Cau 1:

Cau 2:

| CHUONG |

CHUYEN DPE IIl - TOAN — 11 - GIOI HAN — HAM SO LIEN TUC

GIOI HAN
HAM SO LIEN TUC

BAI TOAN THUC TE VE GIOI HAN VA HAM SO LIEN TUC
C6 1 kg chat phong xa doc hai. Biét rang, ctr sau mot khoang thoi gian T = 24000 nam thi mot
ntra s chat
phong xa nay bi phan ra thanh chat khac khong doc hai d6i véi strc khoé caa con ngudi ( T
duoc goi la chu ki
ban ra).
Goi u, 1a khéi lugng chit phong xa con lai sau chu ki thi 7.
a) Tim s6 hang tong quat u, cua day s6 (un) .
b) Chting minh rang (un) ¢6 gidi han 12 0.
¢) Tur két qua cau b), chiing to rang sau mot sé nam nao d6 khdi lugng chit phong xa d cho
ban dau khong con doc hai ddi voi con nguoi, biét rang chat phong xa nay s& khong doc hai
nita néu khéi lugng chat phong xa con lai bé hon 10° g.

Loi gidi
, 1 1Y
a) Tacod: uy =liu, =—;u, = K
Suy ra (u,) lap thanh mot cap s6 nhan c6 s6 hang ddu u, =1 va g =— c6 s0 hang tong quat 1a

n—1
b) Ta co: limu, =lim (%) =0.

1 n—1 1 n—1
)Pdiu =|—| ke=|=| -10°
) . (2] g (2j g

n—1
Dé chét phong xa bé hon 107°( g) thi Gj 10° <10 < n>31.

Viy can it nhat 30 chu ki twong Gmg véi 720000 nim khdi lugng chat phong xa di cho ban dau
khéng con doc hai d6i véi con nguoi.
Tai mot nha may, nguoi ta do duoc réng 80% lugng nudc sau khi sir dung dugc xur li va tai su
dung. V6i 100m° ban dau duoc str dung 1an dau tai nha mdy, khi qua trinh x 1i va tai str dung
1ap lai mai mai, nha may su dung dugc téng lugng nudce la bao nhiéu?

Loi giai
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Cau 3:

Cau 4:

CHUYEN DPE IIl - TOAN — 11 - GIOI HAN — HAM SO LIEN TUC

1

100+100-0,8+100-(O,8)2+100-(O,8)3+...:100-1 . =500(m’).

Cho tam gidc OA4,4, vudng can tai 4, c6 canh huyén 04 bang a . Bén ngoai tam giac OA/4,,
v& tam gidc OA, 4, vudng can tai 4,. Tiép theo, bén ngodi tam gidc OA4,4,, v& tam giac 04,4,
vudng can tai 4,. Cu tiép tuc qué trinh nhu trén, ta vé dugc mot day cac hinh tam gidc vuong
can (Hinh 2).

A,
A, I
. 5 () """""" -------------
e a
Hinh 2
Tinh d¢ dai duong gép khuc 44,44, -
Loi giai

Ta ¢6 céc goc A OA,, 4,04, A,O4,,... déu bing 45 . Ta co:

2

A A, =04, =04, -cos45 = a=

2
A, A, = 04, = O4, .cos45’ —a£ £=a£ﬁj;
2 2
2 3
A3A4:OA4:OA3'COS450=CI(%J ~g:a[gj ..

Vay d6 dai cac doan théng AA,, A4, A A,,... tao thanh cép s6 nhan 1ui v6 han véi sd hang

dau bang # va cong boi bang g Do d6, do dai duong gap khuc AA,4,4,... 1a

a\/_ 1 a\/_ a\/_
== [ A 2 {(2++2) =a(1++/2).

1=V~
Cho tam giac déu ABC c6 dd dai canh béng 1. N&i céc trung diém A4,B,,C, cua cac canh
BC,CA, AB ta dugc tam gidc déu 4,B,C,. Tiép tuc ndi cac trung diém 4,,B,,C, cia cac canh
B,C,,C, A, A,B, taduoc tam gidc déu A,B,C, , thuc hién qua trinh nay dén vé han. Goi S, 14 dién
tich ctia tam giac déu 4,B,C, .

a) Tinh S

b) Tinh tong dién tich cac tam gidc déu 4,B,C, thu dwoc

¢) Tinh tong céc d0 dai [ = A4, + A A, + A, A, +..+ A_ 4, +...
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Cau 5:

CHUYEN DPE IIl - TOAN — 11 - GIOI HAN — HAM SO LIEN TUC

A

a) Dién tich tam gidc ABC la: S = ?

Ta co: §, :%SO,S2 :% 1S ziSz,.... Do d6 {S,} 1a mot cap s6 nhan vai cong boi ¢ :%
V3(1Y _\3
= SS = Sl'q7 = So.qg :T(Zj :?

b) Tong dién tich cac tam giac déu 4 B C. 1a tong cuia mot CSN 1ui vo han voi cong bdi g = % .

n-n-n

Do d6 téng dién tich 1a
]
l-qg 12
c)Dit u, = AA4,,u, = AA4,,u; = 4, A4,,...u, =4 A, ,taco:

NE) 1 1 1

. . . 1
u, 27,% :Eul,u3 =Eu2,...,un —Eun_l,...:> {u,} 1a mot CSN 1ui v6 han véi cong boi ¢ =3

S=8+8+85+.+5,+...=

Cho dudng tron (C) tam O, ban kinh 7 =20cm . V& duong tron(C,) di qua tim O va tiép xuc
véi (C), v& dudng tron (C,) di qua tam cua (C,) va tiép xtre véi (C,). Tiép tuc qua trinh nay

dén v6 han. Ta t6 mau phan ngoai ctia hinh tron méi theo quy luat nhu hinh v& dudi day. Tinh
dién tich toan bo phﬁn t0 mau.
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Caiu 6:

CHUYEN DPE IIl - TOAN — 11 - GIOI HAN — HAM SO LIEN TUC

Dién tich hinh tron ban dau 1a S, = 4007 (cm’ )
Goi S, 1a dién tich cta hinh tron (C,) = {S,} 1a mot cap sb nhan véi cong boi ¢ = %

Goi u, 1a dién tich phan t6 mau & budc thir 7, khi do:
1 1 1
U =5S0 —Sl;uz =ES1 —Sz;...,un =5Sn71 —Sn

Téng dién tich phan t6 mau 1a:
S=u +u,+.+u, +...=%(S0 +8 4S8, )= (S + S8, +..+ S, )

1 1
=550 _5(51 +8, +..+S,, )

=200n—l. 5
l1-¢q

[\

400
=—7 (cm2 )
3
Cach khac: Dién tich phén t6 mau & budc nao thi bﬁng dién tich cta hinh tron tao méi & budc

do

Do d6: S=u +u, +..+u, +..=8§+S,+..+§, +...=

lflq =ﬂ7z(cm2).

T hinh vudng c¢6 d6 dai canh bang 1, ngudi ta noi cac trung diém cua canh hinh vuéng dé tao ra
hinh vuéng moi nhu hink bén duoi. Tiép tuc qua trinh nay dén vo han.

©
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Cau 7:

CHUYEN DPE IIl - TOAN — 11 - GIOI HAN — HAM SO LIEN TUC

a) Tinh di¢n tich S, cua hinh vuéng dugc tao thanh ¢ budc thir n;
b) Tinh tong dién tich cua tat ca cac hinh vudng dugc tao thanh.
Loi giai

a) Goi S, 1a dién tich cua hinh vuong tht 7.
2
Taco: S, =1;S, 21;83 :[1) jees
2
. . 3 . 1
Day (S,) lap thanh cap s6 nhén c6 s0 hang dau S, =1 va cong boi g = 5
1 n-1
Khi d6 ta c6 cong thiic tong quét 1a: S, = [Ej .

b) Ta co: |g| = % <1 nén ddy (S,) trén 1ap thanh mot cép s6 nhan Iui han nén ta c6:

2 3 n—-1
S:1+l+ 1 + 1 +...+ 1 +...:L:2.
2 \2 2 2 1_1
2

Vay tong dién tich ctia cac hinh vudng 14 2 (dvdt).

C6 1 kg chat phong xa doc hai. Biét rang, ctr sau mot khoang thoi gian 7 = 24000 niam thi mot
nira s6 chat phong xa niy bi phan ra thanh chéat khac khong doc hai dbi vai sirc khoé ciia con
nguoi ( 7 dugce goi la chu ki ban ra).

(Nguon: Pai s6 va Gidi tich 11, NXB GD Viét Nam, 2021)

Goi u, 1a khéi luong chét phéng xa con lai sau chu ki thi .
a) Tim s6 hang tong quét u, cta day sb (u,).
b) Chimg minh rang (u, ) c6 gi¢i han1a 0.

¢) Tir két qua cau b), ching t6 rang sau mot s6 nim nao d6 khdi lugng chat phong xa di cho
ban dau khong con doc hai ddi voi con ngudi, biét rang chat phong xa nay sé khong doc hai

nira néu khdi lugng chit phong xa con lai bé hon 107 g.

Loi giai
2
1 1
a) Taco: u, =Lu, =—;u, Z(EJ ;
Suy ra (un) 1ap thanh mot cap s6 nhan c6 s6 hang dau u=1vag=—=co s6 hang téng quat la:
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Cau 9:

CHUYEN DPE IIl - TOAN — 11 - GIOI HAN — HAM SO LIEN TUC

n-1
Dé chét phong xa bé hon 10°( g) thi GJ 10°<10° < n>30.

Vay can it nhat 31 chu ki twong Gmg véi 744000 nim khdi lugng chat phong xa da cho ban dau
khoéng con doc hai d6i véi con nguoi.

Goi C 1a ntra duong tron duong kinh 4B =2R, C, la duong gdm hai ntra duong tron duong

kinh Q,C2 1a duong gdm bdn nira dudng tron duong kinh %, C, la duong gém 2" nira

duong tron duong kinh é—f, ... (Hinh bén dudi).

A7 0 B
Goi p, ladg daicua C,,S, 1a dién tich hinh phang gidi han boi C, vadoan thang 4B .
a) Tinh p .S, .

b) Tim gi6i han cua cac ddy s6 (p,) va (S, ).

Loi giai
) Taco: p =278 carip, =28 arip =2 R aRrep, =20 "R 2R
2 2 2 2"
RY RY RY RY
2) xR 2) 2R ) R ") R
Taco: S, =2 =—;8,=2’ =8, =20t =T S =2 =
22 2 22 2

n+l

2
b) Ta co: limp, =7R. lim S, :lim[ﬂR j:O.

Tir d cao 55,8 m cua thap nghiéng Pisa nude Y, ngudi ta tha mot qua bong cao su cham xudng
A ) A 7. .o 5 X+ 1A A 5 J . 5 A A M 1 A \
dat ( hinh bén dwoi). Gia st moi lan cham dat qua bong lai nay 1én do cao bang m do cao ma

qua bong dat dugc trude do. Goi S, 1a téng d6 dai quing duong di chuyén cua quéa bong tinh tir

lc tha ban dau cho dén khi qua bong d6 cham dét » lan. Tinh lim S, .
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Cau 10:

CHUYEN DPE IIl - TOAN — 11 - GIOI HAN — HAM SO LIEN TUC

Hinh 18
Loi gidi

Goi u, 1a day s6 thé hién quing dudng di chuyén cua qua bong sau mdi 1an cham dat.

1 1 2 1 n—1
Taco:u, =558u, =—uju, =| — | u;..cu,=|— | u.
10 10 10

Khi d6 ddy (u,) 14p thanh mot cap s6 nhan 1ui vo han c6 s6 hang dau u, = 55,8 va cong boi

q:% thoa man |q|<1.

Taco: S =u +u,+...+u, =u11—= ,

Suy ra lim S, =lim| 55,8 =
1 1
1-— 1-—
10 10

1 n
o)
10) |_ 558 _6m

Vay téng d6 dai quing dudng di chuyén cua qua bong tinh tir liic tha ban dau cho dén khi qua
bong d6 cham dat n 1an 1462 m .

Cho mét tam giac déu ABC canh a. Tam gidc 4 B,C, c6 cic dinh la trung diém cic canh ctia
tam gidc ABC, Tam giic 4,B,C, c6 cac dinh la trung diém céc canh ctia tam giac 4,B,C,,..., tam
P

PEXE

giac 4,,B,,,C ., co cac dinh Ia trung diém cac canh cta tam giac 4 B C, .Goi B

n+1"n+1 n""n""n,. 1° 2’“"

va §,,S,,...,S,,... theo thir ty 1a chu vi va dién tich ctia cic tam giac 4, 5,C,, AszC2 y.oen ABC,

1. Tim gi6i han cta céc ddy s6 (P,) va (S,).

n

2. Timcactong P+P +..+P +... va S+ S, +..+ 8, +...

A
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CHUYEN DPE IIl - TOAN — 11 - GIOI HAN — HAM SO LIEN TUC
Loi giai
a) (p,) la day s6 chu vi clia céc tam gidc theo tht tu ABC, 4,B,C,,...

Taco: p, =ppc =a+a+a=3a;

P2 = Paupe =555 =

1 n—1
pAA”BnC”:[Ej “Pise--

Suy ra:
1 n—1 1 n—1
limp, = hm{igj -(3a)} = lim(E) -1im(3a)=0.3a=0.

(S,) 1a day s6 chu vi clia cac tam giac theo tha ty ABC, 4,B,C,,...

a3
>

Goi h 1a chiéu cao ciia tam giac ABC va h=

Ta co:
S, =S, asc ah,

lah 11 1 ’
=50 =55 55 (9455

n—1 n-1
Suy ralim§, = lim| 1 -S, |=1im| 1 -lim| lah = O-lah =0.
n—o0 n—o| \ 4 n—o\ 4 n—o\ 2

b) Ta c6 ( p, ) la mot cap so nhan lui vo han véi so hang dau p, =3 a va cong bdi g = 5 thoa

man |q| <1 co tong:

3a _ 64

P=p+p,+...+p +...= I
1-=

2
~ 4 \ A A A A N . A e A A 1 \ A A 1

+) Ta cling c6 (Sn) 1a mot cap so nhan Iui vo han véi so hang dau S, =E ah va cong bdi ¢ ZZ

i lah 2
th()amﬁn|q|<1 co tong: Sn:S,+S2+...+L5'n—|-...:2 :Eah

_
4

Page 8
Swu tdm va bién soan



CHUYEN DPE IIl - TOAN — 11 - GIOI HAN — HAM SO LIEN TUC

Cau 11: Cho tam gidc OMN vudng can tai O, OM =ON =1. Trong tam gidc OMN , v€ hinh vudng

Cau 12:

OA,B,C, sao cho cac dinh 4,,B,,C, lan luot nam trén cac canh OM, MN,ON . Trong tam giac
AMB,, v& hinh vuéng A4 4,B,C, sao cho cac dinh 4,,B,,C, lan lugt nam trén cic canh
AM ,MB,, AB, . Tiép tuc qua trinh d6, ta dugc mot day cac hinh vudng (Hinh 3). Tinh tong dién
tich cac hinh vudng nay.

0 4 L, 4, M

Hinh 3
Loi giai

Do dai canh cuia cac hinh vudng lan luot 1a

1 1 11 (1Y 1 11y (1Y
GIZEQQZZEGIZE'EZ E ;a32561225' E - E e

Di¢n tich ctia cac hinh vudng lan luot 1a

s=i=(1] =2§
SIRos
BIECIEGOE

I3 [N , \ A A A \ e A 1o A A \ 1 \ A
Céac dién tich S,,S,,S;,... tao thanh cap so nhan 1ui vo han véi s6 hang dau la S, = 2 va cong

boi bang % Do d0, tong dién tich cac hinh vuéng 1a S =% ! =3
1-—
4

Trong mit phang toa dd Oxy , duong thang d : x+ y =2 cit truc hoanh tai diém A va cit dudong
2n+1

thang d, :y = x tai diém P, (n eN *) Ki hiéu §, 1a dién tich cua tam giac OA4P,. Tim

lim§, .
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Cau 13:

CHUYEN DPE IIl - TOAN — 11 - GIOI HAN — HAM SO LIEN TUC

\ v

A
\2 Cj”;_-— 2n+1

d

P..‘
0 A
2 x
Hinh 4
Loi giai
A(2;0);P 2n ;4n+2 ;OA:Z;APH=4n+2-\/§;O/ﬂ’n:45°.
3n+1 3n+1 3In+1
Sn=lOA-APn-sina{\T:l.2.4n+2. 2.£=4n+2
2 2 3n+1 2 3n+1
2
4+—
limsS, = lim 22 _jim n_2
3n+1 340
n

Goi C la ntra duong tron duong kinh 4B =2R, C, la duong gdm hai ntra duong tron duong

kinh A_2B, C, la duong g6m bdn nira duong tron duong kinh AT?,. .. C la duong goém 2" nira

duong tron duong kinh %,. .. (Hinh 4).

Goi p, 12 d9 dai cia C,,S, 1a dién tich hinh phing giéi han béi C, va doan thang 4B .

a) Tinh p ,S, .

i 19 B
Hinh 4 o

b) Tim gidi han clia cac diy s6 (p,) va(S,).

Loi giai
, TR 7R 7R 7R nR
) Tach: p =iy =T = i =T =

. . . g . R ) 1
(p11 ) lap thanh mdt cap s6 nhan 1t vo han véi so hang dau p, = % va cong boi q = 5 <1co

7R
2

: i 1"
s0 hang tong quat p, =—- 5]

Swu tdm va bién soan
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Cau 14:

CHUYEN DPE IIl - TOAN — 11 - GIOI HAN — HAM SO LIEN TUC

. TR? TR’ 7R’
+)Tacod: C, = 1 ;C, ZT;Q =

e

2
(C,) 1ap thanh mot cap s6 nhan 1ui v6 han v6i sO hang dau C, = d

va cong boi q=%<1 co

s6 hang tong quat C R (1 .
Cho hinh vudng canh 1 (don vi d6 dai). Chia hinh vudng d6 thanh bén hinh vudng nho bang
nhau, sau d6 t6 mau hinh vuong nhé goc duédi bén trai (H.5.2).

Lap lai cac thao tac nay véi hinh vudng nho goc trén bén phai. Gia stir qua trinh trén tiép dieén vo
han lan. Goi u,,u,,...,u,,... 1an lugt 1a do dai canh cta cac hinh vudng duoc t6 mau.

a) Tinhtong S, =u, +u, +...+u,.

b) Tim S = lim S, .

n—>+o0
Loi giai
a) Ta co: u, 1a d6 dai canh cta hinh vuéng dugc t6 mau tao tir viéc chia hinh vudng canh 1 thanh

. 1
4 hinh vudng nho bang nhau, do do u, = 5

,, . 1 1 1
Cu tiép tuc nhu the, ta dugce: u, :Eul,% =Eu2,...,un :EuH,...

Do vay, d¢ dai canh cia cac hinh vudng dugc t6 mau 1ap thanh mot cap s6 nhan véi so6 hang dau

| N 1
u, :5 va cong boi q:E.

Do d0, tong cua n so hangdaula S, =u, +u, +...+u, = =

Swu tdm va bién soan



Cau 15:

CHUYEN DPE IIl - TOAN — 11 - GIOI HAN — HAM SO LIEN TUC

b) Taco: §=1lim §, = lim (1—(%) J: lim 1- lim (%j =1-0=1.

n—>+00 n—>+0 n—>+00 n—>+00

Cap s6 nhan vo han (un) c6 cong bdi g voi | g |<1 duge goi 1a cap so nhan 1ui vo han.

X X NPT L. A e .1, ul(l_qn)
Cho cap s6 nhan lui v6 han (un) véicong boi g. Khidd S, =u, +u, +...+u, = " .
—-q

Vi |g|<1nén q" — 0 khi n — 400 Do do, ta co

lim S, = lim | ———| 2 |g" | =,
n—>+o0 n—+wo l_q l_q l_q
bé don gian, ta gid st Achilles chay véi van tbc 100km / b, van tdc cuariala 1km/h va khoang
cach ban dau a =100(km) .

a) Tinh thoi gian #,,1,,...,¢,,... tuong ing dé Achilles di tir 4, dén 4,,tir 4, dén 4,,...,ti 4,
dén A4

UISERRR

b) Tinh tong thoi gian can thiét dé Achilles chay hét cac quing dudng A A,, A,4,,..., A, A, .,

tic 1a thoi gian can thiét @& Achilles dudi kip rua.
¢) Sai lam trong lap luén ctia Zeno 1a ¢ dau?

Loi giai

ol
P! >
) =

O 2 O
R R
Ta cd: Achilles chay véi van tbc 100km / h, van tde cuaria la 1km/h.

a) Dé chay hét quing duong tir 4, dén 4, véi A4 A, = a =100(km), Achilles phai mat thoi gian

100 e
t = 100 =1(h). Véi thoi gian ¢, nay, rua da chay dugc quang duong 4, 4, =1(km).

Pé chay hét quing dudng tir A4, dén 4, vo1 A,A, =1(km), Achilles phai mét thoi gian

1 1
——(h). Véi thoi gian ¢, nay, rua da chay dugc quang duong 4, A4, = ——(km).

t,=
100 100

14 2 14 14 1
Tiep tuc nhu vay, dé chay hét quang duongtr 4 dén 4 +1vé1 4 4, +1= 00" (km), Achilles

(h)...

, 1
hai mat thoi gian ¢ =
p g n 10071—1

b) Tong thoi gian can thiét dé Achilles chay hét cac quang duong A4, 4,, 4, 4,,..., A, A, +1,..., tic
1a thoi gian can thiét dé Achilles dudi kip rua 1a

1 1 1 1
et ——
100 100 100 100

+...(h)
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Cau 16:

CHUYEN DPE IIl - TOAN — 11 - GIOI HAN — HAM SO LIEN TUC
Do 14 tong ctia mot cap s6 nhan 1ui vo han véi u, =1, cong boi, nén ta co

100
99

1
—lg(h)

. wr |
Nhu vay, Achilles duoi kip rua sau IE gio.

¢) Nghich 1y Zeno chi dung véi diéu kién 1a tong thoi gian Achilles chay hét cac quang dudng
dé dudi kip rua phai 1 v6 han, con néu no hitu han thi d6 chinh 13 khoang thoi gian ma anh bat
kip dugc rua.

Mot bénh nhan hang ngay phai udng mot vién thude 150mg . Sau ngay dau, trudc mdi 1an udng,
ham luong thudc cii trong co thé van con 5%. Tinh lugng thude ¢ trong co thé sau khi uéng
vién thudc ciia ngay thir 5. Udc tinh lwong thude trong co thé néu bénh nhan sir dung thudc trong
mdt thoi gian dai.

Loi giai
Luong thudc trong co thé bénh nhan sau khi udng vién thudc ciia ngay dau tién 1a 150mg .
Sau ngay dau, trude mdi 1an udng, ham lugng thude cii trong co thé van con 5%.
Do d6, luong thudc trong co thé bénh nhan sau khi uéng vién thude ctia ngay thir hai la
150+150-5% =150(1+0,05)
Luong thude trong co thé bénh nhén sau khi ubng vién thudc cta ngay thi ba la
150+150(1+0,05)-5% =150+150(0,05+0,05” ) =150(1+0,05+0,05°)
Luong thudc trong co thé bénh nhan sau khi udng vién thude ciia ngay thir tu 14
150+150(1+0,05+0,05%)-5% =150(1+0,05+0,05" +0,05)
Luong thudc trong co thé bénh nhéan sau khi udng vién thudc ciia ngay thir nam la
150+150(1+0,05+0,05> +0,05" )- 5% =150(1+0,05+0,05” +0,05" +0,05* )
=157,8946875(mg).

Cu tiép tuc nhu vay, ta udc tinh luong thude trong co thé bénh nhan néu bénh nhan st dung thube
trong mot thoi gian dai la

§ =150(1+0,05+0,05 +0,05° +0,05* +...)
Lai ¢6 1+0,05+0,05% +0,05° +0,05* +... 1a tong cta cip sé nhan 1ui vo6 han v6i sb hang dau
u, =1 vacong boi ¢ =0,05.

u 1 _@
l-¢g 1-0,05 19

Do d6, 1+0,05+0,05>+0,05° +0,05* +...=

Page 13
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Cau 17:

Cau 18:

CHUYEN DPE IIl - TOAN — 11 - GIOI HAN — HAM SO LIEN TUC

Suy ra S=150-&=ﬂ.
19 361

Cho tam giac vuéng ABC vudngtai 4,cd AB=h vagoc B bang « (hinh bén dudi).

T A ké A4 L BC,tht A ké A A, L AC,saudo lai ké 4,4, L BC . Tiép tuc qua trinh trén, ta
duoc duong gip khuc vo han AA A, 4, ... Tinh 46 dai duong gép khiic nay theo 4 va « .

Loi giai
Tam giac A4 B vuongtai 4 c6 AB=h va.
Do do, A4, = ABsinB=hsina .
Ta c6: B+BAA =90° va AAA, +BAA =90", suyra A A4, =B=a.
Tam gidc A4, A, vuong tai 4, nén A, A, = A4, sin 4 A4, = hsina-sina = hsin’ o .
Vi AB 1L AC va A A, L AC nén AB//A, 4,, suy ra 22::11\/13 = B=a (2 goc ddng vi).
Tam gidc A A, A, vuong tai 4, nén A, A, = A, A, -sin A, A A, = hsin’ & -sina = hsin’ a.
Tam giac 4, 4; A, vudng tai 4, nén A4, A, = 4, 4, -sin m = hsin’ @ -sina = hsin* a .
Cu tiép tuc nhu vay, ta x4c dinh dugc 4,4, =hsin" «.
Taco: A4 AA,...= A4+ AA, + A A, +..+A A +...
=hsina +hsin’ @+ hsin’ a +...+hsin" a +...
Vi goc B la gbc nhon nén sin B=sina <1,do do |sina |<1.

Khi do, d¢ dai cua duong gap khic vo han A4, 4, 4, ... 1a tong cua cap sO nhan lui v han véi

s0 hang dau u, = hAsina va cong bdi g =sinc .

Do d6, Ad, 4, 4,...— ‘4 - frsina

1—-¢q C1-sina

Mot cong ty san xuat may tinh di xac dinh duoc rang, tinh trung binh mot nhan vién cé thé lip
50t x. . iy
rap duge N (¢)=-——(¢>0) bd phan mdi ngay sau ¢ ngay dao tao. Tinh lim N (¢) va cho biét

t+4 t—+00
¥ nghia cua két qua.

Loi giai
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Cau 19:

Cau 20:

CHUYEN DPE IIl - TOAN — 11 - GIOI HAN — HAM SO LIEN TUC

Tacé: TimN (1) = lim 2 = lim— % = lim—2 =50,
t—+o0 t>+oof + 4 to+e 4 t—>+o0 4
t(1+) 1+—

t

Y nghia: Téi da mot nhan vién chi c6 thé 1ap dugce 50 bd phan mdi ngay.

Chi phi (don vi: nghin dong) dé san xudt x san pham ctia mot cong ty dugc xac dinh boi ham
s6: C(x)=50000+105x.

a) Tinh chi phi trung binh C(x) dé san xuat mdt san pham.

b) Tinh lim C(x) va cho biét y nghia cua két qua.

Loi giai

a) Chi phi trung binh C(x) d€ san xuat mt san pham la:

= 50000+105 .
C(x) Rl (san pham).
50000
x( + 105)
b) Ta co: lim C(x)= limw: lim al = 1im(50000+105j:105.
X—>+o0 xX—>+00 X X—>+o0 X X—>+ao0 X

Y nghia: Khi s6 san phim san xut ra ngay cang nhiéu thi chi phi trung binh chi t6i da 1a 105
nghin dong.

Ngudi ta lam dén tre nhu hinh bén, cac hinh tron chong
1én nhau. Trong d6 tinh tir dudi 1én hinh tron 16n nhét

C, ban kinh R=50(cm), hinh tron C, ¢ ban kinh

bang % ban kinh ctua duong tron C,, hinh tron C; ¢6

ban kinh bang % ban kinh ctua duong tron C,. Cu tiép

tuc nhu vay, nhan dugc day hinh tron C,,C,,C,,...,C,,.... Tinh téng chiéu dai cac thanh tre da
lam chiéc dén tre.

Loi giai
Goi B,P,,P,...,P,.. 1an luot 1a chu vi cta cac hinh tron c¢.G,G,....C ,....

Tong chiéu dai cac thanh tre da 1am nén chiec deén 1a :

2 n—1
p=B+P+P+..+P +..=27R+27 iR +7| R 2 +.+7| R 2 +...
10 10 10

2 n-1
:ZﬂR[1+%+(2j ++(ij +...J:Z.ﬂ.SO.;:3140(cm):3l,4m.

10 10 -2

10

9 (9Y (9" y .
Chu y: day so 1,—,| — | ,...,| — | ... lacap so nhan lui vo han.
=R YR M0 [10) (10) P

Page 15
Swu tdm va bién soan
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Cau 21: Nguoi ta 1am 16 thong gié ciia mot ngdi nha bang cach ghép mot diy hinh tron ¢ cing ban kinh

1a 3cm , theo cac bude nhu Hinh 2. Ki hiéu u, (don vi dién tich) 1a dién tich hinh tron ghép dugc

¢ budc thir n.

D

D 1

Budc 1 Buoce 2 Bude 3 Bude ... Bude n
a) V6i n nhu thé nao thi u, vugt qua 900007;90000007 ?

b) Vi n nhu thé nao thi u, vuot qua 45m>?

Loi giai

a) Goi ,,,uy,...,u, 1an lugt 14 dién tich céc hinh tron (cm®) twong timg tir céc budce 1,2,3,...,n.

Ta co:

u =n3=1"r3
u, =473 =223

u,=9.7.3° =313

2 2
u = n.u.r3

n

Ta xét u, >900007 < n°.7.3* > 900007 = n >100.

Vay n>100 thi u, vugt qua 900007 hinh tron.

Ta xét u, >90000007 < n’°7.3* > 90000007 = n >1000.
Vay n>1000 thi u, vuot qua 1000000 hinh tron.

b) Xét u, > S < n’ 7.3’ > 450000 < n’ >

50000
/s

= n>15923,5668

Vay véi n>15924 thi u, vuot qua 45m”.

Céu 22: Cho hinh vudng c6 canh bang a(m) , goi 1a hinh vuéng H, . Néi cac trung diém cua H, dé tao

thanh hinh vuéng H,. Tiép theo, ndi cac trung diém cta H, dé tao thanh hinh vuéng H,. Ct

tiép tuc nhu vay, nhin duoc day hinh vuéong H,,H,,H,,....H,,....
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a) Tinh dién tich S, cua H, vatinh lim S, .
b) Tinh chu vi p, cua hinh A, vatinh limp, .
Loi gidi

a) Taco: S, :az(mz); S, =[a%) (mz); S, =£a%} (mz); S =£a(%] J (mz),...

n-1 2 n—1
limS, lim(a(gJ } =1im[a2 Gj J:a2.0=0

b) p, =4a(m), p, :4a£(m),p3 =4a \/Eﬁ(m)""’pn :4‘{%J 7 (m),...

n-1 n-1
lim p, =lim4a ﬁ =4alim (Lj =4a.0=0.
2 V2

Cau 23: Bt dau hang mot hinh vuéng H , canh bang a (m) (hinh A ). Chia hinh vudng H, thanh chin
hinh vuéng bﬁng nhau, bo di bén hinh vuong, nhan dugc hinh H,. Tiép theo, chia mdi hinh
vuodng ctua H, thanh chin hinh vudng roi bo di bon hinh vudng, nhan duge hinh H,. Tiép tuc

qua trinh nay, ta nhan dugc mot day hinh 4, (n=0,1,2,3,...).

OO 0OOg ‘;Lf 23
£
O ] o o
[
) e
O 0 R X TR
OO OO jﬁﬂf o
H, H, I, o,

. : 1
Ta c6: H, ¢6 5 hinh vudng, moi hinh vudng c6 canh bang Ea(m);

H, c6 5.5=5 hinh vuéng, mdi hinh vuéng c6 canh bang a= —a(m);....

11
3°3

Tir d6, nhan dugc H, c6 5" hinh vudng, mdi hinh vudng c6 canh bang %a (m).

a) Tinh téng dién tich S cua H,,i=0,...,n,... vatinh limS.
b) Tinh tong chu vi p cua hinh H,,i=0,..,n vatinh limp.
Loi giai
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Goi S,,5,,5,,85,..,3 ... 1an luot 1a dién tich cua cac hinh vudng H,,H.,H, H,,...H,...

2 2 2
S:S0+SI+S2+...+Sn+...=a2+(a§j +[a3izj +...+(a%) +...

b b8
9 9

Chi y: day sb 1, 5’ —,... 1a cp s6 nhan lui v han.

seees

GOL Py, Pis Pys Pyoeees Ppyoeee 1an luot 1a chu vi cia cac hinh vuong H,,H,,H,,H,,....H ,....
1 1 1 I 1 1
pP=p,+tp+p,+..+p, +.. :4a+4a§+4a3—2+...+4a9—n+... =da|1+—+5+..+—+...

9”
n+l n+l
) )
=4a——~—(m) 6

;limp:lim4a—1: a(m).
1-- 1-—
3 3
oo o« 1] 1 S SR T A
Chu v: day so 1,5,3—2,...,?,... la cap so nhan lui vo han.

Chu 24: Goi C 1a nira duong tron duong kinh 4B =a(m),

C, 1a dudng goém hai nira dudng tron duong kinh% ,
C, 1a duong gébm bdn nira dudng tron duong kinh% yee

C, 1a duong gdém 2" nira duong tron duong kinh% -

a(m)

Goi p, 1a d¢ dai ciaC,, S, 1a dién tich hinh phang giéi han boi C, va doan thing AB .
a)Tinh p , S,.

b) Tim gi6i han cua céc ddy s6 (p,) va (S, ).
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b) imp, = lim(Z"ﬂ 2f+1 j = %aﬂ .

2 n
lims, =lim2" 7| -2 | =La?ztim{ 1] =o.
") 4 2

Céu 25: Mot cai hd dang chira 600m° nude min véi ndong 46 mudi 20kg / m*. Nguoi ta ngot hda nude

trong hd bang cach bom nude ngot vao hd véi toc do 10m’ / phut.
a) Viét biéu thire C(¢) bi€u thi ndng d6 mudi trong hd sau ¢ phut ké tir khi bat dau bom.

b) Tim gidi han lim C (t) va giai thich y nghia.
t—>+0

Loi giai

a) Thé tich nude ngot bom vao sau ¢ phut 1a: 10¢ (m?).

Khéi lugng mudi 13: 600.20 =1200kg (kg).

Thé tich hd sau khi bom nuéc bién vao la: 600+10¢ (m?).

Nong 6 mudi ctia nudc trong ho sau ¢ phut ké tir khi bat dau bom la:

1200
(1) =—22 (ke /m?).
(¢) 600+10t( g/m)

1200
b) Taco: lim C(r)=lim ————=0 (kg /m").
) Tacs: fim C ()= lim o =0 e/ m)

Vay sau mot thoi gian bom nudc ngot vao hd thi ndng do mudi trong hd 13 0 (kg / m’ )

Céu 26: Trong hd c6 chira 12000 lit nude ngot. Ngudi ta bom nude bién c6 ndng do mudi 1a 40gam / lit
vao hd véi tée do 20 lit/phut.
a) Chung to rang ndng do mudi ctia nude trong hd sau ¢ phit ké tir khi bat dau bom 1a

40¢
C(t)= am/lit) .
() 600 +¢ (g )
b) Nong do mudi trong hd nhu thé nao néu bom nude vao hd mot thoi gian dai (xem nhu ¢ — +oo

).
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Loi giai
a) Thé tich nude bién bom vao sau ¢ phut 1a: 20z (lit).
Khéi lugng mudi 1a: 40.20¢ =800¢ (gam).
Thé tich hd sau khi bom nuéc bién vao 13: 12000+ 20z (lit).
Nong d6 mudi ctia nude trong hd sau ¢ phut ké tir khi bat dau bom la:

800 40
120004207 600 +1

C(1)

b) Taco : lim C(r) = lim —"
t—>+0 t—>+0 600 + ¢

Vay khi bom nudc vao hd mot thoi gian dai thi ndng do mudi trong hd bang 40 (gany/lit), twong

(gam/lit) .

=40 (gam/lit).

duong v6i nong d muodn trong nudce bien.

Céu 27: Mot thau kinh hoi ty ¢ tiéu cy 1a />0 khong doi. Goi d va d' 1an luot 14 khoang cach tir vat

. ; I 1 1 d
tht va anh ctia né t6i quang tim O cua thau kinh. Ta c6 cong thirc: —+—=— hay d'= &
d d f d—f
e T A " Ao A o
Xétham so g (d ) = I 7 Tim cac gidi han sau day va giai thich y nghia.
li .
D fipe(d)
b) limg (d).
r-————f——-b-——f———-h-l
B | |
. r_ A
Al F O
| B
o memem e S -
d d
Loi giai
. . df A . ~ 1s POy S WP | , \ - A
a) limg (d ) = lim W = +o0; Di€u nay co6 nghia la khi vat tién vé tiéu diém chinh thi anh tién
d—)f+ d_)f+ —_
vé v cyc cua thau kinh hoi tu.
. . d <A . 4 2\ e N .
b) dhm g (d )= dhm gﬁ = f . Diéu nay c6 nghia la khi vat tién vé ¢ vo cuc thi dnh tién vé ticu

diém chinh cua thdu kinh héi tu.
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Cau 28: Mot xudng san xuit non bao hiém, tinh trung binh mdi nhéan vién c6 thé lap rap duoc sé non bao
600¢

hiém dugc tinh theo biéu thiuc N (1)= —10,(0 <t) v6i t ngay. Tinh lim N (¢) va cho biét y
t+ t—>+co
nghia cia két qua.
Loi gii
tim V(1) = lim 2% _ 600.
t—+0 t->+0 x 4+10

V6i thoi gian 1am viée 13 v6 han ma sé non bao hiém nhan vién lip rap trung binh 13 600 cai. Vay,
do ning suét con ngudi c6 han, nén du ¢ ting thoi gian 1am viée 1én thi sé lugng san pham
trung binh khong vugt qua gidi han nay.

Ciu 29: Mot co sO san xuat bép gas, tinh chi phi san xuat x (san pham) xac dinh boi ham sé:
C(x)=200+120x (ngan dong).
a) Tinh chi phi trung binh (_7(x) dé san xuat mot san pham.
b) Tinh lim E(x) va cho biét ¥ nghia cta két qua.
Loi giai
a) Chi phi trung binh C(x) dé san xuat mot san pham

()= C(x) _200+120x ()= 200+120.1 _ (ngan dong).
X X
b) lim C(x)= lim 220 H120X 359,
X—>+o0 X—>+o0 X

Véi s6 san pham san xuat ting 1én v6 han ma chi phi san suat trung binh mot san pham van 1a 320
ngan dong. Vay, sO san pham san xuat ting bao nhi€u di nita thi chi phi san xuat san pham
trung binh mdt san pham cling khong vuot qué gidi han nay.

Cau 30: Mot hing taxi dua ra gia cude cho loai xe 4 chd nhu sau:

Loai xe Gia cuére cho 1km Gia cudc cho km thir | Gia cwée cho km thi
diu tién 2 dén km thi 25 26 tré 1én
VF 5 plus 20.000 dong/ km 15.000 dong/ km 15.000 dong/ km

(qua 1 km dau dugce tinh cho km thir hai, qua km thtr 25 dugc tinh cho km thr 26).
20000 khi 0 <x<1
Gia cude duoc biéu dién boi ham sd T'(x) = {20000 + (x —1).15000 khi 1<x <25
380000 + (x —25).14000  khi x > 25.
Xét tinh lién tuc ctia ham sb T(x), véi x(km).
Loi giai
+ Tai x, =1 taco:

T(1)=20000; lim T (x)= lim 20000 = 20000

x—>1" x>0

lim 7 (x) = lim[ 20000 +(xx~1)15000 | = 20000

Vi lim 7 (x) = lim 7' (x) =7 (1) nén ham so 7(x) lién tuc tai x, =1

+ Tai x, =25 ta co: T(25)=20000+(25-1)15000 = 380000
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lim 7'(x) = lim | 20000+ (x—1)15000 | = 380000

x—257 x—257
lim 7'(x)= lim [380000+(x—25)14000 ] = 380000
x—25" x—>25%

Vi lim 7(x)= lim 7(x)=T7(25) nén ham $6 T(x) lién tyc tai x, =25.

x—257 x—25"

Vay ham s6 T (x) lién tuc

Cau 31:

gi4 ban 1¢ dién chua bao gdm thué gia tri gia ting, cu thé:

kWh Gia tién (dong/ kWh)
Ttr 1 dén 50 1,728
Tir 50 d&én 100 1,786
Tur 101 dén 200 2,074
Tir 201 dén 300 2,612
Tir 301 dén 400 2.919
Tur 401 tré 1én 3,015
1,728 khi 0 < x <50

1,728 +(x—50).1,786  khi 50 <x<100
91,028+ (x—100).2,074 khi 100 < x <200
298,428 + (x —200).2,612 khi 200 < x < 300
559,628 + (x —300).2,219 khi 300 < x < 400
781,528+ (x —400).3,015 khi x > 400

Gia tién dugc biéu dién boi ham s0 7' (x) =

Xét tinh lién tuc ctia ham s6 7'(x), véi x(kWh) )
Loi gidi
+ Tai x, =50 ta co:
T(50)=1,728
lim 7'(x)= lim 1,728 =1,728; lim T'(x)= xlirsr(}+[l,728+(x—50).1,786] =1,728

x—50" x—50" x—50"
Vi xlﬁilsr(}T(x)=xlﬂir5r01+T(x)=T(50) nén ham s6 7'(x) lién tuc tai x, =50
+ Tai x, =100 ta co:

T(IOO)=1 728+(100—50).1 786=91,028

lim 7(x)= lim [1,728+ (x~50).1,786] =91,028

x—100" x—10!

lim 7'(x)= lim [91,028+(x—100).2,074]=91,028

x—>100" x—100"

Vi lim 7(x)= lim 7(x)=7(100) nén ham s6 T(x) lién tuc tai x, =100.

+ Tai x, =200 ta co:
7(200)=91,028+(200-100).2,074 = 298,428
lim 7(x)= lim [91,028+ (x—100).2,074] = 298,428

x—200" x—200"

lim T(x)= lim [298,428+(x—200).2,612 | =298,428
x—200" x—200"
Vi lim T(x)= lim T(x)=T7(200) nénham sé T(x) lién tuc tai x, =200

x—200" x—200"

Biéu gia ban 1¢ dién sinh hoat ciia EVN duoc ap dung theo Quyét dinh 1062/QD-BCT véi mirc

Swu tdm va bién soan
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+ Tai x, =300 ta co:
T(300)=298,428+(300—200).2,612 =559,628
lim 7(x)= lim [298,428+(x—200).2,612 | =599,628

x—300" x—300"
lim T(x)= lim [559,628+ (x—300).2,219]=599,628
x—300" x—300"
Vi lim 7(x)= lim 7(x)=7(300) nénhamsb T(x) lién tuc tai x, =300.
x—300" x—300"

+ Tai x, =400 ta co:
T(400) = 559,628+ (400—300).2,219 = 781,528
lim 7(x)= lim [559,628+ (x—300).2,219] = 781,528

x—400" x—400"
lim T(x)= lim [781,528+(x—400).3,015]=781,528
x—400* x—>400"
Vi lim 7(x)= lim 7(x)=7(400) nénhimso T(x) lién tuc tai x, =400

Vay ham sb T(x) lién tuc

Céu 32: Biét rang khi nung noéng mot vat véi nhiét d6 tang tir 20°C, mdi phit ting 4°C trong 70 phut,
sau d6 giam mdi phut 2°C trong 50 phut. Ham s biéu thi nhiét do (°C ) trong tu theo thoi gian
¢t (phut) c6 dang:

a—2t khi70<7<120

(a 1a hang s6). Biét rang, T'(¢) 1a ham lién tyc trén tap xac dinh. Tim gié tri cta a.

20+4t khi 0<r<70
rn=

Loi giai
Tai 7, =70 ta c6:T(70) =300
xl_1>r7r01 T(x) = Xl_1>r7rg (20+ 4t) =300; x1_1>r7r01 T(x) = x1_1>r7r01 (a —2t) =a—140

Ham s6 lién tuc trén tap xac dinh khi: lim T(x) = lim T(x) = T(60) < a—-140=300 < a =440

x—>70" x—>70"
Vay gid tri cia a =440°C.
Cau 33: Biéu thi d0 cao A () cua mot qua béng da 1én trén theo thoi gian ¢ (s), trong d6
1
h(t)=—=1+3t+1.
2
a) Chung té ham s6 & (t) lién tuc trén tap xac dinh.

b) Dya vao do thi hily x4c dinh 1in31(—%ﬁ +31+ 1} .
t—
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h(t)

5,5[--==--=

Loi giai

a) Hamsb f(¢)= —%zz +3¢+1 ¢ tap xéc dinh D =[0,6]. Xét trén (0;6) :

t—>0" t—0"

+Tai £, =0 taco: £(0)=1; limT(x):lim(—%tz+3t+1j:1.

Do do lim £ (1) = £(0)=1 (1).

t—0*

t—>6~ t—>6"

+Tai 1, =6 taco: f(6)=1; 1imT(x)=lim(—%t2+3t+1}=1.

Do d6 lim /()= f(6)=1 (2).

t—6"

Tir (1) va (2) suy ra ham s lién tuc trén [0, 6].
b) lim(—lt2 +3¢ +1j =5,5.
-3 2

Céu 34: Mot nguoi 1ai xe 6 t6, trong 20 km dau xe chay v6i van tbc 40 km / h , sau d6 cit dén 10 km tiép

- A A R /. A A 5 \ 1
theo xe tang toc thém x(km/h), x>0. Biéu thirc van toc cia xe 1a f(x)==+

vi do 1a gi (/). Chimg t6 ring ham s6 £ (x) lién tuc trén tap x4c dinh.

Loi gii
N 1 n e
Ham s6 f(x)=5+5+2x ¢ tap xac dinh D =(0;+o0).
Tai x, =0 taco: £(0)=4,5 ; 1imf(x):1im(l+ 20 j:4,5,
o x0* -0 (2 542y
Do d6 lir})} f(x)=/£(0)=4,5. Vay ham s6 lién tuc trén D = (0;+0).

Cau 35: Cho mot tam gidc déu ABC canh a. Tam giac 4,B,C, c6 cac dinh 14 trung diém cac canh cua

tam giac ABC, tam gidc 4,B,C, co6 cac dinh 1a trung diém cac canh ciia tam giac 4,B,C,,...,
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tam giac A4,,B,.,C, ., c6 cac dinh la trung diém céc canh cia tam gidc 4, B,C,,... Goi
DisPysevsPyser- V& 5,,8,,...,8,,... theo thit ty 1a chu vi va di¢én tich clia cac tam gic
ABC,A4,B,C,,...,ABC,....

a) Tim gi6i han cta céc day sb (p,) va (S, ).
b) Tim cac tong p, + p, +...+ p, +... Va S, +S, +...+S, +...
Loi giai
a)
+)(p,) 1a day sb chu vi clia c4c tam gidc theo thir tw ABC, 4,B,C,,...

Tacod: p,=pypc=a+a+a=3a;

P2 = Passc, =

+—+

1 1
_E.(3a):5.p1

2 2
- _a a a_(1 (3a) = LA
P3 = Paus,c, 44 > 5 seen s

l n—1
pAAanC,,:(E) “Prs---

NSRENY
RN
(NSRS

Suy ra:
1 n-1 1 n-1
limp, = limL(Ej -(3a)] = lim(zj -1im(3a)=0.3a=0.
(S,) 1a day s6 chu vi cua cac tam gidc theo thit tw ABC, 4, B,C,,...
. NIRRT , e \ a3
Goi h 1a chiéu cao cua tam giac ABC va h= 5
Ta co:
S, =Suapc =7 ah;
lah 11 1’
S,=S8 =— == =—:| —ah |=—-§
B ) 4(2 J 4 "
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. (1Y (1Y (1 1
limS, =lim| | —| -8, |=lim — | -liml —ah|=0-—ah=0.
n—»co n—o| \ 4 n—oo\ 4 n—w\ 2
b)
+) Ta co ( p, ) la mot cap so nhan Iti v6 han véi s6 hang dau p, =3a va cong bdi g = 5 thoa
min |g| <1 c6 tong:

3
P :pl+p2+...+pn+...:—a1:6a

2
~ ’ \ A A A A ) A re A A 1 \ A A 1
+) Ta cling ¢6 (S, ) 1a mot cap so nhén 1ui v6 han véi so hang dau S, = 5 ah va cong bdi g = "

thoda man |q| <1 cb tong:

—ah

S =8 +85+...+5, +...= 2 I =—ah
1=
4

Cho diém M(t;\/l—t2 ),0 <t<1 nam trén duong tron don vi (C):x* +y° =1, diém A(1;0) 1a

mdt giao diém ciia (C) véi truc hoanh. Goi H 14 hinh chiéu vudng goc ciia M trén truc hoanh,

K 1a giao diém cua tiép tuyén ciia (C) tai M vdi truc hoanh. Khi diém M dan dén diém 4 thi

. A HK A A 7 . \
ti s0 —— dan dén gia tri nao?
HA

N

Loi giai

Piém M dan d&én diém 4 khi r — 1. Do d6, ta can tim gi6i han 1im% .
t—>1"

Ta cd H(t;0) . Phuong trinh tiép tuyén cia (C) tai diém M nhan OM = (t; V1-¢2 ) lam vecto

phép tuyén nén co phuong trinh 1a d : £(x—£) +~/1— ¢ (y—\/l—tz):O.

Thay y =0 vao phuong trinh cia d ta nhan dugc x = ! .Suy rakK (l, OJ.
t t
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Cau 38:
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2 2
_— HAzl—t;HK:%—tzl ¢ OHK 1= 14t HK L Lér 14l

; = = ; lim 2.
t HA t(1-1) t oo HA o> ¢ 1

Vay khi diém M dan dén diém A thi gia tri cua ti s& % dan dén 2.
Trong mit phang toa dd Oxy, cho diém M (1;12 ),t >0, nam trén duong parabol y = x*. Puong

trung truc cua doan thfmg OM cit truc tung tai NV . Piém N dan dén diém nao khi diém M dan
dén diém O?

M
RN

Y

0 x

Loi giai
o 2 [t
Trung di€ém cua doan thang OM 1a [ 5,3 .

Duong trung truc cia OM nhén vecto OM = (t; tz) lam vecto phép tuyén nén c6 phuong trinh

2
d:t(x—%j+t2 [y—%j:O.Thay x =0 vao phuong trinh cua d , ta nhan dugc y:%(l+12).
1
Suyra N|0;—(1+¢)|.
g ( 7 ))

Diém M dan dén diém O khi ¢ din dén 0". Ta co 1iml(1+t2) -

-0t 2

1
>
Suy ra khi diém M dan dén diém O thi diém N dan dén diém A(o; %j

Tai mot nha gtri xe, phi giri xe 6 t6 con duoc tinh 20 nghin dong cho 1 gi dau va 10 nghin dong
cho moi gio tiep theo. Goi P(¢) (tinh theo chuc nghin dong) 1a so tién phi guri xe 6 t6 con tai nha
gui xe ndy trong ¢ gid (véi 0<7<4 ). Viét cong thic xac dinh ham sd y = P(¢), v& d6 thi ham
sd va xét tinh lién tuc cta no trén nira khoang (0;4].

Giai

Ham s6 P(¢) trén (0;4] c6 cong thirc:
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2 khi 0<t<1

P(t)= 3. khil<fs2 ( P tinh theo chuc nghin dong, ¢ tinh theo gio).
4 khi 2<t<3 ’
5 khi 3<t<4

D6 thi ctia ham s6 P(¢) nhu Hinh bén dudi.

VA

5 e
4 —r

3 o—

|

O SR T W

Trén mdi nita khoang (0;1],(1;2],(2;3] va (3;4], ham s6 déu c6 dang P(¢) = ¢ (cla hang s)

nén ham sé lién tuc trén mdi khoang nay.

Ta co tlgp P(t) = tlirfﬂ =2; tlirln P(t) = th_)rln3 =3.Do tll_gl P(t)# tlirln P(¢) nén ham s6 khong lién
tuc tai diém ¢ =1.

Tuong tu, chi ra dugc ham sb khong lién tuc tai cac diém r=2 var=3.

Vay ham s6 lién tuc trén cac ntra khoang (0;1],(1;2],(2;3] va (3; 4]; gian doan tai cac diém
t=Lt=2vat=3.

Cho nira duong tron duong kinh 4B =2 . Pudng thang d thay d6i ludn di qua A, cit nira dudng
tron tai C va tao v6i dudng thing AB goc o (0 <a< gj .

Ki hi€u dién tich tam gidc ABC 1a S(«) (phu thudc vao « ). Xét tinh lién tuc cua ham s6

S(a) trén khoang (O;%j va tinh cac gié1 han lim S(«), lim S(«).
a—0" z

a—>=
2

Loi giai
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Cau 41:
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1 1 ) ) V4
S(a):EAC-BC:EQcosa-Zsma:s1n2a,ae 0;5 .

Do cac ham s y =sin2a déu lién tuc trén R, nén ham s6 y = S(«) lién tuc trén khoang

-

lim S(a) = lim sin2a =0

a—0" a—0"
lim S(a)= lim sin2a =0.
as’ as’

2 2

Tu mdt tam gidc déu c6 dién tich béng 1, ta thue hién 1an luot cac bude nhu sau:
Budc 1: Nbi trung diém céc canh ctia tam giac dd cho, chia tam giac ndy thanh 4 tam giac nho

N r e et e R |
va bo di tam gidc ¢ gitra (bo di 1 tam gidc c6 dién tich 2 ).
Budc 2: Lam twong ty nhu Budc 1 véi modi tam gidc trong 3 tam giac con lai (bo di 3 tam giac,

x. R |
moi tam giac co dién tich —-).
4

Y s A Tt \ e Ane < x. ST |
Ctr tiép tuc qua trinh nhu vy (6 budc thit 7, bo di 3" tam giac, moi tam giac dién tich 7 ).

Tinh téng dién tich cac tam giac da bo di.

Buoc 1 Bude 2 Bude 3

A N LA A A A N\ e A ro A A A A 3 A
Day 1a tong cap so nhan lui vo han véi so hang dau u, = —, cong bdi ¢ =—, nén
4

1
4

Biét rang, tir vi tri A4, mot miii tén bay v6i toc d6 10m /s hudng thiang téi bia muc tiéu dat & vi
tri B cach vi tri A mot khoang bang 10m (Hinh bén dudi). Mot nha thong thai 1ap luan nhu
sau: "Dé dén dugc B, trudc hét miii tén phai dén trung diém 4, cia 4B . Tiép theo, n6 phai dén
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trung diém 4, cua 4 B . Tiép nita, né phai dén trung diém A4, cua 4,B.Cu tiép tuc nhu vay, vi

khong bao gior hét cac trung diém nén mili tén khong thé bay dén duoc bia muc tiéu & B".

D

A A A A D
Lap luan trén c6 ding khong? Néu khong, hiy chi ra chd sai lam.
Loi giai
oo R ~s oA <\ A \ 1 A <\ A \ 1 1 [N < A
Thoi gian d€ miii tén bay tr 4 dén 4, 1a 5 gidy, tr 4, dén 4, 1a 17 gidy, tr 4, dén A4,
al
g8 2

2 .. . I 1 1 1
Tong thoi gian bay ciia miii tén 1a §+?+?+...+2—n+....(*)

A LR , A A A RPN re A A \ 1 N A A 1S 1
Day la tong cia cap s nhan lui vo han véi so hang dau la 5 va cong bdi bang 5

‘ B

Do d6, tong nay bang % =1 (gidy).
1-

N | =

Nhu vy, miii tén dén bia muc tiéu sau 1 gidy.

Lap luan cua nha thong thai khong ding, sai 1am ¢ chd cho rang tong & (*) khong phai 1a mot
s6 hitu han.

Tai mot bé boi c6 dang hinh tron c¢6 dudng kinh 4B =10m, mot nguoi xudt phat tir 4 boi thing

T
theo day cung AC tao vdi duong kinh AB mot gbec @ (0 <a< 5] , 101 chay b theo cung nho

V
A = B

CB dén diém B (Hinh bén dudi).

Goi S(a) l1a quang dudng ngudi d6 da di chuyén.

. Vs
a) Viét cong thire tinh S(«) theo & (0 <a< Ej :

. /1
b) Xét tinh lién tuc cua ham s6 y = S(«) trén khoang (O;Ej .
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¢) Tinh cac gioi han lim S(@) va lim S(«)-
a—0" =

a—>—
2

Loi giai

Ki hiéu O la tam hinh tron.

a) Do tam giac ABC vuong tai C nén AC = ABcosa =10cosa(m).
Tacé BOC =2BAC =2« . Suy ra d6 dai cung CB 1a [ = 0B-BOC =5-2a =10a(m).
Quing duong di chuyén (tinh theo m ) ciia nguoi d6 1a

S(a)=AC+I1=10cosa +10ax =10(a+cosa)(0<a <%)

b) Do cac hAm s6 y =a va y =cosa lién tuc trén R nén ham sd y = S(e) lién tuc trén
V4
0;,— |.
2

¢) lim S(a) = lim 10(a +cos @) = 10( lim o + lim cosa)
a—0" a—0" a—0" a—0"

=10(0+1) =10. lim S(«) = lim 10(a +cosa) =10| lim a + lim cosa

T T T
a—>— a—>— a—>— a—>—
2 2 2 2

=10(£+0j=5ﬂ'
2

Page 31
Swu tdm va bién soan



