=-23=>T=a+b+c=-22.

d(I1,(4BC))=

Cau 91. M6t qua bong hinh ciu ¢ ban kinh » dang dugc treo trong mot goc cua tuong nha (hai bo tudng
vudng goc voi nhau). Mot diém B cb dinh nam trén mép hai b tuong va cach mit dat 80 cm, soi dy treo
qua bong c6 d6 dai AB = 30 cm va day ciing 12 d6 dai ngin nhat ndi diém B véi mit xung quanh cta qua
bong. Biét rang qua bong tiép xuc vi hai bén bo tudng va diém thip nhat cua qua bong cach mit dat 20 cm.

Hoi qua bong c6 dudng kinh 13 bao nhiéu cm ? (két qua 1am tron dén hang don vi)
Az

Dap an: 38.
v Loi gidi
Goi tam qua bong hinh cau 1a 7(a;b;c) ban kinh 7. Dya vao hinh vé& ta ¢6 a;b;¢ >0 va diém B(0;0;80).

Tacd AB2|IB—14|=IB~r.Dod6 IB—r=30<>a’ +b +(c—80)' =r+30 (1)

Qué béng tiép xtc voi hai bén bo twong nén d (1,(0xz))=d(1,(0Oyz))=r<b=a=r (2)
Diém thap nhét ciia qua bong cach mat dat 20 cm nén d (I,(Oxy)) =r+20=c=r+20 (3)

Vi déy treo qua bong nén diém 7 phai thip hon diém B . Do d6 ¢ < 80 nén r + 20 < 80 = r < 60.

Thé (2), (3) vao (1) ta co \/rz +7° +(r+20—80)2 =7+30 < 3r* 1207 +3600 = 7* + 607 +900
r =45+153 ~ 70,98076

r=45-153 ~19,01924

Déi chiéu r < 60 thi » =45—-153. Vay duong kinh qua ciu la » =90—304/3 ~ 38,038

< 2r* =180r +2700 = 0 <

Cau 92. M6t bon chira khi hinh cau K ¢6 duong kinh 10 m tiép xtc truc tiép v6i mot buc tuong thang ding
tai diém 7'(-6;0;5).
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x A Y

Bon duoc che chin béng mdt tAm chin nghiéng, ¢d dinh xuéng mat dat tai cac diém A(0;16,25;0) va
B(~12:16,25;0), dong thoi dugce chdng d& boi cac thanh thang dimg tai cac diém C(0;5;15) va D(-12;5;15)
. Khoang cach an toan giita tim chin E va mit ciu K 13 bao nhiéu mét?

Pap an: 1

w Loi gidi

- Tuong thang dung 1a mat phang y=0.

- Mit cAu béan kinh » =5m, tiép xuc tuong tai 7(—6;0;5) = tam O(—6; 5;5) .

- T4m chan hién tai E di qua 4(0;16,25;0), B(—12;16,25;0), C(0;5;15) va D(-12;5;15)

Phuong trinh mit cdu K (x+6)* +(y—5)* +(z—5)* = 25.

Phuong trinh mit phang tim chan E

AB = (~12;00), AC = (0;-11,25;15) = 7i = (0;12;9) ~ (0,4,3).

E:4y+3z-65=0.

_|4-5+3-5-65| 30 _

N4 +3 5

6m

"Khoang cach an toan" gitta £ va mit cau d (O,E )
Khoang ho gittabé mat: d —r=6-5=1m.
Cau 93. Cho tam giac ABC véi: A(4; 0;0),B(0; 4;0),C(0; 0;2) . Bén trong tam gidc c6 mdt 16 tron tAm
M (1;1;1), ban kinh 7 =1.

Trong 13 ndy dat mot qua cdu K ban kinh »=+/10. Tam cia qua chu K 1a M (a;b;c)(a,b,c>0). Tinh
a+b-c
Pap an: 1
w Loi gidgi
Mit phang tam giac ABC :

(ABC):%+§+§=1<:>x+y+22—4=0, véc to phap tuyén 7i = (1;1;2).

0983 900 570 Vé Cong Truong 122 2025-2026



@ VUI CUNG TOAN Phuwong trinh Mat phang, Duong thang, Mat cau

Trong mit phang (ABC) c6 mot vong tron tam M (1,1,1), ban kinh » =1.
Qua cau K bankinh = J10 cét (ABC) theo vong tron Ay, nén tim M cia ciu cach (ABC) mot khoang

:,,rz —(r' )2 =410—1=3 va M nim trén dudng thing d vudng goc (ABC) qua M .

x=1+¢
Phuong trinh duong thang d:4y=1+1 ,(t € R)
z=1+2¢
1+2+1+2+2(1+2t)—4
Khi do: d(M,(4BC))= | (+20-4 ||=3:>t=i

Jo NG
Do do M = ( £1+*/_1 \/_]

Céu 94. Mot tram quan sat hinh ciu c6 dudng kinh 10 m va tim M (0;0;12) duoc d& bai bon cot thép nhu

&l

hinh vé.

Cac cot thep nay chay doc theo cac canh ciia mot hinh chop tir giac déu, v6i dinh M .
Vi tri cac diém cot ndi véi mat cau khi ndi lai s& tao thanh 1 da giac. Tinh dién tich cta da giac do.
Dap an: 18
= Loi gidi
Ta dat hé Oxyz nhu hinh. Qua cau tim M (0;0;12), ban kinh R =5 (duong kinh 10 m). Bon cot thép tring
v6i bdn canh cia mot chop tir gidc déu dinh M ¢6 chan ¢ mat dat tai
A(9;0;0), 8(0;9;0), C(=9;0;0), D(0; -9; 0).
Vi tri cac diém cot ndi v6i mat cau
x=9¢
Lay canh MA 1am mau: c6 MA :(9;0;—12). Suyra MA:{y=0 , te[0,1].
z=12-12¢
Piém 4, trén duong MA nay thudc mit ciu khi MA, =R < t\9* +12° =5 ¢ = %
Suy ra diém néi 1a 4, = (3;0;8).
Tuong tu cho ba canh con lai: B, (0;3;8),C] (—3;0;8),Dl (O; —3;8)
TG gidc 4,(3;0;8), B,(0;3;8), C,(—3;0;8), D,(0;—3;8) nam trén mt phang z =8, nén ta tinh dién tich trén
mat phang Oxy vé&i bon diém (3;0),(0;3),(=3;0),(0;=3).
Ta d& ching minh dugc dy 1a hinh vung 4,B, =32
. 2 . .
Dién tich: S = (3\/5 ) =18.(don vi dién tich)

Céu 95. Md hinh qua ciu
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Z

vM(f)t nha san x‘uét b bi dévdét mot mo hinh qua cau khéng 16 trén mai nghiéng cua nha xuéng. Mat mai co
thé duoc mo ta bang mat phang E:x+2y+2z=10. Trong d6 4, B,C la giao di€ém ctia mat phang £ vdi cac
truc toa d§. Mot mo hinh qua cu ban kinh r =3 duoc dat tiép xuc voi mat phéng E tai diém C.Tu C ké
duong vudng goc véi AB tai F . Khi thay thé qua cau, n6 lin trén duong thang CF cho dén khi qua cau vira
tiép xtic v6i mat phang Oxy tai P(a;b;0) thi dimg lai. Tinh a+b

Pap an: 7,8

= Loi gidi

Mai: E:x+2y+2z=10.

Giao A4,B,C cua E véi cac truc

*Véitruc Ox (y=z=0)= x=10 = A4(10;0;0).

*Véitruc Oy (x=z=0)= 2y=10 = B(0;5;0).

*Voitruc Oz (x=y=0)= 2z=10 = (C(0;0;5).

x=10-10¢
C6 v = AB =(-10;5;0), AB:{y=0+5¢
z=0

Diéukién CF L v : (10-10¢,; 5¢,; —=5)-(-10;5;0) =0 = -100+125¢, =0 = ¢, = %
= F(2;4;0).
Vi qua cau tiép xtGc v6i E tai C nén 7(1;2;2) 1a vecto chi phuong ciia dudng thang di qua tdm qua cau,
xX=s
khi d6 dudng thang tim dugc1a { y=2s (s> 0)
z=5+2s
Khid6 MC=3 < 5" +4s” +4s° =9 <> s=1suyra M(1;2;7)
Qua cau lan theo duong thang qua C va F , nhan CF = (2;4;-5) lam vecto chi phuong
x=1+2t
Vay quy dao tdm: d,, :< y=2+4¢(t e R).
z=T7-5t
Cubi cing qua cau dit xudng mit phang Oxy (z=3)
Khi tiép xtic Oxy: z=r=3=7-5t=3=1=0,8.
Vay P(?;zsﬁ; j 1a diém tiép xtc véi Oxy .

Céu 96. Mot bon chira khi hinh cau dit ¢ ven song

0983 900 570 Vé Cong Truong 124 2025-2026



@) VUI CUNG TOAN Phuong trinh Mdt phang, Puong thang, Mat cau

Tam M (22;-8;8), ban kinh r =7 (cac sb do tinh bang mét).
Tu tram bom P(-2;4;0) c6 mot duong 6ng dan khi theo hudng vétam M .
Trén doan thang AB véi A(6;—10;0) va B(14;6;0) dung mot birc tudng chin thang dimg.
Xéc dinh diém ma duong dng din khi cit birc tuong cach mat dat (Oxy ) bao nhiéu mét?
Pap an: 4
w Loi gidi

Puong 6ng tir P hudng vé M
Véc to chi phuong: v = PM = (24;—12;8).

x=-2+24¢
Phuong trinh duong thing: g(¢):4y=4-12¢ (t20)

z=28t
Birc tuong thang dimg qua 4(6;-10;0), B(14;6;0) khi do: AB = (8;16;0), k= (0;0:1).
i = [E,E] = (16;-8;0) ~ (2;—1;0) . Mt phing tuong: 2x—y—22=0

Thay g(¢) vao 2x_y—22=0:>t=%:>S(10;_2;4)
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PHU LUC

BAI 1. VECTO VA CAC PHEP TOAN TRONG KHONG GIA

1.Vecto trong khéng gian

Vecto trong khong gian 1a mot doan thing c6 hudng.

Cdc khdi niém lién quan dén vecto trong khong gian dwoc dinh nghia twong tw nhw vecto trong mdt
phing:

OPé dai vecto 13 khoang cach tir diém dau dén diém
cudi cia vecto do.

0 Gid vecto 1a duong thing di qua diém dau va diém
cudi cia vecto.

OHai vecto dugc goi 1a cang phwong néu gia cua
chung song song hodc trung nhau.

[JHai vecto cung phuong thi ching ciing hwong hoac
nguwoc huwong.

[JHai vecto duoc goi 1a bang nhau néu ching cing
hudng va cung do dai.

[JHai vecto dugc goi 1a déi nhau néu ching nguoc hudng va cing d6 dai.

OVecto ¢6 diém dau trung diém cudi duoc goi 1a vecto-khéong. Vecto-khong cing phuong, cing hudng
vO1 moi vecto.

2.Tong va hiéu ciia hai vecto. tich ciia vecto véi mot so.

Téng ciia hai vecto

Trong khong gian, cho hai vecto @, b . Liy diém O bat ki va hai

diém A, Bbsao cho Od=d,AB=b.Ta go1 OB la téng cua hai vecto 0 y b
@ va b, kihigu a+b.

Phép 13y tong clia hai vecto dugc goi 1a phép cong vecto. - -
Hiéu cua hai vecto

Trong khong gian, cho hai vecto a,b.Ta gol a +(—Z;) la hiéu cua hai

vecto @ va b , ki higu @b . >
Phép ldy hiéu cua hai vecto dugc goi 1a phép trir vecto. 2 if N
a-b

Tich cua vecto véi mot so

Trong khong gian, cho sb thuc & # 0 va vecto @ #0. 0 B
Tich cta sb k véi vecto a 1la mot vecto, ki hiéu ka , cung hudng voi a b
néu k >0, nguwoc huéng voi @ néu k <0 va co do dai bang |k|.|d]|.
(1) Céc tinh chat vé phép toan vecto trong khong gian tuong tu nhu trong mit phang
(2) Hai vecto @ va b ( b khac 6) cung phuong khi va chi khi ¢6 sé & sao cho ad = kb .
(3) Ba diém phan biét 4, B,C thing hang khi va chi khi c¢6 s§ k khac 0 dé AB=kAC .
’p todn vecto.
, Véi ba diém 4,B,C. Ta co: B
1. Quy tic ba| . . ___
diém AB+BC7=AC. 7 7 ’
Quy ba diém dung dé cong hai vecto c6 diém cuoi
clia vecto ndy tring véi diém dau cua vecto kia 4 C
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trong tam tu
giac (hay tw
dién)

cua t giac (hay to dién) ABCD .

Néu G la trong tdm cua tir gidc (hay tir dién)
ABCD thi

(1) GT4+G7?+§?+G—D:6;

(2) IA+IB+IC+ID =4.1G (véidiém I tuy )

Véiba diém 4,B,C. Ta co: B
2. Quy tic| 4B—AC=CB.
hi¢u vecto Quy tic hiéu vecto ding dé trir hai vecto ¢ cing 4
diém dAu (hay tring diém cudi) ¢
g B
3. Quy tic|Néu ABCD 1a hinh binh hanh thi = ¢
hinh binh | AB+ AD = AC. %
hanh A D
4. Quy tic | Chohinh hop ABCD-A'B'CD’. Ta co:
hinh hjp AB+AD+ A4 = AC'.
5. Quy tic Néu M la trung diém cia doan thang AB thi
trung  diém | (1) MA+MB=0; A M B
dogn thang | (2) [A+IB=2IM (véidiém I tay y)
6. Quy tic Néu G la trong tAm cia tam giac ABC thi 4
trong tam tam | (1) GA+GB+GC =0;
gidc (2) IA+IB+IC =3.IG (v6idiém I tuy ) B C
Cho tur giac (hay tir dién) ABCD, goi M, N lan
luot 14 trung diém cia 4D, BC va G la trung
7. Quy tée | diém cua MN . Khi @6, diém G goi la trong tdm

3.Tich vo hwéng cua hai vecto

Goc giita hai vecto trong khong gian

Trong khong gian, cho «# va v la hai vecto khac 0. Lay mot
diém A bit ki, goi B va C 1a hai diém sao cho AB=1u, AC=7v .

Khi do, ta goi BAC 1a goc gitra hai vecto u va v , ki hi¢u (ﬁ,ﬁ).

hadn xeét:,

(1) 0" < (4,7)<180°

(2) Néu (&,v)=90° thi ta néi & va v vudng goc véi nhau, ki

hiu u Lv.

Tich vo hwong cua hai vecto

Trong khong gian, cho hai vecto u va v khac 0. Tich v6 hudng cua hai vecto u va v 1a mdt so, ki hi¢u

u -v, dugc xac dinh boi cong thic
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i -v =|ii [| V] cos (i, V).
(1) Trong trudng hop i =0 hoic v=0,ta quy uéc u-v=0.

Q) i-u=u’gil;u*20;i*=0=i =0

(3) Vi hai vecto @ va v khac 0, ta co cos (u,V) :|

(4) V&i hai vecto i va v khac 0,tacd ii LV < ii-v=0.
Tuong tu nhu trong mit phang, tich vo hudng cua hai vecto trong khong gian ciing c6 cac tinh chit sau:
Vi ba vecto 5,5,5 vasd k, ta co:

(1) a-b=>b-ad Q) a.(13+5)=a.5+a-5 (3)(ka)~5=k(a.z§)=a~(k5).

BAI 2. TOA PO CUA VECTO TRONG KHONG GIA
1.H¢ toa d¢ trong khong gian
Trong khong gian, cho ba truc Ox,Oy,0z d6i1 mgt vudng goc. 2]

Goi f,]',l; 1an luot 12 ba vecto don vi trén cac truc Ox, 0y,0z . H¢
ba truc nhu vay dugc goi 1a hé truc toa d§ Descartes vudng goc 1

Oxyz trong khong gian hay goi don gian la h¢ to d6 Oxyz . 'Y

han xét:
-1 - 1‘/,»

(1) Piém O dugc goi la gde toa do. \‘Z“)@KL
(2) Céc truc Ox,0y,0z duogc goi la céc truc toa do. 2§ e
(3) Cac mit phang (Oxy),(Oyz),(Ozx) doi mdt vuong goc voi - x ¥

nhau duoc goi 1a cac matphang toa do.

(4) Khong gian v6i hé toa do Oxyz con duge goi la khong gian Oxyz .

(5) Vi i, ],k 1aba vecto don vi d6i mot vudng goc véinhaunén ;2 =2 =k> =1vai-j=j-k=k-i =0.

2.Toa dd cia diém va vecto

Toa dé ciia diém

Trong khong gian Oxyz , cho diém M . Néu OM =xi + yj +zk thi ta goi bo
ba sb (x; y;z) 1a toa d0 cta diém M d6i voi hé truc toa do Oxyz va viét
M =(x;y;z) hodc M (x;y;z); x 1a hoanh do, y 1a tung do, z 1a cao do cia
diem M .

Toa do cua vecto

Trong khong gian Oxyz , cho vecto @ . Néu d =a,i +a,; + a3l€ thi ta goi bo ba

o

s0 (a;;a,;a;) 1a toa do cua vecto @ doi voi hé toa dd Oxyz va viet d =(a,;a,;a;)

hoac 5(a];a2;a3).

han xét:,

(1) Biém O c6 toa do (0;0;0)
(2) Toa do cua diém M 1a toa d clia vecto OM |, tirc 1a M = (xyz)e OM = (x02).
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a, =b
(3) Cho d =(a,;a,;a,), b =(b;by;b,). Khido: d=b < a12 =bl2

a, =b,
Diém thugc truc toa do Diém thupc mdt phang toa do
M € Ox < M (x;0;0) M €(Oxy) < M(x;;0)
M €Oy < M(0;y;0) M e(Oxz) < M (x;0;z)
M €0z < M(0;0;z) M e(Oyz) = M (0;y;2)
Hinh chiéu ciia diém lén truc toa dp Hinh chiéu ciia diém 1én mdt phing toa dp
Hinh chiéu cua diém M (x3y;2) lén: Hinh chiéu cua diém M (x;3;2) lén:
% Truc toa d0 Ox 1a diém H (x;0;0) & Mit phang toa do (Oxy) 1a diém H (x;;0)
& Truc toa d6 Oy 1a diém H (0;;0) @ Mt phing toa d§ (Oxz) 1a diém H (x;0;z)
% Truc toa d0 Oz 1a diém H(O; O;z) & Mit ph'fmg toa do (Oyz) 1a diém H(O;y;z)
Diém doi xieng cia diem qua truc toa dp Diém doi xirng ciia diém qua mat phang toa dp
Diém déi xtmg ciia diem M (x;y;z) qua: Diém déi xtmg ctia diem M (x; y;z) qua:
% Truc toa d0 Ox 1a diém M'(x; -y; —z) & Mt ph'fmg toa do (Oxy) 1a diém M'(x;y;—z)
& Truc toa do Oy la diém M'(—x; V; —z) & Mit ph'fmg toa do (Oxz) 1a diém M‘(x; —y;z)
% Truc toa d0 Oz 1a diém M'(—x; —y;z) & Mt ph'fmg toa do (Oyz) 1a diém M'(—x;y;z)
Diém doi ximg cua diém M (x;y;z) qua goc toa dd O 1a diém M'(—x;—y;—z)

BAI 3. BIEU THUC TOA PO CUA CAC PHEP TOAN VECTO
1.Biéu thirc toa dd ciia tong, hiéu hai vecto va tich ciia mét s6 véi mot vecto

Trong khong gian Oxyz , cho hai vecto @ =(a;a,;a,) va b =(b;b,;b,) va sb thuc k . Khi do:

a 5+E=(a1+b1;a2+b2;a3+b3) (2) a—Z;:(al—bl;az —b,;a,—b,) | (3) ka = (ka,; ka,; kas)

Cho hai vecto d =(a;;a,;a;) va b =(b;b,;b,),b 0.

a, = kb,
Hai vecto @ va b ctng phuong khi va chi khi ton tai s k sao cho a, = kb,
a, = kb,

hay &-% _%
bl b2 b3

2.Biéu thirc toa dj ciia tich vé hudng

(bby by #0)

Trong khong gian Oxyz , tich vo hudng cua hai vecto d =(a,;a,;a;) va b =(b;3b,;b,) duge xéc dinh boi

cong thitc d@-b = ab, +ab, +a,b,.

han xét:,

(1) @ Lb < ab +ab,+ab, =0, (a,b khac 0)

2) |Zi| = ,/af +a§ +a32
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a-b a,b, + a,b, + a.b,

“[ale] (@b khac 0).
|¢7|-|b| \/a12+a§+a32'\/blz+b22+b32 (a 4c 0)

A3) 005(5,5)

3.Van dung
(1) AB=(x, =XV, —V,32,—2,)

@) 4B =[48| =[5} (a7 +(za =) -

(3) Toa d6 trung diém M cua doan thing AB 1a M(XA erxB ;yA ;yB ;ZA ;ZBJ.

xA+xB+xC_yA+yB+yC_zA+zB+ij

(4) Toa d0 trong tam G cua tam giac ABC la G( 3 ; 3 ; 3

(5) Ba diém phan biét 4, B, C thing hang khi va chi khi 4B, AC cung phuong hay AB =k.AC, k € R

» HINH HOC KHONG GIAN TONG HQP

@ TIM HINH CHIEU CUA PIEM LEN MAT PHAN
e Dinh nghia: H 13 hinh chiéu cia M 1én (a) <SMH L (a) tai H.

Truwong hop 2: Chua c6 san dudng

thang A nhu truong hop 1..
Trueong hop 1: C6 8 & ep

fiiy Ay A i e Tim mat phfmg(ﬂ)qua M va

qua diém M va vudng (B)L(a)

gbc mat phéng(a) e Tim d =(a)ﬂ(ﬂ)
tai H > H 1a hinh o Ve MH Ld tai H
chiéu cta M 1én (a) = MH 1 (ax)tai H

— H 1a hinh chiéu cuia M lén

(@)

1. Géc giira 2 dwong thang cat nhau
DN: Goc giita 2 duong thing
cat nhau 1a goc c6 sb do nho
nhit (gbc nhon) trong 4 goc
tao thanh.

2. Géc giira 2 dwong thang bat ki

1
b
DN: Goc giira 2 duong thang | (4 |a' @
Lovs qs s ea . = (a;b)=(a’;b")
bat ki la géc gitta 2 dudng b||b' = 1
thang cat nhau lan lugt song

song v4i 2 dudng thang do.

3. Goc giira dwong thing va mit phing

DN: Goc giira duong thang va | Lay 4, Bed

mit phang 14 goe giita dudng | Tim 4', B' lan luot 14 hinh chiéu cua 4, B B
thang v&1 hinh chiéu cia nd

d
9 I A\
trén mat phang. . (a) / s %\
(o)

, > d' (hay A4'B") la hinh chiéu ciia d lén —-13-
(d. () =(d,d’) (a) & A'B
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V6i d' 1a hinh chicu cia d | 5 (7 (4))=(d,d")
lén (o)

Diic bigt: Néu d cdt () tai I thi:

{Alm(a)zl
AH 1 (a) taii H L ,
= (4L (a))=AIH / !

4. Goc giira hai mit phing

DN: Goc gitta hai mat phang
1a goc giita 2 duong thang lan
lugt vuong goéc véi 2 mat

i i Cdach xdc dinh thwong dung: Goc gitra hai

J_( ) mit phang bang goc gitra 2 duong thang lan
a a . < < N A
{b = (@),(B)) = (a,b) luot chira trong 2 mat phang va cung vuong

([7) ) gdc voi giao tuyén ciia 2 mit phang do.
(@) (p)=d
ac(a)be(B)=((@).(B))=(ab)
ald, bld

5. Goc nhi dién va géc phang nhi dién

DN: Goc nhi dién (hay nhi | PN: Géc phang nhi dién cia mot goc nhi dién 13 goc ¢ dinh nam trén canh
dién) 1a hinh tao bdi hai nta | ctia nhi dién, ¢6 hai canh 1an luot ndm trén hai mit cua nhi dién va ciing
mit phang va giao tuyén ctia | vudng goc véi canh cua nhi dién

hai ntra mat phang do.

Cdch xdc dinh géc phing nhi di¢n:
(@) (B)=d
ac(a);bc(p)
ald; bld

Goc nhj dién [a,d, S] anb=1

Hai nira mt phang «, g lahai | =[a,d, )= alb

mat cua nhi dién; d la canh

cua nhi dién

& KHOANG CAC.

1. Khoéng cach tir mot diém dén mit phang

DN: Khoang cach tir mot | Tim A 1a hinh chiéu cua 4 1én N
diém dén mit phang la (a). ~M
khoang cach tir diém d6

PR e | Khi do: P
dén hinh chiéu ctua no6 1én d(A, () = AH [ H

mit phang.

2. Khoang cach giira dwong thing va mit phing song song
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DN: Khoang cach gitta
duong thang va mat phang
song song la khoang cach
tr 1 diém bat ki thudc
duong thing dén mat
phang.

Lay AcA.
Khi do:
d(A, (o)) =d(4,(a))

A 4

3. Khoang cach giira hai méit phing song song

DN: Khoang céach gitra hai
mit phing song song la
khoang cach tir 1 diém bt
ki thudc mit phang nay dén
mit phang kia.

Lay Ae (a).
Khi do:
d((@),(B)) =d(A4,(p))

.

E
/ "
oL

44

B

/TA
/

4. Khoang cach giira hai dwong thing chéo nhau

DN: Khoang céach gitra hai
duong thang chéo nhau 1a
dd dai doan vuong goc
chung cia 2 duong thing
do.

Tim dudng thing A cing
vuong goc a tai M va vudng goc
voi b tai N. Khi do:

d (a,b) =MN

4

Cach khac:

Khodang cach giita hai
dwong thing chéo nhau 13
khoang céach gilta duong
thang ndy v4i mat phang
song song chua duong
thang con lai.

{(a)aa

(e)/ /b
=d(a,b)=d(b,(a))

b

P

Khodng cach giita hai
dwong thing chéo nhau 13
khoang cach gitra 2 mat
phang song song lan lugt
chtra 2 duong thing do.

A

H
M,
a
b
/N
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