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Chuong 1

Ménh dé. Tap hop

1.1 Ménh deé

1.1.1 Meénh dé va ménh dé chita bién

Pinh nghia 1.1.
o Ménh dé la mot ciu khﬁng dinh, hodc diing hodc sai.
o Mot ménh dé khong thé vira diing, vira sai.
o Ménh dé chita bién la mot ciu khing dinh chita bién nhdn gid tri trong mot tdp X nao d6 ma v6i mdi gid tri ciia
bién thudc X ta duoc mot ménh dé.

1.1.2 Ménh dé phu dinh
Dinh nghia 1.2. Cho ménh dé P.

o M¢énh dé “khong phdi P” duoc goi la ménh dé phii dinh cia P va ki hiéu la P.
o Néu P ding thi P sai, néu P sai thi P diing.

$> BAI TAP<S
Bai tap 1. Trong cc cau dudi day, cau nao la ménh dé, cAu nao la ménh dé chira bién?
a) Ban c6 cham hoc khong? b) Hué la mot thanh phé ctia Viét Nam.
c) Hay tra 16i cau héi nay! d) Paris la thii d6 nudc Y.
e) Ha Noi la thu do ctia Viét Nam. f) Hom nay la thit may?
g) S6 11 1a sb chén. h) 2x + 3 1a mot s6 nguyén duong.
i) 2—+/5<0. j) 44x=3.
k) Phuong trinh x? — x + 1 = 0 ¢6 nghiém. 1) 13 1a mot sb nguyén to.
m)l+x=2. n) 27 chia hét cho 5.
Bai tap 2. Cho ménh dé chita bién P(x), véi x € R. Tim x dé P(x) 1a ménh dé duing.
a) P(x):“x> —5x+4=0". b) P(x):“x*> —5x4+6=10". ¢) P(x):“x*—=3x>0".
d) P(x): “vx > x". e) P(x):“2x+3<7". f) P(x):"x"+x+1>0".

Bai tap 3. Néu ménh dé pht dinh ctia cic ménh dé sau
a) Binh phuong moét s 16n hon hoac béng khong.
b) Sb nguyén tb n c6 udc s6 bang 1 va bang n.
¢) Sb tu nhién # chia hét cho 2 va cho 3 thi chia hét cho 6.
d) S6 tu nhién n chia hét cho 5 c6 chit s tan cing bang 0 hodc bang 5.
e) T gidc T c6 hai canh déi vira song song vira bang nhau la hinh binh hanh.
)

f) Tong hai canh ctia mét tam giac 16n hon canh thi ba.

1
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Bai tap 4. Viét ménh dé phti dinh cia mdi ménh dé sau va cho biét ménh dé pht dinh d6 diing hay sai
a) r<3,15. b) | —125| < 0. ) 31asb nguyén té. d) 7 khong chia hét cho 5.

e) 7 lasb hitu ti. f) 1794 chia hét cho 3. g) V214 sb hitu . h) C6 v6 sb sb nguyén t6.

Bai tap 5. Néu ménh dé pht dinh ctia mdi ménh dé sau va cho biét ménh dé phu dinh d6 ding hay sai.

a) Phuong trinh x* — 3x + 2 = 0 c6 nghiém. b) 21% — 1 chia hét cho 11.

M THANG LONG BINH TAN Trang 2
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1.2 Ménh dé kéo theo. Ménh dé dao. Ménh deé tuong duong

1.2.1 Khai niém

Dinh nghia 1.3. Cho ménh dé P va Q.

o Mg¢nh dé “Néu P thi Q" dugc goi la ménh dé kéo theo va ki hi¢u la P = Q.

o M¢nhdé P = Q chi sai khi P diing va Q sai.

e Khi dé ta con noi, hodic P la diéu kién dii dé co Q, hodc Q la diéu kién can dé co P.
Dinh nghia 1.4. Cho ménh dé kéo theo P = Q. Ménh dé Q = P duoc goi lo ménh dé ddo ciia ménh dé P = Q.
Dinh nghia 1.5. Cho ménh dé P va Q.

o M¢nh dé “P néu va chi néu Q" duoc goi la ménh dé tuong duong va ki hi¢u la P < Q.

o M¢nhdé P < Q diing khi va chi khi cd hai ménh dé P = Q va Q = P déu diing.

4> BAI TAPSS

BAI TAP XET TINH DUNG - SAI CUA MENH DE

Bai tap 1. Trong cic ménh dé sau, ménh dé nao ding? Giai thich.

a) Néu a chia hét cho 9 thi a chia hét cho 3. b) Néu a > b thia® > b2
c) Néu a chia hét cho 3 thi a chia hét cho 6. d) S6 71 16n hon 2 va nho hon 4.
e) 2 va 31a hai sb nguyén t6 ciing nhau. f) 811a mot s chinh phuong.

Bai tap 2. Trong cac ménh dé sau, ménh dé nao diing? Giai thich.
a) Hai tam giac bang nhau khi va chi khi ching c6 dién tich bang nhau.
b) Hai tam gidc bang nhau khi va chi khi ching déng dang va c6 mot canh bang nhau.
c) Mot tam giac 1a tam giac déu khi va chi khi chiing ¢6 hai canh bang nhau va c6 mét géc bang 60°.
d) Mot tam giac la tam gidc vudng khi va chi khi né c6 mot géc bang téng ctia hai géc con lai.
e) Puong tron c6 mot tam déi xiing va mot truc déi xing.
f) Hinh chit nhat c6 hai truc ddi xing.
g) Mot ti gidc la hinh thoi khi va chi khi né ¢6 hai duong chéo vudng goc véi nhau.

h) Mot ti giac noi tiép duge duong tron khi va chi khi né c6 hai goc vudng.

BAI TAP MENH DE KEO THEO, MENH DE DAO, HAI MENH DE TUONG DUONG

Bai tap 3. Phat biéu cic ménh dé sau, bang cach st dung khdi niém “diéu kién can”, “diéu kién da”.

a) Néu mot sd ty nhién c6 chir s6 tan cting 1a chit s6 5 thi né chia hét cho 5.

b) Néu a + b > 0 thi mot trong hai s6 a va b phai duong.

¢) Néu mot sb tu nhién chia hét cho 6 thi né chia hét cho 3.

d) Néu a = b thi a* = b,

e) Néu a va b ciing chia hét cho ¢ thi a + b chia hét cho c.
Bai tap 4. Phat biéu cac ménh dé sau bang cach st dung khai niém “diéu kién can”, “diéu kién du”.

a) Trong mdt phang, néu hai dudng thang phan biét ciing vudng géc véi mot duong thang thu ba thi hai duong
thang 4y song song véi nhau.

b) Néu hai tam gidc bang nhau thi chiing c6 dién tich bang nhau.
) Néu tit gidc T la mot hinh thoi thi né c6 hai dudng chéo vudng géc voi nhau.

d) Néu tu giac H 1a mot hinh chit nhat thi n6 c6 ba géc vudng.

MW THANG LONG BINH TAN Trang 3
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e) Néu tam giac K déu thi né c6 hai géc bang nhau.
Bai tap 5. Phat biéu cic ménh dé sau bang cach str dung khai niém “diéu kién can va du”.

a) Mot tam giac 1a vuong khi va chi khi né ¢6 mét géc bang téng hai goc con lai.

b) Mot tir giac 1a hinh chir nhat khi va chi khi né c6 ban géc vuong.

c) Mot tt giac la ndi tiép duge trong dudng tron khi va chi khi né c6 hai goc dbi bu nhau.
d) Mot s6 chia hét cho 6 khi va chi khi né chia hét cho 2 va cho 3.
)

e) S6 tu nhién n 1a s6 1€ khi va chi khi n? 1a sb 1é.

M THANG LONG BINH TAN Trang 4
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1.3  Tap hop. Phép toan trén tap hop

1.3.1 Khai niém
¢ Tap hop 1a mét khdi niém co ban cta toan hoc, khong dinh nghia.
e Cach xac dinh tap hop.
— Liét ké cac phan tir: viét cac phan ti cta tap hgp trong hai ddu méc {...}.
— Chi ra tinh chat dic trung cho cac phan ti ctia tap hop.
* Tap réng: 1a tap hop khong chira phan tir nao, ki hiéu .

1.3.2 Tap hop con va tap hop bang nhau

Pinh nghia 1.6. Tip hop con: A C B« (Vx € A= x € B).
e ACA VA
e JCAVA.
e ACBBCC=ACC
Dinh 1y 1.1. Néu tdp hop cé n phan tir thi ¢ 2" tép hop con.
ACB

Dinh nghia 1.7. Tip hop bing nhau: A = B <
inh nghia dp hop bang nhau {BcA.

1.3.3 Phép toan trén tap hop

Dinh nghia 1.8.
* Hop ciia hai tip hop: AUB = {x|x € A hoic x € B}.
e Giao cia hai tip hop: ANB = {x|x € Avix € B}.
* Higu ciia hai tip hop: A\ B = {x|x € Avax ¢ B}.
e Phan bii: Cho B C A thi C4B = A\ B.

Phép hop Phép giao Phép hiéu
$> BAI TAPSY

TAP HOP, PHAN TU CUA TAP HOP
Bai tap 1. Viét mbi tap hop sau bang cach liét ké cac phan tir ctia n6

a)A:{xeR’2x2—5x+3:0}. b)B:{xe]R‘xB’—x:O}.

Q) C:{xelR‘(6x2—7x+l) (x2—5x+6) :0}. d) D:{xez‘2x2—5x+3:0}.

e) E={xeN|x+3<4+2x5r—3<4x—1}. f) F={xcz|[x+2] <1}.
g)H:{xelR’x2+x+3:0} h)K:{er x:l<la€lN}
‘ 20 = 32’
Bai tap 2. Trong céc tap hgp sau day, tap nao 1a tap rong?
a) A={xeZ||x| <1} b)B:{xe]R‘xz—JH—l:O}.
Q) cz{er|x2—4x+2=o}. d)D:{er‘xz—Zzo}.
e)E:{xeN(x2+7x+12:0}. f) F:{xelR‘xZ—4x+2:O}.

Bai tap 3. Viét méi tap hop sau bang cach chi r6 tinh chéat déc trung cho cac phan tir ctia né

i THANG LONG BINH TAN
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a) A=1{0;1,2;3;4}. b) B ={0;4;8;12;16}. ) C={-39 -27,81}.
d) D = {9;36;81;144}. e) E={2;3;57,11}. f) F=1{3,6,9,12;15}.

111 1 1
g) G = {0;3;8;15;24;35;48;63}. h) H = {1, 355 87,%}.

Bai tap 4. Viét cac tap hop sau bang phuong phap néu ra tinh dic trung.

) I= {E’E’E’E’@}‘

a) A=1{1,2,3,4,5,6,7,8,9}. b) B ={0,2,4,6,8,10}. ) C={-3,-2,-1,0,1,2,3}.
d) D = {1,4,7,10,13,16,19}. e) Tap hop cac s6 chan. f) Tap hop cac s6 1é.

g) A={-2,1,6,13,22,33,46,61}. h) A = {3,8,24,35,48,63,80,99}.

TAP HOP CON VA TAP HOP BANG NHAU
Bai tap 5. Tim tAt ca cac tap con, cac tap con gom hai phan ti ctia cac tp hop sau

a) A={1,2}. b) B = {1,2;3}.

) C={x €R|2x* —5x+2=0}. d) D= {xeQ|x*—4x+2=0}.

Bai tap 6. Trong cac tap hop sau, tap nao la tap con cta tdp nao?
a) A={1;2;3},B={xeN|x<4},C=(0;4+00),D = {xeR‘2x2—7x+3:O}.

b) A = Tap cac udc sb tu nhién ctia 6; B = Tap cac udc sb tu nhién cia 12.
c) A = Tap cac hinh binh hanh; B = Tap cac hinh chit nhat; C = Tap cac hinh thoi; D = Tap cac hinh vudng,.
d) A = Téap céc tam gidc can; B = Tap cac tam giac déu; C = Tap cac tam giac vudng; D = Tap cac tam gidc vudng
can.
Bai tap 7. Cho tdp hop A = {1,2,3,4}.
a) Liét ké tat ca cac tap hgp con ¢6 3 phan tir cta A.
b) Liét ké tit ca tap con c6 2 phan ti ctia A.

c) Liét ké tat ca cac tap con cda A.

PHEP TOAN TREN TAP HOP
Bai tap 8. Tim ANB; A\ B; B\ A voi:
a) A=1{2,4,7,8,9,12}; B = {2,8,9,12}.
b) A =1{2,4,6,9};B=1{1,23,4}.
) A={xeR|2:*-3x+1=0};B={x€R| [2x—1] =1}.
d) A = Tap cac udc s6 cua 12; B = Tap cac udc sb ctia 18.

e) A= {x eR|(x+1)(x—2) (x2 —8x+ 15) = 0}; B 1a tap cac s6 nguyeén tb c6 mot chit sb.
NA={xez|?<4};B={xez| (5v-3?) (P -2x-3) =0}.

g) A= {xe]N| (x2—9> (x2—5x—6) :0};B: {x € N|x1asdnguyén tb, x < 5}.
Bai tap 9. Tim tat ca cac tap hop X sao cho:

a) {1,2} € X € {1,2,3,4,5}. b) {1,2} UX ={1,2,3,4}. ) XC{1,23,4},X C{0,24,6,8}.
Bai tap 10. Xac dinh cac tap hop A, B sao cho:

a) ANB=1{0,1,2,3,4}; A\ B={-3,-2}; B\ A = {6,9,10}.

b) ANB={1,2,3}; A\ B ={4,5}; B\ A = {6,9}.
Bai tap 11. Tim tap hop A va B. Biétrang: A\ B = {1,5,7,8}; ANB = {3,6,9} va AUB = {x € N|0 < x < 10}.

MW THANG LONG BINH TAN Trang 6
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Bai tap 12. Cho cac tap hop: A = {1,2,3,4,5,6,7,8,9}; B = {1,2,3,4}; C = {2,4,6,8}. Hay xéc dinh: Cy B, CoC,C (B U
C).

Pinh 1y 1.2. Cho hai tdp hop A va B, ta co
|[AUB| = [A| +[B] - |ANB|,

trong do ki hiéu
e |A|, |B| la s6 phan tir cia A va B.
* |AUB| lasé phan tir cia AU B.
* |ANB|laséphan tir ciia AN B.

Bai tap 13. M6i hoc sinh 16p 1047 déu choi béng dé hodc bong chuyén. Biét rang c6 25 ban choi béong d4, 20 ban choi
béng chuyén va 10 ban choi ca hai mén thé thao nay. Héi 16p 1041 c6 bao nhiéu hoc sinh?

Bai tap 14. Trong moét truong THPT, khéi 10 c6: 160 em hoc sinh tham gia cau lac bo Toan, 140 tham gia cau lac bo
Tin, 50 em tham gia c4 hai cdu lac bo. Hoi khéi 10 c¢6 bao nhiéu hoc sinh?

Bai tap 15. Mot 16p ¢6 40 hoc sinh, dang ky choi it nhat mot trong hai mén thé thao: béng da va cau long. C6 30 em
dang ky mon béng dé, 25 em ding ky mon cau 16ng. Héi ¢ bao nhiéu em déng ky ca hai mon thé thao?

Bai tap 16. Cho hai tap hop A va B. Biét tap hop B khac réng, s6 phan it cta tip B gip do6i sb phan tir ctia tap AN B
va AU B c6 10 phan tir. Hoi tdp A va B c6 bao nhiéu phan tir. Hay xét cac truong hop xdy ra va dung biéu dé Ven
minh hoa.

Bai tap 17. Trong 100 hoc sinh 16p 10, c6 70 hoc sinh néi dugc tiéng Anh, 45 hoc sinh noi dugc tiéng Phap va 23 hoc
sinh néi duge ca hai tiéng Anh va Phap. Hoi c6 bao nhiéu hoc sinh khong néi dugce hai tiéng Anh va Phép.

M THANG LONG BINH TAN Trang 7
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1.4 Mot s6 tap hop con caa tip hop so thuc R

TaphopconctaR:IN*CNCZ CQCR.
Khoang (4; +c0) = {x € R|a < x} +oo
a
\ e
Khoang (—o0;a) = {x € R|x < a} -
a
. .
Khoang (a;b) = {x € R|a < x < b} b
a
e —
Doan [2;b] = {x € R|a < x < b} !
a
. . —
Nuwra khoang [4;b) = {x € R|a < x < b} !
a
, . .
Ntra khoang (a;b] = {x € R|a < x < b} b
a
Ntra khoang [a; +00) = {x € R|x > a} ; +o00
a
, . e ——
Nua khoang (—oo;a] = {x € R|x < a} —o0
a
$> BAI TAP<Y
Bai tap 1. Xac dinh méi tdp hop sau va biéu dién chung trén truc so.
a) (=5;3)N(0;7). b) (—1,3) U[0;5]. ¢ R\ [0;1]. d) (—o00;3) N (—2;+00).
Bai tap 2. Xacdinh ANB; AUB; A\ B; B\ A vabiéu dién chiing trén truc s, véi:
a) A=[—4;4],B=[1;7]. b) A=[—4;-2],B=(3;7].
) A=1[-4,-2],B=(3,7). d) A= (—00;—-2], B=[3;+>).
e) A= [3,+),B=(0;4). f) A= (1;4),B=(26).
Bai tap 3. Xac dinh AUBUC; AN BN C vabiéu dién ching trén truc s6, véi:
a) A=1[1;4],B=(2;6),C = (1,2). b) A = (—o0; 2], B = [3;+00),C = (0;4).
Q) A=[04], B=(1;5),C=(-31]. d) A = (—00;—2], B = [2;+), C = (0;3).
e) A= (-5;1],B=[3;+c0), C = (—o0; —2). f) A=(-2,5],B=(0;9),C = (—o0;6).

Baitip4. Chocactdphop A = {x e R| -3 < x <2} B={x e R|0 < x <7};C = {x € Rjx < —1} va
D = {xeR|x>5}.

a) Dung ki hiéu doan, khoang, nita khodng dé viét lai cac tap hop trén.

b) Biéu dién cac tap hgp A, B, C, D trén truc sb.
Bai tap 5. Viét cac tap hgp sau bang phuong phép liét ké.

a) A={xcQ|(2x—x*)(2x*>-3x—-2) =0}. b) B = {n € N|3 < n* < 30}.
¢) C={x e R|x* —5x* +6 = 0}. d) D= {neZ|0<n*<30}.
Bai tap 6. Biéu dién cac tap hop sau thanh cac khoang.
a) A={xeR[2<|x] <3} b) B= {x € R||x| >4}.
Q) C={xeR| ——>3). d)D={reR| > <4},
|x+1] | x 47

MW THANG LONG BINH TAN Trang 8
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Bai tap 7. Xét cac quan hé “ C ” gitta cac tdp hop sau.
a) A={1,2,3,45}vaB={neZ0<|n <5}
b) B={xecZ|(x>—x—-2)(x—1)=0}vaB={xeR|x>+x—2=0}.
o) A={xeR| -2<x<4}vaB={xeN| —4<x<3}

Baitap 8. Cho A = {1,2,3,4,5} va B = {1,3,5,7,9,11}. Hay tim

a) C=AUB. b) C= ANB,
c) C=(AUB)\ (ANB). d) C=(a\B)U(B\A).
Baitip9. ChoA={x e R| —1<x <5}vaB={x€R|0<x <7} Hay tim tap hop C thoa
a) C=AUB. b) C= ANB.
c) C=(AUB)\ (ANB). d) C=(A\B)U(B\A).
Bai tap 10. Xac dinh méi tap hgp s6 sau va biéu dién trén truc s6
a) (=3;3)U(-1,0); b) (—o0;0) N (0;1); o (—=2;2]N[1;3); d) (=3;3)\ (0;5);
e) (—5;5)\ (—3;3); f) (=2;3)\ (=3;3); g) A={xeR||x| >3}; h) B={xeR||x| <5}

Bai tap 11. Xdac dinh cac tap hgp A U B, AN B va biéu dién trén truc sd
a) A=[1;5],B=(-3,2)U(37);
b) A= (-50)U(3;5),B = (—1;2) U (4;6);
o) A={xeR|[x—1] <2},B={xeR|[x+1| <3}.

MW THANG LONG BINH TAN Trang 9



Chuong 2

Bat phuong trinh va hé bat phuong trinh bac
nhat hai an

2.1  Bat phuong trinh bac nhat hai an

2.1.1 Bat phuong trinh bac nhat hai an

Dinh nghia 2.1. Bat phuong trinh bic nhat hai dn x, y cé dang tong qudt la ax + by < c (hodc ax + by < ¢;
ax +by > ¢; ax + by > ¢), trong do a, b, ¢ la nhitng s thie dii cho, a va b khong dong thoi bang 0, x va y Ia cdc dn so.

2.1.2 Nghiém ctia bat phuong trinh bac nhat hai an

Dinh nghia 2.2.
B sb (xo; o) duoc goi la nghiém ciia bit phuong trinh bic nhat hai dn ax + by < c néu bat dang thitc axy +
byy < c duing.
e Trong mdt phang toa 6 Oxy, tdp hop cdc diém cd toa d6 la nghiém ciia bit phuong trinh ax + by < ¢ duoc goi la
mién nghiém ciia no.

$> BAI TAP<Y

NGHIEM VA MIEN NGHIEM CUA BAT PHUONG TRINH BAC NHAT HAI AN

Phuong phap giai 2.1. Cidch xdic dinh mién nghi¢m ciia bt phuong trinh ax + by < c <a2 + 0% > 0).
o Véduong thangd : ax + by = c;
e Liy diém M (xo;yo) ¢ d.
— Néu axo + byo < c thi nita mdt phing khong ké' by d chita Mo la mién nghiém ciia ax + by < c.
— Néu axo + byo > c thi nita mt phing khong ké'bo d khéng chita My la mién nghiém cia ax + by < c.

Luu y 2.1. Mién nghiém cila bat phuong trinh ax + by < c <a2 + % > 0) bao gom mién nghiém ciia bat phuong trinh
ax + by < c va duong thang d (nita mdt phing ké cé bo d).

Bai tap 1. Cho bat phuong trinh 2x — y < 0. Trong cac cdp sd (=1;2), (2;0), (0;1), (3;-2), (=1;-2), cép nao la
nghiém cta bat phuong trinh, cdp nao khong phai 1a nghiém ctia bat phuong trinh?

Bai tap 2. Biéu dién hinh hoc tap nghiém ctia bat phuong trinh

a) —2x+3y > 1. b) 2x+y < 3. c) 2x —4y < 8. d) 3x —y <0.
e) 2x+y < 3. ) §7%<1. g)%Jr%ZO. h) 2x — 3y > 3x —y + 1.

Bai tap 3. Cho bat phuong trinh —2x + 3y > 0.
a) Biéu dién hinh hoc tap nghiém caa bat phuong trinh trén.

b) Cho hai diém A(2;1) va B(3;3), hoéi hai diém nay ciing phia hay khac phia déi vé6i bo (d).
Bai tap 4. Cho bat phuong trinh x +y — 3 < 0.

a) Biéu dién hinh hoc tap nghiém ctia bat phuong trinh trén.

10
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b) Tim diéu kién ctia m va n dé moi diém thudc duong thang (d'): (m*> —2)x — y +m + n = 0 déu la nghiém cta
bat phuong trinh trén.
Bai tap 5. Cho bat phuong trinh g + % <1

a) Biéu dién hinh hoc tap nghiém ctia bat phuong trinh trén.

b) Tim diém A thudc mién nghiém ctia bit phuong trinh trén. Biét rang diém A 1a giao diém ctia parabol (P) ¢6
dang y = x? — 5x + 4 va truc hoanh.
Bai tap 6. Cho bat phuong trinh 2x +y —1 < 0.

a) Biéu dién mién nghiém ctia bat phuong trinh da cho trong mat phang toa do Oxy.

b) Tim tat ca gia tri tham s6 m dé diém M(m, 1) ndm trong mién nghiém ctia bat phuong trinh da va biéu dién tap
hop M tim dugc trong cung hé truc toa dd Oxy & cau a).
Bai tap 7. Cho bat phuong trinh x — 2y + 4m > 0.

a) Vi m = 1, hay biéu dién tap nghiém cta bat phuong trinh da cho trong hé truc toa do Oxy.

b) Goi A, B 1an lugt 1a giao ctia dudng thang x — 2y + 4m = 0 v6i truc hoanh va truc tung. Tim tat ca cac gid tri
ctia tham s6 m dé tap nghiém ctia bat phuong trinh da cho chira diém C(2;1) sao cho dién tich tam giac ABC
bang 4.

BAI TOAN THUC TE

Bai tap 8. Ha mang 95000 dong ra chg mua hoa ctic va hoa hong. Mot bong hoa ctic ¢6 gia 4000 dong, mot bong hoa
hong c6 gia 7000 dong. Viét bat phuong trinh bac nhét hai &n cho s6 tién ma Ha phai chi dé mua x bong hoa ctic va y
bong hoa héng.

Bai tap 9. Mdi ngay Nga déu danh khong qua 30 phut dé doc ca 2 cudn sach A, B. Nga doc dugc 3 trang sach A trong
2 phut, doc dugc 2 trang sach B trong 1 phut. Goi x, y 1an luot la sé phut doc sach A va s6 phut doc sach B. Tim diéu
kién ctia x va y dé Nga doc dugc it nhat 35 trang sach trong mot ngay.

Bai tap 10. Mot ctra hang ban hai loai tra sita, trong d6 4 cdc loai 1 ¢6 gia 100000 dong, 1 cbe loai 2 c6 gia 30000 dong.
Mudn c6 1ai theo dy tinh thi mdi ngay ctra hang phai ban duoc it nhat 5 triéu dong tién hang. Héi s6 cdc tra sira ban
duoc trong mot ngay trong nhirng truong hop nao thi ctra hang c6 1ai nhu du tinh?

Bai tap 11. Gia sach ctia Hoa c6 thé chita dugc khdi lugng sach t6i da la 4 kg. Hoa xép ca hai loai sach (loai 1 va
loai 2) vao gid. Sach loai 1 c6 khéi lugng 100 gam mbi cubn va sach loai 2 c6 khéi lugng 200 gam méi cudn. Viét bat
phuong trinh bac nhét hai 4n cho khéi lugng ctia x cudn loai 1 va y cudn loai 2 ¢6 thé dugc xép 1én gia sach.

Bai tap 12. Cong ty vién thong Mobifone tinh phi 1 nghin déng moi phut goi ndi mang, 2 nghin déng méi phut goi
ngoai mang. Mbi thang Minh goi dién thoai hét tir 200 dén 300 nghin dong. Viét bat phuong trinh bac nhét hai 4n
mo ta cho s6 tién dién thoai tra cho (x) phut goi noi mang va (y) phit goi ngoai mang trong mot thang.

Bai tap 13. Ban An giai 10 bai Toan trong 20 phiit thi diing dugc 80% sb bai Toan, giai 12 bai Ly trong 15 phiit thi
dung dugc 2 sb bai Ly. Viét bat phuong trinh bac nhat hai 4n cho thoi gian gidi x bai Toan dung va y bai Ly dung,
biét thoi gian giai it hon 150 phut.

Bai tap 14. Mot gian hang trung bay ban va ghé rong 100 m?. Dién tich dé ké mot chiéc ghé 1a 1 m?, mot chiée ban 1a
2 m? va dién tich mat san danh cho luu thong t6i thiéu la 24 m?. Goi x 1a s chiée ghé, y 1a sb chiéc ban dugc ké, hay
viét bat phuong trinh bac nhat hai &n x, y cho phan mét san dé ké ban va ghé va chi ra hai nghiém ctia bat phuong
trinh.

Bai tap 15. Mot rap chiéu phim 2D phuc vu khan gid mét bd phim mdi véi 2 loai vé khac nhau. Vé loai 1 (tir tha 2
dén thu 5) gia 80000 dong/vé, vé loai 2 (tir thit 6 dén chui nhat va ngay 18) gia 100000 dong/vé. Dé khong phai bu 16
thi s6 tién vé thu dugc & rap chiéu phim nay phai dat t6i thiéu 150 triéu dong. Hoi s6 lugng vé ban dugc trong nhitng
truong hop nao thi rap chiéu phim phai bu 16?

Bai tap 16. Mot bac nong dan can trong lda va khoai trén dién tich dat 6 ha, véi lugng phan bén du trir 1a 100 kg va
st dung t6i da 120 ngay cong. Dé trong 1 ha Ida can st dung 20 kg phan bén, 10 ngay cong véi lgi nhuan 1a 30 triéu
dong; dé trong 1 ha khoai can st dung 10 kg phan bon, 30 ngay cong vdéi lgi nhuén 1a 60 triéu dong. Biét bac nong
dan da tréng x (ha) lta va y (ha) khoai. Tim gia tri ctia x d€ bac ndong dan dat dugc 1gi nhuan cao nhat.
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2.2 Hé bat phuong trinh bac nhat hai 4n

2.2.1 Hé bat phuong trinh bac nhét hai 4n

Dinh nghia 2.3.
e H¢ bit phuong trinh bdc nhat hai dn la mot hé gom hai hay nhiéu bat phuong trinh bic nhat hai dn.
o Cip s0 (x0;yo) la nghiém ciia mot hé bat phicong trinh bic nhat hai én khi (xo;yo) dong thoi la nghiém ciia tat cd
cdc bit phuong trinh trong hé do.
e Trong mit phang tog do, tdp hop cic diém cd tog dg 1a nghi¢m ciia hé bat phurong trinh bic nhdt hai dn la mién
nghiém ctia hé bat phuong trinh do. Hay néi cach khdc, mién nghiém ciia hé bt phuong trinh la phan giao ciia tat
cd cdc mién nghiém ciia cdc bt phuong trinh trong hé.

2.2.2 Biéu dién mién nghiém ctia hé bat phuong trinh bac nhat hai an

Phuong phap giai 2.2. Biéu dién mién nghi¢m ciia hé bit phuong trinh bic nhit hai dn trén mdt phing tog do

e Vé mien nghzem clia tung bat phmmg trinh ctla hé,

* Mién nghi¢m ciia hé la giao cdc mién nghzem ctia cdc bat phuong trinh trong hé.
Dinh ly 2.1. Nguoi ta chirng minh digc rang gid tri 1on nhat (hay nhé nhat) cila biéu thirc F(x;y) = ax + by, vdi
(x y) la tog do cdc diém thudc mién da gidc A1 A, ... Ay, titc i cdc diém nam bén trong hay nam trén cdc canh cia da
Qidc, dat dugc tai mot trong cdc dinh cua da gidc do.

$> BAI TAPSS

BIEU DIEN HINH HOC CUA TAP NGHIEM

x—3y <0

Bai tap 1. Cho hé bat phuong trinh bac nhét hai &n {2 <3 hay cho biét cdp sb (2;1) c6 phai la nghiém cta hé
x—y <

bat phuong trinh khong?
Bai tap 2. Biéu dién hinh hoc tap nghiém ctia bat phuong trinh bac nhat hai &n 3x +y > 3.
Bai tap 3. Biéu dién hinh hoc tap nghiém cta bat phuong trinh bac nhéat hai 4n 2x — 4y < 8.
Bai tap 4. Cho bat phuong trinh bac nhat hai 4n —2x + 3y > 0.
a) Biéu dién hinh hoc tip nghiém cta bat phuong trinh trén.
b) Cho hai diém A(2;1) va B(3;3), hoi hai diém nay cung phia hay khac phia déi véi bo (d).
o 1x £ £ . x >1
Bai tap 5. Biéu dién hinh hoc tap nghiém ctuia hé bat phuong trinh bac nhat hai an sau { Ty <9
r—y

Bai tap 6. Biéu dién hinh hoc tap nghiém ctia hé bat phuong trinh bac nhét hai dn sau

> 1 X+y<2 2x +5y > 2
{3 yzz b) {x—y>1 C) x—=3y=>1
x_
y= y> -1 x+y<3
oy <1 2x+y > 2 3x+y <5
x_
Y x—2y<1 xty<4
d) ¢ x+3y< -2 e) y<2 f) >0
—x+y<2 ¥ <3 >0

Bai tap 7. Biéu dién hinh hoc tap nghiém ctia bat phuong trinh bac nhat hai an x + %y >1—x+ %
Bai tap 8. Biéu dién hinh hoc tap nghiém ctia bat phuong trinh bac nhat hai &n —2022x — 2023y < 2021y.

y

Bai tap 9. Cho bat phuong trinh bac nhét hai an g +2<1

a) Biéu dién hinh hoc tip nghiém ctia bat phuong trinh trén.

b) Tim diém A thudc mién nghiém ctia bat phuong trinh trén. Biét rang diém A 1a giao diém ctia parabol (P) : y =
x> — 5x 4 4 va truc hoanh.
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TIM CUC TRI CUA BIEU THUC F = ax + by TREN MOT MIEN DA GIAC

Phuong phap giai 2.3.
* Budc 1. Tim mién da gidc A1Az ... AjAi1 ... Ay la mién nghiém ciia hé bat phuong trinh.
e Budc 2. Tim toa d6 cic dinh A1, Ay, ..., Ay
® Budc 3. Tinh F (x;;y;) trong do A; (x;;y;) vdii =1,2,..., n
e Burdc 4. Két ludn
Gid tri lon nhit M = max F (x;;y;).

i=12,.n
Gid tri nhé nhdt m = min F (x;y;).
i=12,..n
$> BAI TAPSY
3x—y > -1
Bai tap 10. Cho cap (x;y) langhiém cuiahé ¢ 2x +y <6
x+3y >3

a) Tim gi4 tri 16n nhat va nho nhat caa biéu thic f (x;y) = 2x — 3y.

b) Tim gia tri 16n nhat va nho6 nhat ctia biéu thic f (x;y) = 2x — 3y + 1.
2x-5y—-1>0
Bai tap 11. Cho cdp (x;y) langhiém caahé (2x+y+5>0
x+y+1<0

a) Tim gia tri 16n nhat va nhod nhat ctia biéu thic f (x;y) = x + 3y.

b) Tim gid tri 16n nhat va nho nhét cta biéu thic f (x;y) = 2x + 3y — 1.
Bai tap 12. Quéang céo san pham trén truyén hinh 1a mot hoat déng quan trong trong kinh doanh ctuia cac doanh
nghiép. Theo Thong bao s6 10/2019, gia quang cao trén VTV1 la 30 triéu dong cho 15 giay/1 lan quang cdo vao
khoang 20h30; 1a 6 triéu dong cho 15 gidy/1 lan quang céo vao khung gi0 16h00 — 17h00. M6t cong ty du dinh chi
khong qua 900 triéu dong dé quang cdo trén VTV1 vdi yeu cau quang céo ve s6 lan phat nhu sau: it nhat 10 lan quang
cdo vao khoang 20h30 va khong qua 50 1an quang cdo vao khung gis 16h00 — 17h00. Tong thoi gian quang cdo 16n
nhét 1a bao nhiéu.
Bai tap 13. Mot ho nong dan du dinh tréng dau va ca trén dién tich 8 ha. Néu tréng dau thi can 20 cong va thu 3
triéu dong trén dién tich méi ha, néu trong ca thi can 30 cong va thu 4 triéu dong trén dién tich méi ha. Héi can trong
méi loai cay trén véi dién tich 1a bao nhiéu dé thu vé dugc nhiéu tién nhét, biét rang tong s cong khong qua 180.
Bai tap 14. Mot gia dinh can it nhat 900 don vi protein va 400 don vi lipit trong thitc &n méi ngay. Méi kg thit bo
chtra 800 don vi protein va 200 don vi lipit. Mdi kg thit lon chita 600 don vi protein va 400 don vi lipit. Biét ré“mg moi
ngay gia dinh nay chi mua t6i da 1,5 kg thit bo va 1 kg thit lon, gia tién 1 kg thit bo 1a 200 nghin dong, 1 kg thit lgn 1a
100 nghin dong. Hoi gia dinh d6 phai mua bao nhiéu kg thit mdi loai dé s6 tién bo ra 1a it nhat.
Bai tap 15. Nguoi ta dinh dung hai loai nguyén liéu dé chiét xut it nhat 120 kg hoa chat A va 9 kg héa chat B. Tix
mdi tan nguyén liéu loai I gia 4 triéu dong c6 thé chiét xuat dugc 20 kg chat A va 0,6 kg chat B. T mdi tan nguyén
liéu loai 1T gia 3 triéu dong c6 thé chiét xuat dugc 10 kg chat A va 1,5 kg chat B. Hoi phéi dung bao nhiéu tin nguyén
liéu méi loai dé chi phi mua nguyén liéu 1a it nhat. Biét rang co s cung cip nguyén liéu chi 6 thé cung cap khong
qua 10 tAn nguyeén liéu loai I va khong qué 9 tan nguyén liéu loai IL.
Bai tap 16. C6 ba nhém may A, B, C dung dé san xuét ra hai loai san phadm I va II. D€ san xuat mot don vi sdn phdm
mdi loai phai 1an lugt dung cac may thudc cac nhém khéc nhau. S6 mdy trong mot nhém va sd mdy cda tirng nhém
can thiét dé san xuat ra mot don vi sdn phdm thudc méi loai duge cho trong bang sau:

Nhém | $6 méy trong méi nhém i@ mdy trong ting nhém dé san xuat ra mot san phdm
oai [ Loai II
A 10 2 2
B 4 0 2
C 12 2 4

Mot don vi sén phdm I 1ai ba nghin déng, mot don vi sdn pham loai II 1ai nim nghin dong. Hay lap phuong an dé
viéc san xuét hai loai sdn pham trén c6 lai cao nhét.

Bai tap 17. Mot nha khoa hoc nghién ctru vé tac dong phdi hop cta vitamin A va vitamin B d6i voi co thé con ngudi.
Két qua nhu sau:
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a) Mot ngudi ¢6 thé tiép nhan duge méi ngay khong qua 600 don vi vitamin A va khéng qua 500 don vi vitamin
B.

b) Mot ngudi méi ngay can tir 400 dén 1000 don vi vitamin ca A 1an B.

s A A . 2 . . . . X N A . . . 2. < A 1 A . . .
c) Do tac dong phoi hgp cua hai loai vitamin, moi ngay so don vi vitamin B phai nhiéu hon 5 80 don vi vitamin

A nhung khong nhiéu hon ba 1an s6 don vi vitamin A. Biét gia mot don vi vitamin A 1a 9 dong va gia mot don
vi vitamin B 1a 7,5 dong.

Tim phuong an dung vitamin A va vitamin B thda man cac diéu kién trén sao cho s6 tién phai tra it nhat.
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Chuong 3

Ham so bac hai va do thi

3.1 Ham s6

3.1.1 Khai niém ham s6

Dinh nghia 3.1. V&i mdi gid tri ciia x € 9 c6 mt va chi mot y € R, théa man quy ticy = f(x) thi ta cd mot ham so.
Trong do,

o x dugc goi 1 bién s6 va y goi la ham s,

* Tap 9 duoc goi la tap xdc dinh ciia ham s,

o Tip tat cd cdc gid tri ciia y duoc goi la tdp gid tri ctia ham s6,

e Tip hop cdc diém M(x;y = f(x)) trén mit phang toa d6 Oxy la d6 thi ham s6 y = f(x).

3.1.2 Tap xac dinh cta ham s6

Dinh nghia 3.2. Tip xdc dinh ciia ham séy = f(x) la tdp hop tit cd cdc s6 thic x sao cho biéu thifc f(x) cd nghia.
Luuy 3.1.

. P(x) . .. .

00 xdc dinh khi Q(x) # 0.
e \/P(x) xdc dinh khi P(x) > 0.
o Pl xdc dinh khi Q(x) > 0.

VQ(x)

3.1.3 Tap gia tri cia ham s6

Dinh nghia 3.3. Ham sé y = f(x) cd tdp xdc dinh 9. NéuVx € Ztaco m < f(x) < M thitagp T = [m; M] dugc
goi la mién gid tri ciia f(x).

$> BAI TAP<Y

BIEU DIEN HAM SO
Bai tap 1. Tai siéu thi, gid niém yét mbi cay but 1a 6000 dong. Binh mua x cy bt hét y dong.
a) Néu mua 5 cy thi Binh phai trd bao nhiéu tién.

b) Viét biéu thic lién hé (ham sd) gitra x va y.
Bai tdp 2. Quan sat bang gia cudc taxi cua hang A mo6 ta nhu sau

Gid mé cia | Gia tir 0 km dén 25 km | Gid tur 25 km trd di
10000 13000 11000

a) Tinh s6 tién phai tra khi di chuyén 25 km.
b) Lap cong thic tinh tién taxi theo s6 km di chuyén.
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TIM TAP XAC DINH HAM SO

Bai tap 3. Tim tap xdc dinh ctia cac ham s6 sau

) _ox+1 b) y = 1 ) _ 2x+1
VTt YTE YTy
2x +3 1—-3x X
= - = - f S
DY =G a-3 Y= DD ) V= 2o
yy= _ X+9 h P +x41 Dy 5x —7
&Y= e —20 A R YT )2 — a2t x) + 4
Bai tdp 4. Tim tap xac dinh ctia cac ham s6 sau
a) y=+v3x—1 b) y =+/—2(x+1). o y=vx>2—-1
d) y=+v4—x2 e) y=12x—x2 f) y=+vx2—-3x+2.
Bai tap 5. Tim tap xac dinh ctia cac ham s6 sau
3x -2 2x x+2
a) y=——. b)y=—"-"—. Q) y=—=+Vv3x+1
Y= =i I R ata V2i—x
1 V2+x—+v3—x x—+v5—x
dy=v3-—x— —. e y= . f) y= .
V14 2x Vx 1—+vx-3
TIM TAP GIA TRI CUA HAM SO
Bai tap 6. Tim tap gid tri ctia cdc ham sb sau
1 X
VY= D y=ire
Qy=vx+1+v3—ux d)y=x+V4—x2
| LUYEN TAP 6|
Bai tap 7. Tim tip xdc dinh ctia cac ham s6 sau
x vV—x+4 V2x+1
Q) y= b y=" ) y=og
(x —1)/x x? —3x 2x2 —x —1
d)  (x—=2)v/x-3 e y = 4x2 +4x +1 H CVx—1+V4—x
A P S (VS ™ B P R
) V-2 Va+1 h _ V342 +V3-2x i :x2+\/9—2x+1
&Yy x+4 ) Y x3 +4x ’ Y 3x -7 '
Bai tap 8. Tim tip xdc dinh ctia cac ham s6 sau
V=4 —3x VaZ+1 Vx+5+ /16 — 2x
QA y=——. b) y=—7——. c) y=
|5x +7| —4 3—|x+1] |x| —2
3x—1 1 Vx+2  VA—x
= i e = . f) y= .
Dy =vVatd = g T9 R B N P B g e VY= Y By

: . 2v41
Bai tip 9. Dinh m dé ham sb y = m’; " <o tap xéc dinh 1a R.

ﬁ2+2x+3

Bai tap 10. V&i nhiing gia tri nao ctia m thi ham sdy = 2 _xtm_2

Bai tap 11. Dinh m dé ham s6:

¢6 tap xac dinh la R?

a) y = Vx —m+1++/x —mxac dinh Vx > 0. b) y = me—:—ilm—x xac dinh trén khoang (—1;0).
Bai tap 12. Chohams6y = %. Tim a dé ham sb xac dinh Vx € [—1;0].
MW THANG LONG BINH TAN Trang 16
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Bai tap 13. Chohamséy = f(x) = vx — m +2 + /2m — x. Dinh m dé ham s6 da cho xac dinh véi moi gia tri ctia x
trong (1;4).
Bai tap 14. Choham sy = f(x) = v/x — m + 2 + v/2m — x. Dinh m dé ham s da cho xac dinh trén mot doan c6 do
dai bang 3.

Bai tap 15. Tim m dé hamso y = 2 3ctm 6 tap xac dinh [0; +o0).
Bai tap 16. Cho ham s6 y = v/x — m + v/2m + 1 — x. Dinh m dé ham s6 xéac dinh trén mot doan c6 d6 dai bang 2.

1
Vx+a—-24++Va+1—x

. ) 1
Bai tap 18. Tim a d€ ham s0 y = v/4 — x2 + —— xac dinh trén doan [0; 1].

Bai tap 17. Tim a dé ham sby = xac dinh trén doan [—1;1].

M THANG LONG BINH TAN Trang 17
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3.2  Tinh don diéu ctia ham s6

Dinh nghia 3.4. Cho ham sé f(x) xdc dinh trén (a;b)
o Hamsoy = f(x) goi la dong bién (ting) trén khodng (a;b) néu Vx1,x3 € (a;b) 1 x1 < x2 = f(x1) < f(x2).
o Ham séy = f(x) goi la nghich bién (gidm) trén khodng (a;b) néu Vx1,xo € (a;b) : x1 < xp = f(x1) >

f(x2).

Dinh 1y 3.1. Cho ham s f(x) xdc dinh trén (a; b).

f(x1) = f(x2)
X1 — X2

o Néu T > 0 trén khodng (a; b) thi ham s6 dong bién trén khodng (a;b).

o Néu T < 0 trén khodng (a; b) thi ham s nghich bién trén khoing (a;b).

Xét ty s6 (1 s6 Newton) T = trong do x1,xy € (a;b) va x1 # X3,

$> BAI TAP<

XET TINH PON DIEU HAM SO

Bai tap 1. Xét tinh don diéu ctia cac ham s sau

a) y=—2x+1trénR. b) y = /x — 1 trén (0; +o0). ) y = x* — 2x trén (2; +-0).
d) y = —2x% + 4x trén (3; +c0). e) y= —x>+3x —2trén (2;5). f) y=x>+1trénR.
g) y =3x> —6x + 2 trén R. h)y=x*>—x+1trénR. i) y = x>+ 3x trén (—oo; —1).
Bai tap 2. Xét tinh don diéu ctia cac ham s sau
1 . 1 4
a) y = ;tren(—oo;O). b) y = 2 trén (0; +00). c) y= x+2tren(—2,+oo).
— 2 _
d)yy= X2 trén (—o0;0). e y= 2x 1 trén (—o0; —2). f) y= yoxt2 trén (3; +o0).
x+2 x
24+x+1 1 A . =5 a4
g)y= a1 trén (0;2). h)yy= 21 trén (—o0;0). iy y= 29 trén (—oo; 3).
Bai tap 3. Xét tinh don diéu ctia cac ham sb sau
a) y = V2x trén (0; +o0) b) y = Vx+1trén (—1;+o0) c) y=+V5—xtrén (—oo;5)
d) y = Vx2+1trén (0; +o0) e) y=+Vx—4—+x+1trén (4;+00) f) y = /x trén (—o0;0)

Baitap4. Chohamsby = V/x +4+2Vx 13
a) Tim tap xéac dinh ctia ham s.

b) Chitng minh ham s6 dong bién trén tap xac dinh.

Zox—1 .
Bai tdp 5. Chiung minhy = % dong bien trén (—oo;1) va (1; +o0).
Bai tap 6. Xét tinh don diéu ctia cac ham sb sau
2x . x3 .
a) y = 241 trén (1; +o0). b) y = 211 trén RR.
Bai tap 7. Xét tinh don diéu ctia cac ham s6 sau
a) y = Vx+1trén (—oo;fo0) b) y=+vx2—x+1trén (;;—ﬁ-oo)

TiIM THAM SO DE HAM SO DONG BIEN, NGHICH BIEN

Bai tap 8. Tim m dé ham s6 y = mx? + 2 nghich bién trén (0; +o0).
Bai tap 9. Tim m dé ham s6 y = x* — mx + 1 ddng bién trén (1;2).
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3.3

Ham so bac hai

3.3.1 Dinh nghia

3.3.2 Tinh dong bién, nghich bién

Pinh 1y 3.2. Ham s6 cd dang y = ax* + bx +¢, (a # 0)

Pinh nghia 3.5. Ham s6 c6 dang y = ax> + bx + ¢, (a # 0) duoc goi la ham s6 bic hai.

a>0

a<0

Ham s6 nghich bién tir (

Ham s6 dong bién tir (— %,‘ —l—oo)

7

)
0o —
2a

" N 2 N b
Ham so0 dong bien tir <oo; 2a>

Ham s6 nghich bién tir (—Zba; —|—oo>

3.3.3 Cac budc vé d6 thi ham s6 bac hai

—b —A .
Tim toa d6 dinh 1 <2:; 4a) va xdc dinh truc doi xing: x =

Lép bing bién thién

Phuong phép gii 3.1. Cidc budc khio sit vi vé do thi ham s6 y = ax* 4+ bx +c, (a # 0)
o Tim tdp xdc dinh 9 = R.

2a

Néu a > 0, Parabol quay bé 1om lén Néu a < 0, Parabol quay bé 16m xudng
b b
x| - - x| - -
o o +o0 o o +o0
400 —+0o0 _ é
y \ A / y / 4a \
" 44 —00 —00
o K&t lugn dong bién, nghich bién
e DG thi: Parabol c6 truc dbi ximg la duong thing x = — % va c6 hai dang do thi nhu sau
Hésba >0 héséa <0
ypd ypo e
I I
|
| |
| |
| |
| |
| |
| |
| |
| |
| |
: :
N o
| |
$> BAI TAP<Y

VE PO THI HAM SO BAC HAI

Bai tap 1. Khao sat va vé do thi cac ham s6 sau

a) y = x> —2x.

e) y=2x>—2x.

b) y=x242x+1.

f) y=—2x242x+1.

Bai tap 2. Chohamsby = —(x —1)>+4

¢) y=—x*—4x+5.

g) y:—1x2—4x+5.

a) Tim dinh, truc d6i xtiing, bang bién thién va vé do6 thi ham s.

2

d) y = 2% +4x+3.

1
h)y:—§x2+4x+3.
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b) Dua vao bang bién thién, hay néu nhiing khoang trén d6 ham sb chi nhan gia tri duong.

XAC PINH HAM BAC HAI THOA PIEU KIEN CHO TRUGC
Bai tap 3. Xac dinh (P) : y = ax? + bx + ¢ trong céc truong hop sau
a) Qua3diém A(0;—1),B(1;-1),C(-1;1). b) Qua 3 diém A(—1; 1), B(0;2),C(1; —1).

¢) Qua A(1;1) vacé dinh I(—1;5). d) Qua A(3;0) va cé dinh I(1;4).
e) Qua A(1;16) va cat Ox tai diém c6 hoanh do-1va5. f) Qua A(0;6) va dat GTLN 1a 4 khi x = —2.

g) Qua A(4; —4) va dat GTLN la —2 khi x = 2. h) Tiép xtc Ox va qua A(0;2), B(—2;8).
Bai tap 4. Xac dinh (P) biét (P) qua cac diém A, B, C(—2;3) v6i A, B 1a hai giao diém cta (d) : y = 2x +5 va
(P):y=x*-3x+1
Bai tap 5. Xac dinh (P) : y = ax? + bx + ¢ trong céc truong hop sau
a) C6 truc d6i xing la x = —2, qua A(1;4) va c6 dinh thudc duong thang y = 2x — 1.
b) C6 truc d6i xtiing 1a x = 1, cat Oy tai diém c6 tung d¢ 1a 1 va chi c6 mot giao diém vdéi Ox.

c) (P) cat Oy tai diém c6 tung do bang -4 va ham sb dat gid tri 16n nhat bang 0 khi x = 2.

)
)
)
d) (P) di qua A(—1;10), cat Oy tai B(0;3) va c¢6 hoanh d¢ dinh 1a 3.

. 4 N ¢ . 1
e) (P) dat cuc dai bang §9 khix = Z va do thi ham so cat Ox tai diém c6 hoanh do la 5

TUONG GIAO PO THI

Phuong phap giai 3.2. D¢ tim giao diém ciia hai do thi y = f(x) vay = g(x)
a) Gidi phuong trinh hoanh dg giao diém f(x) = g(x) tim nghiém.
b) Thé hoanh d¢ giao diém vao tim tung do giao diém.
c) Suy ra toa dj giao diém.

Bai tap 6. Xac dinh toa do giao diém ctia (d) va (P) bang do thi va phép tinh:
a) (d):y=2x+3,(P):y=x% b) (d):x+y—1=0,(P):y=x>+4x—3.
Bai tap 7. Tim phuong trinh (P) biét (P) ¢6 dinh I(2; —1) va (P) cat duong thang (d) : y = x + 5 tai diém A c6 hoanh
do bang 5.
Bai tap 8. Choham sby = x* + 2mx +m? +m —3 (1)
a) Tim m dé dd thi ham s6 (1) di qua M(2;7).

b) Tim m dé do thi ham sb (1) cit truc hoanh tai hai diém phan biét c6 hoanh do 1a x;, x, théa man dong thoi
x12 + x22 =18 va xq1.xp < 0.
Baitap 9. Cho (P):y = —x*>+6x—5
a) Khao sat va vé do thi (P).
b) Dung d6 thi bién luan theo m s6 diém chung cta (P) va (d) : y = m.
Bai tap 10. Cho (P) :y = x* —3x+2va (d) : y = mx +2
a) Khao sat va vé do thi (P),
b) Dinh m dé hai d6 thi c6 duy nhat mot diém chung, cit nhau tai hai diém phan biét.
¢) Bién luan theo m s6 nghiém ctia phuong trinh x> — 3x + 3 — 2m = 0.
Bai tap 11. Cho ham sy = x> —2x : (P)
a) Tim tap xac dinh, toa do dinh, 1ap bang bién thién va vé do thi (P).

b) Dya vao do thi (P), tim tt ca céc gia tri ctia m dé phuong trinh x* — 2x 4+ 2 — m = 0 ¢6 ding mot nghiém thudc
[—1;2].
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Bai tap 12. Vé dd thi ham s6 (P) : y = x> + x + 1. Dya vao d6 thi, tim m dé phuong trinh x> + x —3m +1 = 0 ¢6
nghiém duy nhét thuoc (—3;1).
Bai tap 13. Cho parabol (P): y = x*> —4x +3
a) Tim tap xac dinh, toa do dinh, 1ap bang bién thién va vé do thi (P).
b) Dua vao dé thi (P), tim tat c cic gid tri cia m dé phuong trinh x* — 4x +3 — m = 0 ¢6 ding mot nghiém
duong.
¢) Dung d6 thi (P), hay tim m sao cho phuong trinh x> — 4x + 3 + m = 0 c6 hai nghiém phan biét nhé hon hay
bang 1.

Bai tap 14. Cho parabol (P) : y = x%, hay tim gid tri ctia tham s6 m dé duong thang y = m cat db thi tai hai diém
phéan biét A, B sao cho d6 dai AB = 2.

2 1 .
Bai tap 15. Cho (d) : y = —1,(Py) : y = —x> + mx — m? —m;m € {—4,' 2} .Goi M, N la 2 giao diém cta (d) va Py,.

Dinh m dé do dai MN dat gia tri 16n nhat.

UNG DUNG HAM SO TiM GTLN, GTNN

Bai tap 16. Lap bang bién thién ctia ham s6 rdi tim GTLN, GTNN ctia ham s6 trén mién xac dinh dugc chi ra:

a) y = x* —2x trén [—1;3]. d) y = 3x% — 4x trén [1; +-0).
b) y = —6x* + 3x trén [—5; —2]. e) y=—x>+2x+1trén [~1;1] U[2;3].
c) y = x*> — 5x trén (—o0;3]. f) y = 2x% 4 3 trén (—oo; —6] U [5; +-00).

Bai tap 17. Tim gia tri Ion nhét va nhd nhat ctia ham sé:

4 2 2

2 2x 2x

) y=x"+ 5 —-3(x+=)+7 b) y = _ 2.
x? x V=172 T+ "

Bai tap 18. Tim gia tri Ion nhéat va nhd nhat ciaham sé: y = V1 —x + V1 —x + /1 — x2.

TOAN THUC TE
Bai tap 19. Quy dao bay ctia mot dugc ném tir gbe O (duge chon lam diém ném) trong mat phang Oxy 1a mot parabol
. . 3 . X , ) T S
c6 phuong trinh y = — Tooo™ + x, trong do6 x (m) la khoang cach theo phuong ngang trén mat dat tr vi tri cia vat

dén gbc O, y (m) 1a d9 cao cta vat so voi mat dat
a) Tim d6 cao cuc dai trong qua trinh bay.

b) Tinh khoang cach tir diém cham dat sau khi bay ctia vat dén gbc O. Khoang cach nay goi la tAm xa ctia quy dao.
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Chuong 4
Thong ké

41  So gan dung va sai so

41.1 S6 gan ding

Trong nhiéu truong hop, ta khong biét hodc kho biét sé ding (ki hiéu 1a @) ma chi tim duoc gia tri khac xap xi né. Gia
tri nay duoc goi la so gan dung, ki hiéu la a.

4.1.2 Sai so tuyét d6i va sai s6 twong doi

Dinh nghia 4.1. Gid tri |a — a| phin dnh mitc d¢ sai léch giita s6 diing a va s6 gan diing a, dugc goi la sai s6 tuyét doi ciia s6
gan ding a, ki hi¢u la A,, tikc I

Luuy 4.1.
o Trén thuc té, nhiéu khi ta khong biét @ nén cing khong biét A,. Tuy nhién, ta c6 thé danh gid dugc A, khong vuot qud mot
s6 duong d nao do.
o Néul, <dthia—d <a <a-+d,khiddtaviéta = a+doahiéu la so diing a nim trong dogn [a — d;a +d]. Do d
cang nhd thi a cang gan a nén d dugc goi la o chinh xdc cila s6 gan diing.
Aq

m.

Luuy4.2. Néua =a-+dthi A, <d, dodss, < jl. Néu |Z| cang nhé thi chit lugng ciia phép do hay tinh todn cang cao.

Dinh nghia 4.2. Sai s6 tuong doi ciia so gan diing a, ki hiéu 1o 6,, 1 H s gitia sai s6 tuyét doi va |a|, titc la 5, =

Nguoi ta thuong viét sai s tuwong doi dudi dang phan trim.

4.1.3 Quy tron s6 gan ding

Dinh nghia 4.3. S6 thu dugc sau khi thue hién lam tron so dugc goi la s6 quy tron. S6 quy tron la mot s6 gan diing ciia so ban
dau.

Quy tac 4.1. Quy tic quy tron sb
a) Déi véi chit s6 hang lam tron:
o Gitl nguyén néu chit s6 ngay bén phdi né nhé hon 5;
e Ting 1 don vi néu chit s6 ngay bén phdi né 16n hon hodc bing 5.
b) DGi vdi chit s6 sau hang lam tron:
e B6 di néu & phan thip phin;
* Thay bdi cic chit s6 0 néu & phan s nguyén.
Luuy 4.3.
e Khi thay s6 diing bdi s quy tron dén mot hang nao do thi sai so tuyét ddi ciia s quy tron khong vugt qud nita don vi ciia
hang lam tromn.
e Cho s0 gan diing a vdi do chinh xdc d. Khi dugc yéu cau lam tron so a ma khéng ndi ro lam tron dén hang nao thi ta lam
tron s6 a dén hang thap nhat ma d nhé hon 1 don vi ciia hang do.

$> BAI TAPS
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XAC DINH SO GAN DUNG CUA MOT SO VOI PO CHINH XAC CHO TRUOC, DANH
GIA PO CHINH XAC

Bai tap 1. Pinh Everest dugc ménh danh 1a "néc nha cta thé gi6i", bdi day 1a dinh nii cao nhéat trén Trai DAt so véi
muc nudc bién. C6 rat nhiéu con s6 khac nhau da titng dugc cong b vé chiéu cao ctia dinh Everest

8848 m; 8848,13 m; 8844,43 m; 8850 m;...

Céc con s nay déu la sb gan dung chiéu cao ctia dinh Everest.
Bai tap 2. Dién diu “X” vao 6 tuong ting

Thong tin 50 ding | SO gan dung
Ban kinh duong Xich Dao ctia Trai Dat la 6 378 km
Khoang cach tir Mdt Trang den Trai Dat 1a 384 400 km
1 m=100 cm

Bai tap 3. Goi d 1a d6 dai duong chéo ctia hinh vudng canh bang 1. Trong hai s6 v/2 va 1,41 sé nao 1a s ding, s6 nao
1a 56 gan dung ctia d?
Bai tap 4. Gia st khéi lugng ding ctia mot hop keo 1a 0,85 kg. Binh va An can hop keo nay va ghi nhan két qua lan
luogt1a 0,8 kg va 1 kg.

a) Tim sai s6 tuyét ddi cia két qua can ctia mbi ban.

b) Két qua can ctia ban nao chinh xac hon? Vi sao?
Bai tap 5. Ngudi ta dung mot dong hd bam gid véi do chia nhé nhét 1a 0,1 gidy va do dugce thoi gian hoan thanh
phan thi boi cia mot van dong vién 1a 27,2 giay.

a) Tim d¢ chinh xdc d cta phép do.

b) Néu thdi gian dung 1a a gidy thi hay tim khoang gid tri ma a ¢6 thé nhan dugc.
Bai tap 6. Mot bao gao ghi thong tin khéi lugng 1a 5 40,2 kg.

a) Xac dinh khéi lugng dung, khéi lugng gan ding va dé chinh xac ctia bao gao.

b) Khdi lugng thuc ctia bao gao nam trong doan nao?
Bai tap 7. Mot phép do dudng kinh nhan té bao cho két qua 1a 5 4- 0,3 um. Dudng kinh thuc ctia nhan té bao thudc
doan nao?
Bai tap 8. Chiéu dai mot cdi cau la ¢ = 1745,25m +0,01m.

a) Xac dinh chiéu dai dung, chiéu dai gan ding va do chinh xac cta cta céi cau.

b) Chiéu dai thyc ctia cai cAu nam trong doan nao?
Bai tap 9. Biét V/7 = 2,6457513. ..

a) Lam tron két qua dén phan muodi va ude lugng sai s6 tuyét doi.

b) Lam tron két qua dén phan nghin va udc lugng sai sb tuyét doi.

XAC PINH SAI SO TUONG POI CUA SO GAN PUNG

Bai tap 10. a = 3,14 1a 56 gan dung ctiag = 71. Ta c6 A, = |t — 3,14| < |3,15 — 3,14| = 0,01. Tanéi a = 3,14 1a gia tri

gan dung ctia 7t v6i do chinh xac d = 0,01.

Bai tap 11. Mot bon hoa c6 dang hinh tron véi ban kinh la 0,8 m. Hai ban Ngan va Anh cung mudn tinh dién tich S

ctia bon hoa d6. Ban Ngan lay mot gid tri gan ding ctia 7 1a 3,1 va duge két qua 1a S;. Ban Anh lay mot gid tri gan

dung ctia 7t 1a 3,14 va dugc két qué 1a S,. So sénh sai s6 tuyét d6i Ag, ctia sé gan ding Sy va sai s6 tuyét do6i Ag, ctia

s gan ding S,. Ban nao cho két quéa chinh xac hon?

Bai tap 12. Mot to gidy A4 c6 dang hinh chi nhat v6i chiéu dai, chiéu rong lan lugt 1a 29,7 cm va 21 ecm. Tinh do dai

duong chéo cta to gidy A4 d6 va xac dinh do chinh xac ctia két qua tim dugc.

Bai tap 13. O Babylon, mot tAm dét sét 6 nién dai khoang 1900 — 1600 trudc Cong nguyén da ghi lai mot phat biéu
. . 25 £ . . .

hinh hoc, trong d6 am chi udc lugng so 7w bang 3= 3,1250. Hay udc lugng sai so tuyét doi va sai sO tuong doi caa

gia tri gan ding nay, biét 3,141 < 7 < 3,142.

Bai tap 14. Cho sb gan dung a = 6547 v6i do chinh xdc d = 100. Hay viét s6 quy tron ctia s6 a va udc lugng sai s6

tuong dbi ctia s6 quy tron do.
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Bai tap 15. Cho s6 gan dung a = 23748023 v6i do chinh xac d = 101. Hay viét s6 quy tron ctia s6 a va udc lugng sai
sb tuong déi ctia s6 quy tron do.

Bai tap 16. Cho biét v/3 = 1,7320508 .. .. Hay quy tron v/3 dén hang phan tram va udc luong sai s6 tuong dbi.

Ne oA —_ 1 .2 2 A N . s . X . ? —_ ~ s . A A
Bai tap 17. Choa = T (0 <x<1).Gidsttalay a = 1 — x lam gia tri gan dung cta a. Hay tinh sai so tuong doi
cta a theo x.

XAC PINH SO QUY TRON CUA SO GAN PUNG VOI PO CHINH XAC CHO TRUOC

Bai tap 18. Quy tron s6 3,141 dén hang phan tram rdi tinh sai s6 tuyét dbi cta s6 quy tron.
Bai tap 19.
a) Lam tron s6 2395,3 dén hang chuc, s6 18,693 dén hang phén tram va so dung d € [5,5;6,5) dén hang don vi.
Danh gi4 sai s6 tuyét ddi ciia phép lam tron sb dung d.
b) Cho sb gan ding a = 2,53 véi do chinh xdc d = 0,01. S6 dting @ thudc doan nao? Néu lam tron s6 a thi nén lam
tron dén hang nao? Vi sao?
Bai tap 20. Cho s6 gan ding a = 581 268 vdi do chinh xac d = 200. Hay viét sb quy tron cta sd a.
Bai tap 21. Viét s6 quy tron ctia méi s6 sau voi do chinh xac d.
a) 2841331 véi d = 400; b) 4,1463 v6i d = 0,01;

Bai tap 1. Lam tron cac s6 sau dén chir s6 hang chuc

c) 1,4142135 véid = 0,001.

Bai tap 5. Lam tron cac sb sau dén hang phan tram

a) 199. b) 999. c) 9999. d) 2683.
e) 1099. f) 12345. g) 123456. h) 43781.
i) 454995. j) 14350. k) 99999. 1) 987698.
m) 3400065. n) 1000587. 0) 987654. p) 28051989.
q) 2602283. r) 123,45 s) 12345,67. t) 98765,432.
Bai tap 2. Lam tron cac s sau dén chit s6 hang tram
a) 199. b) 999. c) 9999. d) 1099
e) 2683. f) 12345. g) 43781. h) 14350.
i) 1234567. j) 454995. k) 99999. 1) 987698.
m) 3400065. n) 987654. 0) 260283. p) 23456,7.
q) 12345,678. r) 8765,432. s) 9999,99.
Bai tap 3. Lam tron cac sb sau dén chi s6 hang nghin
a) 12345. b) 43 781. c) 28 634. d) 21 999.
e) 22999. f) 9999. g) 12 099. h) 454 995.
i) 14 350. j) 99999. k) 987 698. 1) 3400 065.
m)1 000 587. n) 987 654. 0) 260 283. p) 23456,7.
q) 1234567 r) 12345,678. s) 8765,432. t) 9999,99.
Bai tap 4. Lam tron cac sb sau dén hang phan musi
a) 10,00905. b) 60,991. c) 999,994. d) 10,0456.
e) 23,0009. £) 99,999. g) 90,0909. h) 9876,1.
i) 1234,56. j) 98765,43.
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a) 3,0468. b) 12,3475. c) 0,31069. d) 12,516.
e) 0,999. f) 7,923. g) 17,418, h) 79,1364.
i) 50,401, ) 0,155. k) 60,99, 1) 12,349.
m)?2,9999. n) 123,456. 0) 98,7654,

Bai tap 6. Viét s6 quy tron ctia méi s6 sau véi d6 chinh xéac d
a) 1234567 véid = 400. b) 8,7654 v4id = 0,01.
c) 28,4156 véid = 0,001. d) 1,7320508. .. v4i d = 0,0001.

Bai tap 7. Hay viét s6 quy tron cta
a) abiéta = 1951 890 =+ 200. b) bbiét b = 1,236 4 0,002.

¢) cbiétc — 3,1463 + 0,002.
Bai tap 8. Chiéu dai mot cai cau 1a ¢ = 1745,25 m +0,01 m. Hay viét s6 quy tron ctia s6 gan ding 1745,25.

SU DUNG MAY TINH CAM TAY DE TINH TOAN VOI SO GAN DUNG

Bai tap 9. St dung mdy tinh cam tay, tinh 37 - v/14 (trong két qua 14y bon chit s6 & phan thap phan).

Bai tap 10. Dung méy tinh cAm tay, tinh két qua ctia phép tinh v/15 : 5 — 2 (trong két qua 14y hai chit s6 & phan thap
phan).

Bai tp 11. Goi P la chu vi ctia duong tron ban kinh lem. Hay tim gid tri gan dung cta P (trong két qua lay hai chir
s0 & phan thap phan).

Bai tap 1. St dung mdy tinh b6 tdi tinh gan ding cac sb sau (két qua iy 4 chir s6 thap phan).

a) 37 V14. b) V15 124, o V15144
Bai tap 2. Thuc hién cac phép tinh sau trén may tinh cam tay (trong két lay 4 chi s6 & phan thap phan)
3
a) 46 . 0,1 b) \8/2’118 +1— \/2,112 + 1. C) grzg
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42  Cacso dic trung do xu thé trung tam

4.2.1 Sb trung binh cong (s6 trung binh)
Dinh Iy 4.1.
a) SO trung binh cong ctia mdu s6 ligu x1,xo, . . ., X, ki higu 1a X, durgc tinh bing cong thiic

X1 +x2+ -+ Xy
. .

f:

b) Sé trung binh cong ciia mdu so liéu thong ké trong bang phan bo tan so la

Gid tri X1 X e Xg
Tan so n Mo N Ny

dugc tinh theo cong thirc

5= nixi +npXxp + ...+ nEXyg
n 4

trong do n; tuong ting la tan s6 ciia gid tri x; (i = 1;2;...;k)van = ny +ny + -+ + ny.

c) SO trung binh cong ciia mau s ligu thong ké trong bang phin bé tan sé tuong di

Gid tri X1 X . Xy
Tan s0 tuong doi fi f2 e fr

dugc tinh theo cong thirc

X = fixr+ foxa+ -+ fixp

) n n e ..
trongdofl:i,fzzf,...,fk:?kvdzn:n1+n2+..._|_nk.

Luu y 4.4. S trung binh cong cho biét vi tri trung tdm ciia mdu s6 liéu. Khi cdc 6 liéu trong mdu it sai léch vi s trung binh
cong ta co thé'lay sé trung binh cong lam dai dién cho mau sé ligu.

4.2.2 Trungvi
Dinh nghia 4.4. Sdp thit tyw mdu s6 liéu gom n s6 liéu thanh mot day khong gidm (hodc khong ting).

n—+1

o Néu n la 1é thi sé ligu ding & vi tri thit (s6 diing chinh giita) goi 1 trung vi.

n .n
— va —

o Néu n la chin thi s6 trung binh cong ciia hai so liéu diing 6 vi tri thit )

+ 1 goi la trung vi.

o Trung vi ki hiéu la M,.
Luuy 4.5.

o Trung vi khong nhat thiét Ia mot s trong mdu sé liéu.

* Khi cic s0 ligu trong mau khéng cd su chénh Ié¢nh lon thi s trung binh cfng va trung vi xdp xi nhau.
Luu y 4.6.

e Trung vi la gid tri chia déi trong mdu s6 liéu. Trung vi khong bi dnh hudng béi gid tri bit thuong trong khi dé s6 trung
binh cong bi dnh hudng bdi gid tri bat thuong.

o Néu nhirng s liéu trong mau cé sw chénh léch 1on thi ta nén chon thém trung vi lam dai dién cho mdu s6 liéu d6 nham
diéu chinh mot s6 han ché khi sir dung so trung binh cong. Nhitng két lugn vé doi tugng thong ké riit ra khi do sé tin cdy
hon.

4.2.3 Tu phan vi

Dinh nghia 4.5. Sip thit ty mdu s6 ligu gom n s ligu thanh mot day khong gidm. Tit phan vi ciia mdu so lidu trén 1a bj ba gid
tri tif phan vi thit nhat, ki phan vi thit hai va tir phdn vi thit ba, ba gid tri nay chia mau so ligu thanh bon phan c6 s6 phan tir
bing nhau.

o Tit phin vi Q, biang trung vi.
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o Néu n la chin thi tit phan vi thir nhat Qq bing trung vi ciia nita day phia dudi va tit phin vi thit ba Qs biang trung vi ciia
nita day phia trén.

o Néu n la 1é thi tit phdan vi thit nhdt Qq bing trung vi ciia nita ddy phia dudi (khong bao gom Qy) va tit phin vi thit ba Q3
bang trung vi ciia nita ddy phia trén (khong bao gom Q).

Nita day phia dudi Nita day phia trén

Gid tri 1 [0)3 Qs Gid tri
nhé nhat l6n nhit

Luuy 4.7.
® (q con duoc goi la tit phdn vi dwdi, Qs con duoc goi la tit phin vi trén.
e Cic diém Q1, Qa, Q3 chia day dit liéu da sip xép theo thit ty tit nhé dén lon thanh 4 phan, moi phan déu chita 25% gid tri.

25% 25%

Gid tri Q4 25% (o)) 25% Q3 Gid tri
nhé nhit 16n nhit

Luuy 4.8.

o Trong thuc té, c6 nhitng mdu s liéu ma nhiéu s ligu trong mau do vin con sy chénh léch 16n so vdi trung vi. Ta nén chon
thém nhitng s6 khdc cung lam dai dién cho mdu dé. Bang cdch ldy thém trung vi ciia tirng ddy so liéu tach ra bdi trung vi
clla mdu noi trén, ta nhgn dugc ki phan vi dai dién cho mdu so li¢u do.

* B¢ ba gid tri Q1, Qa, Q3 trong ti phin vi phdn dnh do phéan tan ciia mau sé liu. Nhung méi gid tri Q1, Qa, Q3 lai do xu
thé trung tam ctia phan so ligu tuong 1ing ciia mau do.

424 Mot
Dinh nghia 4.6. Mot ciia mdu sé li¢u la gid tri c6 tan sé 1on nhat trong bang phan bé tan sé va ki hiéu o M.
Luuy 4.9.

o MOt mau so liéu cé thé co mét hoic nhiéu mot

o Mot ciia mot mau s ligu dic trung cho s6 lan Lip di lip lai nhiéu nhat tai mot i tri ciia mdu s6 liéu do. Dua vao mét, ta
c6 thé dua ra nhiing két lugn (cé ich) vé doi tuong thong ké.

o C6 thé' diing mét dé do xu thé trung tam ciia mdu so lidu khi mdu so liéu c6 nhiéu gid tri triing nhau.

$> BAI TAP<Y

sO TRUNG BINH

Bai tap 1. Trong mot cudc thi tim hiéu lich st dia phuong (thang diém 10), mot 16p hoc tham gia cudc thi va dat
duoc s6 diém nhu sau:

Sohocsinh |5 (12|10 |3
S6diéem |56 ] 7 ]9

Hoi trung binh méi hoc sinh trong 16p dat bao nhiéu diém trong cudc thi?

Bai tap 2. Khi nghién ctru tudi tho cia mot loai béng den, nguoi ta da chon tiy y 10 bong den trong mot 16 hang va
bat sang lién tuc cho dén khi né tu tat. Tudi tho ctia cac bong deén (tinh theo gi®) cta cac bong dén dugc ghi lai trong
bang sau:

Soboéng den | 2 3 4 1
Tudi tho (gio) | 1150 | 1160 | 1170 | 1180

Hoi tudi tho trung binh ctia cac bong dén trong 16 hang 1a bao nhiéu?
Bai tap 3. Trong dot kiém tra quan su thuong nién tai mot don vi, § bd mon ban sting AK m6i ngudi phai ban 5 phat
sung vao bia. Thang diém ban 12: 0,4,5,6,7,8,9,10. O 4 14n bin trudc d6, anh Nam da dat duoc s6 diém nhu sau:

Lanban|[1]2]3]4] 5
S6diém [8|7|0|9]10
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Biét rang dé vuot qua bai kiém tra, m6i ngudi phai dat diém trung binh trong cac lan ban tir 6.5 diém trd 1én. Tinh sb
diém it nhat ma anh Nam can dat dugc trong 1an ban thit 5 dé vugt qua bai kiém tra.
Bai tap 4. Khéi lugng 30 chi tiét may dugc cho bdi bang sau

Khoi lugng (gam) | 250 | 300 | 350 | 400 | 450 | 500 | Cong
Tan s6 4 | 4 | 5|6 | 4|7 30

Tinh sb trung binh ¥ (lam tron dén chit s6 thit hai sau diu phay) ctia bang néi trén.
Bai tap 5. Bang s6 liéu sau day thong ké thoi gian ndy mam mot loai hat méi trong cac diéu kién khac nhau

Thoi gian(phut) | 420 | 440 | 450 | 480 | 500 | 540
Tan s6 8§ |17 | 18 | 16 | 11 | 10

Tinh gid tri trung binh ¥ (Iam tron dén hai chit s6 sau dau phdy) vé thdi gian ndy mam loai hat méi néi trén.
Bai tap 6. Diéu tra s6 hoc sinh ctia 30 16p hoc, ta dugc bang s6 liéu nhu sau:

3513913940 |40 |41 |41 |41 |41 |44 |44 45|45 |45 |46
48 148148 148(49(49|49|49|49 49|50 |50 |50 |50 |51

Tinh sO trung vi ctia bang noi trén.

SO TRUNG VI. TU PHAN VI

Bai tap 7. Mot nhom g6m 7 hoc sinh tham gia mot cudc thi va dat duge sb diém nhu sau: 89, 69, 65, 0, 80, 0, 90. Hay
tim trung vi ctia mau s6 liéu trén.
Bai tap 8. Diéu tra s6 hoc sinh gi6i khéi 10 ctia 15 trudong cAp ba trén dia ban tinh A, ta dugc bang s6 liéu nhu sau:

[22]29]29 293031 [32[32]33[34]34]35]35]35]36]

Tinh s6 trung vi ctia bang néi trén.
Bai tap 9. S6 40 ban dugc trong mot ctra hang trong mot quy dugc ghi lai trong bang sau:

Ca s 36[37] 38 | 39 | 40 41|42
Sbaobanduoc |13 [ 45| 126 | 110|126 [ 40| 5

Hay tim trung vi ctia mau s6 liéu trén.

Bai tap 10. Sb tan hang ban ra dugc trong 6 thang ddu ndm ctia mot cong ty duge cho nhu sau: 4,7, 9, 11, 12, 20. Tim
ti& phan vi dudi ctia mau s6 liéu trén.

Bai tap 11. S6 buéiﬂnghi hoc trong mét nam ctia mét nhém hoc sinh duge cho nhu sau: 5, 8, 10, 11, 15, 18, 23. Tim ti
phan vi trén ctia mau so liéu da cho.

MOT

Bai tap 12. Gia thanh ctia mot sén phadm (tinh theo don vi nghin dong) ctia 20 cd s san xuat dugc cho bdi bang sau:

15125|25(30(20|25|35(30|25]|30
25120(35|30|15(25|25|20|25|25

Tim moét ctia mau sb liéu trén.
Bai tap 13. S6 can nang cta 20 hoc sinh dugc ghi lai nhu sau:

28135(29|37|30(35|37|30|35|29
30137 (35|35|42|28|35|29|37|20

Tim mét ctia mau s6 liéu trén.
Bai tap 14. Tudi tho ctia 30 bong dén dugc thap thir (don vi: gid) dugc cho bdi bang s6 lieu thong ké dudi day

1180 | 1150 | 1190 | 1170 | 1180 | 1170 | 1160 | 1170 | 1160 | 1150 | 1190 | 1180 | 1170 | 1170 | 1170
1190 | 1170 | 1170 | 1170 | 1180 | 1170 | 1160 | 1160 | 1160 | 1170 | 1160 | 1180 | 1180 | 1150 | 1170

Hay tinh mét ctia bang s6 liéu thong ké trén.
Bai tap 15. Két qua kiém tra chat lugng dau nam (thang diém 30) ctia 41 hoc sinh cia mot 16p duge cho béi bang s6
liéu thong ké dudi day
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biém [9|11[14[16[17]18[20 21|23 |25 | Tong
Tansd6 (3|7 |4 |46 |73 |3 |2]2] 41

Hay tinh mdt ctia bang s6 liéu thong keé trén.
Bai tap 16. Mot béc si mat ghi lai tudi cia 30 bénh nhan mac bénh dau mat hot. Két qua thu dugc mau sb liéu nhu
sau

21117122118 2017|1513 15|20 |15|12 18|17 |25
1712111512 18|16 |23 |14 |18 |19 |13 |16 |19 | 18|17

Tinh mbt My ctia bang s6 liéu da cho.
Bai tap 17. Diém bai kiém tra mot tiét mon todn ctia 40 hoc sinh 16p 11A1 dugc théng ké bang bang s6 liéu dudi day

DPiém 3[4] 5 6 [7][8]9]10][Cong
S6hocsinh |2 [3|3n—8|2n+4[3[2[4] 5] 40

Trong d6 n € N, n > 4. Tinh mét ctia bang s6 liéu thong ké da cho.
Bai tap 18. Cho bang phén bd tan s6 sau

Glétrl X1 | X2 | X3 | X4 X5
Tansb [12] 5 [n? 16| 6n—5

Tim tat c cac s6 ty nhién n dé My = x3 1a m6t duy nhat ctia bang phan b tan s6 da cho.
Bai tap 19. Cho bang phéan bé tan s6 sau

Giatri| x1 | xp | x3 X4 X5
Tanso | 5 |2 | n |20—n| 8

Tim céc s6 tu nhién n dé My = x4 1a mbt duy nhat ctia bang s6 liéu théng ké da cho.

$> LUYEN TAP <>

Bai tap 20. Chiéu cao (don vi: xdng-ti-mét) ctia cac ban t6 I & 16p 10A 1an luot la:

165 155 171 167 159 175 165 160 158
Ddi voi mau s6 liéu trén, hay tim:
a) S6 trung binh cong. b) Trung vi. c) Mbt. d) T phéan vi.
Bai tap 21. S0 doi giay ban ra trong Quy IV ndm 2020 ctia mot ctra hang dugc thong ké trong bang tan so sau:

C3 giay 3738394041 |42 |43 44
Tan sb (56 doi giay ban duoc); | 40 | 48 | 52 | 70 | 54 | 47 | 28 | 3

a) Mbt ciia mau s6 liéu trén 1a bao nhiéu?

b) Ctra hang d6 nén nhap vé nhiéu hon ¢ gidy nao dé ban trong thang tiép theo?
Bai tap 22. Cho biét nhiét do trung binh céc thang trong nam & Ha Noi.

Thang 1 2 3 4 5 6 7 8 9 10 | 11 | 12
Nhiét do (°C); | 16,4 | 17,0 | 20,2 (23,7 | 27,3 | 28,8 | 28,9 | 282|272 | 24,6 | 21,4 | 18,2

(Nguon: Tap bin do Dia li 6, NXB Gido duc Viégt Nam, 2020)
a) Nhiét do trung binh trong nam & Ha Noi 14 bao nhiéu?
b) Nhiét do trung binh ctia thang c6 gia tri thap nhét 1a bao nhiéu dé C? Cao nhét 1a bao nhiéu do C?
Bai tap 23. Cho biét tdng dién tich (S) ritng (triéu ha) tir ndm 2008 dén ndm 2019 & nudc ta.

Nam | 2008 | 2009 | 2010 | 2011 | 2012 | 2013 | 2014 | 2015 | 2016 | 2017 | 2018 | 2019
S 1311132 134135139140 | 138 | 14,1 | 144 | 144 | 145 | 146

(Nguon: https://baodantoc.on)
a) Dién tich ritng trung binh ctia nudc ta tir ndm 2008 dén ndm 2019 la bao nhiéu?

b) Tir ndm 2008 dén nam 2019, dién tich ring ctia ndm c6 gid tri thap nhat 1a bao nhiéu triéu héc-ta? Cao nhat la
bao nhiéu triéu héc-ta?
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c) So v6i ndm 2008, ti 1é tong dién tich ritng ctia nudc ta ndm 2019 tang 1én dugc bao nhiéu phan tram? Theo em,
ti 1é tang d6 1a cao hay thap?

d) Hay tim hiéu s6 liéu vé t6ng dién tich riing ctia tinh em dang séng trong mot s6 ndm gan day.
Bai tap 24. Tim s trung binh, trung vi, mét va tt phan vi cia méi mau s liéu sau day:
a) S6 diém ma ndm van dong vién béng ré ghi dugc trong mot tran dau”

9 8 15 8 20 .
b) Gia ctia mot so loai giay (don vi nghin dong):

350 300 650 300 450 500 300 250
¢) So6 kénh dugce chieu ciia mot so hang truyen hinh cap:

36 38 33 34 32 30 34 35
Bai tap 25. Hay chon s déc trung do xu thé trung tdm ctia mdi mau s6 liéu sau. Gidi thich va tinh gia tri ctia s6 déac
trung do.
a) SO mat trang (SMT) da biét ctia cac hanh tinh (HT):

HT | T.tinh | K. tinh | Trai dat | H. tinh | M. tinh | T. tinh | T. V. tinh | H. V. tinh
SMT 0 0 1 2 63 34 27 13

(Theo NASA)

b) S6 duong chuyén thanh cong trong mot tran dau ciia mot cau tha béng da:

32 24 20 14 23.

¢) Chis6 IQ ctia mot nhém hocsinh: 60 72 63 83 68 74 90 86 74 80.

d) Cac sai sb trong mot phép do: 10 15 18 15 14 13 42 15 12 14 42.
Bai tap 26. SO lugng hoc sinh gidi Quéc gia ndm hoc 2018 — 2019 ctia 10 trudng Trung hoc phd thong dugc cho nhu
sau:

0 040001006 0 o
a) Tim so trung binh, mot, cac ti phan vi ciia mau so liéu trén.
b) Gidi thich tai sao tit phan vi thit nhat va trung vi tring nhau.

Bai tap 27. Bang sau day cho biét s6 chd ngdi ctia mot s6 san van dong duge sit dung trong Giai Bong da Vo dich
Qubc gia Viét Nam nam 2018 (s6 liéu gan dung).

San van dong | Cam Pha | Thién Truong | Hang Dy | Thanh Héa | My Dinh
S0 cho ngoi 20120 21315 23405 20120 37546

(Theo vov.vn)
Céc gia tri s6 trung binh, trung vi, mét bi &nh hudng thé nao néu b di s6 liéu chd ngdi ctia San van dong Québc gia
My Dinh?
Bai tap 28. Cho bang phan bé tan s6 sau

Gia tri | xq X X3 X4 X5 | Xg
Tansb| 5 [n?+3]3 [7n—9|n+1] 7

Goi S 1a tap hop tat ca cac s6 n nguyén duong sao cho My = x; va My = x4 1a hai mbt ctiia bang phan b tan s6 da
cho. Tinh s6 phan t ctia tap hgp S.

Bai tap 29. Quan sat 9 con chudt chay qua mot mé hon tran va ghi lai thoi gian (tinh bang phut) ctia ching trong
bang sau:

Conchuét |1 2 |3| 4 (5| 6 |7| 8 |9
Thoigianchay (1253 (1,52 (1,25(1|09 |30

a) Tinh s6 trung binh, s6 trung vi va mét cda thoi gian chuot ra khéi mé hon tran?

b) Trong trudng hop nay nén chon dai lugng nao dé thé hién xu thé trung binh ctia mau?
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43  Cacso dic trung do d6 phan tan

43.1 Khoang bién thién va khoang ti phan vi
Dinh nghia 4.7. Khodng bién thién, ki hi¢u la R, 1a hiéu s gitta gid tri Ion nhdt va gid tri nhé nhit trong mau sé ligu.
o Khodng bién thién diing dé do dp phan tin ciia mdu so ligu.
e Khodng bién thién cang lon thi mau so liéu cang phan tin.
Dinh nghia 4.8. Khodng tit phan vi, ki hi¢u lo AQ, la hiéu so giita tir phan vi it ba va tir phin vi thi nhat, tic la:
AQ=0Q3— Q1
e Khodng tif phin vi ciing la mot s6 do do phan tdn ciia mdu s6 ligu. Khodng tit phdn vi cang Ion thi mdu so liéu cang phin
tan.
e V@ bén chit, khodng tit phin vi la khodng bién thién ciia 50% s6 liéu chinh giita ciia mau s6 ligu di sdp xép.

o Mot s0 tai ligu goi khodng bién thién la bién do va khodng tir phan vi la do trdi giita.

4.3.2 Phuong sai va d6 1éch chuan

Dinh nghia 4.9. C6 mgt vai s6 dic trung khdc do d phan tin sit dung thong tin cia tat cd cdc gid tri trong mau so ligu. Hai
trong s6 do la phuong sai va do léch chudn. Cy thé' la véi mau s6 lidu xq, Xa, . . ., X, néu goi s0 trung binh la X thi véi mdi gid tri
x;, d9 1éch ctia no so voi gid tri trung binh la x; — X.

(x1 — %) 4 (2 — %)+ ... + (2, — %)

e Phuong sai la gid tri s* = .

e Can bdc hai ciia phuong sai, s = \/572, dugc goi la dg léch chudn.
Luu y 4.10. Nguoi ta con st dung dai lugng dé do d phan tan ciia mau so lidu:

o -0+ -0+ + (1 -7
n—1 '

Luu y 4.11. Néu s ligu cang phén tin thi phuong sai va d¢ léch chudn cang Ion.

4.3.3 Phat hién s6 liéu bat thuong hoac khong chinh xac bang biéu d6 hop

* Trong mau sb liéu thong ké, c6 khi gap nhiing gia tri qua 16n hodc qua nho so voi da sb cac gid tri khac. Nhiing
gia tri nay dugc goi la gia tri bat thuong.

* Ta c6 thé dung biéu d6 hop dé phat hién cac gid tri bat thuong nay.

Céc gia tri bat thuong Ag Céc gia tri bat thuong
l f |
o O (0])
(Q1—15-4¢g) Qi Q2 Qs (Qs+15-4q)

e Céc s6 liéu 16n hon Q3 + 1,5 - Ag hodc bé hon Q1 — 1,5 - Ag duge xem la gid tri bat thuong. Hay céc s6 liéu
khéng thudc doan [Q1 — 1,5 Ag; Q3 + 1,5 - Ag] 1a cc s liéu bét thuong.

$> BAI TAPSY

TIM KHOANG BIEN THIEN VA SO SANH DO PHAN TAN CUA MOT HOAC NHIEU MAU
SO LIEU

Bai tdp 1. Can ndng (tinh theo don vi kg) ctia 10 hoc sinh dugc ghi lai nhu sau:
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49 57 66 45 50 41 57 42 55 52

Hay tim khodng bién thién ctia mau s6 liéu trén.
Bai tap 2. Chiéu cao (tinh theo don vi m) ctia cac ban hoc sinh trong mot 16p hoc dugc thong ké va ghi lai trong bang
dudi day:

Chieéucao | 1,6 |1,61|1,62|1,63|1,64|1,65
Soluong | 3 | 5 8 9 7 6

Hay tim khoang bién thién ctia mau s6 liéu trén
Bai tap 3. Diém kiém tra mén Toan ctia cac ban hoc sinh T6 1 va T6 2 16p 10C nhu sau:

T6 1: 6 9 4 2 7 9 6 10
T6 2: 4 5 6 3 9 5 8 4

Hay tim cac khodng bién thién trong hai mau s6 liéu. Cén ct vao s6 liéu nay, hay chi ra t6 nao hoc dong déu hon.

TINH PHUONG SAI VA PO LECH CHUAN

Bai tap 4. San lugng lua (don vi la ta) ctia 40 thira rudng thi nghiém c6 cting dién tich duoc trinh bay trong bang tan
s6 sau day

San luong (x) |20 [ 212223 | 24
Tans6 (n) | 5] 8 [11[10] 6 |n=40

a) Tinh san lugng trung binh cta 40 thwra rudng.
b) Tinh phuong sai va d¢ léch chuan.
Bai tap 5. 100 hoc sinh tham dy ki thi hoc sinh gi6i Toan (thang diém la 20). Két qua dugc cho trong bang sau:

biém [9[10[11[12|13[14|15[16 |17 |18 |19
Tanso |11 |3 |58 (13[19(24|14|10| 2 | n =100

a) Tinh s6 trung binh

b) Tim phuong sai va do 1éch chuén.

TIM CAC SO LIEU BAT THUONG CUA MAU SO LIEU

Bai tap 6. Diém kiém tra mon Toan ctia 10 hoc sinh sau:

1 7 10 7 7 6 9 8 10 8
Hay tim cac s liéu bat thuong trong mau sb liéu trén.
Bai tap 7. Hai chi s6 cubi s6 dién thoai ctia 10 ngudi duge thdng ké nhu sau:

23 58 42 11 69 50 13 57 61 72
Hay tim khoang bién thién ctia mau s6 liéu trén.
Bai tap 8. Tudi tho trung binh ngudi dan cta 11 nudc duge thong ké nhu sau:
69 77 75 83 65 75 74 68 73 72 71
Hay tim khoadng bién thién ctia mau s6 liéu trén.

Bai tap 9. Thoi gian lam cau dau tién trong dé thi tuyén sinh vao 16p 10 tai mot trudng ctia cac ban hoc sinh dugce
thong ké va ghi lai trong bang sau

Thoi gian 9 11011 |12|13| 14|15
50 luong hoc sinh | 45 | 46 | 57 | 63 | 70 | 61 | 50
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Hay tim khoang bién thién ciia mau s6 liéu théng keé trén.
Bai tap 10. Diém thi hoc ki 2 mén Toan va Ngit van ctia mot nhoém hoc sinh dugc ghi lai nhu sau

Todn 918517163 5 (95| 8
Ngavan |6 |65|8|73(55|83|65

Hay tim khoang bién thién ctia hai mau s6 liéu trén. Ttr d6 chi ra mau s6 liéu c6 do phén tan 16n hon.
Bai tap 11. Sb gi nang va do 4&m (tinh theo don vi %) trung binh hang thang ctia Ha Noi dugc théng ké va ghi lai &
bang sau

Sogionang | 74 | 47 | 47 | 90 | 183 | 172 | 195 | 174 | 176 | 167 | 137 | 124
D6 am 83,41879|894 (865|829 822|859 |87,2|84,2|819|81,3| 82

Hay tim khoang bién thién ctia hai mau sé liéu “Sé gid ndng” va “Do &m”. Tir d6 chi ra mau sb liéu ¢ do phan tan
16n hon.
Bai tap 12. Mot xa thti tap ban, xa thti d6 da ban 30 vién dan vao bia. Két qua dugc cho trong bang sau

biém [6[7]8]9]10
Tanso |34 |8|9| 6 |n=230

a) Tinh diém trung binh cta xa thu.

b) Tim phuong sai va do 1éch chuén.
Bai tap 13. Hai 16p 10A1, 10A2 ctia mot trudong Trung hoc phé thong X dong thoi lam bai thi mon Toan theo cung
mot dé thi. Két qua thi dugc trinh bay & hai bang phan bo tan s6 sau day
Diém thi Toan cua l6p 10A1

Diémthi|5]6] 7 | 8 |9[10] Cong
Tansé |3 |7 |12[14 (3| 1 | 40

Diém thi Toan caa 16p 10A2

Diém thi| 6] 7 | 8 |9 Cong
Tansb |8|18|10]4| 40

a) Tinh phuong sai, d6 léch chuén ctia cac bang phan bd tan s6 da cho.
b) Xét xem két qua lam bai thi ctia méon Toan & 16p nao dong déu hon?
Bai tap 14. Tudi tho ctia 30 bong dén dugc thap thir (don vi: gio) ¢6 két qua nhu trong bang sau:
1180 | 1179 | 1187 | 1190 | 1187 | 1198 | 1568 | 1178 | 1185 | 1184

1178 | 1180 | 1185 | 1179 | 1180 | 1198 | 1179 | 1198 | 1569 | 1191
1185 | 1184 | 1179 | 1180 | 1184 | 1198 | 1180 | 1178 | 1179 | 1178

Hay tim cac s6 liéu bat thuong trong mau sb liéu trén.
Bai tap 15. Diéu tra thoi gian hoan thanh mot san pham ctia 20 cong nhan, ngudi ta thu duge mau sb liéu sau (thoi
gian tinh bang phut)

711213 |15|11 (13|16 |18 |19 |21
23121151716 |15|20|13 |16 |29

Hay tim cdc sd liéu bat thuong trong mau sb liéu trén.
Bai tap 16. Két qua kiém tra mon Toan ctia 16p 10A c6 21 hoc sinh, thé hién & bang duéi day
[10]6[7[7]1[7[6]9]9]10[8[8[7[8[6[7[5]6][7[8]9]

Hay tim cac s6 liéu bat thuong trong mau sb liéu trén.
Bai tap 17. Mot canh sat giao thong ghi toc do (don vi: km/h) cta 25 chiéc xe qua tram nhu sau:

20 41 41 80 40 52 52 52 60 55 60 60 62
60 65 60 65 135 70 70 65 75 75 70 55
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Hay tim cdc sb liéu bat thudng trong mau sb liéu trén.
Bai tap 18. Thong ké diém thi mon Toan ctia 450 hoc sinh trong mot ki thi & mot trudng trung hoc phé thong. Ngudi
ta dugc bang s6 liéu nhu sau

Diém 1123|145 | 6 | 7 |8]9]10
Sohocsinh [1]1(1]1/120(200|119|5|1] 1

Hay tim cdc sb liéu bat thuong trong mau sb liéu trén.

¢S LUYEN TAP <

Bai tap 19. Cho mau sb liéu gom 15 s6 duong khong hoan toan giéng nhau. Céac sé6 do do phan téan (khodng bién
thién, khoang ti phan vi, d léch chudn) sé thay ddi nhu thé nao néu

a) Nhan moi gid tri ciia mau s6 liéu véi 3.

b) Cong mdi gia tri ctia mau sb liéu véi 3.
Bai tap 20. San lugng lua (don vi la ta) cta 40 thira rudéng thi nghiém c6 cung dién tich dugc trinh bay trong bang
tan s6 dudi day:

Sanlugng |20 [21|22 (23|24
Sothttaruéng | 5 | 8 |11 |10 | 6

a) Tinh san lugng trung binh cta 40 thira ruéng?

b) Tinh phuong sai va d¢ léch chuan.
Bai tap 21. S6 mdy tinh ban dugc trong 7 thang lién tiép ciia mot ctra hang dugc ghi lai trong bang sau:

[83]79 92716983 ] 74]

a) Tinh khoang bién thién, khodng ti phan vi cia mau s liéu.

b) Tinh s6 trung binh, phuong sai va do léch chuan.
Bai tap 22. Két qud thi két thic hoc ki mot ctia ban Hoa dugc ghi lai trong bang sau:

Van | Bia | Ly | Hoéa | Toan | Anh van
6,0 801(75|85| 70 7,5

Tim s6 trung binh, phurong sai va do léch chudn.
Bai tap 23. Trong s6 theo doi ban hang & mét ctra hang ban xe mdy ¢6 bang sau:

Songay (0|1 ]2|3|4|5
Soxeban |2 |13 |15|12|7 |3

a) Tinh khoang bién thién, khodng ti phan vi ciia mau s liéu.
b) Tinh s6 trung binh, phuong sai va do léch chuén.
Bai tap 24. Bang sau day ghi lai tbc do (km/h) cta 20 chiéc 6t.

4065|7068 |62|75| 80 |83 |82 |69
7375|8572 |67 |88 |110|85|72 |63

Hay tim cac gia tri bat thuong (néu c6) ctia mau s6 liéu trén.

Bai tap 25. Trén hai con dudng A va B, tram kiém soat da ghi lai toc do (km/h) ctia 30 chiéc 6 t6 trén mdi con duong
nhu sau:

Con duong A:

60 65 70 68 62 75 80 83 82 69 73 75 8 72 67
88 90 85 72 63 75 76 85 84 70 61 60 65 73 76

Con duong B:

76 64 58 82 72 70 68 75 63 67 74 70 79 74 60
80 73 75 71 68 72 73 79 80 63 62 71 70 69 63

a) Tinh khoang bién thién, khoang ti phan vi cia mau so liéu.
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b) Tinh s6 trung binh, phuong sai va do 1éch chuén ctia toc do 6t6 trén mdi con dudng A, B.
c) Theo em thi chay xe trén con duong nao an toan hon?

Bai tap 26. Hai 16p 10A va 10B ctia mot truong THPT cting lam bai thi mén Toan, chung mot dé thi. Két qua thi dugc
trinh bay & hai bang phan bd tan sb sau day

Diém |3[5]6]7]8] 9 [10]Cong
Lop10A [7|9(3 (3|7 12| 4 | 45
Diém |4]5]6|7[8]9]10] Cong
Lop10B |66|7|8|9|5| 4 | 45

a) Hay tinh s trung binh, phuong sai, d6 léch chuan tir cac bang phan b6 tan s6 da cho (lam tron dén chit s6 thap
phén thu hai).

b) Xét xem két qué bai thi mon Toan ctia 16p nao dong déu hon?

Bai tap 27. Bang s liéu sau cho ta lai (quy tron) hang thang ctia mot ctra hang A trong nam 2006 (don vi 1a triéu
dong).

Thang | 1 |2 |3 |4 | 5|6 |7 |89 |10|11|12
Lai |12 15|18 13|18 (16|17 |14 |18 |17 |20| 17

Tim s6 trung binh. Tim phuong sai va do léch chuan.

Bai tap 28. Cho biéu do biéu dién két qua hoc tap ctia hoc sinh trong mot 16p qua mot bai kiém tra.

m

8 ,,,,,,,,,,,,,,,,,,,,,,,

|
|
it

9 10  x(diém)

Tix biéu do trén hay
a) Viét mau s6 liéu théng ké két qua hoc tap ctia hoc sinh mot 16p nhan dugce tir biéu do6 da cho.
b) Tim khoang bién thién ctia mau s6 liéu do.
c) Tim khoang tit phan vi trong mau s6 liéu dé.
)

d) Tinh phuong sai va d6 léch chuan ctia mau s6 liéu dé.
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Chuong 5

Hé thuc lugng trong tam giac

51  Gia tri lugng giac ctia mét goc tir 0° dén 180°

5.1.1 Dinh nghia
Dinh nghia 5.1.

Dt tam gidc vuéng nay vao hé truc toa do Oxy dang xét, sao cho dinh goc « y
tai O, canh ké ciia a & trén truc hoanh va dinh M & trén nita duong tron bin
kinh bang 1, nhu hinh vé, Gid sit M(xo; yo). Khi dd, theo dinh nghia vé cdc ty 1
s6 liegng gidc goc nhon, ta co M
. o _ Y _ . Yo
sinux = = Yo,

® cosx = — = Xy,

° tana = =—;

X
e cota = —.

Yo

Dinh nghia 5.2.

Vi méi goc a (0° < a < 180°) ta xdc dinh dugc mét diém M duy nhat trén y

nita dudng tron don vi sao cho xOM = « va gid st diém M c6 toa do M(xo; yo).

Khi do ta co dinh nghia 1
* sin ctia goc a la yo, ki hiéu sina = yy. T - —4Yo
* ¢6-sin ca goc « la xq, ki hiéu la cos a = x.

* tang clia goc o la Z—O (xo #0), ki hiéu la tana = %.
0 0

%

* co-tang ciia goc « la & (yo # 0), ki hiéu la cota = &
Yo Yo -1

=
o
o
—_

Ciic s0 sinw, cos &, tan a, cot a durgc goi chung la cdc gid tri lugng gidc ciia goc a.
Luu y 5.1. Tir dinh nghia trén, ta co

sin «
® tana =
Ccos

, 00 o # 90°.

CoS i
® cota =
sina’

,00i o # 0° va o # 180°.

® tana =

V0 # {0°,90°,180°).
5.1.2 MOobi quan hé giira cac gia tri lugng giac cta hai géc but nhau
Pinh 1y 5.1. Hai goc phy nhau la « vi 90° — «
® sin (90° — &) = cosw;
® cos (90° — ) = sinw;
e tan (90° — a) = cotw;
)=

® cot(90° —a
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DPinh ly 5.2. Hai goc « va goc 180° — a la hai goc bit nhau

Vi méi goc a théa man 0° < a < 180°, ta ludn co

* sin (180° — &) = sina;

® cos (180° — &) = —cosa;

e tan (180° —a) = —tanw (a # 90°);

* cot(180° —w) = —cota (a # 0° va & # 180°).

$> BAI TAP$

TINH GIA TRI LUONG GIAC MOT GOC VA GIA TRI BIEU THUC
Luuy 5.2
a) Néu a la goc tit thi cosa < 0, tana < 0, cota < 0.

b) Sau ddy la bing gid tri lugng gidc ciia mot s6 goc dic biét ma em nén nho

o 0° | 30° | 45° | 60° | 90° | 180°

. 1 | V2|3
sina | 0 \Ef \7/ - 1 0

3 21
1| — | =1 = -1

COS i \2/ 5 > 0
tana | 0 73 1 {V3] || o
cota | || | V3] 1 ? 0 I

Bai tdp 1. Tinh cac gid tri lugng gidc cta goc 30° va 60°.
Bai tdp 2. Tinh cdc gid trj lugng gidc ctaa goc 30° va 150°.
Bai tap 3. Tinh cac gid tri luong gidc caa cac goc 120°, 135° va 150°.

S . 4 ON et dm i 4 g o
Bai tap 4. Chosina = = (0 < & < 90°).Tinh cac gia tri luong giac con lai.
3sina — cosa

Bai tap 5. Cho biét tana = /2. Tinh gia tri cia biéu thic C = = :
siIn& + cos «

Bai tip 6. Tinh gia tri cac biéu thic sau

a) A =asin0°+ bsin0° + ¢sin90°. b) B = acos90° + bsin90° + ¢ sin 180°.
¢) C = a?sin90° + b? cos 90° + ¢? cos 180°. d) D = 3 — sin?90° 4 2 cos? 60° — 3 tan” 45°.

e) E = 4a®sin?45° — 3(atan45°)% 4 (2a cos 45°)2.
V6 -2
4

Bai tap 7. Biétsin15° = . Tinh cos 15°, tan 15°, cot 15°, cos 75°, cos 105°.
Bai tap 8. Cho biét mot gia tri lugng gidc ctia mot goc, tinh gia tri cia mot bidu thuc:

tanx + 3cotx +1
tanx +cotx

a) Biétsinx = %, 90° < x < 180°. Tinh A =

sina — cosa

b) Biéttana = v/2. Tinh B = — —
sin® @ + 3 cos® o + 2sina

sin? x 4+ 2 sin x cos x — 2 cos? x
2

¢) Biétcotx = —3.Tinh D = — , )
2sin” x — 3 sin x cos x + 4 cos? x

A, . 2 . cota — tanw
d) Biétsina = . Tinh E = ——.
3 cota + tanw
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CHUNG MINH HE THUC GOC TRONG TAM GIAC
Bai tap 9. Cho A, B, C lan lugt 1a ba géc ctia tam gidc ABC. Chiing minh rang:

a) sin(B+ C) = sin A. b) cos(B+C) = —cos A. c) sin(A+ B) =sinC.
A+ B A+ B-—

d) cos(A + B) = —cosC. e) sin ;— = cos % f) ’ran—i_fC = cotC.

g) tanA+B = cot%. h) cos B_;C = sing. i) tan(A+ B) = —tanC.

A+ B A+B-2 A+B-2
i) sin—'—i+3C = cosC. k) tan+7C = cotg. 1) sin+7C = cosg.
2 2 2 2

B —2A A

m)cos(A — B+ C) = —cos2B. n) tan% :cot%.

CHUNG MINH DANG THUC

Bai tap 10. Chiing minh cac dang thic sau:

a) (sinx 4 cosx)? =1+ 2sinx - cosx. b) sin* x + cos* x = 1 — 2sin? x - cos? x.
¢) tan? x — sin? x = tan® x - sin” x. d) sin® x 4+ cos® x = 1 — 3sin® x - cos? x.

1—sinx Ccos X cos? x — cot? x 5
e) = ; . f) 2— = cot” x.

cos x 1+sinx sin” x — tan? x
.2 .
sin” x sSIn X + cos x . . .

g) — - 5 = sinx + cos x. h) sinx - cosx(1+ tanx)(1 4 cotx) =1+ 2sinx - cosx.

sinx — cos x tan“x —1

o . 1 1 . 1
i) sin (\/2+2cosx + 2 —2cosx —smx> T 14+tan?x’

biét 0° < x < 180°.
Bai tap 11. Chiing minh céc biéu thirc sau khong phu thudc vao bién (hay biéu thirc doc lap véi bién sb).

4

2 x cos? x + 3sin? x. b) B = cos® x + 2sin* x cos? x + 3sin® x cos* x + sin* x.

a) A =2cos*x —sin*x + sin

¢) C = (cotx +tanx)? — (cotx — tan x)2. d) D= \/sin4x +4cos?x + \/cos4x + 4sin? x.

e) E = 2 cotx+1
" tanx—1 cotx—1"
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5.2  Hé thuc luogng trong tam giac

5.2.1 Dinh ly sin va cosin
Dinh Iy 5.3.

Cho tam gidc ABC c6 BC =a, AC=buva AB =c. A
o 0> =b*+c* —2bc-cos A.
e b>=c?44a®—2ca-cosB.

o 2=a>4b*>—2ab-cosC. c
B a C
Dinh ly 5.4.
Cho tam gidc ABC c6 BC = a, AC = b, AB = c va R la bin kinh duong tron ngogi tiép. Ta c6 A

a b c 2R

sinA  sinB  sinC

5.2.2 Mot s6 cong thirc tinh dién tich tam giac
Dinh ly 5.5. Goi S la dién tich tam gidc ABC. Ta c¢

1 1 1
L4 Szia'hg:*b'hbzi(:'hc,

1. . 1 1 .
e S = EbcsmA = icasmB = EabsmC,

abc
e § — E'
L] S = p . r,
 S=/p(p—a)(p—b)(p — ) (Dinh i Hé-rong).
Trong do:

® Ny, hy, he la do dai dwong cao lan luot tuong 1tng vdi cdc canh BC, CA, AB.
* R la ban kinh duong tron ngoai tiép tam gidc.
e 1 la bin kinh duong tron ndi tiép tam gidc.

a+b+c .. ) .
p=—b%— la nira chu vi tam gidc.

$> BAI TAP<Y

AP DUNG DINH LY CO-SIN

Bai tap 1. Cho tam gidc ABCc6b =5,c =7vacos A = g Tinh canh a va cosin cac goc con lai ctia tam giac do.
Bai tap 2. Cho tam giac ABC ¢6 AC = 10cm, BC = 16cm va C = 120°, tinh d6 dai canh AB.

Bai tap 3. Cho tam gidc ABC c6 A = 60°, AB = 6, AC = 8. Tinh BC.

Bai tap 4. Cho tam gidc ABC c6 cac canh BC = 6, CA = 4v/2, AB = 2. Tinh cos A va géc A.

Bai tap 5. Cho tam gidc ABC ¢c6 AB = 6 cm; AC =5cm va ACB = 60°. Tinh BC.

Bai tap 6. Cho AABCc6 A =1200,b=2,c=1.
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a) Tinh BC. b) Trén CA kéo dai lay D sao cho BD = 2. Tinh AD

Bai tap 7. Cho tam gidc ABC ¢6 BC = 3,CA = 4 va AB = 6. Tinh cosin ctia géc c6 56 do 16n nhét ctia tam giac da
cho.
Bai tap 8. Cho AABC c6a =5, b =4, ¢ = 3. Lay diém D déi xiing v6i B qua C. Tinh AD.

Bai tap 9. Hai chiéc tau thay cling xuat phat tir mot vi tri A, di thang theo
hai hudng tao véi nhau goc 60°. Tau B chay vdi toc d6 20 hai li mot gio. TauC - _ C —
chay v6i toc d6 15 hai li mot gio. Hoi sau hai gio, hai tau cach nhau bao nhiéu
hai 1i?

40 B
Bai tap 10. Tam gidc ABC c6 AB = ¢; BC = a; CA = b. Cac canh 4, b, c lién hé véi nhau bdi déng thic b(b* — a?) =
c(a® — ¢). Tinh s6 do géc BAC.

AP DUNG PINH LY SIN

Bai tap 11. Cho tam gidc ABC c6 A = 120° va BC = 10 cm. Tinh ban kinh duong tron ngoai tiép tam giac ABC.

Bai tap 12. Cho tam giac ABC c6 A= 40°, B = 55° va AB = 100. Tinh do6 dai canh c
BC (lam tron két qua dén hang phan mudi).

40° 55°
A B

AB B -~ . )
Bai tap 13. Cho tam gidc ABC c6 - = ?C va A = 45°. Tinh cdc goc B, C cta tam giac do (lam tron két qua den
hang phan muoi).
Bai tap 14. Cho tam gidc ABC c6 A = 30°, B = 50° va ban kinh dudng tron ngoai tiép bing 10 cm. Tinh d6 dai céc
canh ctia tam gidc ABC (lam tron dén hang phan mudi).
Bai tap 15. Cho tam gidc ABC. Chiing minh rang sin® A = sin B sin C khi va chi khi a* = bc.
Bai tap 16. Cho tam giac ABC. Biét AB = 5 cm, BC = 6 cm va 2sin A = sin B + sin C. Tinh d6 dai canh AC.
Bai tap 17. Cho tam giac ABC c6 B = 70° va AC = 15 cm. Tinh ban kinh duong tron ngoai tiép tam giac ABC (lam
tron két qua dén hang phan mudi).
Bai tap 18. Cho tam giac ABC ¢6 B = 30°, C = 65° va BC = 50. Tinh do dai canh AB (lam tron két qua dén hang
phan muoi).

Bai tap 19. Cho tam gidc ABC c6 % = % va A = 30°. Tinh céc goc B, C clia tam gidc d6 (Iam tron két qua dén
hang phan mudi).

Bai tap 20. Cho tam gidc ABC. Goi D la diém thudc mién trong tam giac ABC sao cho A

BAD = CBD = ACD = ¢. Chiing minh ring ‘

sin® ¢ = sin(A — @) sin(B — @) sin(C — ¢).
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AP DUNG DINH LY PUONG TRUNG TUYEN

Luuy 5.3.
Cho tam gidc ABC cd mg, my, m¢ lan lugt la cdc trung tuyén ké tir A, B, A
C.0Ta co
, PP+ a?
[ ] m[,? [
2 4
et C :
b= 2 4
2 a2 +b% 2
o m: = _
2 4 my mc
B a C

Bai tap 21. Cho tam gidc ABC c6 AB = 4 cm, AC = 3 cm va BC = 6 cm. Tinh d6 dai trung tuyén ké tir C ctia tam
gidc ABC.
Bai tap 22. Cho AABC ¢6 BC = 12, CA = 13, trung tuyén AM = 8.

a) Tinh dién tich AABC; b) Tinh goc B.
Bai tap 23. Cho AABC can tai A. Trén tia CB liy diém M sao cho BM = BC. Biét AB = 5, BC = 3. Tinh AM.
Bai tap 24. Tam gidc ABC c6b = 6,c = 8vam, = 5. Tinh a, A.

GIAI TAM GIAC VA UNG DUNG

Bai tap 25. Cho tam gidc ABC ¢ BC = 40 cm, B = 30°,C = 45°. Tinh g6c A va do A
dai cac canh AB, AC ctia tam giac d6 (lam tron két qua dén hang phan mudi).

0° 45°
B C
Bai tap 26. Cho tam gidc ABC c6 AB =25, AC = 20, A = 120°. Tinh canh BC va cac goc B, C ctia tam giac do.

Bai tap 27. Dé do chiéu rong AB ctia mot khuc song, ngv(dl ta chon A
diém C. Sau d6, do khoang cach BC, cac goc B va C. Biét rang BC =
200 m, B = 107°, C = 28°. Tim chiéu rong AB cua khuc song d6 - - < - - - -
(Iam tron dén chir s6 thap phan thi nhat). - - - - - - -

B
C
Bai tap 28. Dé do chiéu rong AB ctia mot khuc song, ngudi ta chon A
diém C, do khoang cach BC, cac goc B va C. Biét rang BC = 250 m,
B = 104°, C = 31°. Tim chiéu réng AB cta khuc séng d6 (lam tron B B N B B B B
dén chit s6 hang don vi). - - - - - - -
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Bai tap 29. Dé do chiéu cao CH cua mot thap truyeén hinh, nguoi ta chon hai diém quan sat A, C
B trén mat dat (hinh vé). Biét CAH = 51°, CBH = 66° va AB =75 m, tinh chiéu cao cda thap.
519A66°
A B H

Bai tap 30. Cho tam gidc ABC c6 AB = 15cm, AC =21 cm, A = 30°. Tinh canh BC va céc goc B, C ctia tam gidc d6
(lam tron két qua dén hang phan mudi).

Bai tap 31. Trén ngon do6i c6 mot cai thap cao 120 m. Dinh thap B va chan thap B
C nhin diém A & chan do6i dudi cac géc tong ting bang 35° va 60° so v6i phuong
thang ding. Xac dinh chiéu cao HA ctia ngon déi. (Lam tron dén phan mudi)

5
! H
CEJO\\\
\60 \\\\ h
I N
: N
A

Bai tap 32. Cho tam gidc ABC c6 AB =8, BC =10, AC = 15. Tinh A +2C (lam tron két qua dén hang phan mudi).

Bai tap 33. Cho tam gidc ABC ¢6 AB = 15, AC = 12, A = 60°. M 1a diém thudc C
canh AB sao cho AM = 2BM. Tinh canh CM, goéc BCM va ban kinh duong tron
ngoai tiép tam giac BCM (lam tron két qua dén hang phan mudi).

60°

A M B

Bai tap 34. Dé do chiéu cao CH ctia mot thap truyén hinh, ngudi ta chon hai diém quan c
sat A, B trén mat dat (hinh vé). Biét CAH = 54°, CBH = 68° va AB = 80 m, tinh chiéu cao
ctia thap (Lam tron dén hang don vi).

NHAN DANG TAM GIAC

Bai tap 35.
Bai tap 36.
Bai tap 37.
Bai tap 38.

Bai tap 39.

Cho tam gidc ABC thda man asin B = csin A. Chting minh rang tam gidc ABC can.
Cho tam gidc ABC thdéa man sin®> A = sin? B + sin® C. Chting minh rang tam gidc ABC vuong.
Ching minh rang néu ba goc ctia A ABC thda hé thiic sin A = 2 sin B cos C thi AABC can.
Cho AABC thoa m,; = my,. Ching minh AABC can.

2

Cho AABC théa o
sin“ A + sin“ B

=1+ % (co’c2 A + cot? B) . Ching minh AABC can. Biét rang 1 +

i THANG LONG BINH TAN
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cot? x = (v6i0 < x < 180°).

sin? x

Bai tap 40. Chiing minh rang AABC vuong tai A khi va chi khi 5m2 = m3 + m?.
Chiing minh rang trong AABC, BM | CN < b? + ¢? = 5a% vén BM va CN la hai duong trung tuyén ha tir B va C.
Bai tap 41. Cho AABC ¢6 S = 2R? sin B sin C. Chting minh A ABC vuéng.
1
Bai tip 42. Cho AABC 6 S = 1(51 +b—c)(a—"0b+c). Chung minh AABC vudng.

sinA sinB  sinC

Bai tap 43. Cho AABC co . Chitng minh AABC déu.
My my, e
TOAN TONG HOP

Bai tap 44. Cho tam gidc ABC c6 A= 60° va AB =8cm, AC =5cm.
a) Tinh dién tich ctia tam giac ABC.
b) Tinh d6 dai duong cao ha tir dinh A ctia tam giac ABC.
c) Tinh ban kinh dudng tron noi tiép tam giac ABC.
Bai tap 45. Cho hinh binh hanh ABCD c6 AB = 6, BC = 8va ABC = 60°. Tinh dién tich hinh binh hanh ABCD.

Bai tap 46. Cho tam giac ABC ¢6 A =120°, B = 30°, dién tich tam gidc ABC bang 9v/3. Tinh cac canh ctia tam giac
ABC.
Bai tap 47. Cho tam gidc ABC c6 AB =2, AC =2v/7va BC = 4.
a) Tinh goc B va dién tich tam giac ABC.
b) Tinh d¢ dai duong phan giac trong cua goc B ctia tam giac ABC.
Bai tap 48. Cho tam gidc véiba canh a = 13,b = 14, ¢ = 15. Tinh dién tich ctia tam giac va d¢ dai duong cao k.
Bai tdp 49. Cho tam gidc ABC c6 AB = 10, BC = 6 va géc B = 120°.
a) Tinh AC va dién tich tam gidc ABC.
b) Tinh dudng cao AH va ban kinh dudng tron ndi tiép tam giac ABC.
c) Tinh d6 dai duong phan giac trong BD cta tam giac ABC.
Bai tap 50. Cho tam giac ABC ¢6 AB =2, AC =3va B/A\C = 120°. Tinh d¢ dai BC, dién tich tam giac ABC, d¢ dai
duong phén giac trong AD ctia tam giac ABC.

Bai tap 51. Cho tam gidac ABC, goi I, la d6 dai duong phan giac trong ké tir dinh A cta tam giac ABC. Ching minh

ne | — bcsin A
§h = (b+c)singd’

- = — —
Bai tap 52. Hailuc f; va f, cho truéc cung tdc dung lén moét vat va tao thanh goc nhon ( fi, fz) = «. Hay lap cong
thuc tinh cuong d6 cta hop luc 5.

Bai tap 53. Cho tam giac ABC ¢c6 AB = ¢, BC =a, AC = b. Goi hy, hy, h 1an luot 1a cac duong cao tuong ung xuét

< 1 1 1 1
phat tir cac dinh A, B, C va r la ban kinh duong tron néi tiep tam giac ABC. Chung minh W + W + P
a b c

1
Bai tap 54. Cho tam gidc ABC khong vuong 6 A, chiing minh S = 1 (b2 +c* - a2> tan A.

Bai tap 55. Cho AABC c6 A = 60°,a = 10, r — 53£

a) Tinh R; b) Tinh b, c.
Bai tap 56. Cho AABC co Ala goctu, AB=4, AC=5va$ = 4+/6. Tinh BC, ban kinh duong tron noi tiép va ngoai
tiép tam giac ABC.
Bai tap 57. Cho AABC vudng tai A. AB =3, AC =4, AH la duodng cao.

a) Tinh BC, BH, CH, AH.

b) Goi I la diém thudc AB sao cho AI = 2BI, CI cat AH tai E. Tinh CE.

c) Goi M la trung diém ctia AC, tinh ban kinh R ctia dudng tron ngoai tiép tam giac BCM.
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Ac
4

Bai tap 58. Cho hinh vuéng ABCD canh a. Goi N la trung diém ctia CD, M la diém trén canh AC sao cho AM =
b) C6nhan xét gi vé ABMN. Tinh dién tich ABMN;

a) Tinh cac canh cia ABMN;,
d) Tinh ban kinh dudng tron ngoai tiép ABMN.

c) Goi I 1a giao diém ctia BN va AC. Tinh CI;
Bai tap 59. Cho AABC ¢6 AB = 2a+/2, BC = 4a, A = 135°. Goi M la trung diém BC.

a) Tinh s6 do géc C va ban kinh dudng tron ngoai tiép A ABC

b) Tinh canh AC va dién tich AABC.
c) Trén tia d6i ctia tia AC ldy diém D sao cho DB = AD. Hay so sanh BD va v2.AM.

Bai tap 60. Cho AABC c6 gbéc B nhon, AH va CK la hai duong cao.
. .S
prk _ BB b) Biét 224X — 1 Tinh g6c B,
SaaBc

. .. S
a) Ching minh Sisc  BABC
Bai tap 61. Cho AABC. Chiing minh rang diéu kién can va da dé hai trung tuyén ké tir B va C vuong géc v6i nhau

1a b* 4 ¢* = 5a°.
Bai tap 62. Cho tam gidc ABC ¢6 b + ¢ = 2a. Ching minh:
c) 6Rr =bec.

a) 2sinA =sin B +sinC. _
a hb

Bai tap 63. Cho tam giac ABC. Chiing minh rang:
a) abc (cos A+ cosB+cosC)=a’(p—a)+b*(p—b)+c(p—c).
b) bc (bz — cz) cosA+ac (c2 — az) cosB+ba (az — b2> cosC = 0.
c) 2abc (cosA+cosB) = (a+Db)(b+c—a)(a+c—0D).
Bai tap 64. Cho tam gidc ABC, r,, 13, 7 la ban kinh duong tron bang tiép. Chiing minh rang:

a)hla-f-hib—i-hlc:%. b) S=r,(p—a)=r,(p—0b) =r.(p—c).
d)ro=((p—-0b)(p—a)

Trang 44
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Chuong 6

Véc-to

6.1  Cac khai niém m& dau

6.1.1 Khai niém véc-to

Dinh nghia 6.1.
Véc-to la mot doan thang co hudng. Véc-to cd diém dau la A, diém cudi la B A B
duge ki higu Lo AB, doc la “véc-to AB”. Dise T e
o Duong thing d di qua hai diém A va B la gid ctia véc-to AB (Hinh Hinh 1
2).

e D dii doan thing AB lo dé dai cila véc-to AB, ki higu Ia ‘A‘é(. i

L

Hinh 2

Luu y 6.1. Dévé véc-to AB ta vé doan thing AB va danh ddu mili tén & ddu miit B (Hinh 1).

6.1.2 Hai véc-to cing phuong. Hai véc-to bang nhau

Dinh nghia 6.2.
e Hai véc-to duoc goi la ciing phuong néu gid ciia chiing song song hodc triing nhau.
 Néu hai véc-to cing phuong thi hodc chiing ciing hudng hodc chiing ngugc hudng.
Dinh nghia 6.3.
e Hai véc-to 1@, ch biang nhau khi chiing ciing phuong, ciing chiéu (hudng), ciing do dai. ki hiéu: AB = CD.
* Doi khi ta con ndi hai véc-to bang nhau néu chiing cing hudéng va cing do dai.

6.1.3 Véc-to khong

~ , A ~ - - o A X N . A A ~ , A N %
Dinh nghia 6.4. Véc-to khong la véc-to co diém dau va diém cuoi triung nhau, ki hi¢u la O .
Luuy 6.2
- . . N s
e Taquyudc O (véc-to khong) cung phuong va cung huong vdi moi véc-to; hon nira ’ 0 ‘ =0.
. - A ~ . ~ ? . %
e Hai diém A, B triung nhau khi va chi khi 1@ =0.

$> BAI TAP<$

XAC PINH MOT VEC-TQ, PO DAI VEC-TGO

Bai tap 1. Cho hai diém phan biét H, K nhu hinh bén. Viét hai véc-to ma diém dau va diém
cudila H hoac K.

e

45

e
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—_— PN
Bai tap 2. Tinh do dai ctia cdc véc-to AB, CD va MN & Hinh 3, biét ring

s A A Y A B
d6 dai canh cua 6 vuoéng bang 1 cm. >
N -
D c
M
Hinh 3
Bai tap 3. Trong Hinh 4, tim véc-to cung hudng véi véc-to AB ; ngugc hudng
Vi véc-to AB. N M
<
A B C D
Hinh 4

Bai tap 4. Cho tu gidc ABCD. Hay chi ra cac véc-to khac véc-to khong c6 diém dau va diém cudi 1a cac dinh ctia ta
giac.

Bai tap 5. Cho hinh vuéng ABCD véi canh ¢6 do dai bang 1. Tinh do dai cac vée-to AB, BD, DB.

Bai tap 6. Cho tam giac déu ABC c6 canh bang a. Goi M 1a trung diém ctia BC tinh d6 dai véc-to AM.

Bai tap 7. Cho luc gidc déu ABCDEF c6 canh bang a.

a) C6 bao nhiéu véc-ta khac véc-to khong c6 diém dau va diém cubi la cac dinh cta luc giac?

b) Tinh do dai céc véc-to AD
: , P T Y
Bai tap 8. Cho tam giac ABC vuong tai A c6 BC = 2a. Goi M la trung diém ctua BC tinh d6 dai véc-to AM.

HAI VECTO CUNG PHUONG, CUNG HUONG VA BANG NHAU

Bai tap 9. Trong hinh 4, ta thay AB = (ﬁ), vi chiing thda méan diéu kién: “ cing phuong, cting chiéu, cting do dai”.

Bai tap 10. Cho hinh binh hanh ABCD (Hinh 5).

a) Véc-to nao bang véc-to AB? 4 B
b) Véc-to nao bang véc-to AD?
D C
Hinh 5
Bai tip 11. Cho hinh vé, hay chi ra cac vecto cung phuong, cc cap vecto ngugc y
huéng va cac cap vecto bang nhau 2
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Bai tdp 12. Cho hinh vé, hay chi ra cac vecto cing phuong, cac cap vecto ngugc y
hudng va cac cap vecto bang nhau 2

-2 3 *
Bai tap 13. Cho hinh luc gidc déu ABCDEF c¢6 tam O. B C
a) Hay tim cac vecto khéc 0 va bang véi A—é
b) Hay vé vecto bang véi AE va ¢6 diém dau 1 B.
c) Hay vé vecto bang véi AE va ¢6 diém daula C.
A = D
F E

Bai tap 14. Cho hinh vuéng ABCD. Hay chi ra mdi quan hé vé d¢ dai, phuong, huéng giita cac cap vecto
a) ABva DC. b) AD va CB. o) AC va BD.

Nhitng cdp vecto nao trong cac cdp vecto trén la bang nhau?

Bai tap 15. Cho hinh binh hanh ABCD c¢6 tam 1a O . Hay tim cdc cdp vecto khac 6>, bang nhau va
a) c6 diém dau va diém cubi trong cac diém A, B, Cva D.
b) 6 diém dau la O hoac diém cubi la O.

Bai tap 16. Hai ca n6 A va B chay trén cling khtic séng (khtic séng thang) vé6i ciing d6 16n van toc la 15 km/h. Tuy
vdy, cand A chay xu6i dong, ca nd B chay ngugc dong. Van toc dong nude la 5 km/h.

a) Hay thé hién béng hinh vé, vecto van toc K dong nudc va vectd van toc thuc té ﬂ, Z)_B> ctia hai cand A va B.
b) Trong cac vecto o, 4, U8 nhiing vecto nao cung phuong, nhitng cap vecto nao ngugc hudng.

Bai tap 17. Cho tam giac déu ABC, hay chi ra mbi quan hé vé do dai, phuong va hudng gitta cdp vecto BA va CA.
Hai vecto c6 bang nhau khong?

Bai tip 18. Cho hai véc-to AB va AC cuing phuong. C6 thé két luan gi vé 3 diém A, B, C?
Bai tp 19. Chiing minh ba diém A, B, C thing hang khi va chi khi AB, AC cing phuong.
Bai tap 20. Trén mat phang Oxy, hay vé cac vecto OA va MN véi A(1;2), M(0; —1) va N(3;5)
a) Chi ra mot méi lién hé gitra hai vecto trén.
b) Mot vat thé khéi hanh tir M va chuyén dong thang déu véi van toc (tinh theo gid) dugc biéu dién bsi vecto
7 = OA. Hoi vat thé c6 di qua N khong? Néu c6 thi sau bao lau vat sé dén N?
Bai tap 21. Cho hinh binh hanh ABCD. L4y diém M trén doan AB va diém N trén doan CD sao cho AM = CN.
. Ty N oy
Chung minh AN = m va MB = BN.
Bai tap 22. Cho ti gidc ABCD. Goi M, N, P, Q lan luot 1a trung diém AB, BC, CD, DA. Chitng minh: NP = MO,
PO = MN
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6.2 Tong va hiéu ctia hai véc-to

6.2.1 Phép cOng véc-to
Quy tac 6.1. Mudn cong nhiéu véc-to, ta doi cdc véc-to nbi dudi nhau, miii tén ndi tir goc tdi ngon ciia doan véc-to ndi
duodi la véc-to tong.
Pinh 1y 6.1. -
e Céng thiic ni dusi: AM + MB = AB, v6i M tuj .
e Cong thiic chen diém: AB = AX + XB, v6i X tuj 1.
e Quy tic hinh binh hinh ABCD: AC = AB + AD.
o Bit ding thitc véc-to: | W + U | < |W|+ |7 |. Ddu"="xayrakhi = W =k- T (k> 0) (W, ¥ cing chiéu)

6.2.2 Véc-to d6i va phép trir hai véc-to

Dinh nghia 6.5.
o Véc-to W vi véc-to T duoc goi la dbi nhau khi va chi khi U+ = 6>
o Véc-to .6 véc-to ddi la — ol .
e Véc-to AB c6 véc-to dbi la —AB = BA.

Dinh 1y 6.2. Mudn trit mt véc-to, ta cong vdi véc-to ddi ciia né.
L = ==
Dinh ly 6.3. Cong thiic ngon trir goc: GN = AN — zﬁ, vdi A tuy v.
, — —
Dinh Iy 6.4. Cho I Ia trung diém thi AB < IA + 1B = 0.

$> BAI TAP<Y

TINH TONG, HIEU HAI VEC-TO

Bai tap 1. Tinh tong MN + (ﬁ + @

Bai tap 2. Tinht@’ngmﬂﬁJrﬁJrﬁﬂfR.

Bai tap 3. Cho tam giac ABC v6i M, N, P lan lugt 1a trung diém ctia BC, CA, AB. Tinh tong AD + W + (ﬁ

Bai tap 4. Cho hinh binh hanh ABCD. Trén cac doan thang DC, AB theo thtt tu lay cac diém M, N sao cho DM = BN.
Goi P 1a giao diém ctia AM, DB va Q la giao diém ctia CN, DB. Tinh 7/ = DP — (ﬁ

Bai tap 5. Cho hai hinh binh hanh ABCD va AB'C’'D’ ¢6 chung dinh A. Tinh 7= ﬁ + @ + DTD>

Bai tdp 6. Cho tam giac ABC déu, G la trong tam, tinh G? + Cﬁ

Bai tdp 7. Cho tam giac ABC déu, G la trong tam, tinh zﬁ + @ .

Bai tap 8. Cho luc gidc déu ABCDEF tam O. C B
itgon véc-tg ¥ — AF + BC + DE
a) Rut gon véc-to v = AF + BC + DE?

b) Tinh @ = OA + OB + OC.

E F
Bai tap 9. Cho tarrgiéc gBC, goi D, E,F, G, H, I theo thu tu la trung diém céac canh AB, BC,CA, DF, DE, EF. Tinh
véc-to @ = BE — GH — Al + FE?
TINH PO DAI VEC-TO TONG, VEC-TO HIEU
Bai tap 10. Cho tam gidc déu ABC c6 canh AB = a, xac dinh va tinh d6 dai ctia véc-to

a) ¥ — AB+ BC. b) ¥ = AB + AC.
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Bai tdp 11. Cho hinh vuéng ABCD tdm O c6 canh AB = 2, xac dinh va tinh d¢ dai cta véc-to T = (ﬁ — @
Bai tdp 12. Cho tam gidc ABC vuéng tai A c6 AB =2, AC = 4, xac dinh va tinh d¢ dai cta véc-to w = zﬁ + R
Bai tap 13. Cho hinh cht nhat ABCD c6 AC =5, AB = 3, xac dinh va tinh d6 dai caa véc-to

a) @ = AD — AC. b) b = AB+ AC.
Bai tap 14. Cho hinh thang ABCD ¢6 A=D= 90°, AB = AD = 3,CD = 5, xac dinh va tinh d6 dai cta véc-to
a) ¥ = AB— AC. b) ¥ = DB + DC.

CHUNG MINH PANG THUC VEC-TO
Bai tdp 15. Chung minh:

a)ﬁ+1¥+c7§:6>; b)zﬁ—(ﬁ:zﬁ—i—ﬁ; ) R%—Iﬁ:ﬁ—ﬁ—ﬁ;

d) AB — AD = CB — CD; ¢) AD+BE+CF = AE+BF+CD; f) AC+DE—DC—CE+CB = AB.
Bai tap 16. Ching minh:

a) Néu AB = CD thi AC — BD; b) Néu AC = BD thi AB = CD.
Bai tap 17. Cho hinh binh hanh ABCD c6 tam O va mét diém M tuy y. Ching minh:

a)@fﬁ:ﬁ; b)@fﬁzﬁ; Q) lﬁfﬁ:(ﬁf&;

d) DA—DB+DC=0; ¢) MA + MC = MB + MD; f) OA+0OB+0C+0D= 0.
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6.3  Tich cia mét véc-to voi mot so

6.3.1 Tich ctia mot véc-to véi mot so

— )
Pinh nghia 6.6. Tich ciia mgt véc-to a = 0 v0i mét so thuc k # 0 la mot véc-to, ki hiéu la k.
o Néuk > 0thika@, cing huéng vdi véc-to @,
o Néuk <0thika, nguoc hudng vdi véc-to 7.

NG

, Ny . = % ~ 1
Luuy 6.3. Nguoi ta quy udc ka = 0 néua = 0 hoick = 0.

6.3.2 Cac tinh chit ctia phép nhan véc-to voi mét s6

— .
Dinh ly 6.5. Vi hai véc-to 7, b va hai so thuc k, t, ta luén co

W) k(ta) = (kt)d; b) (k+t)d =ka +ta;
) KT+D)=ka@ +kb; D17 =7 (-1)7 = -7,
Pinh Iy 6.6.

e Diém I la trung diém ciia dogn thing AB khi va chi khi A+IB=10.
e Cho tam gidc ABC, diém G la trong tdm cila tam gidc ABC khi va chi khi GA + Gh + GE=T1.
Dinh ly 6.7.
. A N - 7 - Lo 7 Ty S N
Cho hai véc-to khong ciung phuwong a” va b . Khi do, moi véc-to  déu biéu thi (phan tich) \

4 . g o 1 2 2, o 4 ' N
dugc mot cdc dg nhit theo hai véc-to @ va b, nghia la ¢ duy nhat cap so (x,y) sao cho u \
7 = XE) + y b. 7 \\

v

Luu y 6.4. Mot s6 két qud quan trong thuong ding,
a) Néu M tring vdi tdm duong tron néi tiép I ciia tam gidc ABC, thi alA + bIB +cIC = 0.
b) Néu tam gidc ABC déu thi vdi diém M bit ki trong tam gidc, thi xMA + ym + 2MC = 6>, trong dé x,y, z lan
luot la khodng cidch tir M den cac canh BC, CA va AB.

$> BAI TAPSY

XAC PINH VEC-TO TICH, TINH PO DAI VEC-TO

. Py 1 .
Bai tap 1. Cho doan thang AB va M la m¢t diém nam trén doan AB sao cho AM = EAB' Tim k trong cac dang thirc
sau

a) AM = kAB. b) MA — kMB. &) MA = kAB.
Bai tap 2. Cho tam gidc ABC déu canh bang 1, trong tam G. Tinh d6 dai véc-to fﬁ
Bai tap 3. Cho hinh vuéng ABCD c6 canh bang 4, I 1a trung diém ctia canh BC. Tinh do dai véc-to f@ + R

Bai tap 4. Trén doan thang AB, goi C 1a trung diém AB va D la diém déi xing cta C qua A. Tim k trong cac dang
thirc sau

a) AC = kAB. b) AD — kAB.

Bai tap 5. Cho tam gidc ABC vuéng can tai A, canh BC = 2. Goi M, N lan luot la trung diém cta canh AB va BC.
Tinh d6 dai MN.
Bai tap 6. Cho hinh thoi ABCD c6 AC = 24, BD = a. Tinh d dai véc-to AC + BD.

CHUNG MINH PANG THUC VEC-TO, THU GON BIEU THUC

Bai tap 7. Cho tam gidc ABC véi trong tim G. Chiing minh rang (71 + Eg = 3(?.
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Bai tap 8. Cho hinh binh hanh ABCD. Goi G 1a trong tdm tam gidc ABD. Chtiing minh rang AB + 248 + AD =
9AC.

Bai tap 9. Cho tir gidc ABCD. Goi M va N lan luot 1a trung diém cac doan thang AB va CD. Ching minh rang
AC + BD = 2MN.

Bai tap 10. Cho tam gidc ABC. Lan lugt lay cac diém M, N, P trén cac doan thang AB, BC va CA sao cho AM = %AB,

BN = %BC, CcP = %CA. Chting minh ring AN + BP + CM = 0 .

Bai tap 11. Cho hinh binh hanh ABCD c6 tam O. Goi M 1a mot diém bét ki. Chiing minh rang

a) OA+0B+0C+0D =70 b) MA + MB + MC + MD = 4MO.

Bai tap 12. Cho hinh binh hanh ABCD. Goi M la trung diém CD. Lay N trén doan BM sao cho BN = 2MN. Chung
minh rang

a) 3AB +4CD = CM + ND + MN, b) 4AB + 2BD — 3AN.

Bai tap 13. Cho hinh binh hanh ABCD c6 tam O. Chiing minh rang B—>A + ﬁ + ﬁ = 4(7).
Bai tap 14. Goi G va G’ 1an lugt 1a trong tdm ctia tam giac ABC va A’B’C’. Chiing minh rang

e T T
AA'+ BB +CC’' = 3GG'.

Bai tap 15. Cho ta gidc ABCD.Goi M, N, I lan luot 1a trung diém ctia AC, BD va MN. Chiing minh ré’mg
) [A+IB+I1C+ D=7,
b) OA + OB + OC + 0D = 407 (v6i O 1a diém bét ki),

Bai tap 16. Cho tam gidc ABC khong vuong. Goi G, H, O lan lugt 1a trong tam, truc tam, tim dudng tron ngoai tiép
tam gidc ABC. Goi D la diém déi xiing ctia A qua O va M 1a trung diém cta canh BC. Ching minh

a) HB + HC = HD. ¢) HA — HB — HC = 204. e) OH = 30G.

b) HA + HB + HC = 2HO. d) OA + 0B + OC = OH. f) AH = 20M.

Bai tap 17. Dung bén ngoai tit giac ABCD cac hinh binh hanh ABEF, BCGH, CDIJ, DAKL.

a) Chung minh rang KE + EH + 5} + IL="0. b) Ching minh rang El — HI=FK - G—;
Bai tap 18. Cho duong tron (I) néi tiép tam gidc ABC c6 AB = ¢, AC = b, BC = a. Chtiing minh rang aIA + bIB +
cIC=T0.
Bai tap 19. Cho tam gidc ABC va mot diém M bat ki nam trong tam gidc ABC. Dat Syipc = Sa, Smca = Sy, Smap =
S¢. Ching minh rang

S.MA + SyMB + S.MC = 0.

XAC DINH PIEM THOA MAN DANG THUC VEC-TO

Bai tap 20. Cho hai diém A va B. Xac dinh diém M théa man 2MA —3MB = 0.

Bai tap 21. Cho tam giac ABC. Goi M la trung diém ctia AB va N thuoc canh AC, sao cho NC = 2N A. Hay xac dinh
Kva D khi

a) 3AB + 2AC — 124K = 0. b) 3AB + 4AC —12KD = 0.

Bai tap 22. Cho hinh binh hanh ABCD.
a) HéydungcécdiémM,Nthéaménm—m—m: zﬁvé]\?—l—ﬁ—m :ﬁ—kﬁ—zﬁ.

b) Ching minh ré“mg m = lﬁ\
Bai tap 23. Cho trudc hai diém A, B va hai s6 thuc a, f théaman a + 8 # 0

a) Chiing minh rang ton tai duy nhat diém I théa man « - A+ B- B=70.
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b) Tir d6 suy ra v6i diém M bét ky, ta ludn c6: a~m+ﬁ-m = (a+B) M.
Bai tap 24. Cho hai hinh binh hanh ABCD va ACEF.

a) Dung cac diém M, N sao cho m = ﬁ, ﬁ\l — BD. b) Ching minh cﬁ = m
Bai tap 25. Cho tam gidc ABC.

2) Chitng minh véi moi diém M, ta luén c6 MA + 2MB — 3MC = CA + 2CB.

b) Hay dung diém D sao cho DA + 2DE - 3DC = CA + 2CB.
Bai tap 26. Cho ti gidc ABCD, M la diém tuy y. Trong méi trudng hop hay tim s6 k va diém c6 dinh I, ], K sao cho
déng thitc véc-to sau thda man véi moi diém M.

a) 2MA + MB = k- MI. b) MA + MB +2- MC = k- MJ.

&) MA + MB+ MC +3- MD = k- MK

Bai tap 27. Cho tu giac 16i ABCD. Goi M, N, P, Q 1an luot 1a trung diém cta AB, BC, CD, DA. Chung minh AANP
va ACMQ c6 cung trong tam.

BIEU DIEN VEC-TO THEO HAI VEC-TG KHONG CUNG PHUONG

Bai tap 28. Cho AABC, goi G la trong tdm ctia tam giac va By la diém ddi xiing ctia B qua G. Goi M la trung diém
cua BC. Hay biéu dién cac véc-tg

s —
a) CBq va AB; theo 1@, R b) MB; theo 1@, R
Bai tap 29. Cho hinh binh hanh ABCD tam O. Goi M la trung diém BC.
. ey . x
a) Hay biéu dien AM theo cac véc-to AB va AC. b) Hay biéu dien OD theo céc véc-to DA va DM.
Bai tap 30. Cho tam giac ABC. Goi H la diém dbi xtiing ctia B qua trong tam G va M la diém thoa MB+2MC=T0.

a) Tinh AH theo AB va AC. b) Tinh AM theo AB va AC. ¢) Tinh MH theo AB va AC.

Bai tap 31. Cho tam giac ABC. Goi M la trung diém ctia doan AB va N 1a mot diém trén canh AC sao cho NC = 2NA.
Goi K 1a trung diém ctia MN.

a) Chung minh: R = izﬁ + %R

b) Goi D la trung diém ctia BC. Chiing minh: KD = %1@ + %zﬁ .
Bai tap 32. Cho hinh binh hanh ABCD, M va N la hai diém 1an luot thude AB, CD sao cho AB = 3AM, CD = 2CN.
Goi G la trong tam tam giac BMN.
a) Tinh m theo z@ va R b) Tinh A—é theo zﬁ va zﬁ
Bai tap 33. Cho AABC, goi I, ] 1a 2 diém thoa 214 + 318 = 0,58 —2]C = 0.
a) Tinh Al, AJ theo AB, AC. b) Goi G Ia trong tam AABC. Tinh AG theo Al, AJ.
—

Bai tap 34. Cho tam gidc ABC ¢6 G 1a trong tam, lay M, N thoa 3MA + 4MB=NB-3NC=10.

a) Tinh m, zﬁ\l, ﬁ theo z@ va R

b) Tinh MN, MC theo AB va AC.

¢) Kéo dai AG cét BC tai . Chiing minh C 14 trung diém IN va tinh AC theo AG, AN.
Bai tap 35. Cho hinh binh hanh ABCD, O 1a giao diém 2 dudng chéo, BI = IO, G la trong tim A OCD. Tinh Al, BG
theo AB va AD.

Ne oA .z A P N o R N - R 3 ? ? % _>

Bai tap 36. Cho tam gidc ABC. Lay M, N lan lugt la trung diém AB, BC, L la diém thod 2LA +5LB+3LC = 0.

a) Tinh BM, BN, BI theo BA va BC. b) Tinh MN, ML theo BA va BC.

Bai tap 37. Cho AABC.Goi I 1a diém trén canh BC sao cho 2CI = 3BI va | la diém trén BC kéo dai sao cho5/B = 2]C.
Goi G la trong tdim AABC.

a) Tinh Al, A] theo AB, AC. b) Tinh AC theo AT va AJ.
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. 1
Bai tap 38. Cho AABC va hai diém D, E thoa man DB = k- DC, EB = %ﬁ (Vi k £ 1),

a) Biéu dién cac véc-to ﬁ, zﬁ, DF theo cac véc-to 1@, R
b) Dié’mF,Ithéaménlﬁ :k~ﬁ,1% =k- ﬁ.Chﬁngminhzﬁ—o—ﬁ—i—(ﬁ: 0.
N ° e —_—
Bai tap 39. Cho AABC ¢6 M, D lan lugt 14 trung diém ctia AB, BC va N la diém trén canh AC sao cho AN =

Goi K la trung diém cta MN. Hay tinh cac véc-to R, KD theo zﬁ, R .

Bai tap 40. Cho AABC. Trén hai canh AB va AC léy hai diém D va E sao cho zﬁ = Zlﬁ, (ﬁ = BI;‘K. Goi M, I 1an
luot 1a trung diém ctia DE va BC. Hay tinh véc-to m, Mf theo zﬁ, zﬁ .

Bai tap 41. Cho AABC, lay diém M, N, P sao cho MB = 3MC, NA +3NC = 0, PA + PB = 0. Phan tich PM, PN
theo zﬁ, R

Bai tip 42. Cho hinh binh hanh ABCD c6 tam 1a O. Hay tinh cdc véc-to sau theo véc-to AB va AD.

—_

.NC.

a) Alvoilla trung diém ctia BO. b) B v6i G la trong tam AOCD.

£ . 4
Bai tap 43. Cho AABC c6 hai duong trung tuyen BN, CP. Hay biéu thi cac véc-to zﬁ, Iﬁ, CA theo cdc véc-to BN ,
CP.
Bai tap 44. Cho AABC c6 trong tdim G. Goi I, ] nam trén canh BC va BC kéo dai sao cho 2CI = 3BI, 5]B = 2]C.

a) Tinh ﬁ, ﬁ theo zﬁ, R b) Tinh ﬁ theo 1@, R
Bai tap 45. Cho AABC c6 G la trong tam tam gidc va I 1a diém d6i xiing ctia B qua G. M la trung diém cia BC. Hay

tinh ﬁ, 5?, ﬁ theo zﬁ, 1¢TC>
Bai tap 46. Cho AABC c6 trong tam 1a G va cac duong trung tuyén AM, BP. Goi G’ 1a diém dbi xing véi diém G
qua P.

a) Hay biéu dién cac véc-tg ﬁ , (? theo 1@, R . b) Chiing minh hé thic: 5@ - 61@ = 6]\@ .
Bai tap 47. Cho hinh binh hanh ABCD. Goi M, N theo tht tu la trung diém ctia cac canh BC, CD. Hay biéu dién cac
véc-to B?, @ theo cac véc-to m, zﬁ\] .
Bai tap 48. Cho tu giac ABCD c6 M, N theo thu tu 1a trung diém cta cac canh AD, BC. Hay biéu dién véc-to MN
theo z@, Iy}f va theo R, Iﬁ
Bai tap 49. Cho AABC. Goi I 1a diém dbi xtiing ctia trong tim G qua B.

a) Chiing minh IA — 518+ 1C = 0. b) Dst AC — @, Al — b.Tinh AB, AC theo @, b .

Bai tap 50. Cho AABC. Goi M, N, P lan luot 1a trung diém cta BC, CA, AB. Tinh céc véc-tg 1@, I%, (ﬁ theo cac
véc-to B—I\>I, (ﬁé
Bai tap 51. Cho AABC. Goi I 1a diém trén canh BC kéo dai sao cho IB = 3IC.

2) Tinh Al theo AB, AC.
b) Goi J va K 1an lugt 1a cac diém thudc canh AC, AB sao cho JA = 2JC va KB = 3KA. Tinh ]? theo 1@, zﬁ
¢) Tinh BC theo Al va JK.

THANG HANG, SONG SONG VA PONG QUY
Bai tap 52. Cho hinh binh hanh ABCD, tdam O. Goi M, N theo tht tu la trung diém ctia AB, CD va P la diém thoa
man hé thic &)’ = — %(ﬁ Chung minh 3 diém B, P, N théng hang.
Bai tip 53. Cho bén diém phan biét A, B, C, D thda: 248 + 3AC = 5AD. Ching minh B, C, D thing hansg,.
Bai tap 54. Cho AABC, liy diém M, N, P sao cho MB = 31@, NA + 3NC = 6>, PA + PE=1.
a) Tinh m, P—I\>] theo zﬁ, zﬁ
b) Chting minh ba diém: M, N, P thang hang.

Bai tap 55. Cho AABC c6 I la trung diém ctia trung tuyén AM va D la diém thoa hé thuc 3AD = AC. Biéu dién
véc-to ﬁ), BI theo z@, R va chitmg minh ba diém B, I, D thang hang.
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Bai tap 56. Cho AABC.
a) Dung céc diém K, L sao cho KA +2KB + 3KC = 0,2LB +3LC = 0
b) Ching minh ba diém A, K, L thang hang.
Bai tap 57. Cho hinh binh hanh ABCD. Goi I 1a trung diém ctia AB va E 1a diém thoa hé thic 3IE = ID. Chimg

minh ba diém A, C, E thang hang.
Bai tap 58. Cho AABC.

a) DungcécdiémK,Lsaochom+2ﬁ+31@ — 0 va2lB+3IC=0
b) Chiing minh ba diém A, K, L thang hang.
Bai tap 59. Cho AABC. Goi M la trung diém ctia canh AB, N va P 1a hai diém théa man hé thuc NA + INC = 6),
— . .
PB — 2PC = 0. Chiing minh ba diém M, N, P thing hansg,

Bai tip 60. Cho AABC. Hai diém M, N dugc xéc dinh bdi 3MA + 4MB = 0, NB — 3NC = 0. Ching minh MN
di qua trong tam AABC.

Bai tap 61. Cho AABC.
a) Dung cac diém D, E thoa cac hé thic AD = %1@, DE = %1%
b) Ching minh ba diém A, C, E thang hang.
Bai tap 62. Cho hinh binh hanh ABCD. Goi I la trung diém ctia canh BC va E la diém xac dinh béi zﬁ = %R
Chung minh ba diém D, E, I théng hang.
Bai tdp 63. Cho AABC c6 trung tuyen AD va M 1a trung diém AD. bBiém N dugc lay trén AC sao cho 3AN = AC.

Ching minh ba diém B, M, N thang hang.

Bai tap 64. Cho AABC c6 M la trung diém BC va O la trung diém ctia AM. Trén AB lay diém I, AC lay diém ] sao
— — . 2

cho Al = gf@ vaAf = %A‘é. Chiing minh ba diém I, ], O thing hang.

Bai tap 65. Cho tur gidc ABCD. Goi M, N, P, Q 1an lugt 1a trung diém ctia AB, BC, CD, DA. Goi O la giao diém ctia

MP va NQ, G 1a trong tdm ctia tam gidc BCD. Ching minh rang ba diém A, O, G thang hang.

Bai tap 66. Cho ti gidc ABCD. Goi M, N 1a hai diém di dong trén AB, CD sao cho ﬁ—g = IZ:]]—IC) va hai diém I, ] 1an

luot 1a trung diém ctia AD, BC.

a) Tinh ﬁ theo AB va DC. b) Chiing minh trung diém P ctia MN ndm trén I].

Bai tap 67. Cho AABC. Goi P, Q, R 1a cdc diém théa céc déng thie 3PB + 4PC = 0, AQ = 20C, kRA = RB, k # 1.
a) Chuang minh ré“mg: 211@ = 21% + 7@. b) Chiing minh ré“mg: ﬁ = %ﬁ + i;l%
c¢) Tim k sao cho P, Q, R thang hang.

Bai tap 68. Cho hinh binh hanh ABCD,

a) Goi I, F, K l1a cac diém théa man ﬁ = (xﬁ, ﬁ = ﬁAt, R = ’yﬁ. Ching minh diéukiéncanvada de I, F,

: 1 1 1
Kthanghangla - = —+— (&, 8, ¥ #0).
ghangla ;=242 (B )

b) Goi M, N la hai diém lan luot trén doan AB, CD sao cho AM = 1, CN = 1 Goi G la trong tam AMNB. Tinh
N AB 3'CD 2
AN, AG theo AB va AC. Goi H 1a diém xéc dinh béi BH = k - BC. Tinh AH theo AB, AC va k. Tim k dé duong
thang AH di qua diém G.
Bai tp 69. Cho OA + 208 — 30C = 0. Chiing minh ring: A, B, C thing hang.
Bai tap 70. Cho tam gidc ABC, trén canh BC lay D, E thod BD = DE = EC. Goi I la trung diém BC. S la diém thoa
SA = AB 4+ AC + AD + AE. Ching minh 3 diém I, S, A thing hang,.

Bai tap 71. Cho tam giac ABC c6 trong tdam G va 2 diém M, N thoa MA = 2MB va3NA + oNC = 0.
a) Tinh m theo zﬁ va zﬁ .
b) Tinh MG theo AB va AC. Suy ra 3 diém M, N, G thing hang.
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Bai tap 72. Cho tam giac ABC. L4y cac diém M, N, P sao cho: MB — 2MC = NA + oNC = PA + PE=10

a) Tinh PM+ PN theo f@, AC. b) Ching minh rang M, N, P thing hang.
Bai tap 73. Cho tam gidc ABC c6 AM la trung tuyén. Goi I 1a trung diém AM va K 1a mot diém trén canh AC sao
cho AK = %AC . Chting minh 3 diém B, I, K thang hang.

A . . . . A . .2 R YL 1 ? ?
Bai tap 74. Cho hinh binh hanh ABCD. Goi H, K lan lugt 1a 2 diém trén canh BC, BD sao cho BH = §B ,BK =
%ﬁﬁ. Chiing minh A, K, H thing hang,.

. = N .
Bai tap 75. Cho tam giac ABC. Goi M la diém thoa BM = 3MC va N, I'lan luot 1a trung diém AB, MN. Ching minh
rang:

a) AM = 31(1@+3R) va Al = %(zﬁ+zﬁ)

b) Goi E la trung diém BC. Chtiing minh 3 diém A, I, E thang hang.

Bai tip 76. Cho hinh binh hanh ABCD va 2 diém E, F thod EA + 2EB = 0, FC + FD = 0. Goi G 1a trong tam ctia
tam gidc BEF.

a) Tinh AC theo AB, AC.

o — . P
b) Goi I Ia diém duoe xéc dinh béi BI = kBC. Tinh Al theo AB, AC. Tir d6 suy ra gid tri ctia k dé A, G, I thing
hang.

Bai tap 77. Cho hinh binh hanh ABCD, O la giao diém 2 duong chéo AC va BD. H va K la 2 diém thoa BH = %Eé,
BK = £ BD.
a) Tinh AH va AK theo AB, AC. Suy ra 3 diém A, H, K thang hang.

b) Cho MN = MA + MB + MC + MD. Chung minh rang MN ludn di qua mét diém cd dinh.

TiM PIEM THOA PANG THUC VEC-TO (DANG THUC TAM Ti CU)

Dinh 1y 6.8. Cho n diém Ay, A, -+, Ay va bdséky +ko+ -+ +ky = k # 0. Khi dé ton tai duy nhat diém G sao
cho

ki -GA,+ky-GAy+---kn-GAL = 0,

Diém G dugc goi la tam t cu cila cdc diem {A;},_ . -

Pinh 1y 6.9. Néu G la tam ti cy ciia ho diém {A;};_; . ,, thi vdi moi diém O ta c
1 — — —
0¢ = £ (K- OA{+k2-OA3 + -+ + k- OAy ).

Khiky = ky = - -+ = ky thi G la trong tam cia ho diém {A;};_ .. .

Bai tap 78. Cho tam gidc ABC, xac dinh cac diém M, N, biét:

a) 2MB—MA = 0 b) 3NA+2NB= 0 ¢) PA 4+ PB4 PC = AC
Bai tap 79. Cho hinh binh hanh ABCD tam O. Hay xac dinh cac diém I, J, K thoa:
a) IA + 1B + IC = 41D b) 2JA +2]B = 3]C — D ) 2AK +3BK+KD =0

Bai tap 80. Cho tam giac ABC va3sb a, B, 7.

a) Néu & + B+ # 0 thi ton tai duy nhat mot diém [ thoa: aIA + ,BI% + ')/I% = ?.(Dié’m I nay duge goi la tam
cy cta hé diém (a, A), (B, B), (v, C).

b) Néu a + B+ = 0 thi véi moi diém I véc-to @ = alA + ﬁl% + 'ﬂ% la véc-to hang.
Bai tap 81. Cho tam gidc ABC, va duong thang d c¢6 dinh. Tim M thudc d sao cho cac véc-to sau c¢6 d6 dai nho nhét:
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a) W = 2MA+MB+MC b) T = MA+3MB+2MC o) @ = MA — MB+MC d) £ = 5MA —2MB — MC
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6.4  Tich vé huong cua hai véc-to

6.4.1 Goc giua hai véc-to

Dinh nggia 6.7. .

Cho @, b # 0. Tir mt diém O bt ki vé cﬁj 7,08 = U. Khi dé s6 do cila goc 5
AOB duigc goi la s6 do goc giita hai véc-to Toab hay don gian la goc giira hai véc-to 7,

T Ki hiu (7, 7) — AOB.

@) A
Luuy 6.5.
. Y . — - . P A A IS s N N0 4 o
* Quy udc rang goc ( a,b ) co thé nhdn mot gid tri tiy i tir 0° dén 180°.
— —
. (7, b ) —0°< @, b cing hudng.

— —
o (7, b ) —180° < @, b nguoc hudng.
. — . — — —
e Néu (7, b ) = 90° thi ta noi rang Toib vubng goc vdi nhau, ki hiéu T Lb hoic b L 7. Dac biét 6>

durgc coi la vuéng goc vdai moi véc-to.

6.4.2 Tich v6 hudng cua hai véc-to
— . —
Pinh nghia 6.8. Tich v6 hudng ciia hai véc-to Toab la mot so, ki hiéu 7 b , duwroc xdc dinh bdi cong thirc sau
— — —
7 b :|7}-)b‘~cos<7, b).

Luuy 6.6. . .
e Tuc6d L bed b =0.

o @@ con dugcvidt Ia @'? duoe Qoi la binh phuwong v6 huong ciia véc-to T.Tace a?

@

$> BAI TAP<

TINH TICH VO HUONG, GOC CUA HAI VEC-TO
Bai tdp 1. Cho tam gidc ABC vuéng tai A va co B = 50°. Hay tinh cac goc
a) (ﬁ, lﬁ), b) (zﬁ, Eé), Q) (C_/K,C?),
d) (R, Eé) ; o) (A_é, 6%) ; f) (R, ﬂ).

Bai tap 2. Cho tam giac déu ABC c6 canh a va trong tdm G. Tinh cac tich v6 huéng

a) AB - AC; b) AC-CB; Q) AC- AB;
d) GB- GC; ¢) BC-GA; f) GA-BC.

Bai tap 3. Cho tam gidc ABC vudng tai A c6 AB = a, BC = 2a va G la trong tam. Tinh gid tri ctia cac biéu thuc sau:

a) BC- BA. b) BC - AB.
o) BC. AC. d) AB-CA.
¢) AB-BC+BC.CA+CA - AB. f) GA-GB+GB-GC+GC-GA.

Bai tip 4. Cho hinh vuoéng ABCD canh a. M la trung diém ctia AB, G la trong tdm tam gidc ADM. Tinh gia tri ctia
cac biéu thuc sau:

a) (ﬁﬁ—zﬁ) (ﬁﬂ?@). b)@(c‘mm).
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A . i - N - . PSRN . N
Bai tap 5. Cho haivéc-to @ va b ¢6 |@|=7,|b | =12va|@ + b | = 13. Tinh cosin ctia goc gitta hai véc-to @ va

N

;éit@s 6. Cho tam gidc ABC vuong cin c6 AB — AC — a va AH 1a duong cao. Tinh céc tich v hudng sau
2) AB- AC; b) AH - BC; ¢) AC-CBva AB - BC.

Bii tap 7. Cho tam gidc ABC déu canh a va AM 13 trung tuyén ctia tam gidc. Tinh céc tich v6 huéng sau
)ﬁ:(zzﬁ—sﬁ); b)ﬁj(@—ﬁ); ¢) AM - AB; d) (C7§+§3) (@ﬂ@?)

Bai tap 8. Cho hinh chit nhat ABCD ¢6 AB = av2, AD = 2a. Goi K 1a trung diém ctia canh AD.

a) Phan tich B?, R theo z@ va zﬁ b) Tinh tich v6 hudng B? . A_& .
Bai tap 9. Cho tam gidc ABC c6 AB = 5, AC = 8, BC = 7. Tinh tich vo hudng AC - AB.
Bai tap 10. Cho hai véc-to @ va b c6 d6 dai bang 1va thoa man diéu kién [2@ — 35 | = v/7. Tinh cos (@, 7).
2

Bai tap 11. Cho tam giac ABC vuéng tai A c6 BC = av/3, M la trung diém ctia BC. Biét rang AM Eﬁ =5

tinh AB, AC.
Bai tdp 12. Cho hai véc-to 7 va b CO do dai bang 1 va goc tao bdi hai véc-to d6 bang 60°. Xac dinh cosin goc gitra
hai véc-to W va T v6i W = _>+2b K4 . b.
s — A f e
Bai tap 13 Cho hai véc-to @, b thda man 7| = | I | = 1vavécto ¥ = @ +2b vudng goc véi vécto Y =

57 —4 7. Tinh goc gitta hai véc- td Tvab.

— —
Bai tap 14. Cho céc véc-to @ va 7 théa man 7| =2,|b|=1va (7, b ) = 60°. Tinh goc gitta véc-to @ va vée-to

-

Bai tap 15. Cho hinh chit nhat ABCD c6 AB = 2. M la diém dugc xac dinh bai AM = Bﬁ G la trong tam tam giac
ADM. Tinh M - GC.
Bai tap 16. Cho hinh chit nhat ABCD c6 canh AB = a, AD = b. Tinh theo 4, b cac tich vd hudng sau:

) b 3¢ B A&, (A¢ - AB) (A& + AD)

b) MA - MC + MB - MD v6i diém M thudc dudng tron ngoai tiép hinh chir nhat ABCD.

CHUNG MINH DANG THUC TiCH VO HUONG HAY DO DAI
Bai tap 17. Cho doan thang AB va I la trung diém ctia AB. Chting minh rang véi méi diém O ta c6

a) OI-TA+ 01 - 1B = 0. b)(ﬁ.ﬁ:%<(ﬁ2_(ﬁz)

Bai tap 18. Cho diém M thay déi trén dudng tron tam O ban kinh R ngoai tiép tam giac déu ABC cho trudc. Ching
minh MA? + MB* + MC? = 6R%.
Bai tap 19. Cho hinh chit nhat ABCD c6 tam O, M la diém bt ki. Chiing minh
a) MA? + MC? = MB? + MD?; b) MA - MC = MB - MD
Bai tap 20. Cho AABC, ching minh AB? + AB- 1% + AB - a =0.
Bai tap 21. Cho AABC nhon, duong cao AH, Ching minh réng

) AB- AH = AC - AH; b) AB-BC = HE - BC.

N 1 2
Bai tap 22. Chung minh rang véi moi tam gidc ABC ta c6 Sapc = E\/zﬁz CAC2 (z@ : ﬁ) .
Bai tap 23. Cho AABC c6 trong tam G. Ching minh rang v6i mébi diém M ta 6 MA? + MB? + MC? = 3MG? +
GA? + GB? + GC2.
Bai tap 24. Cho hinh chit nhat ABCD c6 tam O, M 1a diém bat ki. Chiing minh MA2 + MB - MD = 2MA - MO.
Bai tap 25. Cho hinh chit nhat ABCD noi tiép trong duong tron tim O, ban kinh R. Ching minh rang v6i moi M

thudc dudng tron (O) ta c6 MA - MCE + (m + m) (m + MB + MC + m) = 8R2.
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Bai tap 26. Chiing minh rang v6i moi diém A, B, C, M ta ludn c6 m . l% + 1@ . cﬁ + m . z@ = 0. (hé thuc Euler).
Bai tap 27. Cho AABC cac dudng trung tuyén AD, BE, CF. Ching minh rang AD - BC + BE - CA + CE-AB =o.

Bai tap 28. Cho AABC duong cao AH, trung tuyén Al Ching minh réng ’AB2 - ACZ‘ =2BC - HI.

DIEU KIEN VUONG Gc’)c

—
Bai tap 29. Cho hai véc-to 7 va b vuoéng goc v4i nhau va ‘ a = /2. Ching minh hai véc-to (27> — b )

( a+b ) vudng goc voi nhau.
Bai tap 30. Cho AABC vuong tai A c6 AB = ¢, AC = b. Tinh BA - BC theo b va c.

1

— — 2 —
Bai tap 31. Cho hai véc-to @ va b thoa man |7| = ‘ b ‘ = 1 va hai véc-to ¥ = 57 —3bvav =7a+ b vudng

goc v6i nhau. Xac dinh goc gitra hai véc-to Tvab.

TAP HOP PIEM VA CHUNG MINH BAT PANG THUC

Luu y 6.7. Ta sir dung cic két qud co bin sau:

a) Cho A, B la cic diém cd dinh, M la diém di dong
. Néu ‘m‘ = k vdi k Ia s thuc duong cho trudc thi tdp hop cic diém M la duong tron tdim A, ban kinh

o Neu m ME = 0 thi tap hdp cic diém M la duong tron duong kinh AB.
« NéuMA- @ = 0vdi T4 0 cho truc thi tdp hop cdc diém M la duong thang di qua A va vudng goc vdi
gid ctia vecto 7.
b) Cic bat ding thitc vecto

_>
e W2>0VY7. Diu ”—”xaymkhz a=0.
— —> — -

° 4 <| | - |b\Dau":"xaymkhza:kb,k>0.
Bai tap 32. Cho hai diém A, B ¢ dinh ¢6 do dai bang a, vecto 7 khic 0. Tim tap hop diém M sao cho
2
a) MA - ME = 2% )mm MA?
4
Bai tap 33. Cho tam giac ABC. Tim tap hgp diém M sao cho ( 36%) BC = 0.
Bai tap 34. Cho tam gidc ABC. Chting minh rang
a) cosA—i—cosB—f—cong%. b) cosZA+cosZB+cosZC2—%.

Bai tap 35. Cho doan thang AB va s6 thuc k. Tim tap hop diém M trong méi trudng hgp sau
a) 2MA2 = MA - MB. b) MA2 +2MB? = k, k > 0. Q) AM- 7 =k
Bai tap 36. Cho ti giac ABCD, I, ] 1an luot 1a trung diém ctia AB va CD. Tim tap hop diém M sao cho MA - MB +

MC - MD = 1]2

Bai tap 37. Cho tam giac ABC, goc A nhon, trung tuyén Al. Tim tap hop nhiing diém M di dong trong goc BAC sao
cho AB- AH + AC - AK = AI?, trong d6 H va K theo thit ty 1a hinh chiéu vuéng géc ctia M 1én AB va AC.

Bai tap 38. Cho tam giac ABC va k la s6 thuc cho trude. Tim tap hop nhitng diém M sao cho MA? — MB? = k.

Bai tap 39. Cho hinh vuéng ABCD canh a va sb thuc k cho truée. Tim tap hop diém M sao cho

MA - MC + MB - MD = k.

Bai tap 40. Cho tam giac ABC va cac s6 thuc x, y, z. Chitng minh rang

4 y* 42

xycos A+ yzcos B+ zxcosC < 5
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Chuong 7

Ham s6, do thi va ing dung

7.1  Bat phuong trinh bac hai

7.1.1 DA4u ctia tam thic bac hai

Pinh 1y 7.1. Cho tam thiic bic hai f(x) = ax* + bx +c(a #0),
e Truong hop A < 0: f(x) ciing dau véi a vdi moi x € R.

X —00 “+o00
f(x) Cung diu véi a

* Truong hop A = 0: f(x) cing diu vdi a véi moi x € R\ {;—ab}

—-b
x —c0 — 400
2a
f(x) Cung diu vdi a 0 Cing dau vdi a
o Truong hop A > 0: Gid sir f(x) = 0 co hai nghiém phan biét x1 < x5.
X —00 X1 X2 “+o00
f(x) Cing ddu vdi a 0 Trdi déu vdi a 0 Cing ddu vdi a

Luuy 7.1. Cdu nho: "Trong trdi, ngoai ciing”.

Bai tap 1. Lap bang xét dau ctia cac ham s6 sau.

a) f(x) = —x?44x+
o f(x)=x*+x+1.

e) f(x) =x*—x—12.

5.

$> BAI TAP<Y

LAP BANG XET DAU BIEU THUC

8) f(x) = (2x—1) (¥ ~x~6).

i) f(x)= (—x2+x+2> (1—3x).

Bai tdp 2. Lap bang xét dau ctia cac ham so sau

a) f(x)= (x2—4) (x2—8x+15).

b) f(x) =
d) f(x) =
f) flx)=

h) f(x) =

) flx) =

b) f(x) =

d) f(x) =

61

—2x% +5x — 2.
—2x% 4 4x — 2.
(4—2x) (x2—5x+4).
(4 —2x) (x2—5x+4).
2x2 —x—3

4x — x2

2x2 —x—3
4x — x?
(2x — 1) (3x — x?)
x24x—-2 ’
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1 1 1 1
¢) f(x) x2—4 x2-2x-3 ) f() x2—7x+12 x2—5x+4

7.1.2 Bt phuong trinh bac hai

Dinh nghia 7.1. Bit phuong phuong trinh bic hai dn x la bit phuong trinh 6 dang ax® + bx + ¢ > 0 hojc ax? +
bx+c<0,ax’>+bx+c>0,ax>+bx+c< 0 trong do a, b, c la cdc s6 thue di cho va a # 0.

o S xq 1a nghi¢m bit phiong trinh ax® + bx + ¢ > 0 néu ax§ + bxg +c > 0.

e Tip hop tit cd cic bat phuong trinh bdc hai goi la tdp nghiém ciia bit phiuong trinh nay.

e Gidi bat phuong trinh la di tim tdp nghiém ciia no.
Phuong phép giai 7.1. D¢ gidi bit phuong trinh bic hai ax* 4 bx + ¢ > 0 ta thc hi¢n nhu sau

e Gidi phuong trinh ax? + bx + ¢ = 0 tim nghi¢m;

o Lip bang xét diu f(x) = ax® + bx +¢;

* Duya vao dau ciia f(x) va bt phuong trinh ta két lugn nghiém.

$> BAI TAPS

GIAI BAT PHUONG TRINH

Bai tap 3. Lap bang xét dau. Giai cdc bat phuong trinh sau

a) x> —4x+3>0.
Q) x2—4x+3>2x—1.
e) (2x+4)(x* +5x+4) <0.

g) (x2 —2x—3)2> (3x —3)2
Bai tap 4. Gidi cac bat phuong trinh sau

b) x> +4x+3 < 0.
d) 3x* —4x +3 <2(x* - 1).
f) (x> —x+1)(x®>+5x+4) <0.

h) ¥ —6x2+11x—6>0.

a) x2:26fl_7§2. b) ;2362—’—_6%>0.
) 15 ixZZExZ =0 9 3222:529;1114 =
o (172x)x(x_2x+22x+1)<0. H (x?2(+23f:;1)>0'
Bai tap 5. Gidi cac bat phuong trinh sau
prien il g Eleloa gomlo6 ol

BAT PHUONG TRINH BAC HAI CHUA THAM SO

a>0
A<O
a<0
A<O

o f(x)>OVx€]R<:>{

. f(x)<OVxelR<:>{

Luu y 7.2. Cho f(x) = ax*> +bx +c, (a #0), khi do

Truong hop a c6 chita tham so ta can xét hai truong hop (a = 0va a # 0).

Bai tap 6. Tim céc gia tri ciia m dé bat phuong trinh sau ludn ding Vx € R.
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a) X2 —mx+m+3>0. b) —x* —2(m+1)x —2m —2 < 0.
¢) —x*>+2(1—m)x—9<0. d) x* + (m+3)x+4> 0.
e) ¥ 4+2(m—1)x +m+5 > 0. f) mx* —mx—5<0.

Bai tap 7. Tim céc gia tri ctia m dé bat phuong trinh sau ludn ding Vx € R.
a) mx®> —4(m+1)x+m—5> 0. b) (m—1)x*> —2(m+1)x +3(m —2) <0.
¢) mx®>+2(m—1)x+m—1<0. d) (m—2)x*4+2(2m —3)x +m —6>0.
e) (m—4)x*4+ (m+1)x+2m—1<0. f) (m+1)x®+2(m+1)x +m* —6m+11 > 0.
g) mx? —2(m+3)x+m—5> 0. h) (m—1)x> +2(m +2)x +m < 0.

Bai tap 8. Dinh m dé cac bat phuong trinh sau v6 nghiém.
a) ¥4+ 6x+m—+7<0. b) x2+2(m+2)x —m—2 < 0.
o) —x%+2(m—1)x+1>0. d) (m+1)x? —2(m —1)x +3m — 3 > 0.
e) (m+1)x> —2(m+1)x +3m—3>0. f) (m—1)x>+2(m+1)x+3m—6>0.
g) (3—m)x* —2(m+3)x+m+2>0. h) (m —3)x*+ (m —3)x +2m —3 > 0.

Bai tap 9. Dinh m dé cac bat phuong trinh sau c6 nghiém

a) —x24+3x—m+1<0. b) mx® +2(m+1)x +m—2>0.
Bai tap 10. Dinh m dé cac ham sb sau xac dinh Vx € R

a) y = \/(m+1)x2+2(m—1)x+3m—3. b) y = \/(l—m)x2+2(m—1)x—|—4m—3.
Bai tap 11. Cho f(x) = x2 +2(m +1)x — m 43 > 0. Pinh m dé f(x) >0, Vx > 0.
Bai tap 12. Cho f(x) = mx* —2(m —2)x + 1. Pinh m dé f(x) >0, Vx > —2.
Bai tap 13. Dinh m dé bat phuong trinh x* — (m? + m + 2)x +m® 4+ 2m < 0 ¢6 nghiém Vx € [2;5].
Bai tap 14. Cho f(x) = mx® —2(m —2)x +1
a) Tim m dé f(x) = 0 c6 hai nghiém x7, x; thoa 0 < x; < xp < 2.
b) Tim m dé f(x) > 0 vdi moi x > —2.

Bai tap 15. Pinh m dé bat phuong trinh (x> — 4x — 5)v/x2 — 2x 4+ m < 0 vO nghiém.
Bai tap 16. Dinh m dé bat phuong trinh sau diing Vx € R.

3x2 4+ mx —6 2 x2—mx+1 _3
9« T " <. b) S <—5——— <=
A 9<—F i1 < )35 2211 52
2 2
x4+ mx+1 mx- —2x+3
L ) d |— """ <1,
Vi | S )’ 241 |

(m—1)x> —2(m — 3)x+m—|—1
—x2+3x—4 -

(m+1)x2—( —1)x+3m+6

> 0.
X2 —x+42

e)

<0. f)
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7.2 Phuong trinh quy vé phuong trinh bac hai

7.2.1 Phuong trinh chwa can thuc bac hai

Phuong phap giai 7.2. D¢ gidi phuong trinh /A = B vi A = /B ta thuc hién nhu sau
* Binh phuong hai vé dé'khir cin, sau do tim nghiém,
o Thé nghi¢m vira tim dugc vio phuong trinh ban dau dé xem tha man hay khong, sau dé két lugn nghiém.

Bai tdp 1. Giai cdc phuong trinh sau

a) V3x2 —dx—1=/2x2 —4x+3.

Q) V2x2 £ 3x—3=v/—-x2—x+1.

$> BAI TAP<Y

b) Va2 +2x—3=+/—2x2+5.

d) V—x24+4x—4=/—2x2 +4x+2.

Bai tap 2. Tim diéu kién xdc dinh va giai cac phuong trinh sau

a) Vx+14+x=3-2vx+1.

0 2x2 8
vx+1 Va+1
e) Vx+1=x+1.

Bai tap 3. Giai cac phuong trinh sau

a) V6x2+13x+13 =2x + 4.
c) V3x2—-17x+23 =x—3.
e) V2x —1+x2—3x+1=0.

Bai tap 4. Giai cdc phuong trinh sau

a) V2x—3=x—-3.
¢ x—+V2x—-5=4.

e) Vx2+2x+4=+2—x.
g) V3x2—9x+1=|x-2|
i) (x—3)VaZ+4=x>-09.

Bai tdp 5. Giai cac phuong trinh sau

a) x> —6x+9=4vx2—6x+6.
o) (x+4)(x+1)—-3Vx2+5x+2=6.
e) x>+ Vx2+11 = 31.

Bai tdp 6. Giai cdc phuong trinh sau
a) Vvx+1—+vx—-1=1
Q) Va2+9—\V2-7=2

Bai tap 7. Giai cdc phuong trinh sau

a) Vx+3+vV6—x=3+1/(x+3)(6—x).
) Vx—14+vV3—x—4/(x—1)3—x)=1.

e) Vx+1++vV4—x+

(x+1)(4—x) =5.

b) Vx—-5—-x=2+3Vx-5.
d1+vVI—x=+vVx—2
f) ¥>—V2—x=3+Vx—4

b) vV2x2 +5x+3 = —x—3.
d) v—x2+2x+4=x-2.
f) 24> —6x —1 = /4x+5.

b) vV5x +10 =8 — x.

d) Va2+x—12=8—x.

f) \/m:x—z.
h) V2 —3x—10=x —2.
i) m:2x+5.

b) \/(x —3)(8 — x) +26 = —x* + 11x.
d) (x +5)(2—x) =3Vx2+ 3x.

f) ¥ —2x—3—-4/(4—x)(x +2) = 0.

b) V3x+7—Vx+1=2.

d) V3x2+5x+8—13x2+5x+1=1.

b) V2x+3+Vx+1=3x+2
d) V7—x+V24+x—4/(7—x)(2+x) = 3.
f) V3x—2++Vx—1=4x—9+2/3x2 —5x +2.

(2x +3)(x +1) — 16.
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Chuong 8

Pai s6 to hop

8.1  Quy tac cong, Quy tic nhan

Pinh 1y 8.1. Mot cong viéc co m cich thuc hign nay hay n cdach thuc hién kia thi co (m + n) cdch thuc hién.

Dinh 1y 8.2. Mdt cong viéc cé m cich thuc hién giai doan dau va n cdch thuc hién giai doan sau thi cé m.n cdch thuc
hién céng viéc do.

$> BAI TAP<S

Bai tap 1. Mot hop dung 10 vién bi tréng, 8 vién bi xanh va 2 vién bi d6. Mot em bé mudn chon 1 vién bi dé choi. Héi
¢6 bao nhiéu cach chon.

Bai tap 2. C6 6 quyén sach Toan, 5 quyén sach Ly, 4 quyén sach Héa. Mot hoc sinh chon 1 quyén bt ki trong 3 loai
trén. Hoéi c6 bao nhiéu cach chon.

Bai tap 3. Tir thanh phd A dén thanh phd B c6 thé di bang dudng bo, dudng thiiy hodc dudng hang khong. Gia st
¢6 2 cach di dudng bo, 3 cach di dudng thiy va 4 cach di dudng hang khong. Hoi c6 tat ca bao nhiéu cach di tir A
den B.

Bai tap 4. Trong do6i van nghé c6 8 nam va 6 nit. Hoi c6 bao nhiéu cach chon mét d6i song ca nam nir.

Bai tap 5. Trong mot truong THPT, khéi 11 ¢6 10 hoc sinh nam va 3 hoc sinh nit.

a) C6 bao nhiéu cach chon 1 hoc sinh & khéi 11 di du dai hoi.

b) Cdé bao nhiéu céch chon 2 hoc sinh di du dai hoi trong d6 cé 1 nam va 1 nir.
Bai tap 6. Dé thi hoc ki mén Héa c6 hai phan trac nghiém va tu luan. Trong ngan hang dé thi c6 10 dé trac nghiém
va 8 dé tu luan. Vay c6 bao nhiéu cach dé ra dé.
Bai tap 7. Tir mot doi cong tdc gdm 20 ngudi can ctt ra mot ban lanh dao gom mot doi trudng, mot ddi phé va mot
ké toan. Héi c6 bao nhiéu cach ctr.
Bai tap 8. Cho Bén Thanh c6 4 cdng ra vao. Héi 1 nguai di chg

a) C6 méay cach vao va ra chg.

b) C6 méy cach vao va ra chg bang 2 céng khac nhau.
Bai tap 9. C6 bao nhiéu s6 ty nhién ¢ 5 chit s6 sao cho

a) Cac chir s tuy y b) Céc chit s6 khac nhau
Bai tap 10. Tu cac s61,2,3,4,5,6,7. C6 thé lap dugc bao nhiéu s tu nhién c6 5 chit s6 khac nhau trong do
a) Chir sd dau tiénlasb 6 b) Chit s6 tan cting khong phai 1a 6
Bai tap 11. Xét cac s6 tu nhién gém 5 chit s6 khac nhau lap nén tir cac chir $62,3,4,5,6. Hoi trong do6 co bao nhiéu )
a) Bat dau bang chir s6 3 b) Bat dau bang 23
c) Khong bat dau bang 2 d) Chia hét cho 5
e) C6 hai chir s6 4 va 5 ding gan nhau f) Khong bat dau bang 246.

Bai tap 12. Tu 5 chu s60,1,3,5,6 c6 thé lap dugc bao nhiéu s6, mbi sbd gém 4 chit s6 khac nhau va khong chia hét
cho 5.
Bai tap 13. Tir5chirs6 0, 1,3, 5,6 c6 thé 1ap duogc bao nhiéu sb
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a) Lé c6 hai chit s6 khac nhau b) Chan c6 hai chit s6 khac nhau

¢) Gom ba chir s6 khac nhau 16n hon 300. d) Gom ba chir s6 khac nhau nhé hon 400.
Bai tap 14. C6 bao nhiéu s6 tur nhién chia hét cho 10
a) Gom 4 chit s6 khac nhau
b) Gom 5 chit s6 khac nhau, trong d6 c6 diing mot chit s 1
¢) Gdm 6 chit s6 khac nhau ludn bat dau béi 123
Bai tap 15. C6 bao nhiéu s6 tu nhién
a) C6 5 chit s6 ma ca 5 chit s6 déu chan
b) C6 5 chir s6 trong d6 cac chit s6 cach déu chit s6 ding gitta thi gidng nhau.
Bai tap 16. Ti nhing ch s60,1,2,3,4,5,6 co thé lap duogc bao nhiéu
a) S6 1 gom 4 chit s6 khac nhau. b) S6 chén gdom 5 chit s6 khac nhau.
Bai tap 17. C6 bao nhiéu s6 tu nhién chan chia hét cho 5
a) C6 4 chirsbd b) C6 5 chir s6 khac nhau
Bai tap 18. C6 bao nhiéu s6 tu nhién c6 4 chi s6 chia hét cho 14
Bai tap 19. Vdi cac chit s61,2,3,4,5 c6 thé 1ap dugc bao nhiéu s6 tu nhién, médi sd gom 5 chit s6 khac nhau sao cho
sb 1vasd 5
a) Ludn dung canh nhau b) Khoéng bao gio ding canh nhau
Bai tap 20. Cac sb sau day c6 bao nhiéu udc nguyén duong
a) 80 b) 90 c) 360 d) 648
Bai tap 21. Dat B = 12960. Hdi B ¢6 tat cd bao nhiéu udc s6 x chia hét cho 18 nhung khong chia hét cho 5?
Bai tap 22. C6 bao nhieu s6 1é gom 3 chit s6 khac nhau nhé hon 600.
Bai tap 23. C6 thé lap ra dugc bao nhiéu s6 dién thoai di dong c6 10 chit s6 bat dau 1a 0908, cac chit s6 con lai khac
nhau déi mot, khéac véi 4 chir s6 dau va phai c6 mat chi s6 6.
Bai tap 24. C6 bao nhiéu s6 chdn gém 4 chit s6 khac nhau 16n hon 5000.
Bai tap 25. Cho A =0,1,2,3,4,5,6,7,8. Cé bao nhiéu 6 g6m 5 chir s6 léy ratd A
a) Biét rang hai chir s6 ké nhau thi khac nhau. b) Chit s6 dau va cudi khac nhau.
Bai tap 26. Tir cac chix $60,1,2,3,4,5,6,7 c6 thé lap dugc bao nhiéu s6 gém 4 chit sb, trong do
a) C6 dungs 1 chirsb 1. b) C6 dung 1 chit s6 1 va cac chit s6 khac nhau
Bai tap 27. Tu cac ph?m ti trong tap X =1,3,5,7,9 ¢6 thé lap dugc bao nhiéu
a) S6 tu nhién c6 3 chit s6 khac nhau b) Sb tu nhién c6 3 chit s6 khac nhau chia hét cho 3
Bai tap 28. C6 bao nhiéu s6 dién thoai c6
a) 6 chit s6 khac nhau
b) 6 chit s6 va chir s6 dau tién bang 1
c) 6 chit s6 khac nhau trong d6 3 chit s6 dau c6 it nhat mot sé 1a 1
Bai tap 29. Tur cac chix $60,1,2,3,4,5 c6 bao nhiéu sb
a) C6 3 chir s6 khac nhau va chia hét cho 9 b) C6 4 chit s6 khac nhau va chia hét cho 4.

) C6 3 chit s6 khac nhau va khong chia hét cho 3.
Bai tap 30. C6 bao nhiéu s6 gom 5 chit s6 sao chho téng cac chi s6 ctia méi s6 1a s6 18.
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8.2  Hoan vi. Té hop. Chinh hop

8.2.1 Hoan vi va cong thitc s6 hoan vi ctia 7 phan ti

Dinh nghia 8.1. Mdi cdch sip xép n phan tir vao n chd goi li hodn vi.

Pinh ly 8.3.
o Nguoi ta chiing minh dugc so cach xép n phan titvao nvitrila Py =1-2---n = n!
® QuiudcO! =1.

$> BAI TAPSY
Bai tap 1. C6 10 ngudi xép vao M céi ghé. Hoi c6 bao nhiéu cach xép?

Bai tap 2. C6 bao nhiéu cach xép n ngudi vao n chiéc ghé thanh hang ngang?

Bé/i tap 3. Co 6 con tem khac nhau va 6 bi thu khac nhau. Hoéi c6 bao nhiéu cich dén 6 con tem 1én 6 bi thu da cho,
biét rang moi con tem chi dan trén mot bi thu.

Bai tap 4. Xép 5 nam, 5 nit vao hai day ghé ma méi day c6 5 ghé. Hoi c6 bao nhiéu cach xép néu

a) Xép tuy y? b) Nam 1 day ghé, nir 1 day ghé?
Bai tap 5. Can Xép 5hocsinh A, B,C, D, E thanh m6t hang ngang.

a) Héi c6 bao nhiéu cach xép?

b) Hai c6 bao nhiéu cach xép sao cho 2 hoc sinh A va B ludn ding & dau hang?
Bai tap 6. C6 bao nhiéu cach xép 5 ban nam va 5 ban nit vao 10 ghé dugc ké thanh hang ngang sao cho

a) Nam, nit ngdi xen ké? b) Dau hang la nit, cudi hang la nam?
Bai tap 7. C6 4 quyén sach Toan, 5 quyén sach Ly, 6 quyén sach Hoa. Hoi ¢6 bao nhiéu cach xép sb sach trén ké dai
sao cho

a) Cac quyén sach duge xép tuy y. b) Céc quyén sach cting mon dugc xép canh nhau.
Bai tap 8. Mot 16p c6 10 hoc sinh trong d6 ¢6 7 nam va 3 nit. Hoi ¢6 bao nhiéu cach xép 10 hoc sinh trén thanh mot
hang doc sao cho 7 hoc sinh nam phai diing lién nhau?
Bai tap 9. C6 bao nhiéu cach xép chd ngdi 10 ban vao 10 ghé thanh hang ngang sao cho

a) An va Binh ngdi canh nhau. b) An va Binh khong ngdi canh nhau
Bai tap 10. Xép 4 nam, 2 nit va 1 em bé ngdi vao mot day c6 7 ghé. Hoi c6 bao nhiéu cach xép néu em bé phai ngdi
gitta hai nr?
Bai tap 11. C6 2 dan 6ng, 5 phu nit va 4 em nhé xép vao 1 hang ngang 11 ghé. Hoi ¢6 bao nhiéu cach xép néu em bé
phai ngdi gitra 2 phu nir?
Bai tap 12. C6 bao nhiéu cach xép 5 hoc sinh trudng A, 4 hoc sinh truong B, 3 hoc sinh truong C ding ciing mot
hang sao cho cac hoc sinh cting truong ding canh nhau?
Bai tap 13. C6 bao nhiéu cach xép 4 ngudi vao 4 ghé quanh 1 ban tron néu khong c6 su khéc biét gitta cac ghé nay?
Bai tap 14. Mot khay tron dung banh keo ngay tét c6 6 ngan hinh quat mau khac nhau. Hdi ¢6 bao nhiéu cach bay 6
loai banh keo vao 6 ngan d6?
Bai tap 15. C6 bao nhiéu cach xép n ngudi vao n ghé quanh mot ban tron néu khong c6 sy khéc biét gitra cac ghé
nay?
Bai tap 16. Mot ban tron c6 6 chd ngdi duge danh sb thit ty. Hoi c6 may cach xép ngiroi sao cho

a) A va Bluon ngdi canh nhau b) A va B khéng ngdi canh nhau
Bai tap 17. Mot hoi nghi ban tron c6 cac phéi doan ctia cac nude trong do ¢6 5 nguoi My, 5 ngu’dl Nga, 4 ngu(n Anh,

4 ngudi Phép 4 ngudi Diic Héi 6 bao nhiéu cach sap xép cho moi thanh vién sao cho ngudi ciing quoc tich ngdi canh
nhau?

Bai tap 18. C6 bao nhiéu s6 tu nhién c6 10 chir s6 khac nhau?

Bai tap 19. /ChoN tap hop A\: {1\, 2,3,4,5,7}tir A c6 thé lap dugc bao nhiéu s6 tu nhién gom 6 chi s6 khac nhau sao
cho 2 chir s6 chan khong nam lién nhau?

Bai tap 20. Cho tap hop A = {1,2,3,4,5}. Hoi c6 bao nhiéu s6 tu nhién sao cho

a) C6 5 chit s6 khac nhau?
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b) Tinh téng cac s6 nay.

c) C6 5 chit s6 khac nhau va chit s6 chén ding canh nhau.
Bai tap 21. Cho tap hop A = {1,2,3,4,5,6}. Hdi c6 bao nhiéu sb tu nhién c6 6 chit s6 sao cho

a) S6 1 va 2 luén ding canh nhau b) Sb 1 va 2 khong bao gids ding canh nhau
Bai tap 22. Cho tap hop A = {1,2,3,4,5,6}. Tir A c6 thé lap dugc bao nhiéu sO tu nhién

a) Co6 6 chit s6 khac nhau? Va tinh tong ctia chting. b) C6 6 chit s6 khac nhau va chia hét cho 5?

¢) La s6 chdn va c6 6 chit sb khac nhau?

Bai tap 23. Tir cac chirs60,1,2,3,4 c6 thé lap dugc bao nhiéu s6 tu nhién ¢6 5 chit s6 khac nhau? Tinh tong cac s tu
nhién do6.
Bai tap 24. Can xép 3 nit sinh va 5 nam sinh thanh mét hang doc.

a) Héi c6 bao nhiéu cach xép néu 3 nit sinh lu6n ding canh nhau?

b) Hai c6 bao nhiéu cach xép néu ding dau hang 1a nit sinh va cudi hang 1a nam sinh.

Bai tap 25. C6 5 hoc sinh nam va 5 hoc sinh nit ngéi quanh mét ban tron. Héi ¢ bao nhiéu cach xép dé khong c6 hai
hoc sinh cting gi6i ngdi canh nhau.

Bai tdp 26. C6 4 ntt sinh 1a Hué, Oanh, Lan, Nha va 4 nam sinh la An, Binh, Khoa, Hai cung ngf)i quanh moét ban
tron 8 chd.

a) Héi c6 bao nhiéu cach xép biét nam va ni ngdi xen ké nhau.

b) Hoi c6 bao nhiéu cach xép biét nam va nit ngdi xen ké nhau nhung Oanh va Khoa khong chiu ngdi canh nhau.
Bai tap 27. C6 hai day ghé déi dién, méi day 6 ghé. Mudn xép ché ngdi cho 6 hoc sinh trudng A va 6 hoc sinh truong
B ¢6 bao nhiéu cach xép sao cho

a) Nguoingdi canh va ngudi ngdi ddi dién phai khac truong.

b) Ngudi dbi dién phai khac truong.

8.2.2 Chinh hgp. Cong thitc s6 chinh hgp chap k ctia n phan tir

Dinh nghia 8.2. Cho tip </ c6 n phan tir. Lay k (k < n) phan tir thudc o7 vi c6 sdp thit ty thi ta dugc mot chinh hop
chép k ciia n phan tir.

Dinh ly 8.4.
n!

(n—k)!

o Néu k = n thi chinh hgp chdp n ciia n phan tir goi la hodn vj.

e S cich xép k phan tir vao n vi tri (n > k) la AX =

$> BAI TAP<Y
Bai tap 28. C6 bao nhiéu sb tu nhién c6 4 chit s6 khac nhau.
Bai tap 29. Tir cac chitsd 1,3,5,7,9 c6 thé 1ap dugc bao nhiéu sb gdm 4 chir s6 khac nhau va khong chia hét cho 5.
Bai tap 30. Tir cic chi $60,1,3,5,7,9 c6 thé lap dugc bao nhiéu c6 4 chir s6 khac nhau trong d6 luén c6 mat

a) Chirsb 5. b) Chirsb 0.
Bai tap 31. Mot day ghé danh cho 3 ngudi. C6 bao nhiéu cach xép sao cho 3 ngudi d6 ngdi ké nhau.

Bai tap 32. Trong mat phang cho 10 diém phén biét, c6 bao nhiéu vecto khac 0 c6 diém dau va diém cubi thudc tap
hop da cho.
Bai tap 33. Tir cac chirs60,1,2,3,4,5,6 c6 thé 1ap duge bao nhiéu sb tu nhién

a) Chan va c6 4 chit s6 khac nhau. b) Lé va c6 5 chit s6 khéac nhau.

Bai tap 34. Cho tap hop A = {1,3,4,7,8}.C6 bao nhiéu cach lap ra mét s6 ¢6 3 chit s6 khac nhau tir A sao cho
a) S6 tao thanh 1a s6 chan b) Sb tao thanh 1a s6 khong c6 mat chir s6 4.
¢) S6 tao thanh nhé hon 378.

Bai tap 35. Xép 3 nam, 2 nit ngdi vao 8 ghé, c6 bao nhiéu cch néu

a) Xép tuyy. b) 5 ngudi ngoi ké nhau.
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Bai tap 36. C6 bao nhiéu cch xép 4 nam va 3 nit vao 9 ghé sao cho 3 ghé dau tién la nam?
Bai tap 37. C6 bao nhiéu s6 c6 3 chir s6 khac nhau dugce tao thanh tir cac chir s61,2,3,4,5,6 ma cac s6 d6 nho hon
345?
Bai tap 38. Tur cac s61,2,3,4,5. C6 bao nhihéu sb tu nhién c6 4 chit s6 khac nhau néu
a) Phai c6 mat chirsd 1. b) Phai c6 mat hai chir s6 1 va 2.
Bai tap 39. Tir cac chu s60,1,2,3,4,5,6,7 c6 thé lap dugc bao nhiéu sO tu nhién ¢6 6 chit sb khac nhau va phai ¢6
mat chit s6 4.
Bai tap 40. Cho tap hop X = {1,2,3,4,5,6,7}. C6 bao nhiéu sb tu nhién c6 5 chir s6 khac nhau néu
a) Céc 56 nay phdi c6 mat hai chirsé 1va2.
b) Phai c6 chit s 1, chit sb 2, chit s6 3 va ching dang canh nhau.
Bai tap 41. Tir cacs60,1,2,3,4,5. Cé bao nhiéu s6 tu nhién c6 5 chit s6 khac nhau khong bat dau bang 123.
Bai tap 42. C6 bao nhiéu s6 tu nhién chan c6 4 chir s6 khac nhau d6i mot va nhé hon 35007
Bai tap 43. Tir cacsb 1,2,3,4,5,6,7,8,9. Hoi ¢6 bao nhiéu s tu nhién c6 3 chix sb phén biét ma téng cta 3 chi s6 1a
mot s6 16?
Bai tap 44. C6 bao nhiéu s6 tu nhién 1@ trong khoang (2000;3000) dugc tao nén tir cac chir s6 1,2,3,4,5,6 néu cac
chit s6 ctia n6 khong nhat thiét phai khac nhau?
Bai tap 45. Cho tap hop A = {0,1,2,3,4,5,6,7}. C6 bao nhiéu s6 tu nhién gom 5 chit s6 khac nhau duoc lap tir tap
A sao cho
a) S6 do6 1a s6 chan. b) S6 d6 c6 mot trong ba chir s6 dau bang 1.
Bai tap 46. C6 bao nhiéu s6 tu nhién chdn gdm 6 chit s6 khac nhau biét chir s6 dau tién 1a s6 1.
Bai tap 47. Tu cac chix $61,2,3,4,5,6 ta co thé lap dugc bao nhiéu s6 ¢6 5 chit s6 khac nhau
a) Trong d6 mit chi s6 2. b) Trong d6 phai c6é mat chir s6 1 va 6.
Bai tap 48. C6 bao nhiéu s6 c6 7 chit s6 khac nhau va 2 chir s6 chdn khong ding canh nhau.
Bai tap 49. Tix ba chit s 4,5, 6 c6 thé 1ap dugc bao nhiéu s6 tu nhién gdm 5 chit s6 trong dé c6 mat du 3 s6 trén.
Bai tap 50. C6 bao nhiéu s6 tu nhién c6 4 chit s6 sao cho khong c6 s6 nao 13p lai ding 3 lan.
Bai tap 51. Tir cac chirsd 1,2,3,4,5,6,7,8,9 ta c6 thé lap duge bao nhiéu sb tu nhién c6 9 chit s6 khac nhau sao cho

a) Cac chir s6 ding bt ki. Tinh t6ng cac chi s6 dé. b) Chir s6 9 ding & vi tri gitta.

c) Khong chia hét cho 5. d) Chit s6 dau tién 16n hon chit sb cudi cung 5 don vi.

8.2.3 T6 hop. Cong thirc t6 hop chap k caa 1 phan tir

Dinh nghia 8.3. Cho tdp </ cé n phdn tir. Liy k (k < n) phdn tir thudc <7 va khong sip thit ty thi ta dugc mot t6 hop
chép k ctia n phan ti.
P s !
Dinh 1y 8.5. Nguoi ta chitng minh dugc s6 t6 hop chap k ciia n phan tir la Ck = ﬁ
Hé qua 8.1.

e Déi ximg Ck = cnk

o Ting bic Ck + Ci™ = Ck1
Luwu y 8.1. Chii ij Chon k phin tir tir n phan tir rdi xép vao k vi tri la AK = kiCk

$> BAI TAP

Bai tap 52. Mot 16p c6 40 hoc sinh trong d6 ¢ 25 nam va 15 nit. Hoi ¢6 bao nhiéu cach chon ra 7 hoc sinh di du dai
hoi sao cho

a) Khong phanbiétnamnit. b) C6 4 nam va 3 nit. c) C6 dung 5 nam. d) C6 dung 5 nix.

e) Tat ca déu la nam. f) Tat ca déu la nix. g) Co6 it nhat 2 nam. h) C6 nhiéu nhat 3 nix.

Bai tap 53. Mot chi doan c6 8 doan vién nam va 4 doan vién nit. C6 bao nhiéu cach 1ap 1 t6 cong tac gdm 7 ngudi sao
cho

a) Khong phanbiétnamnir. b) C6 dung 3 nir. ¢) It nhat 3 nam. d) Ludn luén cé ntr.
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Bai tap 54. Mot t6 truc gdm 5 hoc sinh dugc chon tir 25 nam va 20 nit. Héi ¢6 bao nhiéu cach chon t6 truc d6, sao cho
trong t6 c6 cd nam va nit, dong thoi sb hoc sinh nam nhiéu hon sb hoc sinh n.
Bai tap 55. Mot doan tau 6 3 toa khach dd & ga. C6 3 hanh khach budc 1én tau. Hoi c6 bao nhiéu kha nang trong do6
¢6 2 hanh khach cung lén moét toa, con khach thit 3 thi 1én toa khac?
Bai tap 56. C6 90 cdp vo chong di du tiéc. Ho gdp nhau va bat tay nhau. Héi ¢6 bao nhiéu cach bat tay? Biét rang hai
nguoi trong mot cap thi khong bat tay nhau.
Bai tap 57. Co tat ca bao nhiéu cap vg chong thuc hién viéc bat tay 1an nhau (tat nhién méi ngudi khong bét tay vg
hodc chdng ctia minh) trong mot budi gap mat, biét rang c6 tat ca 40 cai bat tay.
Bai tap 58. C6 bao nhiéu cach chia 12 hoc sinh thanh 3 nhém mébi nhém gdm 4 ngudi sao cho

a) Cac nhom duge danh thityla 1, 2 va 3. b) Khong phan biét tha tu cdc nhom.
Bai tap 59. C6 3 vién bi trang khac nhau, 4 bi xanh giéng nhau va 5 bi dé giéng nhau. C6 bao nhiéu cach xép ching
thanh hang ngang.
Bai tap 60. Co6 2 vién bi trang khéc nhau, 3 vién bi xanh khac nhau, 4 bi d giébng nhau va 5 bi vang gidng nhau. C6
bao nhiéu cach xep ching thanh mot hang ngang.
Bai tap 61. C6 5 hoc sinh nam va 4 hoc sinh nit. Cé bao nhiéu cach xép chting thanh hang ngang sao cho khéng c6
hai hoc sinh nit nao ding canh nhau.

Bai tap 62. C6 bao nhiéu cach chia 12 hoc sinh ra thanh 4 nhém, mbi nhém goém 3 ngudi dé lam lao dong. Trong do
c6 2 nhém trong cdy va 2 nhém lam vé sinh san truong(khong phan biét thit ty cdc nhém lam mot cong viée gidng
nhau).

Bai tap 63. Cho da giac déu 10 canh

a) C6 bao nhiéu tam giac c6 dinh la dinh ctia da giac.

b) C6 bao nhiéu duong chéo cia da giac.

c) C6bao nhiéu tam gidc chua hai canh cta da giac.

d) C6 bao nhiéu tam gidc chira ding 1 canh cta da gidc.

e) Co bao nhiéu tam giac khong chua canh nao cua da giac.

f) C6 bao nhiéu hinh binh hanh ma cé 4 dinh déu la dinh ctia da giac.
Bai tap 64. Cho da giac déu n dinh, n € N va n > 3. Tim n biét da giac da cho c6 27 dudng chéo.
Bai tap 65. Tim s6 giao diém tdi da ctia

a) 10 duong thang phan biét b) 5 duong tron phan biét.

c) 10 duong thang va 5 dudng tron phan biét.
Bai tap 66. Cho da gidc 16i c6 n canh. Tim 1 dé s6 dudng chéo bang 2 1an s canh.
Bai tap 67. Cho da giac 16i (H). Goi f 1a s6 tam gidc ma 3 dinh l4y tir cac dinh ctia (H) va v 1a s6 vecto ma diém dau

2 A A 2 2 < A t 4 2. . . PN
va diém cudi ciing lay tir cac dinh cua (H). Biét 2= 3 Hoi da gidc (H) c6 bao nhiéu canh.

Bai tap 68. Cho hai dudng thang song song d; va d,. Trén d cho 8 diém phan biét va trén d, cho 9 diém phan biét.
a) C6bao nhiéu tam gidc c6 dinh 1a 3 trong s6 17 diém noéi trén
b) C6 bao nhiéu ti giac 16i 6 dinh 1a 4 trong s6 17 diém néi trén.
Bai tap 69. Cho 2 dudng thang (d;) va (d) cat nhau tai diém I. Trén (d;) ta lay 17 diém phan biét (khac I), trén (dy)
ta 14y 20 diém phan biét (khac I). Hay tim s6 tam gidc c6 thé tao thanh tir 38 diém trén.
Bai tap 70. C6 bao nhiéu sb tu nhién c6 5 chit s6 khac nhau trong dé
a) Céc chit s6 gidm dan tir trdi sang phai b) Cac chit s6 ting dan tir trai sang phai
Bai tap 71. C6 bao nhiéu s6 tu nhién gdm 6 chir s6 khac nhau trong d6 c¢6 ding 3 chir s6 chan va 3 chix s6 18.
Bai tap 72. C6 7 mén qua gia tri nhu nhau mudn téng cho 3 hoc sinh A, B, C. Biét rang trong 3 hoc sinh ¢6 mot ngudi
nhédn 3 mon qua, hai ngudi con lai moéi ngudi nhan 2 mén qua.
Bai tap 73. C6 bao nhiéu cach chia 8 dd vat cho ba ngudi sao cho trong d6 c6 mot ngudi nhan 2 do6 vat va hai ngudi
con lai mdi ngudi nhan 3 do vat.
Bai tap 74. Cho phuong trinh x + y + z + t = 1000. H6i c6 bao nhiéu b6 (x, y, z, t) nguyén duong thao phuong trinh
trén?
Bai tap 75. Giam dbc mot cong ty mudn chon mot nhém 5 ngudi vao hoi dong tu van. Trong cong ty ¢6 12 ngudi,
trong d6 c6 2 cdp vg chong. Hoi c6 bao nhiéu cach chon néu
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a) Hoi dong dugc chon ¢6 ding 1 cap vo chong.

b) Khéng dugc c6 cip vo chong nao.
Bai tap 76. Mot 10p ¢6 25 hoc sinh, trong d6 ¢6 15 em kha Toan, 16 em kha Van. Hoi cé bao nhiéu cach chon 2 hoc
sinh vira kha Toan vira kha Van.
Bai tap 77. C6 10 bong hong trang, 8 bong hong vang. Chon ra 6 bong sao cho ¢4 it nhat 1a 2 bong trang va 3 bong
vang. C6 bao nhiéu cach?
Bé}i t%p 78. Xét nhiing s6 g6m 9 chit sb, trong do c6 5 chit s6 1 va 4 chix s6 con lai 14 2,3,4,5. Hoi ¢6 bao nhiéu s6 nhu
the neu

a) Nam chtr s6 1 dugc xép gan nhau. b) Cac chit s6 duge xép tiy y
Bai tap 79. C6 bao nhiéu s6 tu nhién c6 7 chit s6 khac nhau biét téng cac chit s6 ctia né la s6 chan.
Bai tap 80. Mot ngudi 6 6 bi xanh, 4 bi d6, 3 bi den. Yéu cau can lay ra 6 vén du 3 mau. Héi s6 cach lay?
Bai tap 81. C6 5 tem thu khac nhau va 6 bi thu ciing khac nhau. Nguoi ta mudn chon tir d6 ra 3 tem thu va dan 3
tem thu ay vao 3 bi thu da chon. Mot bi thu chi déan 1 tem thu. Hoi ¢6 bao nhiéu cach lam nhu vay.
Bai tdp 82. C6 9 bi xanh, 5 bi dé va 4 bi vang c6 kich thudc khac nhau.

a) C6 bao nhiéu cach chon 6 bi trong d6 ¢6 dung 2 bi do6

b) C6 bao nhiéu cach chon 6 bi trong d6 s6 bi xanh bang s6 bi dé.
Bai tap 83. Co l?ao nhiéu cach chia 9 d6 vat khe\ic nhau cho 3 ngudi sao cho trong d6 c6 mét nguai dugce 2 dd vat, mot
nguoi dugce 3 do vat va nguoi con lai dugce 4 do vat.
Bai tap 84. C6 bao nhiéu cach chia 6 d6 vat khac nhau cho 3 ngudi sao cho méi ngudi dugc it nhat 1 do vat.
Bai tap 85. C6 bao nhiéu cach chia 11 d6 vat khac nhau cho 3 ngudi sao cho méi ngudi duge it nhat 3 d6 vat.
Bai tap 86. Cho da gidc déu 2n (n > 3) canh ndi tiép trong dudng tron (O). Tinh

a) Tinh s6 dudng chéo cta da giac
b) Tinh s6 tam gidc c6 dinh 1a 3 trong 2n dinh néi trén.

c) Tinh s6 hinh chit nhat c6 dinh 1a 4 trong 2n dinh néi trén.
Bai tap 87. Doi thanh nién xung kich cua mét truong ph6 thong c6 10 hoc sinh gém 5 hoc sinh 16p A, 2 hoc sinh 16p
B va 3 hoc sinh 16p C. C6 bao nhiéu cach chon 4 hoc sinh di lam nhiém vu sao cho 4 hoc sinh nay khong thudc qua 2
trong 3 16p trén.
Bai tap 88. Mot doi van nghé c6 15 ngudi gom 10 nam va 5 nit. Hoi ¢6 bao nhiéu cach 14p thanh mot nhém dong ca
gdm 8 ngudi trong d6 c6 it nhat 3 ni.
Bai tap 89. Trong mdt mon hoc, thay gido c6 30 cau hdi khac nhau gdm 5 cau héi kho, 10 cau hdi trung binh, 15 cau
hoi dé. Tir 30 cau hdi d6 6 thé lap dugc bao nhiéu dé kiém tra, méi dé gom 5 cau hoi khac nhau, sao cho trong méi
dé nhét thiét phai c6 du 3 loai cau héi (kho, trung binh, dé) va sb cau héi dé khong it hon 2.
Bai tap 90. Tir cac chir s6 1,2,3,4,5,6 c6 thé 1ap dugc bao nhiéu s6 tu nhién gdm 8 chit s6 trong d6 c6 chir s6 1 va
chit sb6 6 c6 mat 2 1an, con cac chit s6 khac c6 mat mot 1an.
Bai tap 91. Tir cac chit s6 1,2 va 3 ¢6 thé lap dugc bao nhiéu s6 tu nhién gom 5 chit s trong d6 ¢6 mat du ba chi s6
trén.
Bai tap 92. Tir cac chit s6 0,1,2,3,4 c6 thé 1ap dugc bao nhiéu s6 tu nhién gom 7 chit s6 trong d6 chir s6 2 c6 mat
ding ba lan va céc chit s6 con lai c6 mit diing mot 1an.
Bai tap 93. Tir cac chi $61,2,3,4,5,6 c6 thé lap dugc bao nhiéu s6 tu nhién ¢6 6 chit s6 khac nhau sao cho t6ng cta 3
chit s6 ddu nhé hon téng hon téng ctia 3 chir s6 cubi la 1 don vi.
Bai tap 94. Cho hai duong thang song song d; va dy. Trén duong thang d; c¢6 10 diém phan biét, trén duong thang
dy c6 n diém phan biét (n > 2). Biét rang c6 2800 tam giac c6 dinh 1a cac diém da cho. Tim 7 thda diéu kién trén.
Bai tap 95. Cho da giac déu A1 A;...As,(n 1a s6 nguyén 16n hon 2) néi tiép trong dudng tron. Biét rang s6 tam giac ¢6
dinh 1a 3 trong 21 dinh ctia tam gidc nhiéu gap 20 lan s6 hinh chit nhét c6 cac dinh la 4 trong 21 dinh ctia da giac.
Tim n.

8.2.4 Phuong trinh va bat phuong trinh chita hé s6 t6 hgp va chinh hop
Phuong phap giai 8.1. Ddi vdi bai tip dang nay ta thuong thuc hién nhu sau
e Dt diéu kién vdi bién,

o Chuyén phuong trinh, bat phuong trinh chita t6 hop, chinh hop, hodn vi vé phuong trinh thong thuong dé gidi.
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$> BAI TAPS

Bai tip 96. Dung mdy tinh dé tinh

a) Ps. b) A%.Pp,. o) AZ-p,. d) C; - Ci.
Bai tap 97. Rut gon biéu thic

(n+2)! AS+ A Crii 2 -1
a) A= ——t b) B= 2" o) =, d) A2.cx 1
n!(n + 1)2 A% A% x " Lx

Bai tap 98. Tim sb nguyén duong 1 thoa man diéu kién

a) A3 =20n
) 3C2,, —2A%=n

e) Ct+C24+Cl—5n=0.
Bai tap 99. Giai phuong trinh

a) A2.C¥ 1 =48
c) A3 +5A2 =2(x+15)
e) 2(CL+C2)=7-2C3
g) Cj4+ Ci24 =2CiT4
Bai tap 100. Gii bat phuong trinh

a) A3 +5A% <21x

4
Avs 143

Bai tap 101. Giai bat phuong trinh sau (nr2) = ap,

Bai tap 102. Gii hé bat phuong trinh

cl =cyt?
o JG
{c§:153

b) A =18A%
4 3 5 2
d) Cn—l - Cnfl + EAn72
f) C2C" 2 4+2C2C3 4 C3C3 = 100.

b) A3 +C¥ 2 =14x

d) G +2C =7(x—1)
f) CL+46C2+46C3 =9x> —14x

h) Py - A2 +72 = 6(A2 +2P,)

b) A3 +2C¥2<9

2AY +5CY =90
5AY —2CY = 80

Bai tap 103. Biét s6 nguyén duong 1 théa man C}2 = C8, tinh CY7 va C3,.

Bai tap 104. Cho tap hgp A c6 n phan tir (n > 7). Tim n, biét rang s6 tap hop con gébm 7 phan tir ctia A bang hai lan

s0 tap con gdm 3 phan tr ctia A.
Bai tap 105. Giai phuong trinh
) L1 _1
G &G G
Bai tap 106. Tim s6 nguyén duong 1 sao cho
a) 2C2 — AL -3 <0.
1

Siea % . .1
Bai tap 107. Tim so nguyén duong n thoa A—% + A—% +

— 4
2
A4

5 2 14

Vg

b =Gy S
12013
AZ 2014
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8.3  Nhi thac Newton

8.3.1 Khai trién nhi thicc Newton
Pinh ly 8.6.
n
(a+Db)" =Cl%" +Cla" o+ -+ Cka"FpF . g O = Y CRa DR
k=0
8.3.2 S6 hang tong quat
Dinh nghia 8.4. 56 hang tong qudt thitk +11a Ty = Cha" bk,
Luuy 8.2.
e Cong thitc nhi thiic Newton cé n + 1 s6 hang.
* S6 mil cila a gidm dan, s6 mi ciia b ting dan (hodc nguoc lai).
$> BAI TAPSY
KHAI TRIEN NHI THUC
Bai tap 1. Khai trién cac nhi thirc sau
1\° 2\°
a) (x+1)% b) (x —21)°. ) <x+x> . d) (x x) :
e) (x+2y)° f) (3x—2y)* y (21 i h) (x—z)S
). y)". g =) =)

Bai tap 2. Trong khai trién nhi thitc (a +2)"*®,n € IN ¢6 tat ca 17 s6 hang, tim n?

TIM SO HANG, HE SO TRONG KHAI TRIEN NHI THUC

Bai tap 3. Tim s6 hang trong khai trién

1\10 r 3\ 12 2\5 1 10
a) (x+— chia x*. b) [z —- chua x*. o (3 — =) chwax® d) (= +x° chiza x?%.
2x 3 x x2 x3

Bai tap 4. Tim hé s6 ctia s6 hang trong khai trién

15
a) (2x +y)" chia x%y7. b) (x3 - xy) chia x*y10.
Bai tap 5. Tim s6 hang khong chita x trong khai trién
1 10 1 8 1 10
3, ~ 2_ - 3 _—

a) <2x +x2> . b) (xy xy) . ) <\/§+ ﬁ) .

1\18 1\’ 3\
3

Bai tap 6. Tim s6 hang chinh gitta trong cac khai trién sau
x 3\° 3\ 1 1 5,)\" 1Y
a) <3_x) b) (x—x> . C) <x+y> . d) <X3+X)
Bai tap 7. Biét hé s6 ctia x? trong khai trién (1 + 3x)" 12 90. Tim 7.
) : . . 1\" ..
Bai tap 8. Biét hé s6 ctia x" 2 trong khai trién (x - 4> la 31. Tim n.

Bai tap 9. Tim hé s ctia cac s6 hang chira x° trong khai trién P(x) = (x +1)° + (x — 2)”.
Bai tap 10. Tim hé s6 ctia cac s6 hang chita x° trong khai trién P(x) = x(1 — 2x)° 4+ x*(1 + 3x)°.
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Bai tap 11. Khai trién P(x) = (x +2)(x + 1) thanh dang P(x) = x'! +a;x1% + apx® + - - - + 2% + ay;. Hay tim hé
sb as trong khai trién.

Bai tap 12. Biét khai trién (1 4+ x> 4+ x%)7 = ag + ayx + ax® + - - - + ay ¥*. Hay tim ay;.
Bai tap 13. Tim sb hang trong khai trién

1\" )
a) <x3 — x2> chira x'9, biét C = 13C2.

b) (x2+ 2)” chita 8, biét A3 — 8C2 4 C = 49.
1 " )
o) <x3 + \/E) chira 8, biét C 1} — CI' 3 = 7(n + 3).
n
Bai tap 14. Tinh A2, biét rang s6 hang s6 thi 5 trong khai trién <\3/§ + i) khong phu thudc vao x.
. 1\" . 4 < P
Bai tap 15. Trong khai trién <x + x) , biet hiéu hé so ctia so hang thi 3 va thir 2 la 35. Tim so hang khong chua x

trong khai trién.

~ 2 2 1 " N A - A A < A A . - R M
Bai tap 16. Trong khai trién ctia <x + x2> , tim s6 hang chtra x° biét tong cac hé s6 trong khai trién bang 256.
N A A A 2 A . R 1 " 2 < A
Bai tap 17. Tim hé so cua so hang trong khai trien <x4 + x7> chita x%, biét CL, 1 +C2 g+ +Chq =220 — 1.
. £ . 1 " s . .
Bai tap 18. Tong cac hé so trong khai trién cta <x + x3> (n € N*) bang 1024. Tim hé s6 ctia s6 hang chia x°.

n
Bai tap 19. S6 hang thit 3 trong khai trién <2x + x12> khong chua x. Véi gia tri nao cta x thi s6 hang d6 bang sb
. 3\ 30
hang thtt 2 trong khai trién (1 + x ) .
Bai tap 20. Tim hé s6 cta s6 hang trong khai trién
a) (2+x)" chita x'0, biét 3"CQ — 3"~ 1CL +3"72C2 4 - - - 4 (—1)"CP = 2048.

b) (2 —3x)*" chita x7, bibt Cl, 1 + C3y1q + C3 g + -+ Can il = 1024.

2\" )
<) (x2 + x) chita x°, biét C,, + C3, + C5, + - - - + Ca 1 = 2%

Bai tap 21. Khai trién P(x) = (1 — 2x)" thang dang P(x) = ag + a1x + ax® + - - - + a,x". Tim hé sb cta x°, biét
apg+a; +ap; ="71.

Bai tap 22. Biét n 1a s6 tap con khac réng ctia tap A c6 4 phan ti va biét (x +1)"(x — 2) = agx™ ™! + ayx™ + apx™ 1 +
-+ ayx + a4 Hay tinh ag.

) . 12
Bai tap 23. Tim so hang chita x va y v6i so mi nguyén duong trong <\3/ xy? + | /xy) .
Bai tap 24. Tim hé s0 ctia s6 hang trong khai trién
8 1 10
a) {1 +x%(1— x)} chtra x8. b) <1 + po + x3> chtra x2.

Bai tap 25. Gid st 1 1a s6 nguyén duong va (1+x)" = ag + a1x + apx® + - - - + apx* + - - + a,x". Biét ring ton tai k

-1 _ %k _ G+

& <k<n-— —_— = .Hay ti .
nguyén (1 <k <n—1)sao cho 7 5 o Hay tinh n

20 10
Bai tap 26. Cho A = (x - x12> + (x3 - i) . Sau khi khai trién va rut gon biéu thitc A sé gom bao nhiéu s6 hang.

TINH TONG VA CHUNG MINH DANG THUC BANG KHAI TRIEN NEWTON

Bai tap 27. Tinh téng cac hé s6 ctia cac sb hang trong khai trién

a) P(x) = (x+ \5%)12. b) P(x) = (1 —x+ xlz>10~

Bai tap 28. Cho 7 1a s6 nguyén duong. Hay tinh
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a) Sy =CJ+2C3+2°C3+--- +2°C2. b) Sp = CJ —2CL +22C2 —--- —2°C2.

) S3=Cyy—Coy+Co— - +Cap. d) S4=C)+Ch+Ca+Co+-- +Cp.

e) S5 =2"CO+2""I1ck 42" 22 . L f) Se=Cl—Cl+C2-C+...+(-1)"C

g) S7 =3CL +33C3 4 ... +3"1C"! (1 chin). h) Sg=0CY, —C}, +C3,—C3, +---+C3"
Bai tap 29. Khai trién (1 + x), tir d6 tinh

a) T=Co+Ci+Ci+4---+C8+C. b) S = CY+C2+Cs+CS.
Bai tap 30. Tinh cac tong sau

a) Sy = C§y+ Cly,+C8 +Cyy + ClS. b) 52:c$l+c{1+c§1+c +Cl9+cli

Bai tap 31. Tinhténg S = Cif — C15 4 C3§ c;,g+- - CH+CH
Bai tap 32. Cho (x —2)1% = gg + ayx +apx® + - + a100x100

a) Tinh hé s6 agy b) Tinh T =ap+a; +ax+---+aj
Bai tap 33 (KD08). Tim s6 nguyén duong 1 sao cho
a) CY+2C) +4C2 + - +2"Cl = 243. b) C3, +C3, + -+ + C3"~1 = 2048.
) CY L 4+C2 44+ CI =256 dcl +C 4+ =1024
an+2 T “dnt2 4n+2 : 2n+1 T “2n41 2n+1 .

Bai tap 34. Chung minh biéu thic (1 +4CY +42C2 4.+ 4"CZ) chia hét cho 5.

Bai tap 35. Biét khai trién (1 —2x)'® = ag + ayx 4+ apx® + - - - + a1x™8. Tinh téng S = [ag| + |a1| + |ao| + - - - + |ag).
Bai tap 36. Khai trién (1 + x)", tir 6

a) Ching minh C3, + C3, + - -- + C3" = C3, +C§n+~~-+C§Z’1-
b) Tinh S = C3, + C3, +C5, +--- + C3"

Bai tap 37. Tinh tong T = 5'Chy;53 + 52Ca13 + 5°Capr3 + - - 51007C§8}§.
. . 1 1
Bai tap 38. Rutgon A = 3" {CS - gC%+3—2C% — (=) 3nC”
. . 1CYy  2ck 32 1 s
Bai tap 39. Tinh téng S = Al” Al” Al” et %. Biét rang C) + C} + C2 = 211.
1 2 3 n+1

2 2 2
Bai tap 40. Ching minh (C§)" + (C1) + (C2)"+ -+ + (C)* = C4.
Bai tap 41. Chimg minh C),Ck + CLCk=1 ... cmchk—m =k, véim <k <n.

TINH TONG VA CHUNG MINH PANG THUC BANG CONG THUC TO HOP VA CHINH
HOP

Bai tap 42. Chung minh

a) Cp+Citt=citl.

b) Ck+2Ckt+cCi2=ck,,.

) Ck 43¢kt 43¢ck-2 4 k3 =k,

d) C3Cy +CiCy '+ C3CK 2+ -+ Cy° = Cpys.
Bai tap 43. Cho k,n € N thoa n > k > 2. Chiing minh k(k — 1)Ck = n(n — 1)Ck 2

Bai tdp 44. Cho k,n € IN thoa n > k > 0. Chung minh +1< 1 + 1 >_1‘

k k+1 k
Cn+5 Cnil C”
Bai tap 45. Rut gon biéu thic S = CY) — Ciy +C3, — C3) + - — C&5
Bai tap 46. Rut gon biéu th(rc Si=Cl—Cl+C2-C+ .+ (-DrCkvoik <nn>1.
Sin 1 1 1 n—1
Bai tap 47. Chu’ngmmh A2+A—ﬁ+~~~+A—%=T.
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. AY Al
Bai tip 48. Tinh tong S = — %

Bai tap 49. Chimg minh C) +C},; +C2,, +---+Ck , =Ck 4
Bai tap 50. Cho hai s6 nguyén duong n va m théa man 0 < m < n. Ching minh

a) mCl" = nCm-] b) G = Cp+Ci ) 4+ C '+ C
Bai tip 51. Tinh tong

a) S; = Ch 4+2C2 4-3C3 4 - +kCK 4 - - nCIL. b) Sy = 2C3, +4C5, +6CS,, + - - - +2nC3".
1 1 1 1 1 1
_ 0 e 4 2n — oy - 1 R e
C) S3—C2n+3C2n+5C2n+ +27‘l+1C2n d) 54 12Cn+23cn+ + (n+1)(n+2)cn
Bai tap 52. Chung minh
a) 12CL +22C2 + - -+ n?Cl = n(n+1)2" 2 b) 21C2 4+32C3 + - +n.(n—1)C! = n(n —1)2" 2
. QG G can n 4
Bai tap 53. Cho so nguyén duongn > 4va S = % + % + % +- 4+ anl. Biét rang S = %, hay tinh cac

gia tri caa n.
Bai tap 54. Chung minh

14, 145 1.5 1 5,1 227—1
) 5Cut 3t ¢Cont o T = 5
23 25 (_1)n22n+1 1— (_3)Vl+1
by C0—ZclpZ 2yt on—
A v N AR TS )
cy ¢ o cro 22l
Ittt T T T g
1 1 1 (—1)nCn 1
ot~ tw Ll no_
d) Cu 2Cﬂ+3C” 4C”+ * n+1 n+1
TIM SO HANG MAX
Bai tap 55. Khai trién (x + 2)!° thanh dang P(x) = agx®® + a;x!* 4+ apx'® 4 - - - + ay5. Tim max{ag, a1, - - - ,a15}.
. (1 2x\ ™
Bai tap 56. Khai trién (3 + 3x) thanh dang P(x) = ag + a1x + apx? 4+ aloxm. Tim max{ag,ay, -+ ,a10}-

Bai tap 57. Khai trién (1 4 2x)" thanh dang P(x) = ag + a;x + axx® + - - - + a,x" v6iag,ay, - - - ,a, thdéa man hé thic

mﬁ—% R ;—Z = 4096 . Tim max{ag,ay,- - ,a10}-
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Chuong 9

Xac suat

9.1 Bien co va cac suat cua bién co

9.1.1 Phép thir. Khong gian mau. Bién co

Dinh nghia 9.1.
e Phép thir la 1 thi nghiém ma ta khong biét trudc dugc két qud nhung biét trude duoc tat cd cdc két qud cd thé xdy
ra.
o Tap hop moi két qud ciia phép thi dugc goi la khong gian mau. Ki hiéu Q).
Dinh nghia 9.2.
* Bién cd la mot tdp hop con ciia khong gian mau.
e Bién c6 chi c6 1 phan tir ciia khong gian mdu goi la bién cé so cp.

9.1.2 Xac suat cua biéen co

Dinh nghia 9.3. Xdc sudt ciia bién c6 A, ki hiéu la P(A) va dugc tinh theo cong thic

Al

p(a) = A
(4) 0

* P(A) xdc sudt ciia A.

o |A| (hay n(A)) s6 phan tit ciia A .

o |Q| (hay n(Q)) s6 phan tik ciia khong gian mau.

$> BAI TAP<Y

Bai tap 1. Gieo mot dong tién va mot con stic sdc. Quan sat sy xuat hién mat sdp (S) mat ngtra (N) ctia dong tién va
s6 cham xuat hién trén con stc sac

a) Hay mo ta khong gian mau.
b) Xdac dinh cac bién sb sau
e A ” Dodng tién xudt hién mat sip va con stic sac xuat hién mat chdn chAm”.
e B” Ddng tién xuat hién mat ngira va con stic sac xuat hién mat 1é chdm”.
e C” Mait 6 chAm xuat hién”.
Bai tap 2. Gieo mot con suc sac
a) Tinh xac suat dé xuat hién mat c6 s6 chAm chia hét cho 3.

b) Tinh xac suat dé xuat hién mat c6 s6 cham 16n hon 2.
Bai tap 3. Gieo hai con stic sac cing mot Iic. Goi A 1a bién c¢6 "C6 it nhat mot con suc sac xuat hién mat mot cham”"
va B 1a bién ¢ "C6 dung 1 con stic sac xuat hién mat mot chdm". Tinh P(A) va P(B).
Bai tap 4. Mot cong ty thu’dng mai can tuyén hai nhan vién. C6 10 ngudl nop don, trong c6 ¢6 4 nam va 6 nur. Gia st
rang kha ning ting cr ctia 10 ngudi la nhu nhau. Tinh xac suét ctia cac bién cb sau

a) Hai nguoi tring tuyén toan la nam b) Hai ngudi tring tuyén toan la nit
c) Hai nguoi trung tuyén ¢ it nhat mot nit.
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Bai tap 5. Mot gido vién phéat ngau nhién 10 bai kiém tra Toan cho 10 hoc sinh. Tinh xac sudt d€ hoc sinh nao ciing
nhéan duoc ding bai kiém tra ctia minh.
Bai tap 6. Gieo mot dong xu 3 1an. Tinh xac suat dé c6
a) Hai dong ngtra b) Co it nhat mot dong ngtra
Bai tip 7. Mot t6 gom 7 hoc sinh nam va 9 hoc sinh nit. Chon ngau nhién 4 hoc sinh. Tinh xdc suat dé trong 4 hoc
sinh dugc chon cé ca nam nit va so hoc sinh nit nhiéu hon s6 hoc sinh nam.
Bai tap 8. Mot hop chira cdc qué cau kich thudc khac nhau gom 3 qua cau do, 6 qué cau xanh va 9 qua cau vang,
Chon ngau nhién 2 qua cau. Tinh xac suat dé 2 qua cau dugc chon khac mau.
Bai tdp 9. Mot doan tau c6 3 toa chd khach d6 ¢'sén ga. Biét rang moi toa c6 it nhat 4 ché tréng. C6 4 vi khéch tir sén
lén tau, ho khong quen biét nhau, mdi ngudi chon ngau nhién mot toa. Tinh xac suat P dé 1 trong 3 toa d6 ¢6 3 trong
4 vi khach néi trén.
Bai tap 10. Tir mot hop chita 16 thé dugc danh s6 tir 1 dén 16, chon ngau nhién 4 thé. Tinh xac suat dé 4 thé dugc
chon déu duoc danh so chan.
Bai tap 11. Trong 100 vé s6 c6 5 vé triing. Mot ngudi mua 15 vé. Xéac sudt dé ngudi dé tring 2 vé 1a bao nhiéu?
Bai tap 12. Trong mdt budi lién hoan c6 10 cip nam nita, trong d6 c6 4 cdp vo chong. Chon ngau nhién 3 ngudi dé
biéu dién mot tiét muc van nghé. Tinh xac sut dé 3 ngudi dugc chon khong c6 cdp vg chong nao.
Bai tap 13. Mot ngudi c6 10 doi gidy khdc nhau va trong lic di du lich voi va lay ngau nhién 4 chiéc. Tinh xac suat
dé trong 4 chiéc giay lay ra c6 it nhat mot doi.
Bai tap 14. Chon ngau nhién 4 ngudi c6 tén trong danh séch 16 ngudi déanh s6 tir 1 dén 16. Tinh xac suat dé 4 ngudi
dugc chon ¢6 so thu tu khéng 16n hon 8.
Bai tap 15. Gieo déng thoi hai con stic sac can déi va dong chét. Tinh xac suat dé s6 chAm xuat hién trén hai con stic
sac hon kém nhau 3.
Bai tép 16. Tir mot hop dung 6 qua cau do va 4 qua cau vang, lay ngau nhién 5 qua cau. Tinh xac suat dé trong 5 qua
cau d6 c6 ca hai mau do va vang.
Bai tap 17. Mot nhom hoc sinh gdm 3 nam va 6 ni (chi c6 mot hoc sinh ni tén 1a Hoa). C6 bao nhiéu cach chon ra 4
em, trong d6 cé ca nam va ntt, dong thoi ¢6 ca Hoa?
Bai tap 18. Chon ngau nhién 13 14 bai trong mot bo bai 52 1a. Tinh xac suat dé duoc 4 14 chudn, 314 co, 31aro va 3 1a
bich.
Bai tap 19. Chon ngau nhién 3 s6 trong 50 s6 tu nhién tir 1 dén 50
a) Tinh xac sut ctia bién ¢ A: “Trong 3 s6 d6 chi c6 2 s6 1a bdi cta 5.
b) Tinh xdc suat ctia bién ¢ B: “Trong 3 s6 d6 c6 it nhat mot s6 chinh phuong”.
Bai tap 20. C6 9 miéng bia nhu nhau ghi tir 1 dén 9. LAy ngdu nhién 2 miéng bia va xép theo thit tu tir trai sang phai.
a) Tinh xdc suat ctia bién cb A: “S6 tao thanh la s6 chan”.

b) Tinh Xxac suat ctia bién ¢ B: “S6 tao thanh la s6 chia hét cho 5”.

Bai tép 21. Cong ty Thang Tién - Thang Long thiét ké bang diéu khién dién tit d€ mg cita mot ngdi nha. Bang gom 5
ntt, méi nit dugc ghi mot s6 tir 1 dén 5 va khong c6 hai nut nao ghi cung mot s6. D& md dugc ctra can nhén lién tiép
it nhat 3 nit khac nhau sao cho tong cta cac so trén cac nut do bang 10. Mot ngv((n khong biét quy tic md ctra trén,
da nhin ngu nhién lién tiép it nhat 3 nut khac nhau trén bang diéu khién. Tinh xac suat P dé ngudi d6 md duge ctra
ngdi nha.

Bai tap 22. Két qud b, ¢ clia viéc gieo mot con stic sac can ddi va dong chat hai lan lién tiép, trong d6 b 1a s6 chAm
xut hién 1an gieo thir nhét, ¢ 1a s6 chAm xudt hién 1dn gieo thit hai duge thay vao phuong trinh x? + bx + ¢ = 0. Tinh
xéc suat dé phuong trinh bac hai d6 vo nghiém?
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9.2  Quy tac tinh xac suat

9.2.1 Cac loai bién c6

Dinh nghia 9.4.

* Bién c6 hop: Bién c6 “ A hoic B xdy ra”, ky hiéu A U B duoc goi la hgp ciia bién c6 A va B.

* Bién cé giao: Bién c6 “A va B cing xdy ra”, ky hi¢u A N B hay AB duoc goi la giao ciia hai bién c6 A va B.

e Bién c xung khac: Bién c6 A va B duoc goi la xung khic khi va chi khi bién c6 nay xdy ra thi bién cd kia khong
xdy ra. Khido ANB = Q.

* Bién cé doc ldp: Hai bién c duoc goi la doc ldp néu viéc xdy ra hay khong xdy ra ciia bién c6 nay khong lam dnh
huéng t6i viéc xdy ra hay khong xdy ra ciia bién c6 kia. Néu A, B déc lap thi cic cdp bién cb sau doc lip A va B; A
via B; A va B.

e Bién cb déi: A la bién cb ddi ciia A. Xdc sudt bién c6 doi| P(A) =1 —P(A) |

9.2.2 Quy tac tinh xac suat
Dinh 1y 9.1. Cho hai bién c6 A va B, khi do

| P(AUB) = P(A) + P(B) — P(AB) |

* Quy tic nhan: Néu A, B 1a hai bién cé doc ldp vdi nhau thi| P(AB) = P(A).P(B). ‘
* Quy tic cong: Néu A, B la hai bién cb xung khdc thi ’ P(AUB) = P(A) + P(B).

$> BAI TAPSS
Bai tap 1. Hai xa thti ban m&i ngudi mot vién dan vao bia. Goi A 1a bién 6 “Ngudi thir nhat ban tring bia” va B la
bién c6 “Ngudi thit hai ban tring bia”. Hay mo6 ta cac bién c6 AUB, ANB,AUB, AUB.

Bai tap 2. Mot hop chia 6 vién bi, trong d6 6 1 bi xanh, 2 bi vang va 3 bi d6. Lay ngau nhién 2 vién bi.

a) Xac dinh céac bién cb sau
A “Hai vién bi cing mau”.
B “Hai vién bi khac mau”.
C “Hai vién bi trong d6 c6 it nhat mot vién bi vang”.
b) Hay mo td cac biénc6 AUB,ANB,AUC,ANC.
c) Xétbién c6 D “Trong hai vién bi c6 ding mot vién bi vang”. Ching minh A va D xung khac.
Bai tap 3. Cho hai bién cb doc lap A va Bbiét P(A) = 0,3; P(B) = 0,5. Tinh
a) P(AUB),P(A),P(B). b) P(AB),P(AUB).
Bai tap 4. Gieo hai dong xu can ddi mot cach doc lap. Tinh xac suat dé
a) Co it nhat mot dong xu sdp b) C6 diing mot dong xu ngtra

Bai tap 5. Mot hop dung 9 thé danh s tir 1 dén 9. Rit ngdu nhién hai thé r6i nhan hai s6 trén hai thé véi nhau. Tinh
xéac suat dé két qua nhan dugc 1a mot s6 chan.
Bai tap 6. Gieo ngau nhién 2 con stic sac ngau nhién va dong chét. Tinh xac suat ctia cac bién cb sau

a) C6 it nhat mot con stic sac xuat hién mat mot cham

b) Khong c6 con stic sdc nao xuat hién mat mot chaim
Bai tap 7. Mot hop dung 4 bi xanh, 3 bi d6 va 2 bi vang. Chon ngau nhién 2 vién bi. Tinh xac suat dé chon 2 vién bi
cling mau.
Bai tap 8. Hai xa thu moi nguoi mot vién dan ban vao bia véi xac sudt tring dich ctia ngudi thir nhat 1a 0,85 va ctia
nguoi thit hai 1a 0,7. Tinh xac suat dé

a) Cahai vién dan trung dich. b) C6 diing mot vién dan ban tring dich.

¢) C6 it nhat mot vién dan ban tring dich. d) Khéng c6 vién dan nao duoc ban tring dich.
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Bai tap 9. Mot 16p hoc gdm 40 hoc sinh trong d6 ¢6 15 hoc sinh nam gi6i Toan va 8 hoc sinh nit gidi Ly. Chon ngau
nhién mdt hoc sinh. Hay tinh xac suat dé chon mot nam hoc sinh gi6i Toan hay mot nit hoc sinh gioi Ly.
Bai tap 10. Mot 1p ¢6 30 hoc sinh trong d6 ¢6 10 nit sinh. Gido vién hoi bai mot cach ngau nhién 3 hoc sinh. Tinh xac
suat dé 3 hoc sinh bi héi bai

a) C6 clng gidi tinh b) C6 nhiéu hon mdt nam sinh
Bai tap 11. D€ kiém tra chat lugng ctia mot cong ty sita, ngudi ta gii dén bo phan kiém nghiém 5 hop sita cam, 4
hop sira dau va 3 hop sira nho. By phan kiém nghiém chon ngau nhién 3 hop stta dé phan tich mau. Tinh xac suat dé
3 hop stra dugc chon ¢6 ca 3 loai.
Bai tap 12. C6 ba binh A, B, C mbi binh chita 3 qua cau trang, 3 qua cau xanh va 3 qua cau dé. Tir méi binh lay ngiu
nhién ra mot qué cau. Tinh xac suat dé

a) Ba qua cau d6i mot khac mau. b) Ba qua cau c6 mau gidng nhau.

) Hai qué cau c6 ciing mau con qua kia khac nhau.

Bai tap 13. Tir mot hop dung 3 qué cau den va 4 qué cAu trang, lay ngau nhién 4 qua cau. Tinh xac suét sao cho
a) 4 qua lay ra cing mau b) C6 it nhat mot qua den

Bai tap 14. Mot hop dung 8 vién bi d6 va 4 vién bi xanh. Lay ngiu nhién 3 vién bi. Tinh xac suat dé dugc

a) Bavién bi dé b) Ba vién bi xanh

¢) Bavién bi cing mau d) It nhat mot vién bi d6
Bai tap 15. Mot nhom hoc sinh ¢6 11 ban trong d6 ¢6 5 ban nam va 6 ban nit. Chon ngau nhién 4 ban trong 11 ban
trén dé lam truc nhat. Tinh xac suat dé trong 4 ban dugc chon c6

a) 3 bannu va 1 ban nam b) It nhat 1 ban la nix
Bai tap 16. Mot nhom hoc sinh ¢6 8 ban trong d6 ¢6 3 ban nam va 5 ban ntt. Chon ngau nhién 2 ban trong 8 ban trén
dé 1am tryc nhat. Tinh xac suét dé trong 2 ban dugc chon cé

a) Co6 dung mot nguoi la ni b) Khong cé nit nao
Bai tap 17. Gieo mot con stic sac can déi va dong chat hai 1an. Tinh xdc suat sao cho t6ng s6 chdm trong hai 1an gieo
la s6 chan.
Bai tap 18. B6n ngudi 1én tau c6 cam trén tay 4 vé c6 ghi sd ghé. Tuy nhién ca 4 ngudi déu khong nhin vao s6 ghé khi
ngoi. Tinh xac suat dé

a) Ca 4 ngudingdi ding chd

b) C6 it nhat nguoi thit nhat ngdi dung chd

c) Chi c6 ngudi thir nhat ngdi dung chd

d) C6 it nhat nguoi thit nhat va ngudi thit hai ngdi ding chéd
Bai tap 19. An bo ngiu nhién 4 1a thu (gti 4 ngudi ban) vao 4 phong bi da ghi dia chi (mdi bi 1 thu). Tim xac suat dé
c6 it nhat 1 thu dung dia chi.
Bai tap 20. Chon ngau nhién mot sd ty nhién nhé hon 2011. Tinh xéac suét ctia bién cb sau

A “Sé dugc chon 1a s6 gdm 2 chir s6” B “Sb duogc chon 1a s6 chia hét cho 3”
Bai tap 21. Trong tro choi “ném lon”, xac sudt mdi lan ném tring ctia ban Thi 1a 0, 4. Hoi ban Thi phai ném bao nhiéu
lan, biét rang xac suat dé ban Thi ném tring it nhat mot 1an trong loat ném dé6 1a 0, 784.
Bai tap 22. Mot xa thu 1an lugt ban bén vién dan doc lap vao mét muc tiéu. Xac suat tring muc tiéu ctia moi vién
dan 13 0,7. Tim xac suat d€ muc tiéu bi huy hoan toan, biét rang muc tiéu bi hity hoan toan néu trang it nhéit ba vién
dan.
Bai tap 23. Mot may bay c6 4 dong cd. Xac suat dé mbi dong co gap sy cd khi bay 1a 0, 1. May bay thuc hién chuyén
bay an toan néu chi c¢6 nhiéu nhat mét trong bén dong co géap su cb. Tinh xac suat dé mdy bay thuc hién chuyén bay
an toan.
Bai tap 24. Mot nha tro ¢ 5 phong. C6 5 cong nhan t6i thué phong, moi nguoi doc lap chon ngau nhién mot phong.
Tinh xdc suat dé nha tro con ding mot phong tréng.
Bai tap 25. C6 hai hop bi. Hop 1 dung 10 vién bi xanh va 5 vién bi d6. Hop 2 dung 8 vién bi xanh va 7 vién bi do. Tir
mdi hop lay ngdu nhién mot vién. Tinh xac suat dé 1ay duge

a) Mot bi xanh va mot bi dé b) Lay it nhat mot bi dd
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Bai tap 26. C6 hai hop chira bi. Hop thi nhat c6 4 bi do, 3 bi trang. Hop thit hai ¢6 2 bi do, 4 bi trang. Liy ngau nhién
mdi hop mot vién bi. Tinh xdc suat dé 2 bi ciing mau.
Bai tap 27. Goi Slatap tét/ ca cac sb tu nhién}gc;)m 3 chir s6 phéan biét dugc chon tir 1,2, 3,4,5,6,7. Tim ) phfm t cta
S. Chon ngau nhién mot s6 tir S. Tinh xéac suat dé sé duge chon la s6 chén.
Bai tap 28. Trong dot ting phé dich MERS-CoV, S6 Y té thanh pho da chon ngau nhién 3 d6i phong chong dich co
dong trong s 5 doi ctia Trung tdm y té du phong thanh phd va 20 déi ctia cac Trung tam y té cd sd dé kiém tra cong
tac chuan bi. Tinh xac suat dé c6 it nhat 2 doi ctia cac Trung tdm y té co s& dugc chon.
Bai tap 29. Chia ngdu nhién 9 hop sta (trong d6 6 3 hop c6 phiéu thudng) thanh 3 phan, méi phan 3 hop. Tinh xéc
suat dé mébi phan c6 mot hop tring thudng.
Bai tap 30. Chon ngiu nhién mot sé tu nhién x ¢6 2 chit s6. Tinh xac sudt dé x* + 1 chia hét cho 10.
Bai tap 31. Mot ngudi ¢6 10 doi giay khac nhau va trong lic di du lich voi va 1y ngau nhién 4 chiéc. Tinh xac suat
dé trong 4 chiéc giay lay ra c6 it nhat mot doi.
Bai tap 32. Mot khach san c6 6 Ph()ng phuc vu khach. C6 10 khéch trong dé c6 6 nam Vél~ 4 nir dén dat phbng. Mobi
phong chi nhan 1 nguai va ai den trude duge thué phong trude. Gia st 10 nguoi den ngau nhién. Tim xac suat sao
cho

a) Bén nam va hai ntt dugc dit phong b) C6 it nhat 2 trong 4 nit dugc dit phong
Bai tap 33. Chiéc kim ctia banh xe trong trd choi “chiéc nén ky diéu” c6 thé dimg lai 6 mot trong 7 vi tri vi kha nang
nhu nhau. Tinh xdc suat dé trong 3 1an quay v&i chiéc kim dirng lai & 3 vi tri nhu nhau.
Bai tap 34. Mot bai thi trc nghiém khach quan c6 10 cau hdi, méi cau c6 4 phuong an tra 13i va chi ¢6 1 phuong an
dung. Néu chon duge mét cau dung thi duge 2 diém, néu chon 1 cau sai thi bi trir 1 diém. Mot hoc sinh lam bai bang
cach chon ngau nhién moi cdu mét phuong an tra 10, tinh xdc suat dé hoc sinh d6 dat duoc 8 diém.
Bai tap 35. Mot hop dung 5 bi do, 6 bi xanh, 7 bi trang. Chon ngau nhién 6 bi tir hop d6. Tinh xdc suat dé duge 6 bi
C(’)/ ca 3 mau dong thoi hiéu ctia sb bj xanh va ,56 b}i do, hiéu ctia s6 bi trang va s bi xanh, hiéu cta s6 bi d6 va s6 bi
trang theo thu tu 1a 3 so hang lién tiép cua 1 cap so cong ?
Bai tap 36. Mot 16p hoc ¢6 30 hoc sinh trong d6 c6 13 ban c6 sinh nhat la ngay chan. Trong dém trung thu, 16p chon
ra 3 ban rudc dén 6ng sao. Tim xac suat dé 3 ban dugc chon c6 tong cac s ngay sinh 1a s6 chan.
Bai tap 3\7. Mot chiée tau khqan tham do dau khi trén t}}em luc dia c6 xac suat khoan trung 1a 0,4. Tinh xac suat
trong 2 lan khoan ddc lap, chiec tau d6 khoan trung tai dau.

a) bung moét lan duy nhat b) Tt nhat mot lan
Bai tap 38. Mot binh dung 10 thé trong d6 c6 4 thé ghi s6 0,3 thé ghi 6 7,2 thé ghi s0 2. Lay ngau nhién 4 thé cung
mot lic. Goi A 1a bién cd lay 4 thé dé tao thanh s6 2007. Tinh xéc suat ctia bién cb A.
Bai tap 39. Trong mdt cudc thi hoc sinh gidi Todn, toan trudng c6 3 em dat giai nhat, 5 em dat giai nhi va 12 em dat
gidi ba. Chon ngau nhién 2 em dé bao cdo thanh tich. Tinh xac suat dé trong s6 d6 c6 it nhat mot em dat gidi nhat.
Bai tap 40. Chon ngau nhién mot vé s6 c6 5chit s6. Tinh xac suat dé s6 trén vé khong c6 chit s6 1 hodc khong c6 chit
s0 5.
Bai tap 41. Chon ngiu nhién mot vé s c6 5chit s6. Tinh xac suat dé sb c6 chir s6 5 va c6 s6 chan.
Bai tap 42. Mot chiéc may gé 2 dong co I va I hoat ddng doc 1ap nhau. Xac suat dé dong coIvall chay tot 1an luot 1a
0,8 va 0,7. Hay tinh xac suat dé

a) Ca hai dong co déu chay tot b) Ca hai dong co déu chay khong tot

c) C6 it nhat mot dong ca chay t6t
Bai tap 43. C6 4 16 hang. Riit ra ngau nhién tir m6i 16 hang mot san pham. Biét réng xac suat dé san phé{m rut ra tir
moi 16 hang la san pham xau lan lugt 1a 0,1;0,2;0,3;0,4. Tinh xac suat dé trong 4 san pham rut ra c6 it nhat 1 san
phdm xau.

Bai tap 44. Tir mot hop c6 7 qua cau dd va 6 qua cau xanh. LAy ngau nhién dong thoi 5 qua. Tinh xac suat sao cho

a) Nam qua c6 cad mau do va mau xanh b) Co it nhét hai qua mau xanh
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Chuong 10

Phuong phap toa d6 trong mat phang

10.1  Toa d0 cua véc-to

10.1.1 Truc va hé truc toa do
Dinh nghia 10.1. Truc toa dé (con goi la truc) la mot duong thﬁng ma trén dé da xdc dinh mot diém O (diém gbc) va mot
véc-to i c6 do dai bing 1 (véc-to don vi ciia truc). Ki hiéu truc dé la (O, i).

O

0 1 X

- = — —
Dinh nghia 10.2. H¢ truc toa do (O; i ; j ) gom haitruc (O, i )va (O; j ) vudng goc voi nhau tai O.

* Diém O goi la gbc toa do, y
e Truc (O; i ) la truc hoanh con goi la truc Ox, M
— R Yol -----
e Truc (O; j ) la truc tung con goi la truc Oy. ‘
—= =
Hé truc (O; i ; j ) con ki hiéu la hé truc Oxy. /)

1 |
- |
0 1 X x

10.1.2 Toa do véc-to

Dinh nghia 10.3. Toa dj hai véc-to don vi trén hai truc Ox va Oy lan lugt dugc dinh nghia la 7= (1' 0), ? = (0;1).

DPinh ly 10.1. Vi moi véc-to U trén mat phm% Oxy, cd duy nhat cip s0 (x0;yo) sao cho W = xg 7 + Yo ] Ta noi vec-to
U c6 toa do (x0;y0) va viét U = (xo; vo) hay o (xo; o). Cic s6 xo, yo tuong 1ing dugc goi la hoanh d6, tung do ciia T .

—- —
W =xi +yo j @7:(x0;y0).

. . . . - . = i P
Dinh 1y 10.2. Cho hai véc-to ' = (x;y) va v = (x';y'"). Khi do

e W4T = (x+xy+vy);

s W -7 =@x—xy—y)

ki = (kx;ky), vii k € R;
D6 dai (mé-dun) véc-to | | = /x2 + y2.
T
Tich c6 hiténg hai véc-to W - T = xx' + yy'. Suy ra goc giita hai véc-to cos(W, T ) = Bkl
|

Dinh Iy 10.3. Cho © (x;y) va T (x;y'), khi d6
. X=X
® Hai véc-to bang nhau W=7 { -
¥y=Y
— . Pp— N 2 - x! yl %
e U cung phuong voi W khiva chi khi i m (neu xy # 0).
e W LT exx+yy =0.
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10.1.3 Toa d6 diém trén hé truc

: . — . P
Pinh nghia 10.4. Trong mdt phang toa do Oxy cho diém M. Khi do toa d¢ ctia OM ciing la toa do diem M. Ta viet OM =

(x;y) & M(x;y).
Dinh 1y 10.4. Cho hai diém M(x;y) va N(x';y")

o Toa d§ véc-to MN = (¥' — x5/ — ),

e Khodng cdch giita hai diém M, N la MN = ‘m' = \/(x’ —x)24+ (y—y)%

/ /
e Trung diém I ciia doan thing MN c6 toa d¢ la I <x+2x, Y J; Y )

XA+XB+xC.yA+yB+yC>
3 ’ 3 ’

Dinh ly 10.5. Trong tim G cuia tam gidgc ABC cd toa d¢ la <

$> BAI TAP<Y

XAC PINH TOA PO VEC-TO

. - = = - = — —
Bai tap 1. Viéttoa do cic véctosau @ =31 +7; b =v2i -3]; T="1; d=nj.

W

Bai tap 2. Viét véc-to 7 dudi dang o = X7+ y? khi biét toa d6 ctia 7 = (5;3).

%
Bai tap 3. Cho @ = (1;—2)va b = (0;3). Tim toa do ctia cic véc-td sau

— — —
Q) X=a+1b. b) y=a-1. o) Z =27 -30.
Bai tap 4. Trong mit phing toa do Oxy, cho 7 = (1;2), T =(-3;4), @ = (48)
; x — =
a) Hay biéu thi moi véc-to 7, 7, @ theo cac véc-to i , ]

b) Tim toa do w+ 7, 2.
c) Tim mdi lién hé gitra véc-to T val.
Bai tap 5. Cho W= (2;-1), v = (4;5). Tinh toa do céc véc-to w o+ 7, w— 7, 37, 5% —47.
. — —
Bai tap 6. Trong mat phang toa do Oxy cho céc véc-to 7 =3;1), b =(-1;2).Tinh @ =37 —20 .
%

1 _
Bai tip 7. Tror§ mat phang Oxy, cho cac véc-to 7 =(2-1), b = (0;4) va ¢ = (3;3). Tim hai sb thuc m, n sao cho

T =md —nkb.

_)
Baitap 8. Cho @ = (1;3), b =

(1;1), © = (43).

— — — —
a) Tim toa d0 va tinh d6 dai cac véc-to sau: T+ b,?— b, ad+ b —|—2?>, 27+ b —57.

%

b) Phan tich @ theo b va ¢ .
Bai tap 9. Cho tam giac ABC biét A(1;—1), B(0;3) va G <;;3) 1a trong tam. Tim toa do diém C.
— —
Bai tap 10. Cho @ = (1;2), b = (3;—1). Hay phan tich véc-tg T = (—1;5) theo hai véc-to @ va b .
Bai tap 11. Cho hai diém A(—1;1), B(1;3).

A 3o R e A 3o R 7

a) Tim toa d6 diém M sao cho BM = (3;0). b) Tim toa d6 diém N sao cho NA = (1;1).
Bai tap 12. Trong mat phang toa do Oxy, cho ba diém M(—1;1), N (1;3), P(—2;5). Tim toa d6 diém E biét PE =
2MN.
Bai tap 13. Cho A(1;2), B(—2;1), C(2; —1).

a) Chung minh tam giac ABC vudng tai A. b) Tinh dién tich tam gidc ABC.
Bai tap 14. Trong mat phang toa dd Oxy cho tam giac ABC c6 A(—2;3), B(1;2), C(—1; —4).

a) Tim toa do diém G la trong tdm tam gidc ABC. Tinh chu vi tam gidc ABC.

b) Tim toa d6 diém K thudc doan thflng BC sao cho 2KB = 3KC.
lia/i}lt@p 15. Trong mat phang Oxy cho ba diém A(3;4), B(2;1), C(6;3). Tim toa do diém N thoa man 2NB + NC —

%

NA= 0.
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HAI VEC-TO CUNG PHUONG VA UNG DUNG

/ /

Luu y 10.1. Véc-to @ = (x';y') citng phuong vdi véc-to W = (x;y) # 0 khi v chi khi x; = y?
Bai tap 16. Cho ba diém A(1;1), B(—2;1), C(m + 1;2m + 3). Tim m dé ba diém A, B, C thang hang.
Bai tap 17. Trong mat phang Oxy cho ba diém A(0;4), B(3;2), D(3;0).

a) Ching minh rang ba diém A, B, C thang hang, biét rang C(—6 — 3t;8 + 2t), Vt € R.

b) Chiing minh rang A, B, D khong thang hang. Tir d6 tinh chu vi ctia tam giac ABD.
Bai tap 18. Cho tam gidc ABC c6 A(—5;6), B(—4; —1), C(4;3).

a) Tim toa do trung diém I ctia doan théng AC.

b) Tim toa d¢ diém D sao cho ti gidc ABCD la hinh binh hanh.

Bai tap 19. Xét cac cdp véc-to sau c6 cung phuong khong?

7 = (-10,-15). b) @ = (0;7), 7 = (—0;8). o = (-21),7 = (—6;3).

— - = .
j val =m i —4j.ﬁmmdé7vé7cﬁngphuong.

a) @ =(2;3),
Bai tp 20. Cho 7/ = %7 5
Bai tap 21. Cho ba diém A(1; 1), B(3;5), C(2;2).

a) Chuang minh ré‘mg ba diém A, B, C théng hang. b) Tim toa do diém D € Ox saocho A, B, D thzfmg hang.

XAC PINH CAC PIEM THOA PIEU KIEN CHO TRUOC
x=x
y=y"

Bai tap 22. Trong mat phang véi hé toa do Oxy, cho tam giac ABC vé6i A (1;1), B (2;3), C (5; —1). Tim toa d6 diém D
sao cho tu giac ABDC la hinh binh hanh.

Bai tap 23. Trong mat phang toa do Oxy cho diém M(xp;yo)-

Luuy102. U (x;y) = 0 (¥y) & {

a) Tim toa d¢ diém A d6i xing v6i M qua truc Ox.
b) Tim toa d6 diém B ddi xing véi M qua truc Oy.
c) Tim toa do diém C ddi xing véi M qua O.

Bai tap 24. Cho hai diém A(3; —5), B(1;0).

a) Tim toa do diém C sao cho OC — —3AB. b) Tim diém D dbi xtiing ctia A qua C.

¢) Tim diém M chia doan AB theo tis6 k = —3.
Bai tap 25. Trong mat phang Oxy, cho M(3; —1), N(1;2) va P(2; —4).
a) Tim toa do trong tdm G ctia tam gidc MNP va toa do diém Q sao cho tit gidc MNGQ la hinh binh hanh.
b) Tam gidc ABC nhan cac diém M, N, P 1an lugt la trung diém ctia cac canh AB, BC, CA. Tim toa d6 cac diém A,
B, C.
Bai tap 26. Trong mat phéng toa do Oxy, cho diém A(—3;5), B(—4; —3), C(1;1).
a) Tim toa do diém D sao cho ti gidac ABCD la hinh binh hanh.
b) Tim toa do diém K thudc truc hoanh sao cho KA + KB nhd nhét.
Bai tap 27. Trong mat phang Oxy cho A(—2;1), B(2;3), C(0;3)

a) Tim toa do 1@, C—/i, Ii b) Chung minh A, B, C la ba dinh ctia mét tam gidc.

¢) Tinh chu vi AABC. d) Tim toa d6 trong tam G ctia AABC.

e) Tim toa do G saocho Cla trong tam AABG . f) Tim toa d6 D sao cho ABCD la hinh binh hanh. Tim
tdm hinh binh hanh do6.

Bai tap 28. Trong mat phang hé toa d6 Oxy, cho ba diém A(—1;3), B(—4; —5) va C(1; —-2).

a) Chung t6 A, B, C la ba dinh ciia mét tam giac va tim toa do trong tdm G cua tam giac ABC.
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b) Tim toa do truc tdim H ctia tam giac ABC.

¢) Tim toa do diém M thudc truc hoanh sao cho ‘21@ + Ye ‘ dat gia tri nho nhét.
Bai tap 29. Cho AABC, cac diém M(1;1), N(2;3), P(0;4) 1an lugt 1a trung diém cac canh BC, CA, AB. Tinh toa do
cac dinh cua AABC.
Bai tap 30. Trong mat phang Oxy cho A(4;3), B(2;7), C(—3; —8).

a) Tim toa d6 D sao cho ABCD la hinh binh hanh.

b) Cho M(m + 1;m). Tim m dé AABM vudng tai A.

Bai tap 31. Cho AABC ¢6 A(—1;1), B(5;—3) va dinh C ndm trén truc Oy, trong tdm G nam trén truc Ox. Tim toa do
diém C.
Bai tap 32. Trong mat phang Oxy cho A(—2;1), B(2;3), C(0;3)

a) Tim toa do M sao cho CM = 2AB + 3AC. b) Tim toa d6 hinh chiéu A’ ctia A lén BC. Tinh dién
tich AABC.

¢) Tim toa H la d6 truc tam cua A ABC. d) Tim toa do I la tdm dudng tron ngoai tiép AABC.

e) Tim toa d6 K la chan phan giac trong ctia goc A. f) Tim toa do O 1a tdim dudng tron noi tiép A ABC.

Bai tap 33. Trong mat phang Oxy cho AABC biét A(—1;1), B(3;1), C(2;4).
a) Tim toa d0 truc tdm H caa AABC.
b) Tim toa d6 diém D sao cho ABCD la hinh thang c6 hai day AB va CD biét AB = 2CD.
Bai tap 34. Trong mat phang Oxy cho AABC biét A(3;3), B(—1;—5), C(6; —6).
a) Tim toa do tdm I ctia dudng tron ngoai tiép AABC.
b) Tim toa do D sao cho ABCD la hinh binh hanh.
¢) V6i diém E théa hé thite CA — 9CB — 6CE = 0. Chitng minh BE L AD.
d) Tim diém M thuoc duong thang x = 1 sao cho MA - MC + MB - MD = 24.
Bai tap 35. Trong mat phang Oxy cho ba diém A(—1;1), B(3; 1), C(2;3).
a) Chuing minh ba diém A, B, C khong thang hang. Tim toa d9 diém D sao cho ABCD la hinh binh hanh.
b) Tim toa d6 truc tdm H caa AABC.
) Biét E(—2;2), tinh AE theo AB vaAC.
d) Tim tap hgp diém M sao cho MA-MB =11
Bai tap 36. Trong mat phang Oxy cho AABC biét A(3;1), B(—2;2), C(—1; —3).
a) Chuang minh AABC can tai B.
b) Tim toa d6 D sao cho ABCD la hinh thoi.
¢) Tim toa d6 M sao cho AMBC vudng tai M va duong théng MC cat truc Ox tai diém c6 hoanh d6 bé“mg 2.
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10.2  Phuong trinh duong thiang

10.2.1 Phuong trinh tdng quat ctia duwong thang
Dinh nghia 10.5. Vec-to A I durgc goi 1a véc-to phdp tuyén (VTPT) ciia duong thang A néu gid ciia nd vudng goc vdi A.
Ki hi¢u VTPT 7 4.
Dinh ly 10.6.

o Néu véc-to 7 la mét VTPT cila A thi k77 (k # 0) ciing la mét véc-to phdp tuyén cila

A.
o Mot duomg thiang hoan toan dugc xdc dinh néu biét mot diém va mot VTPT.

1 =]
>

Dinh 1y 10.7. Néu A di qua My(xo;yo) va c6 VTPT Ty = (a;b) thi phuong trinh ciia A la
A:a(x —xo)+b(y —yo) =0.

Dinh ly 10.8. Phuong trinh ax + by + ¢ = 0 v6i a* + b* # 0 (a,b khong dong thoi biang 0) duoc goi 1a phiong trinh tong
quit ciia diong thing. Trong dé, 7 = (A; B) la véc-to phip tuyén.

10.2.2 Phuong trinh tham s6, phwong trinh chinh tac ctia duong thang

Dinh nghia 10.6.
— . .
Véc-to W # 0 duoc Qoi la véc-to chi phirong (VICP) ciia dwong thang A néu gid ciia no -
song song hodc trung vdi A. Ki hiéu VTCP T a. A
> A
UA
Dinh ly 10.9.

o Néu véc-to o 1o mét VTCP cila A thi ki (k # 0) ciing la mot véc-to chi phwrong ctia A.
o Mot duomg thing hoan toan dugc xdc dinh néu biét mét diém va mot VTCP.

e Duong thing di qua hai diém A va B sé nhin AB lam véc-to chi phuong.
Pinh ly 10.10.

o Néu U lamot VTCP vi 1 lamét VTPT clia A thi W L 7.

o Néu 7 = (A;B) la véc-to phdp tuyén thi @ = (—B; A) hoic W = (B; —A) (d6i chd v ddi mot diu) la véc-to chi
phiurong va nguoc lai.
Dinh 1y 10.11. Cho dutmg thing A di qua Mo (xo; yo) vi c6 VICP W = (uy; uz). Phutong trinh tham so ciia duomg thing

X=X tu P
A: { 0 hn (tlathamsovat € R).
Y = yo + tup

Dinh 1y 10.12. Cho duong thang A di qua My (xo; yo) va c6 VTCP W = (ug;up). Phutong trinh chinh tic

AT YT I0 (ygiug £ 0;up £ 0).
Uy Uz

Luu ¥ 10.3. Trong truong hop uy hodc uy = 0 thi duong thing khong cd phuong trinh chinh tic.

10.2.3 Phuong trinh hé s6 géc. Phuong trinh doan chan
Pinh 1y 10.13. Duong thing A di qua diém M(xo;yo) va cd hé s6 goc k, c6 phurong trinh la
Ay =k(x—x0)+yo

dugc goi la phuong trinh theo hé s goc k.
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Dinh ly 10.14. Duong thing A di qua hai diém A(a;0), B(0;b) (a,b # 0) c6 phuong trinh I

A —+==1,

QR
=

duegc goi la phicong trinh duong thang theo doan chin.

$> BAI TAPS$

PHUONG TRINH TONG QUAT CUA PUONG THANG

Bai tap 1. Trong mat phang Oxy, viét phuong trinh tong quat duong thang A di qua diém M(—1;5) va c6 véc-to
phap tuyén 7 = (—2;3).
Bai tap 2. Lap phuong trinh tdng quét ciia dudng thang A trong cac truong hop sau

a) Qua B(—2;3) va c6 véc-to phap tuyén 7 = (—1;2).

b) Qua C(1;3) va c6 véc-to phap tuyén 7 = (0;5).
Bai tap 3. Trong mat phang Oxy, viét phuong trinh tong quat duong thang A di qua diém N(2;3) va vudng goc véi
duong thang AB véi A(1;3), B(2;1).
Bai tap 4. Trong mat phang Oxy, viét phuong trinh téng quat ctia dudng thang d di qua A(—1;2) va vudng goc véi
duong thang A: 2x —y + 4 = 0.

PHUONG TRINH THAM SO CUA PUONG THANG

Bai tap 5. Trong mat phang Oxy, viét phuong trinh tham s6 duong thang A biét A di qua M(1;2) va c6 vec-to chi
phuong W = (—1;3).
Bai tap 6. Lap phuong trinh tham s6, chinh tac ctia duong thang A trong cac truong hop sau

a) Qua O(0;0) va c6 véc-to chi phuong W= (1;-3).

b) Qua A(2;0) va c véc-to chi phuong 7 = (3;4).
Bai tap 7. Viét phuong trinh tham s6 ctia dudng thang (A) di qua hai diém A(3;5) va B(6;2).
Bai tap 8. Chuyén sang phuong trinh téng quat cac duong thang sau:

x=2+t x=1-2¢t x—1 y+1 x _ y+2
Av: ,teR. b) Ay ,teR. A3 ==, d) Ay: = = ——
a) Ay {yzl—t ) Az {y:?;—l—t ) Bs3: — — ) Daz 5 1
Bai tap 9. Chuyén phuong trinh téng quat sang phuong trinh tham sb cac duong thang sau
a) Aj:x—2y+6=0. b) Ay:3x —y—-3=0. c) Ap:2x —y+30. d) Ay:2x =3y —3=0.

PHUONG TRINH DUONG THANG VOI HE SO GOC

Bai tap 10. Trong mat phang Oxy, cho duong thang d c6 hé s6 goc bang —3 va A (1;2) nam trén d. Lap phuong trinh
ctia dudng thang d.
Bai tap 11. Viét phuong trinh dudng thang trong cac trudong hop sau:

a) A diqua M(2;4) céhésb gock = 2. b) A di qua hai diém A(3;5) va B(6;2).

Bai tap 12. Trong mit phang Oxy, viét phuong trinh tong quét ctia dudng thang d di qua A (2; —5) va né tao véi truc
Ox mot goc 60°.
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10.3 Vi tri tuong d6i giira hai duong thang

Cho hai duong thang Aq: ajx + by +c; = 0va Ay axx + byy + ¢z = 0. Toa d9 giao diém ctia Ay va A; la
alx—l—bly—l—cl =0
ayx + by +c; =0.
a) Néu hai duong thang cat nhau thi hé (1) c6 mot nghiém,
b) Néu hai duong thang song song thi hé (1) vo nghiém,

¢) Néu hai dudng thang triing nhau thi hé (1) c6 vé s6 nghiém.
Ngoai ra, Néu ay, by, ¢ # 0 ta xét nhanh nhu sau

nghiém cta hé phuong trinh { (1). Khi d6 ta c6 mét sb chii y sau

, b
o Aq cét Ay < hé (1) c6 mot nghiém < Zi bl.
2! 2

_bha

* Ay || Ay & hé (1) vo nghiém % =5

£ b
e A1 = Ay < hé (1) c6 vo so nghiém < m_n_a
a b o

XET VI TRI TUONG DOI HAI DUONG THANG.

Vi du 1. Xét vi tri tuong d6i ctia cac cip duong thang Aj: x — 3y +1=0va Ay: —2x + 6y — 10 = 0.
Bai tap 1. Xét vi tri tuong déi ctia cac cip dudng thang sau

Apidx— 10y +1=0vad,: X 172, Cr

D Ax — = : , )

2) A Y va s y=3-—2t
x=—1+5¢ x=—6-+5t

b) Aq: ,teRva;: ,JdeER

TIM DIEU KIEN DE HAI DUONG THANG CAT NHAU, SONG SONG, TRUNG NHAU. BA
DUONG THANG PONG QUY

Vidu 2. Cho ba duong thangdy : 2x+y—1=0,dy : x +2y+1 = 0,d3 : mx —y —7 = 0. Chiing minh rang cac

duong thang dq, d, cat nhau va tim gia tri ctia tham s6 m dé ba dudng thang trén dong quy.

Baitaip 2. ChoAy: 2m—1)x+y+2=0valAy: x+ (m—1)y+m—3 =0. Tim m dé

a) A | As. b) A = A, c) AqcatA,. d) A; L A,
Bai tap 3. Cho hai duong thang Aj: mx +y+2=0vaAy: x+my+m—+1=0
a) Bién luan theo m s6 giao diém ctia hai dudng thang.
b) Khi A; cat Ay, tim m € Z sao cho toa do giao diém la s6 nguyén.
Bai tap 4. Cho céc dudng thang A : 2x +3y —5=0,A" : 3x — 2y — 1 = 0 va diém M(2;3).
a) Xét vi tri tuong déi gitta cac duong thang A va A’
b) Biét d la duong thang di qua diém M va tao v6i cic dudng thang A, A’ mot tam gidc can. Tinh géc gitta cac
duong thang A va d.

Bai tap 5. Cho hai dudng thang A : (m +3)x +3y —2m +3 =0va A’ : 2x + 2y +2 — 3m = 0. Tim gid tri cda tham
s6 m dé

a) Duong thang A song song v6i A'. b) Dudng thang A cat duong thang A'.
Bai tap 6. Tim cac gia tri ctia k dé goc gitta cac duong thang A : kx —y+1=0va A’ : x — y = 0 bang 60°.

Bai tap 7. Cho A(0;1), B(2; —1) va hai duong thang (d;): (m —1)x+ (m —2)y +2 —m = 0va (dp): (2 —m)x + (m —
1)y+3m—-5=0

a) Chung minh d; va d, cat nhau véi moi m.

b) Goi P la giao diém ctia d; va d. Tim m dé PA + PB 16n nhét.
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MOT SO BAI TOAN TONG HOP VE VIET PHUONG TRINH DUONG THANG
Bai tap 8. Viét phuong trinh dudng thang A trong cac truong hop sau:
a) biqua M(—1;2) vasong song véi (d): x+y+1=0.
b) Di qua N(4;5) va vudng goc véi (d): —x+5y—4 = 0.

X + 2_y _23 va diém A(5;2)

Bai tap 9. Cho dudng thang A:

a) Viét phuong trinh duong thang (d) qua A va song song véi A.
b) Viét phuong trinh duong thang (d) qua A va vuong goc vdi A.
Bai tap 10. Cho ba diém A(3; —4), B(5;3), C(2;1). Viét phuong trinh duong thang
a) A qua A va song song voi BC. b) A qua A va vudng goéc voi BC.
Bai tap 11. Cho tam giac ABC c6 A(—1;1), B(—2;1), C(3;5) va K la trung diém AC. Viét phuong trinh dudng thang
a) A qua A va song song voi BK. b) A qua A va vudng goc voi BK.
Bai tap 12. Cho tam gidc ABC ¢6 A(—4;5), B(—1;1), C(6;1)
a) Viét phuong trinh tong quét 3 canh tam gidc.
b) Viét phuong trinh hai dudng cao ké tir A va B suy ra toa do truc tim H ctia tam giac.

)
)
c) Viét phuong trinh duong trung binh EF véi E va F 1a trung diém AB va AC.
d) Viét phuong trinh trung tuyén AM.

)

e) Viét phuong trinh hai dudng trung truc ciia AB va AC, tir d6 suy ra toa do tam dudng tron ngoai tiép tam giac
ABC.

Bai tap 13. Cho tam gidc ABC c6 phuong trinh ba canh AB: x +3y —7 =0,BC: 4x+5y -7 =0va AC: 3x + 2y —
7=0.

a) Tim toa do cac dinh. Toa do trong tam tam gidc.

b) Viét phuong trinh 3 duong cao.

c) Viét phuong trinh 3 duong trung tuyén.
Bai tap 14. Cho hinh binh hanh ABCD ¢6 C(4;1) va phuong trinh hai canh x + 3y = 0 va 2x — 5y + 6 = 0.

a) Cho biét C c6 thudc hai dudng thang trén khong.

b) Viét phuong trinh hai canh con lai.

Bai tap 15. Cho tam giac ABC, biét AB: 4x +y — 12 = 0, dudng cao AH: 5x — 4y — 15 = 0, dudng cao BK: 2x +

2y — 9 = 0. Hay viet phuong trinh hai canh con lai va duong cao thi ba.

Bai tap 16. Viét phuong trinh dudng thang A biét

a) A qua M(5; —4) va cat Ox, Oy lan lugt tai A va B sao cho M la trung diém AB.

b) A qua M(4;3) va chan Ox, Oy hai doan c¢6 d9 dai bang nhau.

c) A qua M(—2;4) va cat tia Ox, tia Oy lan luot tai A va B sao cho tam gidc OAB vuong can.
)
)

d) A qua M(1;4) va cat tia Ox, tia Oy 1an luot tai A va B sao cho dién tich tam giac OAB nho nhét.

(
(=
(1;
e) A qua M(4;9) va cat tia Ox, tia Oy 1an luot tai A va B sao cho OA + OB nhd nhét.
1
f) A qua M(4;1) va cat tia Ox, tia Oy lan luot tai A va B khac O sao cho OA2 OB2 nhé nhét.

Bai tap 17. Trong mét phang toa dd Oxy, cho tam gidc ABC cén tai B v6i A(1;—1), C(3;5). Diém B nam trén dudng
thang (d): 2x — y = 0. Viét phuong trinh hai canh AB, BC.

Bai tap 18. Cho tam gidc ABC vudng tai A, c6 trong tam G(—1;2) va dudn thang chita canh AB ¢6 phuong trinh
x + 3y — 15 = 0. Viét phuong trinh chita canh BC, biét diém D(—38;1) thudc trung tuyén di qua diém B.

Bai tap 19. Viét phuong trinh duong thang A di qua giao diém hai duong thang Aq: 2x +3y —8 = 0va Ay: x + 2y —
5 = 0 dong thoi thoa cac diéu kién sau

a) Adiqua A(2;0).
b) A song song vdi dudng thang (d): 4x +2y — 9 = 0.
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c) A vuong goc véi duong thang (d): x +2y —2 =0.
Bai tap 20. Cho tam giac ABC biét phuong trinh hai canh AB: 5x —2y +6 = 0, AC: 4x +7y — 21 = 0. Viét phuong
trinh canh thi 3 biét truc tam trung voi goc toa do.
Bai tap 21. Cho tam gidc ABC can tai A, biét phuong trinh hai canh BC: x —y —2 = 0, AB: 3x —y — 6 = 0. Viét
phuong trinh canh AC biét n6 qua diém M(—3;1).
Bai tap 22. Viét phuong trinh duong thang A biét

a) A qua M(3;1) cit hai tia Ox, Oy sao cho OA + 30B nhd nhét.

9
OAZ  OB?
) A qua M(8;6) cat hai tia Ox, Oy lan luct tai A va B sao cho Sa apc = 8.
Bai tap 23. Trong mat phang Oxy, cho hinh chit nhat ABCD c6 tam I(6;2). Diém M(1;5) thudc dudng thang AB va
trung diém E ctia canh CD thudc dudng thang A: x +y — 5 = 0. Viét phuong trinh canh AB.

. R 4 <
b) A qua M(1;2) cat hai tia Ox, Oy lan lugt tai A va B sao cho — + —— nhod nhat.

TIM PIEM THOA PIEU KIEN CHO TRUOC

Bai tap 24. Cho hai diém A(—1;2), B(3;4). Tim diém C trén duong thang (d): x — 2y + 1 = 0 sao cho tam gidc ABC
vuong tai C.
R xX=2—t
Bai tap 25. Cho tam gidc ABC c6 phuong trinh hai canh lan luotla AB: 2x + 6y +3 = 0 va AC: { ; ,tEeR.
y =
Biét M(—1;1) la trung diém BC. Xéc dinh toa do ctia BC.
Bai tap 26. Trong mat phang toa do Oxy, cho tam ABC can tai B véi A(1; —1), C(3;5). Tim toa d6 dinh B nam trén
duong thang d: 2x —y = 0.
Bai tap 27. Cho diém A(2;2) vady: x+y—2=0,do: x +y — 8 = 0. Tim toa do B va C lan lugt thuoc dy, d sao cho
tam gidc ABC vuong can tai A.
-1 — )
Bai tap 28. Cho tam giac ABC c6 phuong trinh canh BC: x_ T = Y 5 3 va phuong trinh cac duong trung tuyen
BM:3x4+y—-7=0,CN: x+y—5 = 0. Tim toa do trong tam tam giac ABC.

41
Bai tap 29. Cho tam gidc ABC can tai A c6 trong tam G (3;3> vaBC:2x—y—4=0,BG:7x —4y—8=0.

a) Viét phuong trinh duong cao AH. b) Tim toa dd A, B va C.
Bai tap 30. Cho A(1;1). Tim diém B trén duong thang (d): y = 3 va diém c trén truc hoanh sao cho tam giac ABC
deéu.
Bai tap 31. Trong mat phang toa d6 cho A(1;1). Hay tim diém B trén d: y = 3 va diém C trén truc hoanh sao cho
2MA? + MB? nhd nht.
Bai tap 32. Trong mat phang Oxy cho tam gidc ABC dinh A(2;1), dudng cao qua B ¢6 phuong trinh x — 3y —7 = 0
va duong trung tuyén qua C c6 phuong trinh x +y + 1 = 0. Xac dinh toa do B va C.
Bai tap 33. Trong mat phang toa do Oxxy cho tam gidc ABC c6 diém A thudc duong thang (d): x —4y —2 = 0 va
canh BC song song v&i (d). Phuong trinh duong cao BH: x +y + 3 = 0 va trung diém canh AC 1a M(1;1). Tim toa
do 3 dinh tam gidc.
Bai tap 34. Cho tam gidc ABC c6 A(—1; —3) biét trong tdm G(4; —2) va duong trung truc ctia AB la (d): 3x + 2y —
4 =0.Tim toadd BvaC.
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10.4  Goc va khoang cach

10.4.1 Goc giira hai duong thang

Céng thirc 10.1. Cho hai dutmg thing Ay: ayx + byy +c; = 0.6 VIPT iy = (ay;by) va duong thing Ay: apx +
byy + ¢y = 0¢6 VIPT 113 = (ay; by) khi do,

C|mm| |man + biby|

= = = :
|n{| - [nz] \/a3 + b3y /a5 + b3
Luuy 10.4.

4 NéuAlJ_A2<:>n_>1-n_>2:0<:>u_1>-@:0<:>a1a2+b1b2:0.
e ChoA:y=kix+myoaldy:y=kyx+mp

- M || A2<:>k1:k2wim1 757712.

- AlLA2<:>k1'k2:*1.

ki —k
- tan(Al, Az) = ‘1}'_1(1]{22

cos(Aq, Ay) = | cos(i17, 13)|

10.4.2 Khoang cach tir mot diém dén duong thang

Cong thuc 10.2.
e Cho duong thang A: ax + by + ¢ = 0 va M(xo; yo) khodng cdch tir M dén A dugc tinh theo cong thitc

_axg + byo +¢|

Vaz 4+ b?

e Cho duong thang A: ax + by + ¢ = 0 va hai diém M(xa;;ym), N(xn;yn) € A.
— M, N nim ciing phia d6i véi A < (axp + by + c)(axy + byn +¢) > 0.
— M, N ndm khdc phia d6i v6i A < (axp + bya + ) (axy + byn +¢) < 0.

$> BAI TAP<Y

GOC GIUA HAI PUONG THANG

d(M, A)

Bai tap 1. Trong mdt phf\ng v6i hé truc toa A6 Oxy cho cac duong théng Ay ix+2y— V2=0vadA,:x— y = 0. Tinh
cos ctia goc gitta cac dudng thang Aj va A;.
Bai tap 2. Tinh s6 do goc tao boi hai duong thang A; va A, trong cac truong hop sau

a) Aj:x —2y+5=0vaAy:3x —y=0. b) Ar: x+V3y=0vaAy: x+10=0.
x =10 — 3t

Bai tap 3. Trong mat phéng véi hé truc toa do Oxy cho cac duong théng A:3x+5y+15=0vaA: { 145t
y =

Tinh goc ¢ gitra A va A;.
Bai tap 4. Trong mat phang véi hé truc toa do Oxy cho 2 duong thang A : x +2y —5=0, A’ : 3x + my — 1 = 0. Tim
m dé géc gitta hai duong thang A, A’ bang 45°.
Bai tap 5. Cho duong thang d: x +y + 3 = 0. Viét phuong trinh ctia dudng thang d qua diém A(2; —4) va tao véi d
mot goc 45°.
Bai tap 6. Cho duong thang A: 3x — 2y + 1 = 0.

a) Tinh goc tao bdi A va truc Ox.

b) Viét phuong trinh duong thang A’ qua M(4;3) va tao véi A mot goc 45°.

KHOANG CACH TU MOT PIEM PEN MOT DUONG THANG

Bai tap 7. Tim khoang cach tir diém M(1;2) dén duong thang (D): 4x + 3y — 2 = 0.
Bai tap 8. Tim khoang céch tir diém M dén duong thang A
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x =2t — —
teR b) M(0;—5)van: > V=1
y=2-3t 1 —2
Bai tap 9. Tim nhitng diém nam trén duong thang A: 2x +y — 1 = 0 va c6 khoang cach dén (D): 4x +3y — 10 = 0
bang 2.

a) M(4;,-5)vaA: {

Bai tap 10. Tim khoang cach tir mot diém dén mot duong théng

x—1_y—2

12
Bai tap 11. Viét phuong trinh ctia duong thang di qua diém A(1, —3) va c6 khoang cach dén diém My(2,4) bang 1.

a) M(3;5)vaA:4x+3y+1=0. b) M(0;5) va A:

Bai tap 12. Tinh khoang cach giita hai dudng thang song song sau
a) Aj:i4x+3y—2=0valdy:4x+3y+1=0. b) Aj:x—y+11=0valAy:x—y+5=0.
x=2+t

34t ,t € R. Tim M trén dudng thang A va cach diém
y =

Bai tap 13. Cho mot dong A c¢6 phuong trinh tham s6 {

A(0;1) khodng bang 5.

Bai tip 14. Cho hinh vuéng ABCD ¢6 BD: x +2y — 5 = 0 va dinh A(2; —1). Viét phuong trinh vé canh AB va CD
biet rang AB c6 duong hé so goc duong.

Bai tap 15. Viét phuong trinh ctia duong thang A song song v6i A’': x — 4y + 1 = 0 va c6 khoang cach dén duong
thang A’ bang 1.

x=2-2t

,t € Rvahai diém A(0;1), B(4;2).

Bai tap 16. Cho duong thang (d): { -
y=3-

a) Tim M nam d sao cho AM = 5.

b) Viét phuong trinh ctia duong thang A qua A sao cho d[B, A] = d[A, d].
Bai tap 17. Viét phuong trinh duong thang A qua I(—2;3) va cach déu hai diém A(0;1), B(2;1).
Bai tap 18. Trong mat phang toa do oxy cho hai diém A(1;1), B(4;—3). Tim diém C thudc duong thang (d): x —
2y — 1 = 0 sao cho khoang cach tir C den dong AB bang 6.

Bai tap 19. Trong mat phang toa do Oxy, cho ba dudng thang (d1): x+y+3 =0, (dy): x —y—4 =0, (d3): x -2y =
0. Tim toa d6 M thudc d3 dé khoang cach tir M dén (d;) bang hai 1an khoang cach khoang céch tir M dén (d).

Bai tap 20. Cho tam gidc ABC can tai A, c6 trong tdm G(—1;2) va duong thezmg chtta canh BC: x — 2y = 0, biét dién
tich tam gidc ABC bang 90 va dinh B c6 hoanh d9 duong. Viét phuong trinh duong thang chita canh AC.
Bai tap 21. Trong mat phang toa d6 Oxy, cho AABC v6i A(—2;3), B(4;5), C(7;—2) va hai duong thang (d;): x +
2y—1=0,(d2): 2x+y+2=0.

a) Viét phuong trinh dudng thang (d) qua trong tim G ctia A ABC va vudng goc véi BC.

b) Goi K 1a giao diém ctia dy véi dp va M 1a diém thudc dq sao cho MK = 10. Tinh khoang cach tit M dén d,.

c) Viét phuong trinh A song song v6i d sao cho A cat Ox, Oy 1an lugt tai P va Q thda dién tich tam giac OPQ bang

1.

Bai tap 22. Cho hai duong thang A;: mx + 2y —5m +2 = 0 va Ay: 3x +my — 2m — 2 = 0. Tim m dé goc tao bdi A
va A, bang 30°.
Bai tap 23. Cho tam gidc ABC c6 A(1;-1), B(—2;1), C(3;5). Goi K 1a trung diém AC

a) Viét phuong trinh duong théng qua A va vudng goc v6i BK.

b) Tinh dién tich tam gidac ABK.

c) Tinh dién tich t& gidc ABCD biét D(—3;5).
Bai tap 24. Trong mat phang toa do Oxy, cho hai diém A(2;5), B(5;1). Viét phuong trinh duong thang qua A cach B
mot khoang bang 3.
Bai tap 25. Trong mat phang toa dd Oxy, cho diém A(1;1) va dudng thang (d): 2x —y — 2 = 0. Viét phuong trinh
duong théng A cach A mét khoang V10 va tao voi d mot goc 45°.

HINH CHIEU VA SU POI XUNG
Bai tap 26. Tim diém ddi xiing ctia

a) A(1;2) qua diém I(3;5). b) A(—1;3) qua diém O(0;0).
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Bai tap 27. Tim hinh chiéu ctia mot diém trén dudng thang

a) O(0;0) va duong thang (d): x —y +2 = 0. b) A(1;—2) va duong thang (d): 4x — 5y — 3 = 0.
Bai tap 28. Tim diém déi xing ctia mot diém qua dudng thang

a) M(2;1) va duong thang (d): x —y+1=0. b) M(2;5) va duong thang (d): x +2y —2 = 0.
Bai tap 29. Cho M(2;5) va duong thang (d): x +2y —2 = 0.

a) Tim hinh chiéu H ctia M trén (d).

b) Tim M’ déi xiing v6i M qua (d).

c) Viét phuong trinh duong thang (d') d6i xing véi (d) qua M.

Bai tap 30. Cho hai duong thang (d): x — 3y +1=0va (d'): 2x +y — 2 = 0 va diém A(2;0)

a) Viét phuong trinh (d1) dbi xing véi (d) qua A. b) Viét phuong trinh (do) déi xing véi (d') qua (dy).
Bai tap 31. Cho hai duong thang (d1): x —y +1 = 0va (da): x —y — 2 = 0. Viét phuong trinh (d3) dbi xiing v6i
(d2) qua (dy).

Bai tap 32. Trong mat phang Oxy, tim A thudc truc hoanh va diém B thudc truc tung sao cho A va B déi xting nhau
qua duong thang (d): x — 2y + 3 = 0.

Bai tap 33. Cho tam giac ABC c6 B(—3;2), dudong cao AH: x + 7y + 19 = 0 va phan gidc AD: x + 3y +7 = 0. Viét
phuong trinh 3 canh tam gidc.

Bai tap 34. Cho tam giac ABC c¢6 B(—4;1), trong tam G(1;1) va duong phéan gidc ngoai cta géc A ¢6 phuong trinh
x—y—1=0.Tim toa do A, C.

Bai tap 35. Cho 3 diém A(2;4), B(3;1), C(1;4) va duong thang A: x —y — 1 = 0.

a) Tim M trén A sao cho MA + MB nhé nhét.

b) Tim N trén A sao cho NA + NC nho nhat.

c) Tim P trén A sao cho |PA — PC| 16n nhét.

d) Tim Q trén A sao cho |QA — QB| 16n nhat.

Bai tap 36. Tim hinh chiéu ctia mot diém trén duong thang
a) M(2;1)va(d): x—2y+2=0. b) N(1;2)va(d): 4x —3y—3 =0.
Bai tap 37. Tim diém déi xing ctia mot diém qua duong thang

a) M(2;1) va duong thang (d): 3x — 4y +5 = 0. b) N(—3;2) va duong thang (d): 3x +2y — 1 = 0.
Bai tap 38. Cho duong thang (d): 3x + 4y — 12 = 0.

a) Tim hinh chiéu H ctia O trén (d).

b) Viét phuong trinh duong thang (d') déi xting véi (d) qua O.

Bai tap 39. Cho diém M(0;2) va (d1): 3x+y+2 =0, (d2): x — 3y +4 = 0. Goi A la giao diém cua (dy) va (d,). Viét
phuong trinh duong thang (d) qua M va lan lugt cat (dq), (d2) tai B va C khac A sao cho ﬁ + ﬁ nho nhét.
PHUONG TRINH CAC PUONG PHAN GIAC CUA CAC GOC TAO BOI HAI PUONG
THANG

Phuong phép giai 10.1. Cho hai duong thing A : ajx + by +c; = 0va Ay: asx + boy + ¢ = 0 cit nhau.

* Diém duong phin gidc di qua la giao diém ciia (A1, Ay).

_>
P , N P u
® Aj co véc to chi phuong 71, ta tim toa dj véc to i1 = ‘j1|
Uy
_>
fo , N o - u
® Aj co véc to chi phuong Uy, ta tim toa d9 véc to i 5 = ELI
U2
Néu
. cos( iq, 1 2) > 0 suy ra véc to chi phuong cua duong phin gidcla W = i1+ 1 ).
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i COS( i1, 1 2) < 0 suy ra véc to chi phuong cua duong phdn gidc la U=1i1—io

Bai tap 40. Viét phuong trinh cac duong phan giac ctia goc tao bdi hai duong thang sau

a) (d1):3x+4y—5=0va(dy):3x —4y+1=0.

b) (d1):3x —y+3=0va(dy):4x+2y—5=0.
Bai tap 41. Lap phuong trinh dudng phan gidc géc nhon tao béi hai dudng thang sau

a) (d1):x—2y+3=0va(dy): x+2y—1=0.

b) (d1): 3x — 4y +12 = 0va (dy): 12x + 5y — 7 = 0.
Bai tap 42. Cho tam gidc ABC c6 A(—6;3), —4;3 va C(9;2).

a) Viét phuong trinh dudng phan giac goc A.

b) Tim M € AB, N € AC sao cho MN || BCva AM = CN.
Bai tap 43. Cho tam gidc ABC, hdy tim toa do diém C. Biét rang hinh chiéu vuéng géc ctia C 1én AB 1a H(—1; 1),
duong phan giac goc A la x + y + 2 = 0 va duong cao ké tit B ¢6 phuong trinh 4x + 3y — 1 = 0.
Bai tap 44. Cho tam giac ABC c6 A(2;1) va phuong trinh hai dudng phan gidc géc Bva Clanlugtlax —2y+1 =10
va x + y + 3 = 0. Viét phuong trinh canh BC.
Bai tap 45. Cho duong thang (d): 4x — 3y — 12 = 0 va (da): 4x + 3y — 12 = 0. Tim toa d9 tam va banh kinh duong
tron noi tiép tam gidc c6 3 canh nam trén (dy), (da) va Oy.
Bai tap 46. Cho AABC c6 A(1;2) va phuong trinhdudng trung tuyén BM: 2x +y + 1 = 0 va dudng phan giac trong
C c6 phuong trinh x +y — 1 = 0. Viét phuong trinh canh BC.
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10.5 DPuong tron

10.5.1 Phuong trinh duong tron

Dinh nghia 10.7.
e Dang chinh tic: Phuong trinh duong tron (C) c6 tam la I(a; b) va bin kinh bang R cd dang (C): (x — a)
(y—b)* =R
e Dang tong qudt: Phurong trinh duong (C): x* + y* — 2ax — 2by + ¢ = 0 v6i a® + b*> — ¢ > 0 la phuong trinh
duong tron cd tam 1(a; b) va ban kinh R = \/a% + b2 — c.

o

10.5.2 Vi tri tuong d6i ctia duong thang A va duong tron (C)

Dinh 1y 10.15. D¢ tim s giao diém ciia duomg thing A: Ax + By + C = 0 va duomg tron (C): x> + y* — 2ax —
2by + ¢ = 0, ta so sdnh khodng cdch tir tim I dén A vdi ban kinh R.
e d(I;A) < R & Acit (C) tai hai diém phan biét.
e d(I;A) > R < Awa (C) khong cd diém chung.
d (I;A) = R < A tiép xiic vdi (C). Duong A dugc goi la tiép tuyén ciia duong tron.
Pinh 1y 10.16. Duong thing (A) la tiép tuyén ciia duong tron (C) tam I va ban kinh R khi va chi khi d[I, (A)] = R.

4> BAI TAPSY

XAC PINH TAM VA BAN KINH DPUONG TRON
Bai tap 1. Xét xem cdc phuong trinh sau ¢6 la phuong trinh ctia duong tron khong? Hay xdc dinh tdm va ban kinh

clia cac dudng tron d6 (néu co).

a) x> +y*+2x —4y —9 =0. b) x> +y? —6x +4y +13 =0. ) 2x* +2y* —6x —4y—1=0.

d) 2x? +y2 +2x -3y +9 = 0. e) ¥* +y? —2x -2y —2=0. f) x> +y* —4x+6y—3=0.
Bai tap 2. Cho phuong trinh x? + y? — 2mx — 4(m — 2)y + 6 — m = 0 (1). Tim diéu kién ctia m dé (1) la phuong trinh
duong tron.
Bai tap 3. Cho (Cp): X2 4+ 2+ (m+2)x — (m+4)y+m+1=0.

a) Tim m dé (Cy,) 1a dudng tron c6 ban kinh nhé nht.

b) Tim tap hop tdm I ctia ho duong tron (Cy,).

¢) Chiing minh (Cy,) luon di qua hai diém c6 dinh.
Bai tap 4. Cho duong théng (d): (1 —m?)x + 2my + m* — 4m + 1 = 0, ching minh (d) ludn tiép xtic v6i mot duong
tron ¢ dinh.
Bai tap 5. Cho diém A(2;0), B(0;1). Chting minh tap hop cac diém M thoa diéu kién MA% — MB? = MO? 1a mot
duong tron. Xac dinh tdm va ban kinh cta né.

VIET PHUONG TRINH DUONG TRON
Bai tap 6. Lap phuong trinh duong tron c6 tam I(3; —5) ban kinh R = 2.
Bai tap 7. Lap phuong trinh duong tron duong kinh AB véi A (1;6), B (—3;2).
Bai tap 8. Viét phuong trinh dudng tron (C) ¢6 tam I (—1;2) va tiép xtc véi duong thang A : x — 2y +7 = 0.
Bai tap 9. Lap phuong trinh duong tron di qua ba diém: M (—2;4), N (5;5), P (6; —2).
Bai tap 10. Viét phuong trinh dudng tron (C) trong cac truong hop sau
a) C6 tam I(3;5) va qua diém A(7;2). b) C6 dudng kinh AB, biét A(1;1) va B(7;5).

¢) Qua A(2;3), B(—2;1) va tam nam trén Ox.
Bai tap 11. Viét phuong trinh duong tron qua 3 diém

a) A(1;3), B(5;6) va C(7;0). b) A(2;1), B(2;5) vaC(—2;1).
Bai tap 12. Viét phuong trinh dudng tron (C) trong cac truong hop sau
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a) Tam I(2; —5) tiép xuc véi Ox.

c) Tiép xtdc v6i Ox va Oy dong thoi c6 tam nam trén duong thang 4x — 2y — 8 = 0.

)
b) Tam I(1;3) tiép xtic véi Oy.
)
d) Tiép xtic véi Ox tai M(6;0) va qua A(9;9).
e) Tiép xtic v6i Ox tai M(2;0) va do dai doan thang n6i dén B(6;4) bang 5.
Bai tap 13. Lap phuong trinh duong tron (C) trong cac truong hop sau
a) Qua diém A(2;0), B(3;1) vaban kinh R = 5.
b) Qua diém A(—1;1), B(0;2) va c6 tim nam trén duong thang A: 2x + 3y = 0.
c) Tiép xtic v6i duong thang (d): x — 2y + 3 = 0 tai M(1;2) va tdm ndm trén dudng thang (d'): x — 5y — 5 = 0.
d) Tiép xtc véi duong thang (d): 3x — 4y — 31 = 0 tai M(1; —7) va c6 ban kinh R = 5.
Bai tap 14. Lap phuong trinh duong tron (C) trong cac truong hop sau
a) Tam I(—1;2) va tiép xtic véi duong thang (d): x —y +7 = 0.
b) Qua diém A(5;3) va tiép xtic v6i duong thang A: x + 3y +2 = 0 tai M(1; —1).
¢) Qua diém A(—1;0), B(0;2) va tiép xtic v6i duong thang (d'): x —y —1 = 0.
d) C6 tam I(—1;2) va chan trén (d): x + 2y + 2 = 0 mot day cung MN = 2.
e) Tam I nam trén (d): 4x + 3y — 2 = 0 va tiép xtic v6i 2 duong thang (d1): x +y+4 =0va (da): 7x —y+4 =0.
Bai tap 15. Viét phuong trinh duong tron (C) dbi xting véi duong tron (C) qua duong thang (d)
a) (C): (x—1)24+(y—22=4va(d):x—y—1=0.
b) (C): (x—2)2+(y—3)2=3va(d):x+y—1=0.
Bai tap 16. Lap phuong trinh duong tron (C) trong cac truong hop sau
a) Qua diém A(—1;2), B(3;0) va c6 tim nam trén dudng thang A: 7x +y — 6 = 0.
b) Tiép xtdc véi duong thang (d): x — 7y + 10 = 0 tai M(4;2) va tim nam trén duong thang (d'): 2x +y = 0.
c) Tiép xtic v6i duong thang (d): 5x — 4y — 17 = 0 tai M(4;3) va tiép xtic v6i duonh thang (d'): x — 5y — 5 = 0.

Bai tap 17. Trong mét phang Oxy cho dudng thang (d): 2x — y + 3 = 0. Lap phuong trinh dudng tron c6 tam thudc
(d), cat Ox tai hai diém A va B, Oy tai hai diém C va D sao cho AB = CD = 2.

Bai tap 18. Trong mat phang Oxy cho dudng tron (C;): x* +y* = 4, (C): x* + y* — 12x + 18 = 0 va duong thang
(d): x —y — 4 = 0. Lap phuong trinh dudng tron c¢6 tam thuoc (Cp), tiép xtic véi (d) va cat (Cp) tai hai diém phan
biét A, B sao cho AB L d.

TIEP TUYEN CUA PUONG TRON
Phuong phap giai 10.2. Goi d i tiép tuyén can tim.
a) Dang 1: Biét tiép diém M. Do d vudéng goc vdi IM nén IM 12 VTPT ciia d.
b) Dang 2: Biét phuong ciia tiép tuyén: cho /\ : ax + by +c =0
cd||A=d:ax+by+c =0(c #c)).
edl A=d:bx—ay+c =0.

¢) Dang 3: Tiép tuyén qua diém A niim ngoai (C). Lap phuong trinh tong qudt d qua A vi c6 VTPT Ia 70 = (a;b) # f
Ding d(I;d) = Rdétim a, b.

Bai tap 19. Viét phuong trinh tiép tuyén ctia duong tron (C) : (x —2)? + (y + 3)? = 5 tai diém M(3; —1).
Bai tap 20. Viét phuong trinh tiép tuyén ctia duong tron (C) tai diém M € (C).

a) ¥ +y* +4x —9 = 0va M(1,2). b) x2 +y? —2x — 8y — 8 = 0 va M(4;0).

Bai tap 21. Cho duong tron (C): (x —2)% + (y — 1)? = 25.

a) Tim toa d¢ tdm va ban kinh duong tron (C).
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b) Viét phuong trinh tiép tuyén cta (C) tai diém M(5; —3).
c) Viét phuong trinh tiép tuyén ctia (C) song song véi duong thang (d): 5x — 12y + 2 = 0.
d) Viét phuong trinh tiép tuyén ctia (C) vudng géc véi duong thang (d'): x — 2y +2 = 0.
Bai tap 22. Cho duong tron (C): x? 4+ y* — 6x 42y +5 = 0.
a) Tim toa do tdm va ban kinh duong tron (C).
b) Viét phuong trinh tiép tuyén cta (C) tai diém M € (C) c¢6 hoanh d¢ x = 2.
c) Viét phuong trinh tiép tuyén ctia (C) song song véi duong thang (d): 4x +2y — 1 = 0.
d) Viét phuong trinh tiép tuyén ctia (C) vudng géc véi duong thang (d'): 2x —y +7 = 0.
Bai tap 23. Viét phuong trinh tiép tuyén ctia (C) ké tir mét diém cho trudc.
a) (C): x?+y? —dx+2y+2=0vaA(3;1). b) (C): x> +vy* +4x —4y —1=0va A(0; —1).
Bai tap 24. Cho duong tron (C): x* +y* — 6x — 4y +4 = 0va A(8; —1).
a) Viét phuong trinh tiép tuyén cta (C) ké tir A.
b) Goi M, N la céc tiép diém ting v&i cac tiép tuyén ké tir A ctia C. Viét phuong trinh ctia dudong thang MN.
¢) Tinh d6 dai MN.
Bai tap 25. Cho dudng tron (C): x2 4+ y2 4 2x — 4y = 0 va dudng thing (d): x —y+1=0.Timtoado diém M € (d)
ma tir d6 ké dugc hai dudng thang tiép xtc véi duong tron (C) tai A, B sao cho AMB = 60°.
Bai tap 26. Cho duong tron (C): (x — 1)% + (v + 2)2 = 9 va duong thang (d): 3x — 4y +m = 0. Tim m d€ trén (d) c6
duy nhat mot diém P ma tur d6 ké dugce hai tiép tuyen véi (C) sao cho tam gidc ABC deu.
Bai tap 27. Cho duong tron (C): x* + y* — 4x + 8y — 5 = 0.
a) Tim toa do tdm va ban kinh cta (C).
b) Viét phuong trinh tiép tuyén cta (C) tai M(—1;0).
c) Viét phuong trinh tiép tuyén ctia (C) di qua diém A(3; —11).
Bai tap 28. Viét phuong trinh tiép tuyén ctia (C) tir mot diém cho trudc.
a) (C):x®>+y?>—2x—8y—82=0va A(—4;—6) b) (C): ¥*+y?> +2x — 8y +13 =0va A(1;1).
Bai tap 29. Cho duong tron (C): x* +y* +2x — 4y +4 = 0va A(3;5).
a) Viét phuong trinh tiép tuyén ctia (C) ké tir A.
b) Goi E, F la hai tiép diém tng v6i hai tiép tuyén ké tir A ctia (C). Viét phuong trinh duong thang EF.

¢) Tinh d6 dai EF.
Bai tap 30. Cho dudng tron (C): (x — 1)? + (y — 2)? = 4. Lap phuong trinh tiép tuyén (d) biét

a) Tao vdi Ox, Oy moét tam gidc vudng can. b) Tao véi Ox, Oy mot tam giac c6 dién tich bang 8.

VI TRI TUONG DPOI

Bai tap 31. Cho duong thang A : x — 2y + 5 = 0 va dudng tron (C) : (x — 2)? + y* = 4. Xét vi tri tuong d6i ctia A va
(©)-

Bai tap 32. Xét vi tri tuong d6i cia dudng thang (d) va duong tron (C).
a) (d): x4+y—2=0va(C): > +y>—2x+6y—6=0.
=t
b) (d): {;ZS_Zt,tGIRVé(C):x2+y2—4x—|—2y—20:0.

Bai tap 33. Cho duong tron (C): x? + y* — 4x + 6y + 3 = 0 va duong thing (d): 3x — y + m = 0. Tim céc gid tri ctia
m dé

a) (d) tiép xtic véi dudng tron (C).
b) (d) cat duong tron (C).
c) (d) va duong tron (C) khong c6 diém chung.

MW THANG LONG BINH TAN Trang 97



KHAI PHONG NANG LUC TOAN 10

Bai tap 34. Cho duong tron (C): x> 4 y? — 2x — 6y + 6 = 0 va diém M(1;2). Ching minh ring bét ky duong thang
nao di qua M déu cat (C) tai hai diém phan biét. Viét phuong trinh duong théng (d) qua M va cat (C) tai hai diém
A, B sao cho M 1a trung diém AB.
Bai tap 35. Viét phuong trinh dudng thing qua A(2;3) va cit duong tron (x + 1) + y? = 9 tai hai diém M, N sao
cho MN =6.
Bai tap 36. Viét phuong trinh duong tron (T) ¢6 tam I(—1;5) va (T) cat (d): 2x —y — 3 = 0 tai hai diém B, C sao
cho dién tich AABC = 10.
Bai tap 37. Cho hai duong tron (Cy): x% + 1y — 10x = 0 va (Cp): x2 4 y? + 4x — 2y — 20 = 0.

a) Xét vi tri tuong déi cua (Cy) va (Cy).

b) Viét phuong trinh tiép tuyén chung (Cy), (Ca).
Bai tap 38. Cho duong thang (d): x —y — 1 = 0 hai duong tron (Cy): (x —3)? + (y +4)> = 8va (Co): (x +5)* +
(y — 4)2 = 32. Viét phuong trinh duong tron (C) ¢6 tdm nam trén (d) va tiép xtic dong thai véi (C1) va (Cp).
Bai tap 39. Cho duong tron (C): (x —2)% + (y — 3)? = 4 va duong thang (d): 3x + 4y + 7 = 0. Viét phuong trinh
duong tron (C') 6 thm nam trén (d) va tiép xtc véi (C) va c6 ban kinh nhé nhét.
Bai tap 40. Cho duong théng (d): 4x — 3y — 32 = 0 va duong tron (C): x* + y* — 8x — 6y + 16 = 0.

a) Viét phuong trinh téng quét ctia duong thang (d') biét (d') L (d) va tiép xuc véi (C).

b) Viét phuong trinh dudng tron (C’) biét tam cta (C') nam trén (d), tiép xtic ngoai véi (C) va c6 ban kinh nho

nhat.

Bai tap 41. Cho duong tron (C): x* +y? — 4x — 6y + 5 = 0. Viét phuong trinh duong thang (d) qua A(3;2) va cit
(C) theo mot day cung c6 do dai nho nhét.
Bai tap 42. Cho duong tron (C): (x — 1)? + (y +2)? = 4 va duodng thang (d): 3x — 4y = 5 = 0. Viét phuong trinh
duong thang (d') || (d) va cét (C) tai hai diém A, B sao cho AB c6 d6 dai 16n nhét.
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10.6  Elip
10.6.1 Phuong trinh elip
Dinh nghia 10.8.
e Cho Fy, F, c6 dinh vdi F{F> = 2c, (c > 0) va mot d dai 2a khong doi a > c. y
Tép hop cic diém M sao cho M € (E) & MF, + MF, = 2a dugc goi la mot
Elip. b |B2 M
Fy, F, : Hai tiéu diém cila elip (E) i AT
e Trong dé { FiF, = 2c : Tiéu cy ctia elip (E) 4/ R 5, 4
FiM, F, M : Bin kinh qua tiéu diém ciia M. 5 o
I RN c Jia
* Phuong trinh chinh tac: ) + = 1(%), (a>b>0,b* = a®> —c?). | |
~b|p,
10.6.2 Cac thanh phan elip
* Toa do cac tiéu diém F;(—c;0), F>(c;0)
MF, =a+ gx : Ban kinh qua tiéu diém bén trai.
* M(x,y) € (E) = c. : .
MF, =a— JX: Ban kinh qua tiéu diém bén phai.
* Elip (E) nhan cac truc toa do lam céc truc dbi xiing va goc toa do lam tam dbi xing.
e Toa dd cac dinh: A1(—a;0), Az(a;0), B1(0; —b), B2(0; b).
o Truclon: A1A; = 2a
e Do dai cac truc: ]
Truc nho: BB, = 2b.
< - . ) . . R X = *+a
¢ Hinh cht nhat co co sd tao bdi cac duong thang { 1
y==xb.
$> BAI TAPS
XAC DINH CAC THANH PHAN CUA ELIP.
x? 2 .
Bai tap 1. Choelip (E): 5 + T 1. Xac dinh d¢ dai cac trug, tiéu cu, toa do cac tiéu diém, toa d0 cac dinh, tam sai,

phuong trinh cac dudng chuén cuia (E).

Bai tap 2. Cho elip (E): 18x2 + 32y2 = 288. Xac dinh do dai cac truc, tiéu cu, toa do cac tiéu diém, toa do cac dinh,
tam sai, phuong trinh cac duong chudn cta (E).

Bai tap 3. Cho elip (E): 9x? + 25y* = 225. Xac dinh céc tiéu diém va toa d6 cac dinh ctia elip (E).

Bai tap 4. Xac dinh do dai cac truc, tiéu cy, toa do tiéu diém, toa do cac dinh va tdm sai ctia céc elip sau.

XL ¥ X, Y 29,2 — 2 2 _
) gt =1 b) x+y =1 o) 6x% + 9% = 54. d) 9x2 + 1642 — 144,
2y 2 v 2 2 2 2
e)§+§_1. f) E—f—?—l. g) 7x~ 4+ 9y° = 63. h) 5x° 49y~ = 45.
Bai tap 5. Tim toa do cac dinh va cac tiéu diém cta cac elip c6 phuong trinh sau.
a)x—2+y—2:1 b)x—2+y2:1 C)025x2+9y2:l d) 16x2—|—64y2:100
100 o4 ) 4 ' ! ’ )

VIET PHUONG TRINH CHINH TAC ELIP

Bai tap 6. Lap phuong trinh chinh tac ctia elip (E) ma do dai truc 16n bang 6, do dai truc nhé bang 4.
Bai tap 7. Lap phuong trinh chinh tac ctia elip (E) c6 d¢ dai truc 16n bang 10, tiéu cu c6 do dai bang 6.

MW THANG LONG BINH TAN Trang 99



KHAI PHONG NANG LUC

TOAN 10

V3

Bai tap 8. Viét phuong trinh chinh tic cta elip di qua hai diém M(1;0), N(-=—;1).

2

Bai tap 9. Viét phuong trinh chinh tic cta elip c6 tiéu diém F(—2;0) va tich d6 dai truc 16n véi truc bé bang 12v/5.

Phuong trinh chinh tc cua elip la.

Bai tap 10. Viét phuong trinh chinh tac cta elip c6 tiéu diém F (2\/5; O) va dién tich hinh chi nhat co s§ bang 32.

Bai tap 11. Viét phuong trinh chinh tac cta elip biét
a) Do dai truc 16n béng 8 va truc nhé béng 6.
¢) Do dai truc nhod bf?mg 6 va tiéu cu bf?mg 8.

Bai tap 12. Viét phuong trinh chinh tac cta elip biét

9
5

a) Do dai truc 16n bang 10, di qua diém M (—4; > .

c) bi qua hai diém M(0;3) va N <3; —152>

e) Di qua hai diém M (4,‘ \/g), N (2\6,’ —3).

b) D6 dai truc 16n béng 8 va tiéu cu bfing 6.

d) Céc canh hinh chit nhat cosd x = £9, y = £3.

b) Tiéu diém F;(—2;0), di qua diém M (2; g) .
V5
3

d) Tiéu cy bang 4 va ty 16 d6 dai hai truc 1a

f) Di qua hai diém M (2;2\5/§>, N (—\/2175;—1)

Bai tap 13. Lap phuong trinh chinh tic cta elip ¢6 d6 dai truc 16n bang 4v/2, cac dinh trén truc nhé va cac tiéu diém

cung nam trén mot duong tron.
Bai tap 14. Lap phuong trinh chinh tac elip biét

a) Hinh chit nhét co s& ¢c6 mot canh nam trén duong thfmg x —2 = 0 va do dai duong chéo béng 6.

b) C6 dinh A(—5;0) va phuong trinh duong tron ngoai tiép hinh chit nhat co sd 1a x> + y* = 34.

DIEM TREN ELIP THOA MAN PIEU KIEN CHO TRUGC

2

Bai tap 15. Trong mat phang Oxy, cho elip (E) : %

2
+ y? = 1. Tim tat ca cac diém thudc elip c6 toa do 1a s nguyén.

Bai tap 16. Trong mat phing Oxy, cho elip (E) : 9x% + 16y> = 144. Tim tt c& diém M thudc elip sao cho goc FMF,

bang 60°.
N x> 2 . . 32
Bai tap 17. Tim M trén elip 75 + 5= 1 sao cho hiéu so hai ban kinh qua tiéu diém la 5
2 2 R
Bai tap 18. Cho elip ;—5 + yz = 1. Tim M trén elip sao cho s do F; MF, bang
a) 30°. b) 60°. c) 90°. d) 120°.

Bai tap 19. Cho elip x> +9y> = 9.
a) Tim M trén elip sao cho MF; = 2MF,.

1 6

ME, | 2ME,  RE
2

¢) Tim M trén elip sao cho

b) Tim M trén elip sao cho 3MF, = MF,.

d) Tim M trén elip sao cho SAmEF, = V2.

Bai tap 20. Cho diém C(2;0) va elip (E): xz +y? = 1. Tim A, B biét A, B dbi xing qua Ox va AABC déu.

2
Bai tap 21. Cho (E): XZ
nhat.
2P
Bai tap 22. Choelip (E): %5 + = 1.

2
+ yT = 1, tim trén (E) hai diém A, B sao cho tam gidc OAB can tai O va c6 dién tich 16n

a) Biét M € (E) sao cho MF; = 3. Tinh MF, va tao do diém M.

b) Day cung A, B thay déi di qua tiéu diém F; nhung khong qua tiéu diém F,. Ching minh rang chu vi tam giac

ABF, khéng déi.

x2 2

Bai tap 23. Cho elip (E): 5T yz = 1 va hai diém A(—3;0), I(—1;0). Tim B, C thudc elip sao cho I la tim dudng

tron ngoai tiép tam giac ABC.
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2 42
Bai tap 24. Choelip (E): % + % = 1 va duong théng (d): x — 2y + 12 = 0.
a) Tim trén (E) diém M sao cho khodng cach tir M dén (d) nhd nht.

b) Tim trén (E) diém N sao cho khoang cach tir N dén (d) 16n nhét.
2 2
Bai tap 25. Cho elip (E): = + 2

st T = 1 va duong thing (d): x — v2y 4 2 = 0. Chiing minh rang (d) ludn cét (E) tai

hai diém B, C. Tim diém A trén (E) sao cho dién tich tam giac ABC 16n nhét.
Bai tap 26. Cho elip (E): 9x% + 25> = 225.

a) Tim toa do tiéu diém, tam sai va do dai cac truc caa (E).

b) Puong théng (d) qua tiéu diém F;, vuong géc v6i Ox va cat (E) tai M, N. Tinh MN.

c) Lay M, N thudc (E) sao cho MF, + NF; = 6. Tinh T = MF, + NF,.

d) Cho P thuéc (E). Tinh gid tri S = PF, - PF, + OP?.
Bai tap 27. Cho elip (E): 4x* +9y* = 36 va diém M(1;1). Viét phuong trinh dudng thang qua M va cat elip tai hai
diém A, B sao cho MA = MB.
Bai tap 28. Cho (d): 2x+y+3 =0vaelip (E):
A, B sao cho dién tich tam giac OAB bang 1.

yT = 1. Viét phuong trinh (d') vuong goc véi (d) va cat (E) tai

1
4

TOAN THUC TE

Bai tap 29. Mot ki su thiét ké mot duong ham mot chiéu c6 mat cat la mot nira hinh elip, chiéu rong ctia ham la 12
m, khoang cach tir diém cao nhat cua elip so v6i mat dv(dng la 3 m. Nguoi ki su nay muon dua ra canh bao cho cac
loai xe c6 thé di qua ham. Biét rang nhitng loai xe tai c6 chiéu cao 2,8 m thi c6 chiéu rong khong qua 3 m. Hai chiée
xe tai cao 2,8 m c6 di qua dugc ham hay khong?

Bai tap 30. Mit Trang chuyén dong quanh Trai Dat theo quy dao 1a mot dudng elip voi tam Trai Dat 1a mot tiéu diém.
Do dai truc 1on, do dai truc nhé cta quy dao lan lugt 1a 768 800 km va 767 640 km. Tim khoang cach 16n nhat va bé
nhét tir tim trai dat dén mat Trang.
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10.7  Hypebol

10.7.1 Phuong trinh hypebol

Dinh nghia 10.9. Cho hai diém phin biét cé dinh Fy va F. Dit Fi{F, = 2c. Cho s6 y
thuc dwong a < c. Tap hop cdc diém M sao cho |MF, — MF,| = 2a duoc goi la duong .
hypebol. Hai diém Fy, F, dugc goi la hai tiéu diém va FiF, = 2c duoc goi la tiéu cu cila .
hypebol.

10.7.2 Cac thanh phan hypebol

Trong mit phang toa do Oxy, hypebol ¢6 hai tiéu diém thuoc truc hoanh (Ox) sao cho O la trung diém cta
hai tiéu diém d9, thi c6 phuong trinh ctia hypebol

¥y y
=t =1, viab>0. (10.1)
Phuong trinh (10.1) duge goi la phuong trinh chinh tic ctia hypebol. Ngugc lai, mbi phuong trinh c6 dang
(10.1), v6ia, b > 0 déu la phuong trinh hypebol c6

e Toa do cac dinh A;(—4a,0); Ax(a,0).

e Do dai truc thuc la 2a.

e Do dai truc o 1a 2b.
Hai tiéu diém Fy (—/a2 + b2,0) va F>(v/a% + b2,0).
Tiéu cu 2¢ = 2+/a? + b2.

$> BAI TAPS$

XAC PINH CAC YEU TO CUA HYPEBOL

2 2

X

Bai tap 1. Cho hypebol (H): 6~ % = 1. Xac dinh d6 dai céc truc, tiéu cu, toa do cac tiéu diém, toa do cac dinh.
Bai tap 2. Cho hypebol (H): X — 9y2 = 9. Xac dinh d6 dai céc truc, tiéu cu, toa do cac tiéu diém, toa do cac dinh.

2 2
Bai tap 3. Cho hypebol c6 phuong trinh chinh tac % — ]1/—6 = 1. Tim hiéu céc khodng cach tir mot diém nam trén

hypebol téi hai tiéu diém c6 gia tri tuyét ddi bang bao nhiéu?
Bai tap 4. Xac dinh d¢ dai cac truc, tiéu cy, toa do cac tiéu diém, toa do cac dinh cta (H) trong cac trudng hgp sau

x2 yz x2 yz x2 yz x2 yz
xz ]/2 x2 yz x2 yz 5 5

VIET PHUONG TRINH CHINH TAC CUA HYPEBOL
Bai tap 5. Viét phuong trinh chinh tac ctia hypebol (H)
a) Biét (H) di qua M(3v/2; —4) va c6 tiéu diém F,(5;0).

b) Qua A(—2;2V/3) va hai duong tiém can c6 phuong trinh 2x £y = 0.
Bai tap 6. Lap phuong trinh chinh tac va vé hinh ctia hypebol biét

a) Di qua diém M(2;2) va mbi duong tiém can tao véi Ox mot gée 60°.
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b) Di qua 2 diém A(V6, —1) va B(4,V6).
Bai tap 7. Lap phuong trinh chinh tic ctia hypebol (H) biét

a) Nt truc thyc bang 8, tiéu cu bang 20.
b) (H) di qua 2 diém A (5\@;2\/5) va B(45;40).
¢) (H) diqua M (4[2;3), c6 tiéu diém triing véi tiéu diém ctia (E): 2x% + 7y* = 70.

4v/34 9
d) (H) qua M ({;5

> va M nhin 2 tiéu diém dudi mot goc vudng.
MOT SO BAI TAP KHAC

2 2
Bai tap 8. Trén mat phang toa d6 Oxy cho hypebol (H): T % = 1 va diém M(2;1). Viét phuong trinh dudong

2
thang qua M cat (H) tai A va B sao cho M la trung diém ctia AB.
2 2
Bai tap 9. Cho hypebol (H): z—z - Z—z = 1. M la mét diém tuy y trén (H), dy, d, 1an luot la cac duong thang qua M

va song song v&i hai tiém can cta (H). CMR dién tich hinh binh hanh tao béi dy, d, va tiém can khong d6i.
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10.8 Parabol

10.8.1 Phuong trinh parabol

Dinh nghia 10.10.

Cho mét diém F b dinh va mot duong thang A cb dinh khong di qua F. Tip hop y

cdc diém M cdch déu F va A duoc goi la duong parabol. Diém F duoc goi la tiéu A

diém, A duogc goi la duong chudn, khodng cich tir F dén A duoc goi la tham so /
tiéu ctia parabol. M(x;y)

10.8.2 Cac thanh phan parabol

Dinh nghia 10.11. Xét parabol vdi tiéu diém F, duong chudn A. Goi H Ia hinh chiéu vuéng goc ciia F trén A. khi dd,
trong hé truc Oxy vdi O la trung diém HF, tia Ox triing vdi tia OF, parabol (P) cd phuong trinh

y? = 2px, véip > 0. (10.2)

Phuong trinh (10.2) dugc goi la phuong trinh chinh tic cia parabol (P). Ngugc lai, méi phuong trinh dang (10.2), vdi
p > 0, la phuong trinh chinh tic ciia parabol c6
o Tity dif P.o).
Tiéu diém F (2,0),

e Phuong trinh duong chuin A: x = — g

$> BAI TAP<

XAC PINH CAC YEU TO CUA PARABOL

Bai tap 1. Xac dinh tiéu diém, duong chudn va vé d thi ctia parabol (P): y* = 4x.
Bai tap 2. Xéc dinh tiéu diém, duong chudn va vé d6 thi cta parabol (P): y* = 3x.

Yy
A
F
x
= jo] 3
4 4
22
Hinh 10.1:
Bai tap 3. Tim tiéu diém va duong chuan cta parabol.
a) > = x. b) y> = 8x. o y* = Zlix. d) y* = V/5x.
1
e) y* = 3x. f) y* =9x. g) y> = - h) y? = V/3x.

Bai tap 4. Cho parabol y*> = x. Tim nhitng diém trén (P) c6 khoang cach téi F bang 3.
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VIET PHUONG TRINH PARABOL

Bai tap 5. Viét phuong trinh chinh tic ctia parabol (P) biét:

a) Tiéu diém 1a F(4;0).

b) Pi qua diém N(7;v12).

c¢) Buong chuén c6 phuong trinh x + Z =0.
Bai tap 6. Lap phuong trinh chinh tic ctia (P) di qua diém M(2;4).
Bai tap 7. Viét phuong trinh chinh tac ctia parabol (P), biét rang (P) c6 dudng chudn la dudng thang A: x +4 = 0.
Tim toa do diém M thudc (P) sao cho khodng cach tir M dén (P) bang 5.
Bai tap 8. Cho parabol (P) c6 phuong trinh > = 16x. Goi A la duong thédng bat ki di qua tiéu diém F cta (P) va
khong trung véi truc hoanh. Chitng minh rang A ludn cét (P) tai hai diém phan biét A, B, dong thai tich cac khodng
cach tir A va B dén truc hoanh khong déi.

UNG DUNG CUA PARABOL VAO KHOA HOC VA POI SONG.

Bai tap 9. Khuc cua ctia mot con dudng c6 hinh dang parabol, diém dau vao khtic cua la A, diém cuébi 1a B, khoang
céch AB = 400 m. Pinh parbol (P) ctia khtic cua cach duong thang AB mot khoang 20 m va cach déu A, B.
a) Viét phuong trinh chinh tac ctia parabol (P), v6i 1 don vi do trong mat phang toa d6 tuong ting 1 m trén thuc
té.

b) Viét phuong trinh chinh tac ctia parabol (P), v6i 1 don vi do trong mét phang toa d6 twong tng 1 km trén thuc
té.
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