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PHUONG PHAP TOA PO
TRONG KHONG GIAN

| CHUONG |

BAI: PHUONG TRiINH MAT PHANG

@ LY THUYET.

I. VEC-TO PHAP TUYEN VA CAP VEC-TO CHI PHUONG CUA MAT PHANG.
1. Dinh nghia.
Cho mit phéng (a).
[ Néu vec-to 7i khac 0 va co gia vudng goc véi (a) thi 7i duoc goi 1a vec-to phap tuyén cua
(@).
1 Néu hai vec-to @ va b khong cung phuong, c6 gia song song hodc ndm trong (a) thi a, b
dugc goi 1a cdp vec-to chi phwong cua (a).
2. Chuy.
O M@t mat phéng hoan toan duogc xac dinh khi I?iét mot diém va mot vec-to phap tuyén hodc mot
diém va mot cdp vec-to chi phuong ciia mét phang do.
1] Néu i 1a mot vec-to phép tuyén ciia mat phang (&) thi ki (k #0) cling 1a mét vec-to phap
tuyén clia mét phang (a).
II. XAC PINH VEC-TO PHAP TUYEN CUA MAT PHANG KHI BIET MOQT CAP VEC-TO CHI
PHUONG

1. Pinh ly.
Trong khong gian Oxyz, néu mit phfmg (a) nhan hai vec-to a = (al;az;a3 ) , b= (bl;bz;b3) lam
cdp vec-to chi phuong thi (&) nhén vec-to 7 =(a,b, —a,b,;a;:b, —ab;;a,b, —a,b,) 1am vec-to

phap tuyén.
2. Chuy.

a) Vec-to 7 =(a,b, —ab,;a,b, —ab;ab,—a,b,) duge goi 1a tich ¢ hudng cia hai vec-to

a=(a;a,4a,), b =(b;;b,;b,). Tich c6 huéng cua hai vec-to @ va b, ki hidu [&,E}

N a a, a
b) Biéu thic ab, —a,b, thuong dugc ki hi¢u . Twong tu, | > °|=ab,—ab, va
1 2 2 3
a, a - a, a a, a,| |a, a
> = a,b, —a,b,. Nhu vay: [&,b}: S H R R e A
b, b, b, b,|’|b, b|’|b, b,

c¢) Hai vec-to a va b cung phuong < [&,5} =0.
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III. PHUONG TRINH TONG QUAT CUA MAT PHANG

1. Pinh nghia.
Trong khong gian Oxyz , phuong trinh c6 dang Ax+ By+Cz+D =0, trongdé 4, B, C khong
ddng thoi bang 0, dugc goi 1 phwong trinh tdng quat cia mit phang.

2. Nhan xét.
Cho mét phang () c6 phuong trinh téng quat 1a Ax + By +Cz+D = 0. Khi do,
Mt phang (@) c6 mot vec-to phép tuyén la 7i = (4; B;C).
N (x039320) € () < Axy + By, +Czy+ D =0.
M&i phuong trinh Ax+By+Cz+D =0 (trong 40 4, B, C khong dong thoi bang 0) déu 1a

phuong trinh ciia mot mat phang xéac dinh.
3. Mot s6 dang toan viét phwong trinh mit phing co ban

a) Lap phuwong trinh tong quat ciia mit phiang di qua mét diém va c6 mét vec-to phap tuyén
Trong khong gian Oxyz , phuong trinh mat phang di qua diém M (x,;v,;2,) va c6 vec-to phap
tuyén 7i =(4;B;C) 1a

A(x—x0)+B(y—y0)+C(z—zo) =0

hay Ax+By+Cz+D =0 v6i D=—-A4x,-By,—Cz,.

b) Lap phwong trinh tong quat ciia mit phing di qua mét diém va cé méot ciip vec-to' chi
phwong
D¢ 13p phuong trinh tong quét ciia mit phang (&) di qua diém M, (x,;,;2,) va c6 cdp vec-to
chi phuong a, b , ta thuc hién nhu sau
Tim mdt vec-to phap tuyén 7 = [Zx,l; J .
Viét phuong trinh mét phiang () di qua diém M (x,;,;2,) va c6 vec-to phap tuyén 7.
¢) Lap phuwong trinh tong quat ciia mit phang di qua ba diém khong thing hang
Dé 1ap phuong trinh tong quat ctia mit phang (a) di qua ba diém A, B, C khong thang hang,
ta thuc hién nhu sau
Tim cdp vec-to chi phuong, chéng han AB , AC .
Tim mét vec-to phap tuyén 7 = [E, E‘} .
Viét phuong trinh mit phang (a) di qua A4 va co vec-to phap tuyén 7i .
d) Lap phwong trinh tong quat ciia méit phiang theo doan chin
Phuong trinh téng quét cia mit phang () di qua ba diém 4(a;0;0), B(0;6;0), C(0;0;c) la

RAPAFLAETY
a b c
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4. Piéu kién dé hai mit phing song song, vudng goc
a) Pi¢u kién dé hai mit phing song song
Trong khoéng gian Oxyz, cho hai mit phing (0‘1) Ax+By+Cz+D =0 va
(,): 4x+B,y+Cyz+D,=0 ¢6 vec-to phép tuyén lan luot la 7, =(4;B;C),

fiy = (4, B,;C, ) . Khi do: () [l (a,) {gl;k:gz (keR).
Chii y.
(o) =(ay) {’;‘:"ZD (keR).
- (@) cét (a,) < i, va i, khong cung phuong.
b) Pi¢u ki¢n dé hai mit phang vuéng géc
Trong khong gian Oxyz, cho hai mit phang (0‘1 ) :Ax+By+Cz+D =0 va
(,): 4,x+B,y+Cyz+D,=0 ¢6 vec-to phép tuyén lan luwot la 7, =(4;B;C),
i, =(A4,;B,;C,) . Khi d6
() L(e,) =0,y =0 A4, +BB,+CC, =0.
5. Khoang cach tir mgt diém dén mot mit phing
Trong khong gian Oxyz, mit phing (@) c6 phuong trinh Ax+By+Cz+D=0 va diém
M, (%45 ¥032,) - Khoang céach tir diém M, dén mat phang (o) dugc tinh theo cong thirc
_|4x,+ By, +Cz, +D|

)= e
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<‘ HE THONG BAI TAP TOAN THUC TE.

Cau 1:

Cau 2:

Cau 3:

Cau 4:

Khi gén hé truc toa dd Oxyz (don vi trén mdi truc toa do 1a decimét) vao mot ngdi nha 1 tﬁng,
nguoi ta thiy rang mat trén va mit dudi ctia mai nha thudc cac mat phang vudng goc véi truc
Oz . Biét rang céc vi tri A4(3;4;33),D(9;8;35) lan luot thudc mat dudi, mit trén cla mai nha.
Do day cua mai nha duoc tinh bang khoang cach giira mat trén va mat dudi ciia mai nha d6. Hay
cho biét do day cuia mai nha do 1a bao nhiéu decimét?

Trong tiét theé duc hoc vé ki thudt chuyén bong hoi, Nam va An dang tap chuyén bong cho nhau,
Nam ném bong cho An dd, qua bong bay
1én cao nhung lai 1€ch sang phai cia Nam
va roi xudng vi tri cach An 0,5m va cach
Nam 4,5m. Biét ring quy dao cua qua
bong nim  trong mit  phing

(a):ax+by+cx+d=0 va vuong goc voi

, 0:5;:‘, Y
mat dat. Khi d6 gia tri cia a+b+c+d 45m
bang (két qua lam tron dén hang phan
tram).
Mot phan san truong dugc dinh vi boi cac diém 4, B,C, D, nhu hinh v&.
Budc ddu chung dugc ldy “ thing bang” dé co cung A B

25 m

Q

d6 cao, biét 4ABCD 1a hinh thang vudng & A va B
voi do dai AB=25m, AD=15m, BC=18m. Do
yéu cau ki thuat, khi 1at phang phan san truong phai
thoat nudc vé goc san & C nén nguoi ta lay do cao &

15 m

ur g

cac diém B, C, D xudng thap hon so vdi do cao &

A 1a10cm, acm, 6cm twong timg sao cho bon diém

A,B',C", D' ddng phing. Gi4 tri cia @ 1 ¢

Hinh bén dudi minh hoa hinh dnh hai méi nha cia mdt nha kho trong khong gian véi hé toa do
Oxyz (don vi trén mdi truc toa do 1a mét). Cac birc tuong cua nha kho déu dugc xay vudng goc

voi mat dat. Biét r?mg toa d cua diém P(a;b;c). Khid6 giatri a+b+c béng bao nhiéu?
B(10, 20, 10)

C(0, 20, 10)
Q(5,20,7

A(10,0,9)

D(0,0,9)

0(0,0.0)
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Cau 5:

Cau 6:

Caiu 8:

CHUYEN DE V — HINH HQC 12 - PHUONG PHAP TQA PO TRONG KHONG GIAN
Trén thiét ké do hoa 3D cta mdt canh dong dién mat troi trong khong gian Oxyz , mot tam pin
nam trén mit phang (P) :x+2y+3z+2=0; mdt tim pin khac nam trén mit phang (Q) di qua
diém M (l; 2;3) va song song voi mit phang (P). Biét rang phuong trinh mit phang (Q) c6

dang ax+2y+bz+c=0.Khido6 gia tri a+b+c bang bao nhiéu?

Trong mdt trd choi md phong ban stng, mot nguoi choi dat diém ngam tai diém O 1a giao diém
cia AC va BD trong can phong hinh hdp chit nhdt ABCD.A'B'C'D'c6 kich thude
AB=50(m), AD =35(m), A4’ =10(m). Nguoi choi c¢6 nhiém vu tir diém ngdm da d4t ban trang
mot muc tiéu di dong trén mit phang (CB'D') Tinh khodng céch ngdn nhét tir diém ngdm do6 dén
muc tiéu (1am tron dén chir s6 thap phan thi 2).

Khi gan hé toa do Oxyz (don vi trén mdi truc tinh theo kilomet) vao mdt tran dia phao phong
khong, mit phang (Oxy) tring voi mat dat. Trong tip luyén, mot ving mit phang trong tim
hoat dong cua phao duogc giit boi 3 diém phéo A(3;0;0); B(0;1,5;0); C(0;0;—1,5) . Mot muc
ti€u bay tir M (5;2;4) t61 N(1;0;-2). Khoang cach tu diém phéo A t6i vi tri va cham ctia muc
tiéu khi t6i mat phang 1a bao nhiéu?

Hai dtra tré dang choi voi mot qua bong. Bé gai ném qua bong cho bé trai. Qua bong di chuyén
trong khong khi, uén cong 3m vé bén phai va roi cach bé gai 5m (xem hinh sau).

Biét mit phiang chira quy dao ctia qua bong vudng goc véi mat dat va phuong trinh tong quat caa
n6 ¢6 dang ax+by+c=0.Tinh a+b+c?

Page 116

Swu tam va bién soan



CHUYEN DPE V — PHUONG PHAP TOA PO TRONG KHONG GIAN

Cau9: Mot cong trinh dang xay dung duoc gin hé truc Oxyz (don vi trén mdi truc toa do 13 mét). Ba

bic tuong (P),(Q),(R) (nhu hinh v&) cia toa nha lan lugt c6 phuong trinh:
(P):x+2y—2z+1=0, (Q):2x+y+2z—3 :0,(R):2x+4y—4z—22 =0.

Tinh d¢ rong buc tudng (Q) cua toa nha la

Cau 10: Mot nha hang duoc xay dung theo mo hinh 1a hinh chop cut OAGD.BCFE ¢6 hai day song song
v6i nhau. Mit sain OAGD 1 hinh chit nhat va duoc gan hé truc Oxyz nhu hinh v& dudi (don vi
trén mdi tryc toa do 1a mét). Mt san OAGD c6 chiéu dai 04 =100m , chiéu rong OD = 60m va
toa do diém B(10;10;8).

Khoang cach tir diém G dén mit phang (OBED) 1a

Cau 11: Mot cong trinh dang xay dung dugc gén hé truc Oxyz nhu hinh v& dudi (don vi trén mdi truc

toa d6 12 mét). Mdi cot bé tong c6 dang hinh lang try tir gidc déu va co tim ciia mat day trén lan

lot 1a A(3;2;3),3(6;3;3),C(9;4;2),D(6;O;§J_

Tinh khoang c4ch tir diém D dén mit phang (A4BC).
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PHUONG PHAP TOA PO
TRONG KHONG GIAN

| CHUONG |

BAI: PHUONG TRiINH MAT PHANG

@ LY THUYET.

I. VEC-TO PHAP TUYEN VA CAP VEC-TO CHI PHUONG CUA MAT PHANG.
1. Dinh nghia.
Cho mit phéng (a).
[ Néu vec-to 7i khac 0 va co gia vudng goc véi (a) thi 7i duoc goi 1a vec-to phap tuyén cua
(@).
1 Néu hai vec-to @ va b khong cung phuong, c6 gia song song hodc ndm trong (a) thi a, b
dugc goi 1a cdp vec-to chi phwong cua (a).
2. Chuy.
O M@t mat phéng hoan toan duogc xac dinh khi I?iét mot diém va mot vec-to phap tuyén hodc mot
diém va mot cdp vec-to chi phuong ciia mét phang do.
1] Néu i 1a mot vec-to phép tuyén ciia mat phang (&) thi ki (k #0) cling 1a mét vec-to phap
tuyén clia mét phang (a).
II. XAC PINH VEC-TO PHAP TUYEN CUA MAT PHANG KHI BIET MOQT CAP VEC-TO CHI
PHUONG

1. Pinh ly.
Trong khong gian Oxyz, néu mit phfmg (a) nhan hai vec-to a = (al;az;a3 ) , b= (bl;bz;b3) lam
cdp vec-to chi phuong thi (&) nhén vec-to 7 =(a,b, —a,b,;a;:b, —ab;;a,b, —a,b,) 1am vec-to

phap tuyén.
2. Chuy.

a) Vec-to 7 =(a,b, —ab,;a,b, —ab;ab,—a,b,) duge goi 1a tich ¢ hudng cia hai vec-to

a=(a;a,4a,), b =(b;;b,;b,). Tich c6 huéng cua hai vec-to @ va b, ki hidu [&,E}

N a a, a
b) Biéu thic ab, —a,b, thuong dugc ki hi¢u . Twong tu, | > °|=ab,—ab, va
1 2 2 3
a, a - a, a a, a,| |a, a
> = a,b, —a,b,. Nhu vay: [&,b}: S H R R e A
b, b, b, b,|’|b, b|’|b, b,

c¢) Hai vec-to a va b cung phuong < [&,5} =0.
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III. PHUONG TRINH TONG QUAT CUA MAT PHANG

1. Pinh nghia.
Trong khong gian Oxyz , phuong trinh c6 dang Ax+ By+Cz+ D =0, trongdé 4, B, C khong
ddng thoi bang 0, dugc goi 1 phwong trinh tdng quat cia mit phang.

2. Nhan xét.
Cho mét phang () c6 phuong trinh téng quat 1a Ax + By +Cz+D = 0. Khi do,
Mt phang (@) c6 mot vec-to phép tuyén la 7i = (4; B;C).
N (x039320) € () < Axy + By, +Czy+ D =0.
M&i phuong trinh Ax+By+Cz+D =0 (trong 40 4, B, C khong dong thoi bang 0) déu 1a

phuong trinh ciia mot mat phang xéac dinh.
3. Mot s6 dang toan viét phwong trinh mit phing co ban

a) Lap phuwong trinh tong quat ciia mit phiang di qua mét diém va c6 mét vec-to phap tuyén
Trong khong gian Oxyz , phuong trinh mat phang di qua diém M (x,;v,;2,) va c6 vec-to phap
tuyén 7i =(4;B;C) 1a

A(x—x0)+B(y—y0)+C(z—zo) =0

hay Ax+By+Cz+D =0 v6i D=—-A4x,-By,—Cz,.

b) Lap phwong trinh tong quat ciia mit phing di qua mét diém va cé méot ciip vec-to' chi
phwong
D¢ 13p phuong trinh tong quét ciia mit phang (&) di qua diém M, (x,;,;2,) va c6 cdp vec-to
chi phuong a, b , ta thuc hién nhu sau
Tim mdt vec-to phap tuyén 7 = [Zx,l; J .
Viét phuong trinh mét phiang () di qua diém M (x,;,;2,) va c6 vec-to phap tuyén 7.
¢) Lap phuwong trinh tong quat ciia mit phang di qua ba diém khong thing hang
Dé 1ap phuong trinh tong quat ctia mit phang (a) di qua ba diém A, B, C khong thang hang,
ta thuc hién nhu sau
Tim cdp vec-to chi phuong, chéng han AB , AC .
Tim mot vec-to phap tuyén 7i = [E, E‘} .
Viét phuong trinh mit phang (a) di qua A4 va co vec-to phap tuyén 7i .
d) Lap phwong trinh tong quat ciia méit phiang theo doan chin
Phuong trinh téng quét cia mit phang () di qua ba diém 4(a;0;0), B(0;6;0), C(0;0;c) la

RAPAFLAETY
a b c

4. Piéu kién dé hai mit phing song song, vudng géc

a) Diéu kién dé hai mit phiang song song
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Trong khong gian Oxyz, cho hai mat phing (a,):4x+By+Cz+D =0 va

(,): 4,x+B,y+Cyz+D,=0 ¢6 vec-to phép tuyén lan luot la 7, =(4;B;C),
_ . ny, = kn
i, = (4,;B,;C, ). Khi do: (al)ll(az)c>{l;1¢kgz (keR).
Chii .
. ﬁlzkﬁz
_(al)_(az)Q{Dl_sz(keR).

- (@) cét (a,) < i, va ii, khong cing phuong.
b) Piéu kién dé hai mit phing vudng géc
Trong khong gian Oxyz, cho hai mit phing (%) Ax+By+Cz+D, =0 va
(a,): 4,x+B,y+C,z+D, =0 6 vec-to phap tuyén lan lwot 1a 7, =(4;B;C),
i, = (4,;B,;C, ). Khi d6

() L(a,) = 7,y =0 A4, +BB,+CC, =0.

5. Khoang cach tir mot diém dén mot mit phing

Trong khong gian Oxyz, mit phing (&) c6 phuong trinh Ax+By+Cz+D=0 va diém

M, (x5 9452, ) - Khoang cach tir diém M, dén mit phang (@) duoc tinh theo cong thirc

3 |Ax0 + By, +Cz, +D|

)= e

<‘ HE THONG BAI TAP TOAN THUC TE.

Cau 1:

Cau 2:

Khi gén h¢ truc toa d0 Oxyz (don vi trén mdi truc toa do 1a decimét) vao mot ngoi nha 1 téng,
ngudi ta thdy rang mat trén va mat dudi cia mai nha thude cac mit phiang vudng goc véi truc
Oz . Biét réng cac vi tri A(3;4;33),D(9;8;35) lan luot thuoc mat dudi, mit trén ciia mai nha.

Do day ctia mai nha dugc tinh bang khoang cach gitta mit trén va mit dudi ciia mai nha d6. Hay
cho biét d6 day ctia mai nha d6 1a bao nhiéu decimét?

Loi giai
Do mit dudi ciia mai nha thude mat phing vudng goc véi truc Oz va di qua diém 4(3;4;33)
nén phuong trinh mit phang chira mit dudi ciia mai nha la:
z-33=0.
Khoang cach tir diém D dén mit phang chira mat dudi ciia mai nha bang:
35-33 _ 5
NO*+0% +1°

Vay d¢ day cua mai nha 1a 2 dm.

Trong tiét thé duc hoc vé ki thuat chuyén bong hoi, Nam va An dang tp chuyén bong cho nhau,
Nam ném bong cho An d&, qua bong bay 1én cao nhung lai 1éch sang phai cia Nam va roi xudng
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CHUYEN DE V — HINH HQC 12 - PHUONG PHAP TQA PO TRONG KHONG GIAN
vi tri cach An 0,5m va cach Nam 4,5m . Biét rang quy dao clia qua bong nam trong mit phang
(a):ax+by+cx+d =0 vavudng goc voi mat dat. Khi do gid tri ctia a+b+c+d bang (két qua

1am tron dén hang phan trim).

Chon hé truc nhu hinh v&. Goi M 1a diém ma qua bong cham dat.

Khidé x, =0,5, y,, =+/4,5°—0,5> =24/5

Vi (@) L (0xy)nén (e) c6 véc to chi phuong & =(0;0;1).

Ma (a) ¢ véc to chi phuong OM = (0, 5:24/5 ;0)

Khi 6 véc to phap tuyén ciia (a) 1a n, =[ k,0M | =(~215;0,5;0).
= (ar):=2/5x+0,5y = 0.

=a=-2J5:h=0,5c=0d=0=>a+b+c+d ~-3,97.

Cau 3: Mot phan san truong duoc dinh vi boi cac diém 4, B,C, D, nhu hinh v&.
A ” B
25 m
o
D
C
Budc dau ching duoc lay “ thing bang” dé ¢ cung do cao, biét ABCD 1a hinh thang vudng &
A va B v6idd dai AB=25m, AD=15m, BC =18m. Do yéu cau ki thuat, khi l4t phang phan
san truong phai thoat nude vé goc san & C nén ngudi ta lay do cao ¢ cac diém B, C, D xudng
thép honsovéidgcaod 4 1a 10cm, acm, 6 cm twong tng sao cho bén diém 4,B',C',D 'd@)ng
phang. Gia trj cia a 1a
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Loi gidi

Chon h¢ truc toa d0 Oxyz saocho: O= A4, tia Ox=A4D;tia Oy= AB.

Khi do, A(O; 0;0) ; B(O;2500;0) ; C(1800;2500;0) ;D(ISOO; O;O) .

Khi ha d6 cao céc diém & cac diém B, C, D xuéng thép honsovéidocaod 4 1a 10cm, acm
, 6¢cm tuong ung ta ¢ cac diém moi B'(O;ZSOO;—IO); C'(1800;2500;—a);D'(ISOO;O;—6) )
Theo bai ra c6 bén diém A; B'; C'; D' dong phang.

Phuong trinh mit phang (AB'D') (x+y+250z=0.

Do C'(1800; 2500;—a) € (AB'D') nén ¢6: 1800+2500—250a=0 < a=17,2.

Vay a=17,2cm.

Hinh bén du¢i minh hga hinh anh hai mai nha cia mot nha kho trong kl}éng gian voi hé toa do
Oxyz (don vi trén moai truc toa do la mét). Cac birc tuong ctia nha kho déu dugce xay vuong goc

v6i mat dat. Biét rang toa do cua diém P(a;b;c). Khi d6 gia tri a+b+c bang bao nhiéu?
B(10, 20, 10)

(0, 20, 10)
Q(5,20,7

A(10,0,9)

D(0,0,9)

©(0.0.0)
Loi gii
Vi cac buc tuong cua nha kho dugc xay vuong goc voi mat dat nén voi hé toa do trén ta co
P(x;0; z).
Mit phing (ABQ) c6 cap vecto chi phuong 1a 4B =(0; 20; 1) va BO =(-5; 0; —3) nén (4BQ)
c6 mdt vecto phap tuyén la: [E,@} = (—60; -5; 100). Ma mit phing (ABQ) di qua diém

A(IO; 0; 9) nén c6 phuong trinh la:
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Cau 5:

Caiu 6:

CHUYEN PE V — HINH HOC 12 - PHUONG PHAP TOA PO TRONG KHONG GIAN

—60(x—10)-5(y—0)+100(z-9) =0 —60x—5y+100z-300=0.
Mit phang (CDQ) c6 cdp vecto chi phuong 1a CD =(0; —20;—1) va @=(5; 0; —3) nén
(CDQ) c6 mdt vecto phap tuyén 1a: [@,C—Q} = (60; -5; 100). Ma mit phang (CDQ) di qua
diém D(O; 0; 9) nén c6 phuong trinh la:
60(x—0)—5(y—0)+100(z—-9)=0 < 60x—5y+100z-900=0.
Vi diém P thudc mat phang (4BQ) nén toa do ciia diém P thoa man:
—60x—-5.0+100z-300 =0 < —60x+100z =300 (1)
Vi diém P thudc mit phang (CDQ) nén toa do cia diém P thoéa man:
60x—5.0+100z—-900 =0 < 60x+100z =900 (2)

—60x +100z :300@ x=5
60x +100z =900 z=6

Khi d6 P(5;0;6). Vay a+b+c=5+0+6=11.

Tur (1) va (2) ta c6 hé phuong trinh: {

Trén thiét ké d6 hoa 3D cta mot canh dong dién mat troi trong khong gian Oxyz , mot tAm pin
nam trén mit phing (P) :x+2y+3z+2=0; mot tAm pin khac ndm trén mat phang (Q) di qua
diém M (1; 2;3) va song song véi mit phang (P). Biét raing phuong trinh mat phang (Q) co6

dang ax+2y+bz+c=0.Khido6 gia tri a+b+c bang bao nhiéu?

Loi gidi
Vi (Q)//(P) nén (Q) c6 mot vecto phap tuyén 1a ;1:(1; 2;3).

Phuong trinh mat phang (Q) di qua diém M (1;2;3) va vecto phap tuyén n=(1; 2; 3) la:
1(x—1)+2(y—2)+3(z—3):0<:>x+2y+3z—14=0.
Khid6 a=1,b=3,c=-14.Vay a+b+c=-10.

Trong mdt trd choi md phong ban sing, mot nguoi choi dat diém ngam tai diém O 1a giao diém
cia AC va BD trong can phong hinh hdp chit nhat ABCD.A'B'C'D'c6 kich thudc
AB =50(m),AD =35(m), A4’ =10(m). Nguoi choi c6 nhiém vu tir diém ngdm da dat ban tring
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Cau7:

CHUYEN DPE V — PHUONG PHAP TOA PO TRONG KHONG GIAN

mot muc tiéu di dong trén mit phang (CB’D’) Tinh khoang cach ngan nhét tir diém ngam d6 dén

muyc tiéu (1am tron dén chit s6 thap phén thir 2).

Loi giai

Chon hé truc toa do nhu hinh v&, ta c6 B'(50;0;10),D'(0;3510),C(50;35,0) va
0(25;17,5;0)

Mit phing (CB'D')nhan B'D'=(-50;35,0) va CB'=(0;-35;10) lam cap vecto chi
phuong nén (C'BD) nhan n = [ﬁ,@] =(350;500;1750) 1am vecto phap tuyén

Mt khac, (CB'D")qua D'(0;35;10) nén c6 phuong trinh 35x+50y +175z-3500 = 0

Do muc tiéu di dong trén mdt phang (C'BD) nén khoang cach ngén nhat tir diém ngdm
dén muc tiéu chinh la khoang cach tir diém O dén mat phang (C'BD)
_|35.25+50.17,5+75.0—3500|

V352 4507 +175°
Vay khoang cach ngan nhét tir diém ngam dén muyc tiéu 1a khoang 9,44 mét.

Ta c6 d(0;(C'BD)) ~9,44(m)

Khi gin hé toa d6 Oxyz (don vi trén mdi truc tinh theo kilomet) vao mot tran dia phdo phong
khong, mit phang (Oxy) trung voi mat dat. Trong tap luyén, mot ving mit phang trong tim
hoat dong cua phao dugc giit boi 3 diém phéo A(3;0;0); B(0;1,5;0); C(0;0;—1,5) . Mot muc
ti€u bay tir M (5;2;4) t6i N(1;0;—2). Khoang céach tur diém phéo A t6i vi tri va cham ctia muc
tiéu khi t6i mat phang 13 bao nhiéu?

Loi giai
Goi mit phiang (P) diqua3 diém phéo 4 (3;0,0); B(0;1,5;0); C(0;0;—1,5) nén c6 phuong trinh

Bis 2y 2 Clext2y-22-3=0.

3 1,5 -L5
Gia st diém G (x53 Y632 ) 1a vi tri khi myc tiéu bay t6i mat phéng (P) dé t6i vi tri N nén
Ge(P).
Do MG, MN la 2 vecto cing hudng nén ton tai sb thuc 7 > 0 sao cho MG =t MN
MG = (x; =55 —2;z; —4); MN = (—4;-2;—-6)
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Swu tam va bién soan



CHUYEN DE V- HINH HOC 12 —- PHUONG PHAP TOA PO TRONG KHONG GIAN

X; —5 =4 X; =5—4¢
NénJy 2= 2/ dy. =2-2¢
zg —4 = —6¢ zo =4 —6¢

Vi Ge(P)@5—4t+2(2—t)—2(4—6t):3@t:%:G(3;l;1).

4G =(0;1,1) = 4G =2 =1,41.
Vay khoang cach tir vi tri A dén diém va cham 1a 1,41 km.

Ciu 8: Hai dira tré dang choi v6i mot qua bong. Bé gai ném qua bong cho bé trai. Qua bong di chuyén

trong khong khi, uén cong 3m vé bén phai va roi cach bé gai 5m (xem hinh sau).

. ] ¢ ﬂ
e 5

Rk I 3m

Sm

Biét mat phing chtra quy dao ctia qua bong vudng goc véi mat dat va phuong trinh téng quat caa
n6 c¢6 dang ax+by+c=0.Tinh a+b+c?

Loi giai
Chon hé truc toa do nhu hinh vé:

-
e —— :
O/w:0:0) \
! iy ST
F.-

e
v
X B
Tacdé OC =+OB* —BC* =4 suy ra B(3;4;0).

Mit phang chira quy dao di qua O(0;0;0) vanhan & (0;0;1), OB(3;4;0) lam vec to chi phuong.

Suy ra vec to phap tuyén n= [7{,@] = (—4;3;0)
Vay phuong trinh mat phang chtra quy dao ciia qua bong la: —4(x - 0) + 3(y - 0) + O(Z - O) =0
< 4x-3y=0.a+b+c=1.

Cau9: Mot cong trinh dang xdy dung dwoc gin hé truc Oxyz (don vi trén mdi truc toa do 1a mét). Ba
bic twong (P).(Q).,(R) (nhu hinh v&) cia toa nha lan lugt c6 phuong trinh:
(P):x+2y—22+1 =0, (Q):2x+y+22—3=O,(R):2x+4y—4z—22=O.

Gido vién: Hupnh Vin Anh — 42 Ngyyén Cuw Trinh — Thugn Hoa — TP Hué — DT: 0984164935 Page 8
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Ciu 10:

CHUYEN DPE V — PHUONG PHAP TOA PO TRONG KHONG GIAN

T
-_
]
——
=
=
o
=
=
=y
r
= |
= |

Tinh d6 rdng buc tuong (Q) cua toa nha la

Loi giai
Ta co
(P):x+2y-2z+1=0 c6 vecto phap tuyén la 7i, = (1;2;-2)
(Q) 2x+y+2z-3=0 co vecto phap tuyén 13 7 h, = (2 I 2)
(R):2x+4y—4z-22=0.c6 vecto phap tuyén la 7i, =(2;4;-4)

L_2_ 22, 1 énhaibic tuong (P) va (R)song song nhau

Ta co n, = 2nP,2 i

Apdiy =1.2+2.14(-2).2=0= 7, L7, nén bl tuong (Q) vudng goc vai hai buc twong (P) va

(R).

Chon diém M (-1;0;0) € (P) Do hai btc tuong (P) va (R)song song nhau nén:
2.(-1)+4.0-4.0-22
d((P).(R))=d(M,(R))= 2 J:+16+16 | = % = 4m Vay do rong birc tuong (Q) cla

toa nha 1a 4m .
Mot nha hang duogc xay dung theo md hinh 13 hinh chop cut OAGD.BCFE ¢6 hai day song song

v6i nhau. Mit sain OAGD 14 hinh chit nhat va duoc gin hé truc Oxyz nhu hinh v& dudi (don vi
trén mdi truc toa d6 1a mét). Mt san OAGD c6 chiéu dai 04 =100m , chiéu rong OD = 60m va

toa do diem B(10;10;8).

Loi giai
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Cau 11:

CHUYEN DE V- HINH HOC 12 - PHUONG PHAP TOA PO TRONG KHONG GIAN
Tinh khoang cach tir diém G dén mit phang (OBED).OD =(0;60;0),0B = (10;10;8)
Vecto phap tuyén ctia mit phang (OBED)1a 7i = [55, 5]?] =(480;0;-600)
Phuong trinh mat phiang (OBED) di qua diém O(0;0;0) va c6 vecto phép tuyén 7i, =(4;0;-5)

la:4x-5z=0
Khoang céch tir diém G dén mit phang (OBED) la:

_[4.100-5.0] _ 40041

V16+25 41

Mot cong trinh dang xay dung dugc gan hé truc Oxyz nhu hinh vé& dudi (don vi trén mdi truc

~62,5m

d(G,(OBED))

toa do 1a mét). Mdi cot bé tong c6 dang hinh ling try tt gidc déu va co tim cua mat day trén lan

lot 1a A(3;2;3),3(6;3;3),C(9;4;2),D[6;O;§j,

Tinh khoang c4ch tir diém D dén mit phang (A4BC).
Loi gidi
Taco
AB =(3;1;0); AC =(6;2;1)
Mat phing (ABC) c6 vecto phap tuyén 1a 7i = (-1;3;0) nén phuong trinh (ABC):x-3y+3=0

R , . A v 1 1.6+3
Vay khoang céach can tim la 4 (D,(ABC)) = | | - 910 )
?+(=3)7 10
Gido vién: Hupnh Vin Anh — 42 Nguyén Cu Trinh — Thugn Hoa — TP Hué — DT: 0984164935  Page 10
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CHUYEN DE V- HINH HOC 12 —- PHUONG PHAP TOA PO TRONG KHONG GIAN

PHUONG PHAP TOA PO
TRONG KHONG GIAN

| CHUONG |

BAI: PHUONG TRINH PUONG THANG

@ LY THUYET.

I. VECTO CHI PHUONG CUA PUONG THANG.
1. Dinh nghia:

Vecto u duoc goi 1a vecto chi phuwong cta dudng thing (A) néu u =0 va gia cia u song song
hogc trung vé6i duong thang (A).

2. Nhgn xét:
a) Néu u 1a mot vecto chi phuong ciia dudng thing A = ku (k #0)ciing 1a VTCP cta dudng
thang A. Vay duong thing (A) c6 v6 s6 VTCP va cac VTCP nay cung phuong véi nhau.
b) Néu A di qua hai diém 4 va B thi AB 1a mot VTCP cia duong thing A.
¢) Néu A 1a giao tuyén ctia hai mit phang cit nhau (P) va (Q) thi LTA = [g;g] -lamot VTCP
clia dudng thing A (v6i n,;n,, lan luot 1a vecto phap tuyén ciia 2 mat phang (P);(Q)).

II. PHUONG TRINH PUONG THANG.
1. Dinh nghia:

Cho duong thing A di qua diém M, (x,;,;2,) Vva c6 vecto chi phuong u = (u;u,;u,)
X=X, +ut
a) Phuwong trinh tham sé cua duong thang A 1a: { y = Vo tu,t (teR)

Z=2zZ,tu,t

b) Phuong trinh chinh tic ciia dudng thang A la: h YN 27 % (Vo1 uu,u, #0).
U Uy Us

2. Chu y:
X=X, +ut
Cho dudng thing A c6 phuong trinh 1a: {y = y, +u,t (teR)
z=2z,+tu,t

u =(ul;u2;u3)— la mot VTCP cua A.

MeAs M(x0 +ut;y, +uyt; z, +u3t)
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CHUYEN DPE V — PHUONG PHAP TOA PO TRONG KHONG GIAN

III. GOC GIUA PUONG THANG VA MAT PHANG; GOC GIUA PUONG THANG VOI PUONG
THANG.

1. Géc giiva dwong thang va mdt phing

Trong khong gian Oxyz, cho mit phing () ¢6 vecto phap tuyén n= (4; B;C) va duong thing
A c6 vecto chi phuong u = (uj;uy;u5) .

Goi ¢ la goc gitta duong thang A va mit phang (0¢) ,

sinQ = ‘cos (ﬁ, ﬁ)‘ = |n.u|
2. Goc giira hai dwong thing

Trong khéng gian Oxyz , cho duong thang A c6 vecto chi phuong U= (u, SUy ;U ) va duong thang

I > 7 [
A" ¢6 vecto chi phuong u' = (u);uy;u;).

Goi ¢ 1a goc gitta duong thang A duong thang A, 0° < <90°, ta co:

CosSp =

cos(u;u')

2
IV. KHOANG CACH.

1. Khodng cdch tir mét diém dén dwong thing
Trong khong gian Oxyz ,cho diém M va duong thing A di qua diém M 0 (xo; Yos 20 ) ,c0 VICP

u = (u3u,;u3) Khoang cach gitta M va A la:

HMMO;Z}

—

d(M;A):

u

2. Khodng cdch giiva hai dwong thing song song: bang khoang cach tir mot diém tuy ¥ thude dudng
thang nay dén duong thang kia.

Trong khong gian Oxyz cho dudng thang A di qua diém M 0 (xo; yo;zo), c6 VTCP
u = (u;3u,3uy) va dudng thang A’ di qua diém M (x); vh;z) ), c6 VICP W = (uf3up;3)
Gia st A//A’, khi d6 khoang cach giita hai duong thang A va A’ la:

d(A;A)=d(My;A')=d (Mg;A)
3 Khodng cdch giiva hai dwong thing chéo nhau

Trong khong gian Oxyz, cho dudong thang A di qua diém M, (xo; yo;zo), co VTCP
u=(uj;up;uy) va duong thing A’ di qua diém M{(x(;¥0:2)), c6 vecto chi phuong
?:(u{;ué;ué)

Gia st A va A’la hai dudng thang chéo nhau, khi d6 khoang cach giira chiing 1a:

—>'—Iv
uu

d(MA)=F——

7
u;u
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CHUYEN DE V- HINH HOC 12 —- PHUONG PHAP TOA PO TRONG KHONG GIAN

V. VI TRi TUONG POI CUA HAI PUONG THANG; VI TRi TUONG POI CUA PUONG THANG
VA MAT PHANG.
1. Vi tri twong doi cua dwong thang va dwong thang
Trong khong gian Oxyz cho hai duong thang (A) va (A’) biét rang:
X =xy+ut
A di qua diém M (x5 0529 ) va €0 VICP u = (ujsuy;u3) = Al y = yo +ut
zZ=12zy+ust
x = x4 +uft’
A" di qua diém M (xg; v9:z0) va cé VICP W = (ufsubsus) = A':{y = yh +ujt

/ !,/
z=2zytust

/

Cach 1:
Xo tut = x(') + u{t’
Xét hé phuong trinh 1 yo +uyt = y +ubt’ (an 1,¢") (1).
zo +uzt =z +ust’
a) A//A'< hé phuong trinh (1) v nghiém va hai vecto U , W cung phuong.
b) A va A’ chéo nhau < hé phuong trinh (1) v nghiém va hai vecto u , W khong cung phuong.
¢) A va A tring nhau < hé phuong trinh (1) ¢6 v6 s6 nghiém.
d) A va A’ cat nhau < hé phuong trinh (1) c6 diing mot nghiém.
Cach 2:

a) A//IN & u, W cung phuong va M, ¢ A’ <

b) A va A’ tring nhau < u, o’ cung phuong va M, e A’ & [;,u ]:

¢) A va A’ cit nhau < 1?,;7 khong cung phuong va ba vecto ;, W' , MM} ddng phang.
PRI
il | MM =0
d) A va A’ chéo nhau < u, u' khong cing phuong va u, o , MyM{ khong ddng phing
o luu | MM, #0.
2. Vi tri twong déi ciia dwong thing va mét phang
Trong khong gian Oxyz cho mit phang (OL) :Ax+By+Cz+ D=0 va duong thing A co
X=Xy +ut
phuong trinh: {y =y, +uyt (1€R).
zZ = ZO +U3t

Goi n= (4;B;C) 1a VTPT ctia mét phing (o) va U= (u3u55u3) 1a VTCP cia dudng thang A

Cach 1:
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CHUYEN DPE V — PHUONG PHAP TOA PO TRONG KHONG GIAN

Xét phuong trinh: A(xy +u;t)+ B(yy +uyt)+C(zg +uzt)=0 (¢ 1a an) (2)

a) Néu phuong trinh (2) vo nghiém thi A va (o) khong c6 diém chung < A// ().

b) Néu phuong trinh (2) ¢6 ding mot nghiém 7 = ty thi duong thing A cat mat phang ((x) tai
diém N (xq 41105 ¥ +unty; 2o + sty ) -

¢) Néu phuong trinh (2) ¢6 v6 s6 nghiém thi A thudc (OL) S AL (OL).

Cach 2:

a) A cat (o) & nu#0

nau =0
b) A//(a)@{XZGA:Mg(a)

- —

nu=0

¢) A thudc (o) <:>1
MeA=Me(x)

<‘ HE THONG BAI TAP TOAN THUC TE.

Cau 1:  Trong khong gian Oxyz (don vi trén mdi truc toa do 1a mét), mot ngdi nha nhur hinh vé dudi day
c6 san nha nam trén mit phing (Oxy) . Hai méai nha lan lugt nim trén cic mit phang
(P): x-2y+5=0va (Q) : x—2y—3z+20=0. Hoi chiéu cao clia ngdi nha tinh tir san nha 1én

noc nha (diém cao nhat cia mai nha) la bao nhiéu?

mﬁﬁnmm‘m ‘ e
Cau2: Trén mat dat phing, ngudi ta dung mot cdy cot thang cao 6 m vudng goc v6i miat dat, co chan
cOt dat tai vi tri O trén mat dat. Tai mot thoi diém, dudi anh néng mat troi, bong cua dinh cot

N~

du6i mat dat cach chan cot 3 m vé huéng S60°E (hudng tao voi hudng nam goc 60° tao véi
hudng dong goc 30°) (hinh bén dudi). Chon hé truc Oxyz cb gbe toa dd 1a O, tia Ox chi hudng
nam, tia Oy chi hudng dong, tia Oz chua cay cot, don vi do 1a mét. Tinh goc tao bdi duong

thang chira tia ning mat troi di qua dinh cot tai thoi diém dang xét voi mat dét.
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Cau 3:

Cau 4:

Cau 5:

Ciu 6:

CHUYEN PE V — HINH HOC 12 - PHUONG PHAP TOA PO TRONG KHONG GIAN

Trong khong gian véi hé toa dd Oxyz, mot cabin cép treo xuét phat tir diém A(11;4;0) va chuyén
dong déu theo dudng cap cd véc to chi phuong u = (=3;—-4;0) voi toe do 1a 5m/s (Pon vi trén
mdi truc toa do 1a mét); gia sir sau t(s) ké tir lac xudt phat (t>0), cabin dén diém M ; Mot
nguoi dimg tai diém O quan sat cabin chay trén cép treo, sau thoi gian bao nhiéu thi khoang cach
giita ngudi quan sat va cabin gan nhau nhat?

Trong khong gian Oxyz (don vi ctia cac truc toa do 1a ki — 16 - mét), dai kiém soat khong luu san
bay c6 toa do (—64;128;64). May bay bay trong pham vi cach dai kiém soat khong qua 500 km
thi s& hién thi trén man hinh ra da. Mot may bay N xuat hién trén man hinh ra da va mot may
bay M nim trong mit phing (P):x—2y+2z—1458 =0 sao cho hai may bay M,N thudc
duong thang c6 vecto chi phuong 1a U= (l;l;l) . Khoang cach nho nhat giira hai may bay M,N
1a bao nhiéu km? (két qua 1am tron dén hang don vi)

Trén mot suon nui (co do nghiéng déu), ngudi ta trong mot cdy thong va mubn giit né khong bi
nghiéng bang hai soi day neo nhu hinh v&. Gia
thiét cdy thong moc thang ding va trong mot
hé toa do phu hop, cac diém goc O (gbc cay
thong) va 4, B (noi budc day neo) co6 toa do
twong ung 1a  0(0;0;0), A(5;-3;1),
B(-3;-4;2), don vi trén mdi tryc toa do la
mét. Biét rang hai day neo déu duoc budc vao
cdy thong tai diem C(0;0;5) va dugc kéo

cing tao thanh cac doan thang. Khi d6, goc tao
boi day neo CA va mit phang suon nidi 13 bao nhiéu d6 (1am tron két qua dén hang don vi cta
do)?

Trong mdt khu du lich, nguoi ta cho du khach trai nghi¢m thién nhién béng cach du theo duong
trugt zipline tir vi tri 4 cao 15 m cua thép 1 nay sang vi tri B cao 10m cuia thap 2 trong khung
canh tuyét dep xung quanh. V&i hé truc toa d0 Oxyz cho trude (don vi: mét), toa do cua 4 va

B lanluot 1a (3;2,5;15) va (21;27,5;10). Biét toa d0 du khéch khi ¢ d6 cao 12 mét1a (a;b;c).
Tinh P=5a+b+c.
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Cau 7:

Cau 8:

Cau 10:

Cau 11:

Cau 12:

CHUYEN DPE V — PHUONG PHAP TOA PO TRONG KHONG GIAN

Mot chiée ban gip gon di duoc thiét 1ap hé toa d6 Oxyz. Diém A 1a

chan ban tiép xtc voi mat dat thudc duong thang

a_x+3 _y-l_z+2
1 1

F. Do dai chan ban FA = 403 cm , khi d6 d0 cao cua mat ban tinh

tir mat dat la:

cit mit ban (P):x+y—22+6=0 tai diém

Trong khong gian véi hé truc
toa d0 Oxyz, mot Cabin cap
treo xudt phat tr diém
A(10;3;0) ket thac tai diem B
c¢6 hoanh d¢ x, =550 chuyén
dong déu theo duodng cap co
Vecto chi  phuong la

u=(2;-2;1) (Hinh bén dudi).  Ngudn: hups:/ishuersiock.com
Tinh d6 dai duong cap AB ?

Trong hé truc toa do Oxyz, san nha cuia mQt cong trinh thugc mat phéng Oxy, tay vin cua lan
can cau thang 1a mot duong théng di qua hai diém A(5;1;9) va B(2;1;12). Goéc tao boi tay vin
ctia lan can cau thang va mit san nha bang bao nhiéu d6?

Tt mat nudc trong mot bé nude, tai ba vi tri d6i mot cach nhau 6 m, nguoi ta lan luot tha day doi
dé qua doi cham d4y bé. Phan day doi (thing) nam trong nudc tai ba vi tri d6 l1an luot co do dai
2 m; 3 m; 4 m. Biét day bé 1a phang. Hoi day bé nghiéng so vi mit phang nam ngang mot goc
bao nhiéu do?

Ban v& thiét ké ciia mot cong trinh dugc ve trong mot hé truc toa do Oxyz. San nha ctia cong trinh
thudc mit phing (Oxz), duong dng thoat nuéc thang va di qua hai diém 4(1;2;3), B(~1;4;-2)

. Tinh goc tao boi dudng 6ng thoat nude va mit san.
Hinh bén dwoi minh hoa duong bay cua mot
chiéc tryc thang H cit canh tir mot san bay. Xét
hé truc toa do Oxyz c6 géc toa do O la chan thap
diéu khién ctia san bay; truc Ox 1a huéng dong
(D), truc Oy 13 hudng bic (B) va truc Oz 1 truc
thang dung, don vi trén mdi tryc 1a kilémét.

viB)

Truc thing cét canh tir diém G. Vecto r chivi
tri ciia tryc thang tai thoi diém ¢ phut sau khi cat
canh (1> 0) c6 toa do la: r=(1+¢;0,5+2¢;2t).

x (B

a) Tim goc 6 ma duong bay tao véi phuong ngang.

b) Lap phuong trinh duong thing GF , trong &6 F 1a hinh chiéu cta diém H 1én mat phing
(Ox).

¢) Truc thing bay vao may ¢ do cao 2 km. Tim toa d6 diém ma mdy bay truc thing bat dau di
vao ddm may.

d) Gia sir mot dinh ndi nim & diém M (5;4,5;3). Tim gié tri cia ¢ khi HM vudng géc véi
duong bay GH . Tim khoang cach tir may bay truc thang dén dinh ni tai thoi diém do.
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Cau 13: Trong khong gian v&i hé toa do Oxyz (don vi trén mdi truc toa do 1a kilomét), mot may bay dang
& vi tri tri A(3,5;— 2;0,4) va s€ ha canh & vi tri B(3,5;5,5;0) trén duong bang EG (Hinh 37).
a) Viét phuong trinh dudng thang AB .
b) Hiy cho biét goc truot (goc giita duong thing bay 4B va mit phing nam ngang (Oxy)) c6
nam trong pham vi cho phép tir 2,5° dén 3,5° hay khong?
c) C6 mot 16p miy duogc md phong béi mot mit phang (&) di qua ba diem M (5;0;0),
N(O;—S;O) , P(O;O;O,S) . Tim toa d6 cua diém C 1a vi tri ma may bay xuyén qua ddm may dé

ha canh.
d) Tim toa d6 cta diém D trén doan thing AB 13 vi tri ma may bay & d6 cao 120m.
e) Theo quy dinh an toan bay, ngudi phi cong phai nhin thiy diém dau E (3, 5;6,5; 0) cua duong
bang & d6 cao tdi thiéu 1a 120 m. Hoi sau khi ra khoi dam may, ngudi phi cong c6 dat duge quy
dinh an toan d6 hay khong? Biét rang tim nhin ciia nguoi phi cong sau khi ra khoi dam may 1a
900 m

(Nguoén: R.Larson and ~B. Edwards, Calculus 10e Cengage, 2014)
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CHUYEN DPE V — PHUONG PHAP TOA PO TRONG KHONG GIAN

PHUONG PHAP TOA PO
TRONG KHONG GIAN

| CHUONG |

BAI: PHUONG TRINH PUONG THANG

@ LY THUYET.

I. VECTO CHI PHUONG CUA PUONG THANG.
1. Dinh nghia:
Vecto u duoc goi la vecto chi phuong cua duong théng (A) néu u#0 va gia cua u song song
hodc tring véi duong thang (A).
2. Nhan xét:
a) Néu u 1a mot vecto chi phuong cua dudng thing A = ku (k #0)ciing 1a VTCP cta dudng
thing A. Vay dudng thing (A) covo s6 VTCP va cac VTCP nay cing phuong véi nhau.
b) Néu A di qua hai diém 4 va B thi AB 12 mot VTCP cua duong thang A.
¢) Néu A 14 giao tuyén clia hai mt phing cit nhau (P) va (Q) thi u, = [a,g} -1a mét VTCP
ctia duong thing A (véi nT, ;i 1an luot 12 vecto phap tuyén ctia 2 mit phing (P);(Q) ).
II. PHUONG TRINH PUONG THANG.
1. Dinh nghia:
Cho dudng thang A di qua diém M, (x,;¥,;2,) va ¢6 vecto chi phuong u = (u,;u,;u,)
X=X, +ut
a) Phuwong trinh tham sé ctia duong thang A 1a: { y =y, +u,t (teR)
Z=2zy+u,t

X _ Y~V _Z"%
U Uy u3

b) Phuong trinh chinh téc cia duong thing A 1a: > (Vi u,u, #0).

2. Chi y:
X=Xx,+ut
Cho duong thang A c6 phuong trinh 1a: ¥y =y, +u,t (teR)
z=12z,+u,t
u= (uy3uy3uy) - 1a mot VTCP cua A.
M e A M (x,+ut; v, +u,t; 2y +ust)
I11. GOC GIUA PUONG THANG VA MAT PHANG; GOC GIUA PUONG THANG VOI PUONG
THANG.

1. Géc giiva dwong thang va mdt phing
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CHUYEN DE V- HINH HOC 12 —- PHUONG PHAP TOA PO TRONG KHONG GIAN

Trong khong gian Oxyz , cho mit phang (OL) ¢6 vecto phap tuyén n= (A; B;C ) va duong thang

A c6 vecto chi phuong u = (uy;u5;u3) .
Goi ¢ 1a géc gitta duong thdng A va mit phang (o), 0° < <90°, ta co:
n.u

Trong khdng gian Oxyz , cho duong thang A c vecto chi phuong u = (u,;u,;u, ) va dudng thang

I, ; o Tog too,t
A" ¢6 vecto chi phuong u' = (u;uy;u;).

sin@ = ‘cos (n;u)‘ =

(=1

n

2. Géc giita hai dwong thing

Goi ¢ la goc gitta duong thing A duong thang A, 0° < <90°, ta co:

- —

/
u.u

‘u‘.

cosp =

=
cos(u;u ) —
/

u

IV. KHOANG CACH.
1. Khodng cdch tir mét diém dén dwong thing
Trong khong gian Oxyz ,cho diém M va duong thang A di qua diem M (x; Y0520)» €0 VTCP
u = (uy3uy;15) Khoang cach gitta M va A la:

HMMO;Z}

—

d(M;A):

u

2. Khodng cdch giiva hai dwong thing song song: bang khoang cach tir mot diém tuy ¥ thudc duong
thang nay dén duong thang kia.

Trong khong gian Oxyz cho dudng thing A di qua diém M, (xo; yo;zo), c6 VTCP
u = (u;3u,3uy) va dudng thang A’ di qua diém M (x); vh;z) ), c6 VICP J:(u{,ué,ug)
Gia st A//A’, khi d6 khoang cach giita hai duong thang A va A’ la:
d(A;A’)zd(MO;A’):d(Mé;A)

3 Khodng cdch giiva hai dwong thang chéo nhau
Trong khoéng gian Oxyz, cho duong thing A di qua diém M, (xo; yo;zo), co6 VTCP
;:(ul;u2;u3) va duong thang A’ di qua diém M| (x(’);y(');z(')), c6 vecto chi phuong
o = (uf sy

Gia sit A va A’1a hai dudng thiang chéo nhau, khi d6 khoang cach giita chung 1a:

[;;L?}.MMO‘

usad|
V. VI TRI TUONG POI CUA HAI PUONG THANG; VI TRi TUONG POI CUA PUONG THANG
VA MAT PHANG.

d(A;A)=

1. Vi tri twong déi ciia dwong thang va dwong thing

Trong khong gian Oxyz cho hai duong thang (A) va (A') biét rang:
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CHUYEN DPE V — PHUONG PHAP TOA PO TRONG KHONG GIAN

X =Xg +ut
A di qua didm M (x0; 0529 )va €0 VICP u = (usup3u3) = Al y = yo +ust
z=2zytust

x:x6+u1’t/

A" di qua diém M (xg; v0;29) va c6 VICP J:(u{,ué,ué) = A {y =y, +ust’
z= 26 —Htét/
Cich I:
X +uyt = x{ +ut’
Xét hé phuong trinh { y +uyt = v +ubt’ (an 1,¢) (1).
zo +ust =z +ust’

a) A//A'< hé phuong trinh (1) vo nghiém va hai vecto ", W cung phuong.

b) A va A’ chéo nhau < hé phuong trinh (1) v nghiém va hai vecto u , W khong cung phuong.
¢) A va A’ tring nhau < hé phuong trinh (1) ¢6 v6 s6 nghiém.

d) A va A’ cat nhau < hé phuong trinh (1) c6 diing mot nghiém.

Cach 2:

a) A//IAN & u, W cung phuong va M, ¢ A’ &

¢) A va A'cat nhau < ;,L7 khong cung phuong va ba vecto ljt', J, MM dong phang.
0] 0
MG =0
d) A va A’chéo nhau < u, u' khong cing phuong va u, L7, m khong dong phang
o [ | MM £0.
2. Vi tri twong déi ciia dwong thing va mdt phing
Trong khong gian Oxyz cho mit phang (oc):Ax+By+Cz+D:O va duong thang A co

X =Xx9+ut
phuong trinh: {y =y, +u,t (t€R).
z=2zy+ust

Goi n=(4; B;C) 1a VTPT ctia mit phing () va u = (uy;u53u3) 1a VICP cta duong thing A

Cach 1:

Xét phuong trinh: A(xq +wyt)+ B(yy +ust)+ C(zg +uzt) =0 (¢ 1a an) (2)

a) Néu phuong trinh (2) v6 nghiém thi A va (OL) khong ¢ diém chung < A// (OL) .

b) Néu phuong trinh (2) c¢6 dung mot nghiém ¢ = ty thi duong thang A cit mdt phing (OL) tai
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CHUYEN DE V- HINH HOC 12 —- PHUONG PHAP TOA PO TRONG KHONG GIAN

¢) Néu phuong trinh (2) ¢6 v6 s6 nghiém thi A thudc (o) < A//(a).
Cach 2:
a) A cat () = ni # 0

@l

- —

nu=0

¢) A thudc (o) @{
MeA=Me(a)

<‘ HE THONG BAI TAP TOAN THUC TE.

Cau 1: Trong khong gian Oxyz (don vi trén mdi truc toa do 1a mét), modt ngdi nha nhur hinh vé dudi day
c6 san nha nam trén mit phéing (Oxy) . Hai mai nha lan luot nim trén cac mit phing
(P): x=2y+5=0va (Q) : x—2y—3z+20=0. Hoi chiéu cao clia ngdi nha tinh tir san nha 1én

noc nha (diém cao nhat cia mai nha) la bao nhiéu?

..’

| N 280 ~._4ﬂ
"Ixtt 3, il
o .‘nfnmm\l -

SO SRR PR SR SO S NS S S

Loi giai

x=2y+5=0
x=2y-3z+20=0"

Tir phwong trinh thi nhit chon x = —5 = y = 0. Thay vao phuong trinh con lai ta duge z=35.

Nhitng diém thudc duong noc nha co toa do thoéa man hé {

Vay diém A4 (—5; 0;5 ) 12 mot diém thude duong noc nha. Khi d6 chiéu cao can tim cia caa ngdi
nha 1a khoang cach tir diém A dén mat phing (Oxy) va bang 5 mét.

Cau2: Trén mat dat phang, ngudi ta dyng mot cay cot thing cao 6 m vudng goc véi mit dét, ¢o chan
cOt dat tai vi tri O trén mat dat. Tai mot thoi di€m, dudi anh nang mat troi, bong cua dinh cot
dudi mat dat cach chan cot 3 m vé hudng S60°E (hudng tao véi hudng nam goc 60° tao véi
huéng dong géc 307) (hinh bén dudi). Chon hé truc Oxyz céd géc toadd la O, tia Ox chi hudng
nam, tia Oy chi huéng dong, tia Oz chtra cdy cot, don vi do 1a mét. Tinh goc tao boi duong

thang chua tia ning mit troi di qua dinh cot tai thoi diém dang xét v6i mat dat.
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CHUYEN DPE V — PHUONG PHAP TOA PO TRONG KHONG GIAN

= *
il

4 h

Loi giai
Goi A4 (dinh cot) va 4' (bong cua dinh cdt).

Ta co: 4(0;0;6).

Hoanh d6 cta diém A' 1a x = 3.c0s60° = % .

W3
3

Tung d6 ctia diém A' 13 y =3.cos30° =

Do d6 A'(%;ﬂ;O)

2

Puong thang cha tia ning mit troi di qua A(0;0;6) va c6 vecto chi phuong
— (333 3
AA'=| —;—— ;-6 |=—(1;/3;-4).
)
Phuong trinh dudng thang tia ning c6 vécto chi phuong 1a u= (1; J3; —4) .

M3t dét 1a mat phang (Oxy)c6 vécto phap tuyén 1a n=(0;0;1).

Goi « la goc gifra phuong trinh duong thing tia ning véi mét phang (Oxy).

. I L B = T
Ta co: s1na:‘cos(u;n) =

] T 1434161 5

S a=63°.

Trong khong gian véi hé toa dd Oxyz, mot cabin cap treo xudt phat tir diém A(11;4;0) va chuyén
dong déu theo dudng cap cb véc to chi phuong u = (-3;—4;0) véi tée do 1a 5m/s (Pon vi trén
mdi truc toa do 1a mét); gia sir sau t(s) ké tir lac xudt phat (t>0), cabin dén diém M ; Mot
ngudi ding tai diém O quan sat cabin chay trén cép treo, sau thoi gian bao nhiéu thi khoang cach
gifta ngudi quan sat va cabin gan nhau nhat?

Loi giai
Do tdc dd cua cabin 1a Sm/s nén do dai AM = |AM| =5t (m); Do hai véc to AM va u cung

phuong nén AM=ku vo6i kla s thyc dwong nao d6. Suy ra:

[AM] =k fu] = ky/(-3)" +(-4)* +0* =5k
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CHUYEN DE V- HINH HOC 12 —- PHUONG PHAP TOA PO TRONG KHONG GIAN

Suy ra t=k, vi thé AM =ku =tu=(-3t;—4t;0). Gia st diém M(x;y;z) nén
AM = (x -11;y—4;2)
x—11=-3t x=11-3t
Tacod yy—4=—-4t & Jy=4-4t;teR. Hay M(11-3t;4-4t;0)
z=0 z=0
Khoang cach gitra nguoi quan sat va cabin bang do dai doan

OM = \/(11—3t)2 +(4—4t)° +0> =/25t> — 98t +137

: . . 4
Khoang céch gan nhat khi tam thirc bac hai 25t —98t+137 dat gia tri nho nhat, khit = 2—2 =1,96

5
Dap s0: t=1,96 (s).
Trong khong gian Oxyz (don vi ctia cac truc toa do 1a ki — 16 - mét), dai kiém soat khong luu san
bay c6 toa do (—64;128;64) . May bay bay trong pham vi cach dai kiém soat khong qua 500 km
thi s& hién thi trén man hinh ra da. Mot mdy bay N xuét hién trén man hinh ra da va mot may
bay M nim trong mit phang (P):x-2y+2z-1458=0 sao cho hai may bay M,N thujc
duong thing c6 vecto chi phuong 1a U= (1; l;l) . Khoang cach nhé nhét giira hai may bay M,N
12 bao nhiéu km? (két qua lam tron dén hang don vi)
Loi giai

M4y bay N xudt hién trén man hinh ra danén N thudc khdi cau (S) cotam 1(—64;128;64)
, ban kinh R =500.
X, —2y,+2z,-1458

VP 427422

Ta co d(],(P)) = | =550> R nén (P) va (S) khong giao nhau.

/

‘%{!

M H
Goi a 13 goc tao bdi MN va mit phang (P)
Goi H 14 hinh chiéu cia N 1én mit phang (P)
Mit khac MN cung phuong véi véc-to ﬁz(l;l;l) va E :(l; —2;2) suy ra

u-np,

sing =

1
33
~d(1.(P))=R _
Khi do mn =N o My _ (2.(P)) _ 302300 56/ ~ 260

sing  sina sina 1

33
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Ciu 6:

CHUYEN DPE V — PHUONG PHAP TOA PO TRONG KHONG GIAN

Trén mot suon nui (co do nghiéng déu), ngudi ta trong mot cay thong va mubn giit né khong bi
nghiéng bang hai soi ddy neo nhu hinh v&. Gia thiét cdy thong moc thang dimg va trong mot hé
toa do phu hop, cac diém géc O (gbc cay théng) va 4, B (noi budc diy neo) cé toa do twong
tmg la 0(0;0;0), 4(5;-3;1), B(-3;-4;2), don vi trén mdi truc toa do la mét. Biét rang hai
day neo déu dugc budc vao ciy thong tai diém C (0;0;5) va dugc kéo cing tao thanh cac doan

thang. Khi d6, goc tao boi day neo CA va mit phang suon nui la bao nhiéu do (1am tron két qua

dén hang don vi cua do)?

Loi gidi
=3 10 55 -3
. . [OA,OB]: ‘ : : ‘
Taco O4=(5;-3;1), OB=(-3;—-4;2)nén -4 2’12 =-3|'|-3 —4|).
=(—2;—13;—11)

Suy ra vecto n = [@, @] =(-2;-13;-11) la mét vecto phap tuyén ctia mit phang (OAB).

Mit khac @:(5;—3;—4) nén ta co

| v |edn) |5( pI R o Yo 1)
s1n(CA,(0AB)) ‘cos CA n‘ |CA|| | \/5 )2'\/(_2) +(_13) +(_11)2 =03

Suy ra (CA,(OAB)) ~37°. Vay goc tao boi day neo C4 va mat phing suon nui khoang 37°.

Trong mot khu du lich, ngudi ta cho du khéach trai nghiém thién nhién bang cach du theo dudng
truot zipline tur vi tri A cao 15 m cua thap 1 nay sang vi tri B cao 10m cua thap 2 trong khung
canh tuyét dep xung quanh. Vi hé truc toa dd Oxyz cho trude (don vi: mét), toa dd cua 4 va

B lanluot 1a (3;2,5;15) va (21;27,5;10). Biét toa d0 du khach khi ¢ d6 cao 12 mét1a (a;b;c).
Tinh P=5a+b+c.
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CHUYEN PE V — HINH HOC 12 - PHUONG PHAP TOA PO TRONG KHONG GIAN

5 .. i =
Loi giai

Taco AB=(18;25-5).
x=3+18t¢

Phuong trinh tham s chira duong zipline 13 d y=2,5+25¢ (Z € ]R).
z=15-5¢

Goi C(xc;¢312) 1a toa dd cia du khach dang & do cao 12 mét.
Taco Cedva z. =12 khido 12=15—5t:>t=%.

Xc :3+18%:%; yC=2,5+25%:17,5.

Vay toa do cua du khach 1a C(%;l7,5;12). Khi do P:5a+b+c:5.6—59+18+12:98,5.

Mot chiée ban gip gon dd duogc thiét 1ap hé toa d6 Oxyz. Piém A 1a chan ban tiép xuc véi mit
x+3 y-1 z+2
==
dai chan ban FA =403 cm , khi d6 do cao ctia mat ban tinh tir mat dat la:

dat thudc duong thang a: cat mit ban (P) :x+y—2z+6=0 tai diém F. Do
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CHUYEN DPE V — PHUONG PHAP TOA PO TRONG KHONG GIAN

. +3 -1 z+2 -
Duong thing A:x1 :yl =Z4 c6 vecto chi phuong u =(1;1;4).

Mit phang (P):x+y—2z+6=0 co vecto phap tuyén n =(1;1;-2).

il T
=~ =,|— =sin¢@ (vi hai géc phu nhau)
ul.|n 3

sin(A,(P)) = ‘cos(z;,ﬁ)

Do cao ciia mit ban tinh tir mat dat 1a khoang cach tir chan ban A dén mit phang (P)
. 1
Suy ra d (4,(P))= AH = FA.sing = 40\/5.\E =40cm.

Trong khong gian v6i hé truc toa dd Oxyz , mot Cabin cap treo xuét phat tir diém 4(10;3;0) két

thac tai diém B c6 hoanh d6 x, =550 chuyén dong déu theo duong cap cé Vecto chi phuong 1a

U= (2;-2;1) (Hinh bén dudi). Tinh do dai duong cap 4B ?

(Ngudn: https://shutterstock.com)
Loi giai
DPuong thang 4B di qua diém A(10;3;0) va nhan U= (2;-2;1) 1a vecto chi phuong c6 phuong
x—-10 y-3
=5
Ta co6 B(550;y,;z5) nam trén duong thing A4B. Theo gia thiét ta c6
550-10 y,-3 z yp==337
-7 :TB:{ZB =270

trinh 1a: %

X, =550=

Nén B(550;-537;270). Vay AB=\/(550—10)2 +(=537-3)> +(270-0)* =810
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Cau 10:

Cau 11:

CHUYEN DE V- HINH HOC 12 —- PHUONG PHAP TOA PO TRONG KHONG GIAN

Trong hé truc toa 40 Oxyz, san nha ctia mot cong trinh thudc mit phang Oxy, tay vin cua lan
can cau thang 13 mot duong thiang di qua hai diém A(5;1;9) va B(2;1;12). Goc tao boi tay vin
cta lan can cau thang va mat san nha bang bao nhiéu do?
Loi giai
Mit phiang Oxy c6 mdt vecto phap tuyén la k= (0;0;1)
Puong thing AB nhan AB = (-3;0;3) 1a mot vecto chi phuong
|30+00+3q 1

Ta cé: sin( 4B, ‘ ABk‘ N
aco s1n( (OXJ’)) cos +02+32 02 +02 412 3[ \/5

Suy ra (AB,(Oxy)) =45’

Vay goc tao boi tay vin lan can cau thang va mat san nha bang 45°.

TU mat nudc trong mot bé nudc, tai ba vi tri d6i mot cach nhau 6 m, nguoi ta lan luot tha day doi
dé qua doi cham d4y bé. Phan day doi (thing) nam trong nudc tai ba vi tri d6 1an luot co do dai
2 m; 3 m; 4 m. Biét day bé 1a phang. Hoi day bé nghiéng so véi mit phang nam ngang mot goc
bao nhiéu do?

Loi giai

Goi ba diém trén mit nudc lan luot 1a 4, B, C va ba diém twong ing dudi day bé1a A", B',C' sao
cho AA'=2,BB'=3,CC"'=4. Chon hé truc toa d6 nhu hinh v&, trong d6 O 1a trung diém AC.
Taco 4(0;3;0),B(3v3;0,0),C(0;-3;0), 4'(0;3;2), B'(343;0;3),C(0;-3;4).

Khido 4'B'=(3v3;-3;1),4'C'=(0;6;2), suy ra | 4B, 4'C" | = (0;-6+/3;-18V3).

Do d6 mat phang day bé c6 vecto phap tuyén la n= (0;1;3) .

Mit phing nim ngang (mit nude) chinh 13 mét phing (Oxy) :z=0 cb mot vecto phap tuyén 1a
k=(0;0;1).

n 00+10+13  3io

Do d6 cos((A'B'C OXJ/ | | |k| J2+3 10

= ((4'B'C"),(Oxy)) ~18,4°.

Ban v& thiét ké cua mot cong trinh dugc ve€ trong madt hé truc toa dd Oxyz. San nha ctia cong trinh
thudc mit phang (Oxz), duong dng thoat nude thang va di qua hai diém A(1;2;3), B(—1;4;-2)
. Tinh géc tao bai dudng dng thoat nudc va mat san.

Loi giai

Page 10
Swu tam va bién soan



Cau 12:

CHUYEN DPE V — PHUONG PHAP TOA PO TRONG KHONG GIAN

Mit phing (Oxz) c6 vecto phép tuyén la 7=(0;1;0).

Puong thang 4B co vecto chi phuong 1a AB = (—2; 2; —5) .

C|o.(=2)+12+0.(-5)| 2433
33

Viay goc giita dudong dng thoat nude va mat san 1a khoang 20,4° .

Ta c6 sin(A4B,(Oxz)) = (4B,(0xz))~20,4°.

Hinh bén dwdéi minh hoa dudng bay ciia mot chiéc truc thang H cAt canh tir mot san bay. Xét h¢
truc toa d6 Oxyz co géc toa do O la chan thap diéu khién cua san bay; truc Ox 1a hudng dong (D),
truc Oy 1a hudng bic (B) va truc Oz 1a tryc thing dtng, don vi trén mdi tryc 13 kilomét.

=

vi(B)

x ()

Truc thang ct canh tir diém G. Vecto 7 chi vi tri ctia tryc thang tai thot diém ¢ phut sau khi cat
canh (7>0) co toa do la: r= (1+£;0,5+2¢;2¢).

a) Tim goc @ ma duong bay tao véi phuong ngang.

b) Lap phuong trinh duong thing GF , trong d6 F 1a hinh chiéu cta diém H 1én mit phing
(Oxy).

¢) Truc thing bay vao may ¢ do cao 2 km. Tim toa do diém ma méy bay tryc thing bat dau di
vao dam may.

d) Gia sir mot dinh nti nim & diém M (5;4,5;3). Tim gié tri cia ¢ khi HM vudng géc véi

duong bay GH . Tim khoang cach tir may bay truc thing dén dinh nui tai thoi diém do.
Loi giai

a) Ta c6 goc € ma duong bay tao véi phuong ngang chinh 1a goc gitta duong thing GH va mit
phang (Oxy).

Tai thoi diém 7 =0 thi g = (1;0,5;0) . Truc thing cét canh tir diém G nén G(I;O,S;O) .
Tai thoi diém ¢ =1, truc thing bay dén vi tri K thudc duong thaing GH véi K (2:2,5;2).

Puong thing GH c6 vecto chi phuong 6]52(1; 2;2)va mit phang (Oxy) c6 vecto phap
tuyén k =(0;0;1).
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Cau 13:

CHUYEN DE V- HINH HOC 12 —- PHUONG PHAP TOA PO TRONG KHONG GIAN

1.0+2.0+2.]] 2

Ta co sin(GH,(Oxy))=
(611.(0w)) JE+22 4207 +0° +1° 3

Suy ra(GH,(Oxy))~42°. Vay 6 ~42°.
b) Goi K 'la hinh chiéu ciia diém K 1én mit phang (Oxy). Khi d6 K'(2;2,5;0).
Vi F 12 hinh chiéu cta diém H 1én mit phang (Oxy)nén K 'e GF .

Do d6 duong thang GF ¢6 vecto chi phuong 14 GK'= (1; 2; 0) .

x=1+¢'
Phuong trinh tham s6 ciia duong thing GF 1a { y =0,5+2¢' (¢' 1a tham s6).
z=0
¢) Truc thing bay vao may ¢ d6 cao 2 km, tirc 1a vi tri diém ma truc thing bt dau di vao dam

may c6 cao d§ z=2,khido 2t=2,suyra r=1.
Vay toa 6 diém ma truc thang bat dau di vao dam may la (2;2,5,2).
d) Taco H(1+;0,5+2¢2¢). Khi do, HM = (4—1;4-2t;3—-2¢). Dudng thing GH ¢6 vecto chi

phuong GK = (1,2;2)

HM vudng goc voi duong bay GH khi HM 1 GK < HM.GK =0
< (4-1)1+(4-2t).2+(3-2t).2=0=1=2.

Vay ¢t =2 thi HM vudng gbc véi duong bay GH .

Khi d6, khoang cach tir dinh nti dén méay bay truc thing 1a

HM =\J(4-2)" +(4-2.2) +(3-2.2)" =5 (km).

Trong khong gian véi hé toa d0 Oxyz (don vi trén mdi tryc toa d6 1a kildomét), mot may bay dang
& vi tri tri A(3,5;— 2;0,4) va s€ ha canh & vi tri B(3,5;5,5;0) trén duong bang EG (Hinh 37).
a) Viét phuong trinh dudng thang AB .

b) Hay cho biét goc truot (goc gitra duong thiang bay 4B va mit phiang nim ngang (Oxy)) cod
nam trong pham vi cho phép tir 2,5° dén 3,5° hay khong?

¢) C6 mot 16p may dugc mod phéng béi mot mit phing () di qua ba diém M (5;0;0),
N(0;-5;0), P(0;0;0,5). Tim toa d¢ cia diém C 14 vi tri ma mdy bay xuyén qua ddm may dé
ha canh. q ﬂ

d) Tim toa d¢ cia diém D trén doan thang AB 1a vi tri ma may bay ¢ d6 cao 120m.

e) Theo quy dinh an toan bay, ngudi phi cong phai nhin thiy diém dau E (3, 5;6,5; 0) cua duong
bing & d6 cao tbi thiéu 1a 120 m. Héi sau khi ra khoi dam may, nguoi phi cong c6 dat dugc quy
dinh an toan d6 hay khong? Biét rang tam nhin ctia nguoi phi cong sau khi ra khoi dam may la
900 m
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CHUYEN DPE V — PHUONG PHAP TOA PO TRONG KHONG GIAN

(Nguon: R.Larson and  B. Edwards, Calculus 10e Cengage, 2014).

Loi giai
a) Duong thing 4B di qua diém A(3,5;—2;0,4) va nhan vecto AB = (0;7,5;-0,4) lam vecto

chi phuong, c6 phuong trinh tham s 1a:
x=3,5
y==2+7,5¢ (¢ 1a tham sd).
z=0,4-0,4¢
b) Mat phang ndm ngang (Oxy) ¢6 vecto phap tuyén la k =(0;0;1).
_0.0+7,5.0+(-0,4).1)
JO* +(7,5) +(=0,4)"
Suy ra AB,(Oxy) ~3°e (2,5°;3,5°) .
Vay goc truot nam trong pham vi cho phép.
c) Ta co: Mﬁ:(—s;—s;o), MIS:(—S;O;O,S) .

Ta co sin(4B,(Oxy))

~0,053.

Xét i =| MN ,MP | =(-2,5;2,5;-25).

Khi d6 7 1a mt vecto phép tuyén ctia mt phang (MNP) hay chinh la mit phing ().
Phuong trinh mét phang (a) la: —2,5(x-5)+2,5(y-0)-25(z-0)=0

& x—y+10z-5=0.

Vi C 1a vi tri ma méy bay xuyén qua ddm may dé ha canh nén C 1a giao diém ctia dudng thing
AB va mit phang (a).

Vi C € AB nén goi toa do diém C(3,5;—2+7,St;0,4—0,4t) .

Lai co Ce(a) nén ta co: 3,5—(—2+7,5t)+10(0,4—0,4t)—5:0 :t:%.

Viay C(3,5;2—Z;%}.
d) Vi D e AB nén goi toa do diém D la C(3,5;—2+7,5t';0,4—0,4t’) .

D 1a vi tri ma may bay ¢ do cao 120 m, tirc 1a khoang cach tir D dén mit phang (Oxy) bang
120 m tirc 1a bang 0,12 km.
0,4-0,4¢

Ta co d(D,(Oxy)) :m =

0,4—-0,4¢"|.
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CHUYEN DE V- HINH HOC 12 —- PHUONG PHAP TOA PO TRONG KHONG GIAN

L , 0,4-0,4/'=0,12  [¢'=0,7
Khi do, |0,4-0,4/|=0,12 =

= .
0,4-0,4¢=—0,12 " |'=1,3
V6i '=0,7 taco D(3,5;3,25;0,12).

V6i ' =1,3 taco D(3,5;7,75;-0,12).

¢) Ta co: DE =,/(3,5-3,5) +(4,5-3,25)" +(0—0,12)’ ~1,256 km.
Vi tim nhin xa ctia phi c6ng sau khi ra khoi ¢dm may 1a 900 m = 0,9 km < 1,256 km nén nguoi

phi cong do khong dat dugc quy dinh an toan bay.
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CHUYEN DPE V — PHUONG PHAP TOA PO TRONG KHONG GIAN

PHUONG PHAP TOA PO
TRONG KHONG GIAN

| CHUONG |

BAI: PHUONG TRiINH MAT CAU

@ LY THUYET.

I. PINH NGHIA MAT CAU

Cho trudc diém 7 va s6 duong R . Mit cdu tAm / ban kinh R 1a tap hop tat ca cac diém trong
khong gian cach diém 7 mot khoang bang R .

pa ' Bain kinh v Putime kinh
Nhan xét:

» Diém M thudc mt cau tdm 7 ban kinh R khi va chi khi IM =R .

« Piém M nam trong mit cdu tdm I ban kinh R khi va chi khi IM <R.

« Piém M nim ngoai mit cAu tim I ban kinh R khi va chi khi IM >R.
II. PHUONG TRINH MAT CAU

Trong khong gian Oxyz, cho mit cau tam /[ (a;b;c) ban kinh R c¢6 phuong trinh la:
(x—a)2 +(y—b)2 +(z—c)2 =R’.

Ta c6 thé viét phuong trinh d6 vé dang: x*+y°+z°—2ax—2by—2cz+d=0 voi
d=a’+b*+c’ - R*.

Vay mdi mit cau déu co phuong trinh dang: x” + y* + z° —2ax—2by —2cz+d =0.

Nguoc lai, xét phuong trinh ¢6 dang: x° + y* +z° —2ax —2by —2cz +d = 0 1a phuong trinh mot
mit cdu khi va chi khi a® +5° +¢*—d > 0. Ngoai ra, néu a®> +b> +¢>—d >0 thi phuong trinh

d6 xac dinh mat cau tim I(a;b;c) va ban kinh R = \/a2 +b*+c*—d .
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CHUYEN PE V — HINH HOC 12 - PHUONG PHAP TOA PO TRONG KHONG GIAN

III. MOT SO UNG DUNG CUA PHUONG TRINH MAT CAU TRONG THUC TIEN
Vi du 1: Trong khong gian v&i hé toa dd Oxyz (don vi trén mdi tryc 1a kilomet), mdt tram phét song

dién thoai ctia nha mang Vinaphone dugc dat ¢ vi tri / (l; 2; l) va duoc thiét ké ban kinh phu song

5000m .

a) Sir dung phuong trinh mit cau dé mo ta ranh giéi bén ngoai ving pht song trong khong gian?
b) Nha ban Diép Chi, va Tué Nhi c6 vi tri toa d6 1an luot 1a 4(3;2;—-1)va B(4;-3;5). Héi Diép
Chi va Tu¢ Nhi dung di¢n thoai tai nha thi c6 thé st dung dich vu cta tram nay hay khong?

Loi giai
a) Phuong trinh mit cau dé mo ta ranh gii bén ngoai ving phii song trong khong gian 1a:

(x=1)"+(y=2)* +(z—-1)" =25

b) Do I4A= \/(3—1)2 +(2—2)2 +((—1)—1)2 =/8 <5 nén diém A(2;3;-1) nim trong mat cau
do.
Viy ban Diép Chi c6 thé st dung dich vu cia tram nay.

IB= \/(4—1)2 +((-3)-2)*+(5-1)> =+/50 > 5 nén diém B(4;-3;5) nim ngoai mit ciu do.
Vay ban Tué Nhi khong thé su dung dich vu cua tram nay.

Vi du 2: Trong khong gian véi hé toa do Oxyz (don vi trén mdi truc 1a kilomet), mot tram phat song

rada clia Nga dugc dit trén ban ddo Crimea & vi tri /(—2;1;—1)va duogc thiét ké phat hién may

bay cua dich ¢ khoang cach tdi da 500km .

’ = .
o) RSESESER O e
TR R RN b R S
RN R
S vAREsSL
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CHUYEN DPE V — PHUONG PHAP TOA PO TRONG KHONG GIAN

a) Stir dung phuong trinh mit ciu dé mé ta ranh gidi bén ngoai ving phat song cia rada trong
khong gian?

b) Hai chiéc mdy bay do tham cta My va Anh dang bay & vi tri c6 toa do lan luot 1a
M (—200;100; —250)Vé N (350;—100;300). Hoi hai chiéc may bay d6 c6 bi rada phat hién hay

khong?

Loi giai
a) Phuong trinh mat ciu dé mo ta ranh giéi bén ngoai viing phat séng ctia rada trong khong gian
la:

(x+2)° +(y=1)" +(z+1)* = 250000

b)  Cor M =(-200+2)> +(100-1)> +(-250+1)} £333,2<500  nén  diém
M (-200;100;-250) ndm trong mat cau d6.
Vay chiéc may bay do thdm ctia My c6 thé bi phat hién boi tram rada nay.

co: IN:\/(350+2)2+((—100)—1)2+(3OO+1)2z474<500 nén diém N(350;-100;300)

nam trong mit cau do.
Vay chiéc may bay do tham ctia Anh c6 thé bi phat hién boi tram rada nay.

<‘ HE THONG BAI TAP TOAN THUC TE.

Cau 1:  Trong khong gian Oxyz , mot vom dugc thiét ké c6 bé mat 1a mat ciu tim / (1;2;20), ban kinh
bang 50(m)va c6 ddy ndm trén mit phang (Oxy). Chiéu cao cia vom 1a bao nhiéu? (biét don vi

cua hé truc toa do 1a mét)

Cau2: Trong khong gian véi hé toa d6 Oxyz (don vi trén mdi truc 1a kilomét), nguoi ta dat mot tram
thu phat song dién thoai dugc dat ¢ vi tri A(—l; 2;—3) . Biét réng tram thu phat séng dugc thiét

ké voi ban kinh 1a 4 km, viét phuong trinh mét cAu mo ta ranh giéi bén ngoai cua ving phu song
trong khong gian?
Cau 3: Trong khong gian Oxyz (don vi cua cac truc toa do 1a kildomét), mdt tram thu phat song dién

thoai di dong c6 dau thu phat duoc dit tai diém /(—2;1;—4). Biét ban kinh phu séng cua tram
la  3km. C6O 5 ngudi st dung dién  thoai tai cac  diém
A(2;-1;3),B(0;1,-4),C(-2;1,-3),D(0;1;-3), E(—4;-2;1). Héi trong sb 5 ngudi d6, c6 bao

nhiéu nguoi cé the st dung duoc dich vu cua tram noi trén?
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Cau 4:

Caiu 5:

Caiu 6:

Cau 7:

Cau 8:

CHUYEN PE V — HINH HQC 12 - PHUONG PHAP TQA PO TRONG KHONG GIAN
Goéc quan sat ngang cia mdt camera la 115°. Trong khong gian
Oxyz , camera dugc dat tai diém C (4;2 ; 3) va chiéu thiang vé
phia mit phang (P) :2x—y+2z-3=0. Biét ving quan sat
duoc trén mat phéng (P) cua camera la hinh tron. Tinh dién

tich cua vung quan sat d6 (Iam tron két qua dén chir sb thap
phan thir nhat).
Trong khong gian Oxyz, mot qua cau co tim dit tai

diém 7(0;3;0) dang chuyén dong thing déu theo

phuong  vuéng goéc  v6i  midt  phing

(P):2x—y+2z-9=0 v6i vén tde 0,002(m/s). . .

Sau 30 phut thi qua ciu tiép xuc vol mat mat phéng 3.6(m) o4

(P). Biét don vi ciia hé truc toa dd Oxyz 1a mét. Ban (P)

kinh cua mat cau 1a

Trong khong gian v6i hé toa d0 Oxyz , don vi trén mdi
truc 1a mét, mot ngon hai dang dugce dat & vi tri 7. Biét
ngon hai dang d6 duoc thiét ké voi duong kinh phu sang
la 6 km. Gia str ngudi di bién di chuyén theo duong
thang tir vi tri 1. Hoi vi tri cudi cung trén doan thing
sao cho ngudi di bién c6 thé nhin thiy dugc anh sang tir
ngon hai dang cach I mot doan bang bao nhiéu?

Phan mém mé phong thiét bi tham hiém dai duong c6 dang hinh cau trong khong gian Oxyz .

Biét toa d6 tAm mat cau la 7 (360;200;400) va ban kinh » =2 m. Phuong trinh ctia mét cau la

Trong khong gian v6i hé toa d6 Oxyz , don vi
trén moi truc 1a mét, mot ngon hai ding duoc
dat o vi tri 7(21;35;50). Biét ngon hai ding
d6 duoc thiét ké voi duong kinh phu sang 1a
8 km. Phuong trinh mit cau dé mé ta ving
phu sang ctia ngon hai dang la
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Cau 9:

Cau 10:

Cau 11:

Cau 12:

Cau 13:

Cau 14:

CHUYEN DPE V — PHUONG PHAP TOA PO TRONG KHONG GIAN

Trong khong gian Oxyz (don vi do 1a cm), mat san nha da ning thudc mat phang Oxy . Mot qua
ciu bang nhya nam trén mit san nha da nang va c6 tam 1(12;20;50) . Khi d6, mit ngoai ciia qua
ciu nhya (S ) c6 phuong trinh la

Mot tram thu phét séng dién thoai di dong dat & vi tri 1(2;—1;1) dugce thiét ké véi ban kinh phu
song 1a 3 km. Mot nguodi dung dién thoai dang ¢ vi tri M (0;1; 2) thi c6 thé s dung dich vu cta
tram phat song nay hay khong?

Trong khong gian Oxyz (don vi do 1a km), b6n chiéc may bay & bén huéng khac nhau khi vira
bay vao viing phu song ctia mot chiée ra da thi trén ra da ngay lap tirc bao tin hiéu phat hién muc
tiéu. Tai thoi diém ra da phat hién muc tiéu thi 4 chiée may bay & vi tri c6 toa do lan luot la
A(30;25;33), B(14;1;49),C(40;-29;1), D(0;31;41) . Phuong trinh mét cau (S) biéu dién ranh giéi
vung phu séng cua ra da trong khong gian la

Ngudi ta muén thiét ké mot bon chira khi héa 16ng hinh ciu bang phan

mém 3D. Cho biét tim mat cau c6 toa do [ (2; 3; 4) va mit cau tiép xuc

v6i ndp day 1a mat phang di qua ba diém A(-7;0;4), B(—%;O;\ﬁj ,

C [—\/5 +1; 0;—?] nhu hinh v&. Puong kinh ciia bon chira khi hoa

long bang bao nhiéu?

Phia trudce cua mot san van dong, nguoi ta cd dat mot qua bong da khong 16. Cach do khong xa,

c6 mot bong den. Trong khong gian Oxyz (don vi do 1a mét), gia sir mat ngoai qua bong (S ) co

phuong trinh (x—1)° +(y—1)" +(z-3)" =9 va bong dén & vi tri M(15;1;6). Khi do, khoang

cach xa nhat ma bong dén c6 thé chiéu dén mot diém trén qua bong bang M4, v6i MA chinh 1a

tiép tuyén ké tir M dén (S) va 4 1a tiép diém. Vay M4 bang bao nhiéu mét?

Trong khong gian hé truc toa do Oxyz (don vi trén modi truc 1a kilomét), dai kiém soat khong luu

sdn bay Cam Ranh — Khanh Hoa ¢ vi tri O(0;0;0) va duoc thiét ké phat hién mdy bay & khoang

cach t6i da 600km . Mot may bay cuia hang Viét Nam Airlines dang ¢ vi tri 4, chuyén dong theo
x=-1000+100¢

duong thing d co phuong trinh y =-200+80¢ (t € ]R) va huéng vé dai kiém soat khong luu
z=10

(nhu hinh v&). Khoang cach gitra vi tri sém nhat ma may bay xuét hién trén man hinh ra da va vi

tri ma may bay bay ra khdi man hinh ra da 1a bao nhiéu?
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Cau 15:

Cau 16:

Cau 17:

Cau 18:

Cau 19:

CHUYEN DE V- HINH HOC 12 —- PHUONG PHAP TOA PO TRONG KHONG GIAN

Trong khong gian hé truc toa d6 Oxyz (don vi trén mdi truc 14 kildomét) mot tram phat song dién
thoai ciia nha mang Viettel dugc dat & vi tri [ (—1; 2;3) va duge thiét ké ban kinh phu séng 1a

5000/ . Phuong trinh mit cau biéu dién ranh gi6i ving phu song la:

Trong khong gian voi hé toa do Oxyz ,donvi [T T

trén moi truc 1a kilomét, mot tram thu phat |
song dién thoai di dong dugc dat & vi tri
1(-3;2;7), tram thu phat séng d6 duoc thiét
ké v6i ban kinh phi song 3 km. Nguoi ding
dién thoai & diém nao co thé st dung dich vu
cua tram nay?

A. A(2;3;4). B. B(—2;1;8).

C. C(l;l;l). D. D(—3;—l;3).
Trong khong gian véi hé toa @6 Oxyz (don vi trén moi
truc 1a km), mdt ngon hai ding dugc dat ¢ vi tri
I(1;5;5) nhu hinh v&. Ngon hai dang dugc thiét ké véi
ban kinh phu sang 1a 5 km.

Mot ngudi di bién di chuyén theo dudng thang tir vi
tri 1(1;5;5) dén vi tri A(T;14;11) Piém nao sau day ma

nguoi di bién di qua va van thudc vung phu sang cta

(Neuon:hiips:/ishuttersiock.com)

ngon hai dang?

A. M(3:8;7). B. N(0;4;8). C. P(7;3,0). D. O(7:11;3).

Trong khong gian hé truc toa d6 Oxyz (don vi trén mdi truc 1a kildomét) mot tram phat séng rada
cua Nga dugc dat trén ban ddo Crimea & vi tri [ (2;—1; —3) va duoc thiét ké phat hién may bay
cua dich & khoang cach t6i da 500km . Piém nao sau ddy nam trong vung phu séng cua rada?
A. N(500; 200;100). B. P(—300;250;400).

C. M(200;—100;—230). D. 0(120;-200; —500).

Trong khong gian vdi hé truc toa d6 Oxyz , dai kiém soat khong luu san bay c6 toa do O(O; 0; 0)
, mdi don vi trén truc Gmg véi 1km . May bay bay trong pham vi cach dai kiém soat 417 km s&
hién thi trén man hinh ra da. Mot méy bay dang & vi tri 4(—688;-185;8), chuyén dong theo theo
dudng thing d co vécto chi phuong la u =(91;75;0) va huéng vé dai kiém soat khong luu. Hay

xac dinh toa do vi tri sém nhat ma may bay xuat hién trén man hinh ra da.
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Cau 20:

Cau 21:

Cau 22:

CHUYEN DPE V — PHUONG PHAP TOA PO TRONG KHONG GIAN

He¢ thdng dinh vi toan cau (tén tiéng Anh 1a: Global Positioning System, viét tit 1a GPS) 1a mot
hé thdng cho phép xac dinh chinh xéc vi tri ctia mot vat thé trong khong gian. Ta c6 thé md phong
co ché hoat dong cua hé théng GPS trong khong gian nhu sau: Trong cting mot thoi diém, toa do
ctia méot diém M trong khong gian s€ dugc xac dinh boi bon vé tinh cho trude, trén mdi vé tinh
c6 mdt may thu tin hi¢u. Bé‘mg cach so sanh su sai 1éch vé thoi gian tur luc tin hiéu dugc phat di
v6i thoi gian nhan phan hdi tin hiéu d6, mdi may thu tin hi¢u xac dinh dugc khoang cach tir v¢
tinh dén vi trfi M cén tim toa do. Trong khong gian v6i hé toa d0 Oxyz, cho bdn vé tinh
A4(0;4;5), B(-3;-1;3), C(-2:8;9), D(-7;2;-3). Tinh khodng céch tir gbc toa do O dén
diém M biét rang khoang cach tir cac vé tinh dén diém M lanluotla MA=3, MB=5, MC =9
, MD =10 . (Két qua 1am tron dén hang phan nghin).
Hé thng dinh vi toan cau ( tén tiéng Anh 1a Global
Positioning System, viét tit 1a GPS) 1a mot hé théng
cho phép xac dinh chinh x4c vi tri cia mot vat thé
trong khong gian. Ta c6 thé mo phong co ché hoat
dong cua hé théng GPS trong khong gian nhu sau:
trong cung mot thoi diém, toa do cia mot diém M
trong khong gian s& dugc xac dinh boi bbn vé tinh
cho trudce, trén mdi vé tinh c6 mot may thu tin hicu.
Béng cach so sanh sy sai 1éch vé thoi gian tur lac tin
hiéu dugc phat di véi thoi gian nhan phan hdi tin hiéu
d6, mdi may thu tin hiéu xac dinh dugc mot khoang
cach tir vé tinh dén vi tri M can tim toa do.

Anh: Vé tinh GPS dang bay trén guyv dao
r:'.'n..'h')ll' Treti f’u’f
(Nguon: htps:/viwikipedia.org)

Bén vé tinh duoc dit tai cdc diem 4(9;—2;7), B(1;4;8), C(7;—3;—5), D(—4;—11;12). Mot
con tau dang & vi tri diém M (x; v; Z) ma khoang cach tir n6 dén cac vé tinh lan luot 1a
MA = ﬁ,MB = \/g, MC =~173,MD = \/ﬁ . Khi do téng binh phuong toa do diém M 1a

Cong nghé hd tro trong tai VAR (Video Assistant Referee) thiét lap mdt hé toa do Oxyz dé theo
ddi vi tri ciia qua bong M . Cho biét M dang nam trén mit san c¢6 phuong trinh z = 0, déng thoi
thudc mat cau (S): (x—22)* +(y—4)*+(z-13)> =194 (don vi d6 dai tinh theo mét). Goi J 1a

hinh chiéu tdm I cta mit cau (S) xuéng mit sin bong. Khoang cach tir vi tri M cua qua bong
dén diém J 1a:

Hinh 4
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Cau 23:

Cau 24:

Cau 25:

Cau 26:

CHUYEN PE V — HINH HQC 12 - PHUONG PHAP TQA PO TRONG KHONG GIAN
Trong khong gian véi hé toa dd Oxyz (don vi trén mdi truc toa do 1a km), mot may bay dang &
vitri 4(3;—2;1) vas&ha canh ¢ vi tri B(2;-5;0) trén dudong bang. C6 mot dam may duge md
phong boi mat phing (P) tiép xtic voi mat cau (8):(x—2) +(y+1) +(z+1) =16 tai
M (—; ——;gj. Tinh d6 cao clia may bay khi di xuyén qua dam may dé ha canh (Gia sir mit

dat & vi tri may bay dang bay duoc coi la mit phang mit phing (Oxy))

Trong khéng gian véi hé truc toa do Oxyz ( don vi trén mdi truc 1a mét), mot ngon hai dang duogc
dat & vi tri 1(21;35;50) va ngon hai dang d6 dugc thiét
ké v&i ban kinh phu sang 1a 44m . Néu ngudi di bién di
chuyén theo duong théng trvitrd / (21; 35; 50) dén vi tri
D(5121;658;0) hay tim vi tri cudi cung trén doan /D
sao cho nguoi di bién ¢ thé nhin thiy duoc anh sang tir
ngon hai dang ( két qua 1am tron toi chir s6 thap phéan thi
hai).

Ericsson Globe (Thuy Pién) 14 toa nha ban cau 16n nhét trén thé gidi (nam 2020),voi hinh dang
mot qua cau mau trang c6 duong kinh 110 m va chidu cao bén trong 85 m, n6 c6 di chd ngdi cho
16 000 khan gia cta cac budi biéu dién hoa nhac hodc 13 850 khan gia cta cac tran ddu khiic con
ciu trén bang. Gia sir ta biéu dién md phong cua toa nha Ericsson Globe trong hé truc toa do
Oxyz béi mot mit cau c6 tam 7, duong kinh 110 m va O4 = 85 m nhu hinh v& (don vi trén truc
1a mét). Hay viét phuong trinh ctia mat cau nay.

Nguoi ta tha mdt vién bi c6 dang hinh cau véi ban kinh nhé hon 4,5cm vao mdt chiéc coc hinh
tru dang chira nudc thi vién bi do tiép xtc vai day coc va tiép xtic voi mat nude sau khi dang.
Biét rang ban kinh ctua phan trong ddy coc bang 5,4cm va chiéu cao cia myc nudc ban dau

trong coc bang 4,5cm . Ban kinh ciia vién bi d6 bang?
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Cau 27:

Cau 28:

Cau 29:

Cau 30:

CHUYEN DPE V — PHUONG PHAP TOA PO TRONG KHONG GIAN

Gia str Trai Dat c6 dang hinh cu ban kinh bang 6,4.10°m . Ban An dang dung trén mit dat. Co
3 vé tinh bao vé may chil tiép nhan thong tin ring vé '
tinh thir nhat dang cach An 3.10°m, vé tinh thi hai
dang cach An 4.10°m va vé tinh thtr ba dang cach
An 5.10°m . Biét rang trong hé truc toa d6 Oxyz cho
trude v6i O 1a tim Trai DAt (1 don vi =10°m), tai
thoi diém vé tinh thong bdo vé may chu thi toa do
cua céc vé tinh 1an luot 1a 7,(4;4;6), 1,(8;4;3) va
1,(4:;9;3). Hay tim toa do vi tri cia ban An (lam
tron dén hang don vi).

Trong khong gian Oxyz (don vi cua céc truc

toa do 1a mét), mot thiét bi phat song wifi dat

tai vi tri A(3;1;1) nhu hinh vé. Vung phu son

ivit ( ’) ng pht song v -
tot nhat cua thiet bj c6 ban kinh bang 11 (m). n = ‘9
Hoi sb gia tri nguyén cua tham sé m dé mot L;; L —) s

nguoi st dung dién thoai tai diém E (—3;8;m) 2 ’ = ! N
¢6 thé bat duoc tin hidu wifi tt nhét cta thidt ) o J’ ;L ; o
bi noi trén. SRS ‘

Trong khong gian Oxyz (don vi cua cac truc toa do la kilomét), mot tram thu phat song dién
thoai di dong co ranh giéi ciia ving pha soéng 1a hinh cau (S ) duong kinh AB biét
A(1;3;-2),B(3;-1,0).

a) Viét phuong trinh mit cau (S ) :

b) C6 bao nhiéu gia tri nguyén cta tham sé m dé mot nguoi dung dién thoai di dong tai diém
C (m +2;m; m) c6 thé str dung duoc dich vu cua trdm noi trén?

¢) Nguoi dung dién thoai di dong tai diém D(n; n+3;n— 1) ,neR c6 thé s dung duoc dich vu
cua tram no6i trén hay khong?

Xét Trai Dat trong khong gian Oxyz, véi O 1a tam trai dat, tia Ox chira giao diém cia kinh
tuyén géc va xich dao, tia Oz chira diém cuc bic N, tia Oy giao xich dao tai diém thudc ban
cau Pong, mot don vi dai trong khong gian Oxyz tuong ting &,
v6i 6 371 km trong thyc té. Biét rang diém M co vi d6 va f
kinh do twong img 1a a°N, B°W (0 <a <90,0 < £ <180) "
thi c6 toa do 1a M (cosa®cos % —cosa®sin f°%sina®).

Giad st mot tram phat song trén mat dat duoc dat & vi tri
10°N,20°W  va mét may thu dwoc dat tai vi tri B
80°N,70°W . Biét rang tram phat song c6 ban kinh phu '
song 1a 8 272 km, hdi may thu cé thu dugc tin hiéu cua tram
phat song khong (cac phép tinh dugc lam tron dén chir s6
thap phan thur tu sau dau phay)?
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Cau 31:

Cau 32:

CHUYEN PE V — HINH HOC 12 - PHUONG PHAP TOA PO TRONG KHONG GIAN

Trong khong gian véi hé truc toa 46 Oxyz (don vi trén mdi tryc 1a kilomét) mot tram phat song
dién thoai ctia nha mang Viettel duge ddt & vi tri 7(1;2;4) va duge thiét ké ban kinh phu séng
1a 4km.

a) Phuong trinh mat ciu dé mo ta ranh giéi bén ngoai vung phu séng trong khong gian 1a
(x=1)" +(y-2) +(z-4) =4.

b) Ban An c6 vi tri toa do 1a 4(—1;0;0) c6 thé st dung dugce dich vu cia tram nay.

¢) Ban Binh ¢6 vi tri toa d0 1a B(2;0;2)c6 thé sir dung duoc dich vu clia tram nay.

d) Gia st ban An dén nha ban Binh theo con duong 1a mdt duong théng. Ban An c6 thé bit duge
song tram nay khi di dugc 2,38km .

Trong khong gian véi hé truc toa do Oxyz (don vi trén mdi truc 1a km ), mot tram thu phat song
dién thoai di dong (Hinh bén) duoc dat & vi tri 7(2;1;-3). Tram thu phét duge thiét ké ban kinh
phu song 1a 3km .

(Nguon: https:/ishutterstock.com)
a) Phuong trinh mat cAu mé ta ranh giéi bén ngoai ving phu song trong khéng gian 1a

(x—2)2+(y—1)2+(z+3)2 =9.

b) Nguodi dung dién thoai dung & vi tri 4 (0; 1; —2) khong str dung dugc dich vu cia tram nay.

¢) Ngudi dung dién thoai dimg ¢ vi tri B(6;-3;—1) st dung dugce dich vu cla tram nay.
d) C6 mot ngudi di tir vi tri 7(2;1,-3) dén vi tri B(6;-3;-1) theo mot dudng thang, vi tri cudi
cung trén doan thang /B dé ngudi d6 c6 thé sir dung duoc dich vu ciia tram nay 1a C(x;y;z)

véi x+y+z=-1.
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Cau 33:

Cau 34:

Cau 35:

CHUYEN DPE V — PHUONG PHAP TOA PO TRONG KHONG GIAN

Trong khong gian v6i hé toa do Oxyz (don vi trén
truc 1a kilomet), mét tram thu phat song dién thoai
di dong (hinh vé dudi day) duoc dat ¢ vi tri
1 (—4; 2;5). Biét rang tram phat song duogc thiét
ké voi ban kinh phu séng 13 4 km.

a) Phuong trinh mat cAu mo ta ranh giéi bén ngoai
cua vung phu song la:

(x+4) +(y-2)" +(z-5)" =16

b) Piém 4 (3;5;— 6) nam phia trong mat cau do. (Nguon:hutps://shutterstock.com)
¢) Néu nguoi dung ding ¢ vi tri diém B (—2;3; 0) thi khong thé sir dung dich vu ctia tram phat
song nay.

d) Néu nguoi ding dtng & vi tri diém M (—4;6;2) thi quang dudng ngin nhat ngudi d6 phai di
chuyén dé dén dugce vi tri co thé st dung dich vu cua tram phat song 1a 1 km.

Trong khong gian véi hé toa d6 Oxyz , mot tram thu phat séng dién thoai di dong duoc dat ¢ vi
tri 1(-3;5;2)dugc thiét ké v6i ban kinh pha song 4 km , mdi don vi trén truc tng v6i 1 km.

a) Phuong trinh mit ciu (S)dé mo ta ranh gidi bén ngoai ciia viing phil song trong khong gian
1a (x+3)2 +(y—5)2 +(z+2)2 =16

b) Khoang cach xa nhat giita hai diém thudc ving phu séng 1a 8 km .

¢) Nguoi dung dién thoai & vi tri A4 c6 toa do (—3;4; l)khéng thé sir dung dich vu cua tram thu
phat séng do.

d) Trong diéu kién giao thong thuén loi, khoang cach ngin nhat dé ngudi B & toa do (8;6;2)di
chuyén t6i ving phi song 1a 11,05 km.

Mot thap kiém soat khong luu & sén bay cao
109 m dat mot dai kiém soat khong luu ¢ do
cao 105 m. Mdy bay trong pham vi cach dai
kiém soat 450 km s€ hién thi trén man hinh ra
da. Chon hé truc toa d6 Oxyz co géc O trung
v6i vi tri chan thap, mat phang (Oxy)tring véi
mit dat sao cho truc Ox 1a hudng tay, truc Oy
13 hudng nam va truc OzI1a truc thiang ding |
(Hinh bén dwoi), don vi trén moi truc la

kll@mét * (Nguén: hitps://znews.vn/)

Mot may bay dang & vi tri 4 cach mat dat 8 km, cach 268 kmvé phia dong, 185 km vé phia
nam so voi thap kiém soat khong luu va dang chuyén dong theo duong thang d c6 vecto chi
phuong la u =(82;76;0) hudng vé dai kiém soat khong luwu.

a) Pai kiém soat khong luu c6 toa do 1a (0;0;0).

b) Vi tri A co6 toa do la (—268;185;8)

¢) Pai kiém soat khong luu ¢ phat hién duge may bay tai vi tri 4.

d) Khoang cach gan nhét giita may bay va dai kiém soat khong luu 1a 217,96 km .
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Cau 36:

Cau 37:

CHUYEN DE V- HINH HOC 12 —- PHUONG PHAP TOA PO TRONG KHONG GIAN

Trong khong gian v&i hé truc toa @6 Oxyz (don vi trén mdi truc 14 km ), mot ngon hai dang (Hinh

bén) duoc dat & vi tri 1(—2;1;3). Ngon hdi dang duoc thiét ké ban kinh phi sang 1a 5km .

[-‘\-"\'rujrn.')‘!.f.‘j.r\.'r‘l’&h.‘l”e'r.\hn'A.H'mI
a) Phuong trinh mit cau mo ta ranh gidi cua ving phu sang trén bién ctia ngon hai dang 1a
(x+2) +(y=1)" +(z-3)" =25,
b) Ngudi di bién dimg & vi tri 4(2;3;1)c6 thé nhin thdy 4nh séng tir ngon hai dang.
c) Ngudi di bién ding 6 vi tri B(—2;-5;6) khong thé nhin thiy 4nh sang tir ngon hai dang.
d) Mot nguoi di bién dang ¢ vi tri C (5;3;—2). Tinh theo dudng chim bay, khoang cach ngan
nhit nguoi d6 phai di chuyén dé c6 thé nhin thay anh sang tir ngon hai ding 1a 73.
Hé théng dinh vi toan cau (tén tiéng Anh Ia: Global Positioning System, viét tat 1a GPS) 1a mét
hé théng cho phép xac dinh chinh xac vi tri cia mot vat thé trong khong gian (Hinh minh hoa).
Ta c6 thé mo phong co ché hoat dong cua hé théng
GPS trong khong gian nhu sau: Trong cung mot thoi
diém, toa do cia mot diém M trong khong gian s¢€
duoc xac dinh bai bdn vé tinh cho trudce, trén mdi vé
tinh c6 mQt may thu tin hi¢u. Béng cach so sanh su
sai léch vé thoi gian tur luc tin hi¢u dugc phat di véi
thoi gian nhan phan hoi tin hiéu d6, mdi may thu tin
hiéu x4c dinh dugc khoang cach tir vé tinh dén vi tri
M can tim toa do. Nhu vay diém M la giao diém B
ctia bdn mit cau véi tim 1an luot 13 bdn vé tinh da

cho. ) , Anh: Vé tinh GPS dang bay trén quy dai
Ta xét vi mot vi du cu thé sau: Cho bon vé tinh auanhk Trdi D
A(l; —1;2),B(2; 1;3);C(—1;4;0);D(2; 3;1) . (Negudn: hups:/vi.wikipedia.org)

Mot chiéc may bay quan sy dang & vitri M voi MA=3;MB = \/g;MC = \/%;MD = \/g

a) Mit cau taim A4 di qua diém M c6 ban kinh 1a 3.

b) Phuong trinh mét cu (,) tim 4 ban kinh MA 1a x* +y* +2° = 2x+2y—4z-3=0.

¢) Phuong trinh mit phang chtra duong tron giao tuyén cta hai mit cau (Sl) va § (B,MB) la
xX+2y+z-6=0.

d) Toa do ciia may bay quan sy 1a M (x;y;z) voi x+y+z=3.
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Cau 38:

Cau 39:

CHUYEN DPE V — PHUONG PHAP TOA PO TRONG KHONG GIAN

Trong khong gian v6i hé truc toa d6 Oxyz (don vi trén mdi truc 14 kilomét), dai kiém soat khong

luu san bay Cam Ranh — Khanh Hoa ¢ vi tri 0(0;0;0) va dwoc thiét ké phat hién may bay &

khoang cach téi da 600km. Mot may bay cua hing Viét Nam Airlines dang & vi tri
x=-1000+100¢

A(—800;-40;10), chuyén dong theo dudng thing d c6 phuong trinh |y =-200+80¢ (zeR)
z=10

va hudng vé dai kiém soat khong luu (nhu hinh vé).

a) Phuong trinh mit cau dé mo ta ranh gidi bén ngoai ving phat séng cua dai kiém soat khong
luu trong khong gian 12 x* + y° +z° = 600°.

b) Gia sir B(—1000+100b;—200+805;10)1a vi tri sém nhat ma may bay xuat hién trén man hinh
ra da. Khi d6 b e[4;5].

¢)Giasu C (—1000 +100¢;—200+80c; 10) la vi tri ma may bay bay ra khoi man hinh ra da. Khi
doé ce [8;9].

d) Khoang cach ngin nhat (1am tron dén hang phén trim) giita may bay voi dai kiém soat khong
luu la 250,51km .

Trong khong gian v6i hé toa o Oxyz (don vi trén mdi truc 1a km), Mot tram thu phat song dién
thoai di dong c6 dau thu phat duogc dat ¢ tai vi tri 7(2;0;0) .Vung phu séng cua tram c6 ban kinh
bé‘mg 2 km. Hai nguoi ban Mai va Nga cung str dung di¢n thoai. Ban Mai dung di¢n thoai tai vi
tri M (2;1;1), ban Nga dung dién thoai tai vi tri N(1;2;2).

a) Phuong trinh mat cAu md ta ranh gi6i ving phu song 1a: (x —2)> +y> +z° =2

b) Ban Mai c6 thé su dung dugc dich vu ctia tram phat song trén.

¢) Hai ban Mai va Nga lién lac dugc véi nhau.

d) Tinh theo dudng chim bay, khoang cach ngan nhat dé ban Nga di chuyén ti ving phu séng
cua tram la 1(km).
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Cau 40:

Cau 41:

CHUYEN DE V- HINH HOC 12 —- PHUONG PHAP TOA PO TRONG KHONG GIAN

Mot san khau da duogc thiét 1ap mot hé truc toa 40 Oxyz (don vi trén mdi truc 13 mét ) dé dao
dién c6 thé sap dat anh sang va xac dinh vi tri ciia cac dién vién. Nguoi dao dién dat mot dén
chiu sang & vi tri 7(1;2;3) tao ra mQt vung sang la mat cau tam 7(1;2;3) ban kinh 10(m) .

a) Phuong trinh mat cau mé ta ranh gi6i ving phi sang 1a (x —1)% +(y —2)> +(z—3)> =100
b) Dién vién A dang dimng trén san khau & vi tri 4(3;4;5) dé chuan bi biéu dién. Khi d6 dién vién
A dang dugc dén chiéu sang.

¢) Dién vién B ludn dimg yén & vi tri B(10;11;12). Dién vién A biéu dién ludén cach tdm I mot
khoang bang 1(m) . Khoang cach ngan nhét giita hai dién vién A va B bang 5m .

d) Dién vién A biéu dién luén cach tdm I mot khoang bang 1(m), con dién vién C c6 nhiém vu
di chuyén xung quanh ria ctia viing chiéu sang. Téng khoang cach tir B dén A va C c6 gia tri 16n
nhat 1a 11(m) .

Trong khong gian véi hé toa do Oxyz (don vi trén mdi truc 1a mét), mot ngon hai dang duoc dat

ovitri [ (20;35; 60) , biét rang ngon hai dang duoc thiét ké voi ban kinh phu sang 1a 4 km.

(Neuon:htips://shutterstock.com)

a) Phuong trinh mit cdu dé mo ta ranh gidi ving phi sang trén bién cua hai dang 1a
(x—=20)" +(y—35)" +(z-60)" =4
b) Diém B(-290; —165; 3660) nam phia trong mit cau do.
¢) Néu nguoi di bién & vi tri C (541;137;—690) thi khong thé nhin duoc anh sang tir ngon hai
dang.
d) Gia st nguoi di bien di chuyén theo dudng thang tir vi tri diém 7(20; 35; 60) dén vi tri

D(4020; 35; 3060). Vi tri cudi cung trén doan thang ID sao cho ngudi di bién van con nhin
thiy dugc anh sang tir ngon hai dang 1a M (—3180; 35; 2460) .
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Cau 42:

CHUYEN DPE V — PHUONG PHAP TOA PO TRONG KHONG GIAN

He¢ thdng dinh vi toan cau (tén tiéng Anh 1a: Global Positioning System, viét tit 1a GPS) 1a mot
hé thdng cho phép xac dinh chinh xéc vi tri ctia mot vat thé trong khong gian. Ta c6 thé md phong
co ché hoat dong cua hé thoogns GPS trong khéng gian nhu sau: Trong cing mdt thoi diém, toa
dd cua mot diém M trong khong gian s& dugc xac dinh boi bdn vé tinh, trén mdi vé tinh c6 mot
may thu tin hi¢u. Béng céch so sanh sy sai léch vé thoi gian tir lc tin hi¢u dugc phat di véi thoi
gian nhéan phan hdi tin hiéu do, mdi may thu tin hi€u xac dinh dugc khoang cach tir vé tinh dén
vitri M can tim toa d6. Nhu vay diém M 1a giao diém ctia bon mit cau véi tam lan luot 1a bon
v¢ tinh da cho.

Trong khong gian voi hé toa d0 Oxyz cho bdn vé tinh A(3;—l;6), B(l;4;8), C(7;9;6),
D(7;-15;18).
a) Phuong trinh mit cau tim 4 ban kinh bang 6 c6 phuong trinh la:

(x=3)" +(y+1)" +(z-6)" =36.
b) Néu diém M (x; y;z) thudc mat cau tim B ban kinh b.':ing 7 thi toa do diém M théa man
phuong trinh: (x—l)2 +(y —4)2 +(z —8)2 =7.
¢) Khoang cach tir diém N (2;-3;5) dén vé tinh D 1a 16n nhat.
d) Biét khoang cach tir diém M (x; y;z) dén céc vé tinh lan lugt 1a MA=6, MB=7, MC =12
, MD=24 Khido x+y+z=4.
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CAau 43: Trong khong gian v&i hé toa dd Oxyz (don vi trén mdi truc 1a mét), thap hai dang Miii Dién - Phu
Yén (12 noi d6n anh binh minh dau tién trén dat lién T6 Qudc), chan thap dugce dit vudng goc
v mat dat (chiéu tr chan thap 1én dinh thap cung hudng véi chicu duong cia truc Oz) & vi tri
diém A (12.040.271;1.41 8.620; 84) . Ngon den cua hai dang dugc dat trén dinh cua thap hai dang

hinh tru cao 26 m so v&i mat dat va st dung pin nang luong mat troi, co thé phat tin hi¢u anh

a) Mit ciu mo ta ranh giéi vung phil sing trén bién cua hai ding cO tdm

1(12.040.271;1.418.620;110) ban kinh R = 50000(m).

b) Phuong trinh mit cdu mé ta ranh gii ving phu sang trén bién cta hai dang la
(8):(x—12.040.271)" +(y—1.418.620)" +(z—84)" = 50.000.

¢) Nguoi di bién ¢ trén Cu lao Mai nha tai vi tri B (12.026.000;1.461.000;0) nhin thdy anh dén

cua ngon hai dang.

d) Biém cuc dong cua miii Dién 1a diém C(12.040.452;1.418.462;0). Tir diém C mot chiée tau

di chuyén trén mit bién (mat phang (Oxy)) theo hudng cua vecto don vi i, dé van nhin thdy

anh dén cua hai dang thi khoang cach tdi da tau di chuyén 1a 50.000 mét.
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PHUONG PHAP TOA PO
TRONG KHONG GIAN

| CHUONG |

BAI: PHUONG TRiINH MAT CAU

@ LY THUYET.

I. PINH NGHIA MAT CAU

Cho trudc diém 7 va s6 duong R . Mit cdu tAm / ban kinh R 1a tap hop tat ca cac diém trong
khong gian cach diém 7 mot khoang bang R .

pa ' Bain kinh v Putime kinh
Nhan xét:

» Diém M thudc mt cau tdm 7 ban kinh R khi va chi khi IM =R .

« Piém M nam trong mit cdu tdm I ban kinh R khi va chi khi IM <R.

« Piém M nim ngoai mit cAu tim I ban kinh R khi va chi khi IM >R.
II. PHUONG TRINH MAT CAU

Trong khong gian Oxyz, cho mit cau tam [/ (a;b;c) ban kinh R c6 phuong trinh la:
(x—a)2 —i—(y—b)2 +(z—c)2 =R’.

Ta c6 thé viét phuong trinh d6 vé dang: x*+y*+2z°—2ax—2by—2cz+d =0 voi
d=a’+b*+c’-R*.

Vay mdi mit cau déu c6 phuong trinh dang: x* + y* +z* —2ax—2by —2cz+d =0.

Nguoc lai, xét phuong trinh c6 dang: x> + y* +z° —2ax —2by —2cz+d = 0 1a phuong trinh mot

mit cau khi va chi khi a® +5> +c¢> —d >0. Ngoai ra, néu a® +b> +¢> —d >0 thi phuong trinh

d6 xac dinh mat cau tim I(a;b;c) va ban kinh R = \/a2 +b*+c*—d.
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III. MOT SO UNG DUNG CUA PHUONG TRINH MAT CAU TRONG THUC TIEN
Vi du 1: Trong khong gian v&i hé toa dd Oxyz (don vi trén mdi tryc 1a kilomet), mdt tram phét song
dién thoai ctia nha mang Vinaphone dugc dat ¢ vi tri/ (l; 2; l) va duoc thiét ké ban kinh phu song
5000m .

a) St dung phuong trinh mét ciu dé mé ta ranh giéi bén ngoai ving phu song trong khong gian?
b) Nha ban Diép Chi, va Tué Nhi c6 vi tri toa d0 lan luot 1a 4(3;2;-1)va B(4;-3;5). Hoi Diép
Chi va Tu¢ Nhi dung di¢n thoai tai nha thi c6 thé st dung dich vu cta tram nay hay khong?

Loi giai
a) Phuong trinh mit cau dé mo ta ranh gidi bén ngoai ving phii song trong khong gian 1a:

(x=1)"+(y=2)* +(z—-1)" =25

b) Do I4A= \/(3—1)2 +(2—2)2 +((—1)—1)2 =/8 <5 nén diém A(2;3;-1) ndm trong mat cau
do.

Viy ban Diép Chi c6 thé st dung dich vu cia tram nay.

IB= \/(4—1)2 +((-3)-2)*+(5-1)* =+/50 > 5 nén diém B(4;-3;5) nim ngoai mit ciu do.
Vay ban Tué Nhi khong thé su dung dich vu cua tram nay.

Vi du 2: Trong khong gian véi hé toa do Oxyz (don vi trén mdi truc 1a kilomet), mot tram phat song
rada clia Nga dugc dit trén ban ddo Crimea & vi tri /(—2;1;—1)va duoc thiét ké phat hién may

bay cua dich ¢ khoang cach toi da 500km .
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u S——— L =
. -

a) Str dung phuong trinh mit ciu dé mo ta ranh giéi bén ngoai ving phat séng ciia rada trong
khong gian?

b) Hai chiéc mdy bay do tham cia My va Anh dang bay & vi tri c6 toa do lan luot 1a
M (-200;100;-250)va N(350;—100;300). Hoi hai chiéc may bay d6 c6 bi rada phat hién hay
khong?

Loi gidi
a) Phuong trinh mat cau dé mé ta ranh giéi bén ngoai ving phat song cua rada trong khong gian

la:

(x+2)>+(y=1)’ +(z+1)" = 250000

b)  Cor M =(-200+2)> +(100-1) +(-250+1)* £333,2<500  nén  diém
M(—200;100; —250) nam trong mat cau do.

Vay chiéc may bay do tham ctia My c6 thé bi phat hién boi tram rada nay.

Co: IN=\/(350+2)2+((—100)—1)2+(300+1)2z474<500 nén diém N (350;-100;300)

nam trong mat cau do.
Vay chiéc may bay do tham ctia Anh c6 thé bi phat hién boi tram rada nay.

<‘ HE THONG BAI TAP TOAN THUC TE.

Cau 1: Trong khong gian Oxyz , mot vom dugc thiét ké co bé mit 1a mit cau tim 7 (1;2;20), ban kinh
bang 50(m)va c6 ddy ndm trén mit phang (Oxy). Chiéu cao ctia vom la bao nhiéu? (biét don vi

cua h¢ truc toa do 1a mét)
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Cau 3:

Cau 4:

CHUYEN DPE V — PHUONG PHAP TOA PO TRONG KHONG GIAN

Loi giai

Khoang cach tir tim / dén mét phang (Oxy) 1a 20(m).

Vay chiéu cao ctia vom 1a 20+50 =70 (m).

Trong khéng gian véi hé toa d0 Oxyz (don vi trén mdi truc 1a kilomét), ngudi ta dat mot tram
thu phat song dién thoai dugc dat ¢ vi tri A(—l; 2;—3) . Biét rﬁng tram thu phat song duoc thiét

ké v6i ban kinh 14 4 km, viét phuong trinh mit cau mé ta ranh gidi bén ngoai ciia ving phii song
trong khong gian?
Loi giai
Phuong trinh méit cAu mé ta ranh gidi bén ngoai cuia ving phii song trong khong gian 1a:
(x+1) +(y=2) +(z+3) =16

Trong khong gian Oxyz (don vi cua cac truc toa do la kilomét), mot tram thu phat song dién
thoai di dong c6 dau thu phat dugc dit tai diém 7(—2;1;—4). Biét ban kinh phu séng cta tram
la 3km. Co 5 nguoi su dung dién thoai tai cac diém
A(2;-1;3),B(0;1,-4),C(-2;1;-3),D(0;1;-3), E(—4;-2;1). Hoi trong s6 5 nguoi do, co bao
nhiéu nguoi co thé sur dung duoc dich vu cta tram noi trén?

Loi giai

A= \#+(<2) +7 =69 > 3.
IB=~2*+0>+0>=2<3.
1€=0+0" +1' =1<3,
ID=~22+0"+12 =45 <3.
IE=(<2) +(-3)' +5" =38 >3.

Vay c6 3 nguoi co6 thé sir dung dich vu cia tram ndi trén

Goc quan sat ngang ctia mot camera 1a 115°. Trong khong gian Oxyz , camera duogc dit tai diém
C (4;2;3) va chiéu thing vé phia mit phing (P) :2x—y+2z-3=0. Biét ving quan sat duoc
trén mat phang (P) ctia camera 13 hinh tron. Tinh dién tich ciia viing quan sat d6 (lam tron két

qué dén chir s6 thap phéan thir nhat).
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CHUYEN DE V- HINH HOC 12 —- PHUONG PHAP TOA PO TRONG KHONG GIAN

f_J

2.4-12+23-3]
Ké CH L(P),taco: CH =d(C;(P))= ——'=3.
224 (-1) +2°
Do tam giac CAB can tai C nén ACH = 57,5°.
Xét tam gidc vuong CAH ¢6 AH = CH.tan ACH =3.tan 57,5° ~ 4,7091.

Vay dién tich cua ving quan sat dugc cua camera la S = 7. ~ 7.(4, 7091)2 ~ 69,7 (dvdt).

Trong khong gian Oxyz, mét qud cau c6 tim dit tai diém 7(0;3;0 ) dang chuyén dong thing
déu theo phuong vudng géc véi mit phang (P):2x—y+2z-9=0 véi van toc 0,002(m/s).
Sau 30 phut thi qué cau tiép xtc v6i mit mat phang (P). Biét don vi ctia hé truc toa d6 Oxyz 1a
mét. Ban kinh cua mat cau la

Loi giai

3,6(m) 0.4(m)

D6i: 30 phat =1800s
Sau 30 phit, qua cau di chuyén duge mot quing bang 1800.0,002=3,6(m).

Khodng cach tir diém / dén mit phing (P) bang 4(m).
Vay ban kinh ctia mit cau bang 4-3,6=0, 4(m)
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Cau 6:

Cau 7:

Cau 8:

CHUYEN DPE V — PHUONG PHAP TOA PO TRONG KHONG GIAN

Trong khong gian véi hé toa do Oxyz, don vi trén mdi truc 1a mét, mot ngon hai dang dugc dat
& vi tri 1. Biét ngon hai dang d6 dugc thiét ké v6i duong kinh phu sang 1a 6 km. Gia sir nguoi
di bién di chuyén theo dudng thang tir vi tri 7 . Hoi vi tri cudi ciing trén doan thang sao cho ngudi
di bién c6 thé nhin thdy dugc anh sang tir ngon hai dang cach / mot doan bang bao nhiéu?

Loi giai

U WS 6
Vung phu sang cua ngon hai dang 1a mdt mat cau c6 tdm / va ban kinh R:E:3 km nén vi tri

cudi cung trén doan thiang sao cho ngudi di bién ¢ thé nhin thiy dwoc 4nh sang tir ngon hai ding
cach I mot doan 3 km.
Phan mém mo phong thiét bi tham hiém dai dwong c6 dang hinh cau trong khong gian Oxyz .

Biét toa d6 tAm mat cau la 7 (360;200; 400) va ban kinh 7 =2 m. Phuong trinh ctia mit cau 1a

Loi giai
Mit cau c6 tAm 1(360;200;400) va ban kinh r =2 nén cé phuong trinh la

(x=360)" +(y—200)" +(z—400)" =4.
Trong khong gian véi hé toa do Oxyz , don vi trén mdi truc 1a mét, mot ngon hai dang dugc dat
& vi tri 7(21;35;50). Biét ngon hai dang d6 duogc thiét ké véi dudng kinh phi sang 1a 8 km.

Phuong trinh mit cau dé mo ta ving phu sang ctia ngon hai dang 1a
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Cau 9:

Cau 10:

Cau 11:

CHUYEN DE V- HINH HOC 12 —- PHUONG PHAP TOA PO TRONG KHONG GIAN

Loi giai
Vung phu sang cua ngon hai dang c6 ban kinh 1a 4 km = 4000 m.
Phuong trinh mit cau dé mo ta ving phu sang ctia ngon hai dang 1a

(x=21)" +(y—35)" +(2-50)" = 4000°.

Trong khong gian Oxyz (don vi do 1a cm), mit san nha da ning thudc mat phang Oxy . Mot qua
cau bang nhya nam trén mat san nha da ning va c6 tam 1(12;20;50) . Khi d6, mit ngoai ctia qua
ciu nhya (S ) c6 phuong trinh la

Loi giai
Do qua cau nam trén mat san nha da ndng nén mat ngoai cua qua cau tiep xuc vdi mat phang
Oxy

Ta co: d(I,(Oxy))=R =50
Vay mit ngodi clia qud cau () cé phuong trinh lz‘1(x—12)2 +(y —20)2 +(z —50)2 =50’

Mot tram thu phét séng dién thoai di dong dat & vi tri 7(2;—1;1) duoc thiét ké véi ban kinh phu
séng 1a 3 km. Mot nguoi ding dién thoai dang & vi tri M (0;1;2) thi c6 thé st dung dich vu cua
tram phat song nay hay khong?

Loi giai
Ta c6 phuong trinh mét cau mo ta ranh gidi phu song la:
(8):(x=2) +(y+1)" +(z-1)" =9,
IM?=(0-2) +(1+1)’ +(2-1) =9=R%.
Vay nguoi ding dién thoai ¢ thé st dung dich vu cta tram phat song nay.
Trong khong gian Oxyz (don vi do 1a km), bon chiéc may bay & bén hudng khac nhau khi vira
bay vao viing phu séng ctia mot chiéc ra da thi trén ra da ngay 1ap tirc bao tin hiéu phat hién muc
tiéu. Tai thoi diém ra da phat hién muc tiéu thi 4 chiéc may bay & vi tri ¢ toa d6 lan luot 13
A(30;25;33), B(14;1;49), C(40;—29;1), D(0;31;41) . Phuong trinh mit cdu (S) biéu dién ranh gi6i
vung phu song cua ra da trong khong gian la

Loi giai
Goi phuong trinh mat cau (S) 6 dang x*+y°+2z°—2ax—2by—2cz+d =0 véi

a’+b*+c*—d>0.Do (S) diqua bdn diém A4, B, C, D nén ta c6 hé phuong trinh:
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Cau 12:

Cau 13:

CHUYEN DPE V — PHUONG PHAP TOA PO TRONG KHONG GIAN

30 +25° +33* —60a - 50b—66¢+d =0 600 —50b—66c+d=-2614 [(a=0
14° +1° +49° —28a—2b—98¢c+d =0 —28a—2b—-98¢c+d =-2598 b=1
402+(—29)2+12—80a+58b—2c+d:0© ~80a+58b—2c+d =-2442  |c=1
02 431 + 41 —62b—82c+d =0 —62b—82c +d =-2642 d =-2498

Suy ra mit chu (S) c6 tam 1(0;1;1) va R =4J0? +1% +1° —(—2498) = 50

Vay mit cau (S) c6 phuong trinh 1a x* +(y —1)2 +(z —1)2 =507

hay x* +y* +z° -2y -22-2498=0.

Nguoi ta mubn thiét ké mot bon chira khi héa long hinh cau bang phan mém 3D. Cho biét tim
mit ciu c6 toa do /(2;3;4) va mat cu tiép xtc voi ndp ddy 1a mit phing di qua ba diém

A(=7;0;4), B(—%;O;ﬁ j c(—ﬁ +1;o;-€} nhu hinh v&. Pudng kinh ciia bdn chira khi

héa long bang bao nhiéu?

Loi gidi
Vi ba diém 4, B, C déu co6 tung d6 bang 0 nén nap day la mit phang co phuong trinh
(P):y=0.
R=d(I,(P))=P|=3.
Puong kinh ctia bon chira khi hoa long 1a 2.3=6.

Phia trudc cua mot san van dong, nguoi ta c6 dat mot qua bong da khéng 16. Cach dé khong xa,
c6 mot bong dén. Trong khong gian Oxyz (don vi do 1a mét), gia sir mit ngoai qua bong (S) ¢o
phuong trinh (x—1)" +(y—1)"+(z-3)" =9 va bong dén & vi tri M (15;1;6). Khi do, khoang
cach xa nhat ma bong dén co thé chiéu dén mot diém trén qua bong bang MA , véi MA chinh 1a
tiép tuyén ké tir M dén () va 4 1a tiép diém. Vay MA bing bao nhiéu mét?
Loi giai
B

A

B¢ mit ngoai ciia qua bong () 12 mot mat clu c6 tm 7(1;1;3) va ban kinh R=3
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Cau 14:

Cau 15:

CHUYEN DE V- HINH HOC 12 —- PHUONG PHAP TOA PO TRONG KHONG GIAN

Taco: MI =/(1-15)" +(1-1)’ +(3-6)’ =+/205
Suy ra MA =~MI*> —I4> =+205-9 =/196 =14

Vay MA=14m.

Trong khong gian hé truc toa d6 Oxyz (don vi trén mdi truc 1a kilomét), dai kiém soat khong luu

san bay Cam Ranh — Khanh Hoa & vi tri O(O; 0; 0) va duoc thiét ké phat hién may bay & khoang

cach t6i da 600km . Mot may bay cuia hang Viét Nam Airlines dang ¢ vi tri 4, chuyén dong theo
x=-1000+100¢

dudng thang d co phuong trinh { y = —200 + 80z (teR) va huéng vé dai kiém soat khong luu
z=10

(nhu hinh v&). Khoang cach giita vi tri sém nhat ma may bay xuat hién trén man hinh ra da va vi

tri ma may bay bay ra khdoi man hinh ra da la bao nhiéu?

Loi giai

Ta c6: Phuong trinh mit cau ranh gidi bén ngoai ving phat song cua dai kiém soat khong luu
trong khong gian 1a (S) X+ y7 + 27 =360000.

Toa d0 vi tri sém nhit ma may bay xuét hién trén man hinh ra da va toa do vi tri ma may bay bay
ra khoi man hinh ra da la giao diém cua dudng thang d va mit cau (S).

Tir phwong trinh duong thing d va mit cau (S)ta co:

(~1000 +100¢)” +(~200+80¢ ) +10* = 360000

<1647 —23201 + 6801 =0

,_1160-+/230236
64

1
=
,_1160++/230236

164
+) t=4,15 suy ra B(-585;132;10)

+) £=10 suy ra C(0; 600; 10 )

~ 4,15

~10

Khi d6, BC=(585;468;0)=> BC~749,17 .

Trong khong gian hé truc toa d0 Oxyz (don vi trén mdi tryc 1a kilomét) mot tram phat song dién
thoai ciia nha mang Viettel dugc dat ¢ vi tri [ (—1; 2;3) va dugc thiét ké ban kinh phu song 1a

5000m . Phuong trinh mét ciu biéu din ranh gi6i ving phu song 1a:
Loi giai
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Cau 16:

Cau 17:

CHUYEN DPE V — PHUONG PHAP TOA PO TRONG KHONG GIAN

Tam mit cau ¢ toa do 1(-1;2;3)

Ban kinh mit cdu R =5000(m)=5(km).

Vay phuong trinh mit ciu mé ta ving phtl sdng ctia tram phat song la:

(x+1)" +(y=2) +(2-3)" =25.

Trong khong gian véi hé toa d0 Oxyz , don vi trén mdi truc 13 kilomét, mot tram thu phéat song

dién thoai di dong dwoc dat ¢ vi tri 7(-3;2;7), tram thu phat séng d6 duoc thiét ké v&i ban kinh

pht séng 3 km. Ngudi ding dién thoai & diém nao c6 thé sir dung dich vu ctia tram nay?
 pmw - .-

A. 4(2;3;4). B. B(—2;1;8). C. C(L11). D. D(-3;-1;3).
Loi gidi

Ta co

IA= (5;1;-3) va I4=~25+1+9 = V35> R =3 néndiém A4 ndm ngoai mit cAu.

IB = (,-1;1) va IB = V3 <R nén diém B nim trong mit cAu.

Trong khong gian vdi hé toa dd Oxyz (don vi trén mdi truc 1a km), mot ngon hai dang duogc dit

& vi tri 1(1;5;5) nhu hinh v&. Ngon hai dang duoc thiét ké voi ban kinh phu sang 145 km.

( ."\-'_uufhr.‘h.rUJ.\;;’Aern'r'.\ tock.com)

Mot nguoi di bién di chuyén theo duong thang tir vi tri 7(1;5;5) dén vi tri 4(7;14;11) Piém nao
sau ddy ma ngudi di bién di qua va van thudc ving phi sang ctia ngon hai ding?
A. M(3:8,7). B. N(0;4;8). C. P(7;3,0). D. O(7;11;3).
Loi giai
Phuong trinh mit ciu dé mo ta ranh giGi bén ngoai cua ving phu sang trong khong gian la:

(x=D>+(y-5°"+(z-5°>=25
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Cau 18:

Cau 19:

CHUYEN DE V- HINH HOC 12 —- PHUONG PHAP TOA PO TRONG KHONG GIAN

Tacd IM(2:3:2); IA=(6:9:6) = 3IM va IM =J3~1)? +(8—5) +(7-5)* =+/17 <5 nén diém
M nam trong mit cau. Vay ngudi di bién di qua diém M ma van thudc ving phu sang.
Trong khong gian hé truc toa &6 Oxyz (don vi trén mdi truc 1a kildomét) mot tram phét song rada
cua Nga dugc dit trén ban ddo Crimea ¢ vi tri 7(2;—-1;,-3) va duoc thiét ké phat hién méy bay
cta dich & khoang cach t6i da 500km . Piém nio sau ddy nam trong vung phu séng cua rada?
A. N(500;200;100).  B. P(-300;250;400).
C. M (200;-100;-230). D. 0(120;,-200;-500).

Loi giai

Vi ving phat song cta rada 1a mQt mat cAu c6 tam [ (2;—1;—3) va ban kinh R =500.

Ta co: IN =J(500-2)" +(200+1)’ +(100+3)" ~ 546,8 > 500

Vi IN > R nén diém N nam ngoai mdt cau. Vay diém N nam ngoai vung phu soéng cla tram
rada nay.

Ta 0o IP =J(=300-2)" +(250+1)" +(400+3)" ~562,7 > 500

Vi IP >R nén diém P nam ngoai mat cau. Vay diém P nam ngoai vung phu séng cua tram
rada nay.

Ta co: IM =1(200—2)" +(~100+1)’ +(-230+3)’ ~317,1<500

Vi IM <R nén di€ém M nam trong mdt cau. Vay di€ém M nam trong vung phu séng cua tram
rada nay.

Ta 0o 10 =/(120—2)} +(=200+1)" +(=500+3)" ~548,2 > 500

Vi 10 > R nén diém Q nim ngoai mit ciu. Vay diém Onam ngoai ving pha séng ctia tram
rada nay.

Trong khong gian véi hé truc toa do Oxyz , dai kiém soat khong luu sén bay c6 toa do O(0;0;0)
, mdi don vi trén truc img v6i 1km . May bay bay trong pham vi cach dai kiém soat 417 km s&
hién thi trén man hinh ra da. Mgt may bay dang ¢ vi tri 4 (—688; —185; 8) s chuyén dong theo theo
dudng thing d co vécto chi phuong la u =(91;75;0) va huéng vé dai kiém soat khong luu. Hay

xac dinh toa d0 vi tri sém nhat ma may bay xuat hién trén man hinh ra da.

Hirly 4

Loi giai
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Cau 20:

CHUYEN DPE V — PHUONG PHAP TOA PO TRONG KHONG GIAN

Phuong trinh tham sé cta dudng thang d di qua A4(-688;-185;8) va nhan u =(91;75;0) lam

x=—-688+91¢
vécto chi phuong 1a < y =—185+75¢.
z=38

Goi B 1a vi tri sém nhdt ma may bay xuit hién trén man hinh ra da. Vi
Bed = B(—-688+911;—185+751;8).
Vi B 1a vi tri sém nhidt ma may bay xuit hién trén man hinh ra da nén

OB =417 < [(~688+91¢)’ +(~185+75¢)’ +8° =417

< 139061 —152966¢ +333744 =0 < {

Véi t=3= B(—415;40;8) = AB ~ 353,77 km

Véi t=8= B(—88;415;8) = AB ~ 848,53 km

Do 353,77 <848,53 vj tri may bay xuét hién sém nhat 1a B(-415;40;8).

Hé théng dinh vi toan cau (tén tiéng Anh la: Global Positioning System, viét tat 1a GPS) 1a mét
hé thdng cho phép xac dinh chinh xéc vi tri ciia mot vat thé trong khong gian. Ta c6 thé md phong
co ché hoat dong cua hé théng GPS trong khong gian nhu sau: Trong cting mot thoi diém, toa do
ctia mot diém M trong khong gian s€ dugc xac dinh bdi bdn vé tinh cho trude, trén mdi vé tinh
c6 mdt may thu tin hiéu. Bang cach so sanh sy sai 1éch vé thoi gian tir lac tin hiéu dugc phat di
v6i thoi gian nhan phan hoi tin hiéu d6, mdi may thu tin hiéu xac dinh dugc khoang cach tir vé
tinh dén vi tri M can tim toa do. Trong khong gian v6i hé toa do0 Oxyz, cho bdn vé tinh

4(0;4;5), B(-3;-1;3), C(-2:8;9), D(-7;2;-3). Tinh khodng cach tir gbc toa 0 O dén
diém M biét ring khoang cach tir cac vé tinh dén diém M 1an luotla MA=3, MB=5, MC =9
, MD =10 . (K&t qua lam tron dén hang phan nghin).

7 ‘L(‘n' giai
MA=3 = biém M thuéc mit cau tdm A, ban kinh R=3 c6 phuong trinh
x2+(y—4)2+(z—5)2:9.
MB=5 = Piém M thudc mit cau tdm B, ban kinh R=5 co6 phuong trinh
(x+3)2+(y+1)2+(z—3)2=25.
MC=9 = Piém M thuéc mit cau tdm C, ban kinh R=9 ¢o phuong trinh
(x+2) +(y-8) +(z-9)" =81.
MD=10 = Piém M thudc mit ciu tdim D, ban kinh R=10 c6 phuong trinh
(x+7) +(y=2)" +(z+3)" =100.
Tacé M 1a giao diém ctia bén mit cau voi tAm 1an lugt 13 bon vé tinh 4,B,C,D .
x2+(y—4)2+(z—5)2:9
(x+3)2+(y+1)2+(z—3)2=25
(x+2) +(y-8) +(2-9)" =81
(x+7) +(y=2)" +(z+3)" =100

Toa dd M 1la nghiém cua hé phuong trinh:
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Cau 21:

CHUYEN DE V- HINH HOC 12 - PHUONG PHAP TOA PO TRONG KHONG GIAN
Giai hé phuong trinh ta duge x=1,y=2,z=3 = M (1;2;3).
Khoang cach tir gbe toa d0 O dén diém M 1a OM =1>+2° +3> =14 3,742,

Hé thong dinh vi toan cau ( tén tiéng Anh 1a Global Positioning System, viét tat 1a GPS) 1a mot
hé thdng cho phép xac dinh chinh xéc vi tri ctia mot vat thé trong khong gian. Ta c6 thé md phong
co ché hoat dong cua hé théng GPS trong khong gian nhu sau: trong cing mdt thoi diém, toa do
ctia mot diém M trong khong gian s€ dugc xac dinh bdi bdn vé tinh cho trude, trén mdi vé tinh
c6 mot may thu tin hi¢u. Béng céch so sanh su sai 1éch vé thoi gian tur luc tin hiéu dugc phat di
v6i thoi gian nhan phan hdi tin hiéu d6, mdi may thu tin hiéu xac dinh dugc mdt khoang céach tir
vé tinh dén vi tri M can tim toa do.

Anh: \ ¢ tinh GPS (I‘:.‘-’u"._' bay rrén gL dao
quanh Trdi Pt
(Nguon: hups:/viwikipedia.org)

Bén vé tinh dugc dit tai cc diem 4(9;—2;7), B(1;4;8), C(7;—3;—5), D(—4;—11;12). Mot

con tau dang & vi tri diém M (x; y;z) ma khoang cach tur nd dén cac vé tinh lan luot 1a

MA=+/58, MB =83, MC =173, MD = /97 . Khi d6 tdng binh phuong toa d6 diém M Ia
Loi giai

Ta co: m:(9—x;—2—y;7—z)

= MA=-/58 = x> +1)* + 22 —18x+4y—14z=—76(1)

MB=(1-x;4—y;8-2z)

= MB=+83 < x*+)*+22—2x—8y—16z=2 (2)

W’:(7—x;—3—y;—5—z)

= MC =173 & x*+y" +2° —14x+6y+10z2=90 (3)

MD = (—4—x;—11—y;12—2)

=MD =197 & x> +)* + 2> +8x+22y—24z=—184 (4)
Tu (1), (2), (3), (4) ta c6 h¢ phuong trinh:

X'y +22—18x+4y—14z=-76 —16x+12y +2z=-78
<x2—|—y2—|—22—2x—8y—16Z:2 N 12x—14y —26z =—88

X’ 4 y* 27 —14x+6y+10z =90 —22x—16y+34z=274

XA 8+ 22y —24z=—184 |¥ +) +2 —18x+4y—14z=-T6(*)
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Cau 22:

Cau 23:

CHUYEN DPE V — PHUONG PHAP TOA PO TRONG KHONG GIAN

x=2
& {y=-5 thoa (¥).
z="1

Vay T=x>+1y* +2z°=78.

Cong nghé hd trg trong tai VAR (Video Assistant Referee) thiét lap mot hé toa do Oxyz dé theo
ddi vi tri cua qua bong M . Cho biét M dang nam trén mat san c6 phuong trinh z =0, dong thoi
thudc mit cau (S): (x—22)* +(y—4)’ +(z—13)’ =194 (don vi d6 dai tinh theo mét). Goi J 1a
hinh chiéu tdm I cua mit cau (S) xuéng mit san bong. Khoang cach tir vi tri M cua qua bong
dén diém J la:

Hinh 4

Loi giai

Mit cau (S) c6 phuong trinh

(x=22)" +(y—4)" +(z-13)* =194

nén ¢6 tam 7(22;4;13) va ban kinh R =+/194 .

Trong khong gian Oxyz, mit san c6 phuong trinh z =0 tring véi mét phang toa do (Oxy), suy
ra hinh chiéu vudng goc cua diém 1 (22;4;13) Xuéng mat san c6 toa do J(22;4;0).

Trong tam gidc vuong [JM, ta c6 IJ =13,IM =R=+/194 , suy ra

JM =~NIM* - 1J* =194-169 =5
Vay khoang cach tir vi tri M ctia qua bong dén diém J 1a 5 m.
Trong khong gian vdi hé toa @0 Oxyz (don vi trén mdi truc toa do 1a km), mgt may bay dang &

vitri 4(3;—2;1) vas&ha canh ¢ vitri B(2;—5;0) trén dudng bang. C6 mot dam may duge md
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Cau 24:

CHUYEN DE V- HINH HOC 12 —- PHUONG PHAP TOA PO TRONG KHONG GIAN

phong boi mit phing (P) tiép xtic véi mit cau (S):()c—2)2+(y+1)2+(z+1)2 =16 tai

(%; —%;%) . Tinh d6 cao cua may bay khi di xuyén qua ddm mdy dé ha canh (Gia st mit
dét ¢ vi tri mdy bay dang bay dugc coi la mat phang mat phang (Oxy))
Loi giai
Mit cau () c6 tam [(2;-1;-1); IM = 8, 16,16 =—§(1;2;—2).
9 99 9
Vi (P) tiép xuc voi (S) tai M nén co vecto phap tuyén la n= (1;2;—2) .
. . 1% . 10 25 7
Phuong trinh mat phang (P) la x—?+2 y+? -2 z—g =0 hay (P):x+2y—2z+6=0

Gia st diém C(a;b;c) 1 vi tri ma mdy bay xuyén qua ddm may d¢ ha canh, suy ra C €(P) va
ba diém A4,B,C thiang hang, C niam giita 4 va B.
Do d6 AC =kAB véi k>0.
Ta co: E’z(a—3;b+2;c—l),@=(—1;—3;—1).

a-3=—k a=3-k
AC=kAB < b+2=-3k ©1b=-2-3k=C(3-k;-2-3k;1-k).

c—1=—-k c=1-k
Ce(P):>3—k+2(—2—3k)—2(1—k)+6:0:>k:%

Suyra C E;—Q;z .
5 5°5
e e . , , L2
Vay tai vi tri C, d0 cao cua may bay la gkm.

Trong khong gian voi hé truc toa d6 Oxyz ( don vi trén mdi truc 1a mét), mot ngon hai dang duoc
dat o vitri 1 (21; 35; 50) va ngon hai ding d6 dugc thiét ké voi ban kinh pha sang 14 4km . Néu
nguoi di bién di chuyén theo duong thang tir vi tri 7(21;35;50) dén vi tri D(5121;658;0) hay

tim vi tri cudi cung trén doan ID sao cho ngudi di bién c6 thé nhin thiy dwoc anh sang tir ngon
hai dang ( két qua 1am tron téi chir s thap phan thir hai).

Loi giai
Phuong trinh mt cau dé mé ta ranh giGi bén ngoai cua ving phu sang trén bién ctia ngon hai
dang la: (x—21)" +(y—35)" +(z-50)" = 4000°.
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Cau 25:

Cau 26:

CHUYEN DPE V — PHUONG PHAP TOA PO TRONG KHONG GIAN

Ta co ‘E‘ = /26400629 > 4000 nén diém D nim ngoai mit ciu.

Dudng thing ID di qua diém (21;35;50) va nhan D = (5100;623;-50) lam vécto chi phuong

x=21+5100¢
nén phuong trinh tham s6 cta ID 13 { y=35+623¢
z=50-50¢

Gia sir H 1a diém cudi cung trén ID sao cho ngudi di dudng c6 thé nhin thiy 4nh sang tir ngon
hai dang. Khido /H =R.
Do H € ID = H (21+5100t;35+623t;50 - 50¢) = IH = (5100¢;623;-501¢).

Do IH = R=>J(5100¢)" +(623¢)" +(=50¢)" = 4000 < 26400629¢> = 4000 < tt:_()(;7788
V6i 120,78 = H(3999;520,94;11). Nhan thdy [H cing huuéng véi ID nén H thude doan
thang ID .
Véi t~—0,78 = H(-3957;-450,94;89) . Nhan thdy IH khong cing huéng véi ID nén H
khéng thudc doan thang ID .

Vay vi tri cén tim 1a H (3999;520,94;11)

Ericsson Globe (Thuy Pién) 14 toa nha ban cau 16n nhét trén thé gidi (nam 2020),voi hinh dang
mot qua cau mau trang c6 duong kinh 110 m va chidu cao bén trong 85 m, n6 c6 di chd ngdi cho
16 000 khan gia cta cac budi biéu dién hoa nhac hodc 13 850 khan gia cta cac tran ddu khiic con
ciu trén bang. Gia sir ta biéu dién md phong cua toa nha Ericsson Globe trong hé truc toa do
Oxyz béi mot mit cau c6 tam 7, duong kinh 110 m va O4 = 85 m nhu hinh v& (don vi trén truc
12 mét). Hay viét phuong trinh ctia mat cau nay.

Loi giai
+) Theo gia thiét duong kinh 110 m nén ban kinh R =55 m.
+)Ta cd Of = 0A—14=85-55=30 suy ra 1(0;0;30)

+) Vay phuong trinh mit cdu can tim 13 x> + y* +(z —30)> =557

Nguoi ta tha mdt vién bi c6 dang hinh cau véi ban kinh nhé hon 4,5cm vao mdt chiéc coc hinh
tru dang chira nudc thi vién bi do tiép xtc vai ddy coc va tiép xtic voi mat nude sau khi dang.
Biét rang ban kinh ctua phan trong ddy coc bang 5,4cm va chiéu cao cia myc nudc ban dau

trong coc bang 4,5cm . Ban kinh ciia vién bi d6 bang?
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Cau 27:

CHUYEN DE V — HINH HOC 12 —- PHUONG PHAP TQA PO TRONG KHONG GIAN

Goi 7 la ban kinh cua vién bi.
Thé tich vién bila ¥, = én# :

Phén thé tich nu6c dang 1én sau khi bd vién bi vao 1a V = 7z.(5, 4)2 (2r—-4,5).

Vi thé tich nuéc dang 1én chinh 1a thé tich cta vién binénta cé V,, =V, .

n

Ta c6 phuong trinh %7[1/3 = 7z.(5,4)2 (2r—4,5) 0<<r:<;’5r =2,7.

Gia str Trai Dat c6 dang hinh cau ban kinh bang 6,4.10°m . Ban An dang dung trén miat dat. C6
3 vé tinh bao vé may chu tiép nhan thong tin ring vé tinh thir nhit dang cach An 3.10°m, vé tinh
thir hai dang cach An 4.10°m va vé tinh thir ba dang cach An 5.10°m . Biét ring trong hé tryc
toa dd Oxyz cho trudc voi O 1a tdm Trai Dét (1 don vi =10°m), tai thoi diém vé tinh théng béao
vé may chu thi toa d0 clia cac vé tinh 1an luot 1a 1, (4;4;6), 1,(8;4;3) va 1,(4;9;3). Hay tim toa

dd vi tri ctia ban An (lam tron dén hang don vi).

Loi giai
+) Goi vi tri ban An 1a 4 (x; y; z) thi An chinh 1a giao diém ctia bén mat cau: Trai Dat va ba mat

cau tam lan luot 1,, 1,, I, c6 ban kinh lan luot 1a khoang céch tir cac v¢ tinh dén An

+)Ta c6 phuong trinh mit cdu cua trai dat1a x* + y* +z° = 6,4* = 41.
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Cau 28:

Cau 29:

CHUYEN DPE V — PHUONG PHAP TOA PO TRONG KHONG GIAN

+)Ta c6 phuong trinh mit cAu cta vé tinh thir nhat 1a (x—4)* +(y—4)* +(z—6)* =3* =9.
+)Ta c6 phuong trinh mit ciu cta vé tinh thir hai 1a (x—8)* +(y—4)* +(z-3)* =4* =16.
+)Ta c6 phwong trinh mat cau cta vé tinh thi ba 1a (x—4)* +(y—9)* +(z-3)* =5 =25.

X'+ +2°=6,4" ~ 41 X +y +2°=6,4" =41 4
X =
— 4 +(y-4)+(z-6)*=9 8x+8y+12z=100
HTacohg |- HOmAHEmO=9 0 SxrSyelze o y=4
(x=8)’+(y—-4)"+(z-3)* =16 lox+8y+6z=114 223

(x—4) +(y—-9)+(z-3)*=25 8x+18y+62z=122
Vay toa do ban An 1a A(4:4:3) voi (1 don vi =10°m).

Trong khong gian Oxyz (don vi ctia cac truc toa do 1a mét), mot thiét bi phat song wifi dat tai vi
tri 4(3;1;1) nhu hinh v&. Ving phu song tot nhét ctia thiét bj c6 ban kinh bang 11 (m). Héi sb
gia tri nguyén cia tham s6 m dé mot nguoi st dung dién thoai tai diém E (—3; 8; m) c6 thé bat

duoc tin hiéu wifi tét nhit cua thiét bi néi trén.

> 4
@ e
S 4

BB

f.
..

U . z" ,_m;

Loi giai

5.—4

Man L0

Ving phu séng cta thiét bi da cho la mat cau (S) tim A(3;1;1), ban kinh R=11.

Taco AE =6+ 7> +(m—1) =m’ —2m+86,

Pé dién thoai cua ngudi d6 bat duoc tin hidu wifi tot nhat cua thiét bi néi trén thi

> m*—=2m+86>0
AE< RS Nm™ -2m+86 <1l = -5<m<7.

m* —2m+86<121
Vi meZ nén me{-5-4,-3;..;7} .
Vay c6 13 gia tri nguyén cua m thdéa man.
Trong khong gian Oxyz (don vi cua cac tryc toa do 1a kilomét), mot tram thu phat song dién

thoai di dong co ranh giéi cia ving phu soéng la hinh cau (S ) duong kinh 4B biét
A(1;3;-2),B(3;-1,0).

a) Viét phuong trinh mit cau (S ) :

b) C6 bao nhiéu gia tri nguyén ciia tham s6 m dé mot nguoi ding dién thoai di dong tai diém

C (m +2;m; m) 6 thé st dung duogc dich vu cua tram noi trén?
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Cau 30:

CHUYEN DE V- HINH HOC 12 —- PHUONG PHAP TOA PO TRONG KHONG GIAN

¢) Nguoi dung dién thoai di dong tai diém D(n; n+3;n— 1) ,neR co thé sir dung duoc dich vu
cua tram noi trén hay khong?

Loi giai
a) Goi / va R lan lugt 1a tAm va ban kinh mit cau ()

+) Theo gié thiét thi / 1a trung diém cua 4B = 1(2;1;-1)
+) E:(z;—4;2):AB:‘@‘:N@:R:%:J@
Vay phuong trinh mit cau (S) la (x- 2)2 +(y —1)2 +(z +1)2 =6.

b) Ta co E‘z(m;m—l;m+1):]C:‘If" =~/3m’ +2 . Bé sir dung duogc dich vu cia tram thi

IC£R®\/3m2+23x/g<:>3m2£4<:>—2\3/§Sm£2\/3

3

Do meZ nén me {—1;0;1} . Vay ¢6 3 gia tri nguyén ciia m thoa man yéu ciu bai toan.

¢) Taco IT)z(n—Z;n+2;n):ID:‘E‘le?mz +8>+/8 voi VnER=ID>R 4 VneR

Vay tai diém D nguoi dung dién thoai di dong s€ khong str dung dugce dich vu ctia tram noi trén.
Xét Trai Dét trong khong gian Oxyz, véi O 1a tam trai dat, tia Ox chira giao diém cua kinh
tuyén géc va xich dao, tia Oz chita diém cuc bic N, tia Oy giao xich dao tai diém thudc ban
cau Pong, mot don vi dai trong khong gian Oxyz twong tng voi 6 371 km trong thuc té. Biét
ring diém M c6 vi do va kinh do tuong tmg 1a a° N, B°W (0 < a <90,0 < B <180) thi c6 toa
dola M (cos a°cos [°%—cosa’sin B°;sin a°) . Gid st mot tram phat song trén mat dat duoc dat
& vi tri 10°N,20°W va mot may thu duoc dat tai vi tri 80° N, 70°W . Biét rang tram phat song co

ban kinh phu song 1a 8 272 km, héi may thu c6 thu dugc tin hi€u ctia tram phat song khong (cac
phép tinh duoc 1am tron dén chit s6 thap phan thir tu sau ddu phay)?

-

Py

Loi giai

Gia su tram phat song dugc dit tai diém P va may thu dugc dat tai diém 0.

Khi do6:

P(c0s10°c0s 20°%—cos10°sin 20°sin10°) va Q(cos80°cos 70°;—cos80°sin 70°sin 80°).
Suy ra
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Cau 31:

CHUYEN DPE V — PHUONG PHAP TOA PO TRONG KHONG GIAN

OP = (c0s10°cos 20%—cos10°sin 20°%sin10°); 00 = (cos80° cos 70° — cos 80°sin 70° sin 80°)

Do d6
ﬁo—g =¢0s10°c0s20°cos80°cos 70°+ cos 10°sin 20° cos 80°sin 70° + sin 10°sin 80°
~0,2809

Vi P va Q thudc mit dit nén |@D’| ~1va |O—Q| 1.

— c0s P00 = 2002 0,2809 = POO ~73,6861° .
o7l{og]
Puong tron tim O, di qua P,Q c6 ban kinh bang 1 va c6 chu vi 1 27 ~ 6,2832, nén cung nhd

73,6861

PO clia dudng tron c6 do dai xap xi bing .6,2832 ~1,2861.

Khoéng cach trén mit dat gitra hai vi tri P,Q xap xi bang: 1,2861.6371=8193,7431 km.

Ma tram phat séng c6 ban kinh phu song 1a 8 272 km nén may thu c6 thu dugc tin hi¢u cua tram
phat song.

Trong khong gian véi hé truc toa &6 Oxyz (don vi trén mdi tryc 1a kilomét) mot tram phat song
dién thoai ciia nha mang Viettel dugc dat ¢ vi tri / (1; 2; 4) va duoc thiét ké ban kinh phu song

la 4km.

a) Phuong trinh mit cau dé mo ta ranh gidi bén ngoai ving phii song trong khong gian 1a
(x—1)" +(y—2) +(z-4) =4.

b) Ban An c6 vi tri toa do 1a A4(—1;0;0) c6 thé st dung dugce dich vu cia tram nay.
¢) Ban Binh ¢6 vi tri toa d0 1a B(2;0;2)c6 thé sir dung duoc dich vu clia tram nay.
d) Gia st ban An dén nha ban Binh theo con dudng 1a mot dudng thang. Ban An c6 thé bat dugc
song tram nay khi di dugc 2,38km .
Loi giai
a) Sai
Phuong trinh mét cau dé mé ta ranh gii bén ngoai ving phu song trong khong gian 1a

(x=1)"+(y-2) +(z-4) =16.
b) Sai
Ta ¢d IA=y(~1-1)’ +(0-2)’ +(0-4)’ =26 >4=R nén diém A nim ngoai mat chu. Vay

ban An khong str dung dugc dich vu cua tram nay.
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Cau 32:

CHUYEN DE V- HINH HOC 12 —- PHUONG PHAP TOA PO TRONG KHONG GIAN

c) bung

Taco 1A= \/(2—1)2 +(0—2)2 +(2—4)2 =3<4=R nén diém Bnim trong mat cAu. Vay ban

Binh str dung dugc dich vu cua tram nay.

d) Sai
Goi giao diém cta dudng AB va mit caula M .
x=—1+3¢
Phuong trinh dudng thang 4B 1a { y =0
z= 2t.

Khi d6 toa do diem M (—1+3£,0;2¢).

14+223

Ma M e(S) nén (—1+3t-1)" +(0-2)" +(2t-4)’ =16 = 131> 28/ +8=0 1 = =

Vi

(14223 (2946323 ( 8AVDS | L su s ap o khong
13 13 13
thudc doan A4B.

14-233 20-623  28-423
==z M| T3 %3

Véi

J:MAzl,ZZ = MA<AB=M thujc

doan AB . Vay khi ban An di duoc xap xi 1,22 km thi ban An c6 thé bit dugc song cta tram nay.
Trong khong gian v6i hé truc toa d Oxyz (don vi trén mdi truc 1 km ), mot tram thu phat séng
dién thoai di dong (Hinh bén) duoc dat ¢ vi tri / (2; I; —3) . Tram thu phat duoc thiét ké ban kinh
phu song 1a 3km .

(Nguon: hitps://shutterstock.com)

a) Phuong trinh mdt ciu mo ta ranh giéi bén ngoai ving phu song trong khong gian 1a
(x=2)" +(y=1)" +(z+3)" =9.

b) Nguoi dung dién thoai dimg & vi tri 4(0;1;—2)khong sir dung duoc dich vy cua tram nay.

¢) Ngudi dung dién thoai dimg ¢ vi tri B(6;-3;—1) st dung dugc dich vu cla tram nay.

d) C6 mot ngudi di tir vi tri 7(2;1,-3) dén vi tri B(6;-3;—1) theo mot dudng thang, vi tri cudi
cung trén doan théng 1B dé nguoi do co thé sir dung duoc dich vu cta tram nay 1a C (x; y;z)
véi x+y+z=-1.

Loi gidi

Page 138

Swu tam va bién soan



Cau 33:

CHUYEN DPE V — PHUONG PHAP TOA PO TRONG KHONG GIAN
a) Dung

Mit cdu c6 tam 7(2;1;-3) va ban kinh 3km c6 phuong trinh 1a (x—2)" +(y—1)" +(z+3)" =9

b) Sai

Taco I4(~2;0;1) nén Id=1(-2)" + 0> +1* =/5 <3

Vi 14 <R nén nguoi ding dién thoai dimg & vi tri 4(0;1;—2) sir dung duoc dich vu cua tram
nay.

¢) Sai

Ta c6 IB(4;~4;2) nén IB= \/42 +(~4)"+22=6>3. Vi IB>R nén nguoi dung dién thoai
dtmg ¢ vi tri B(6;—3;—1)khong st dung dugce dich vu cia tram nay.
d) Sai

Theo phan ¢, vi /B > R nén ngudi d6 ding ¢ ngoai ving phu song. Gia st dudng thang IB cét
mit cau tai diém C khi d6 C 1a vi tri cubi cung trén doan théng IB dé nguoi do co thé str dung

. ) 1 =
duogc dich vu. Khi d6 IC = EIB hay C la trung diém cua /B suy ra C(4;—1;—2) nén 4-1-2=1
Trong khong gian vdi h¢ toa d§ Oxyz (don vi trén truc 1a kilomet), mot tram thu phat song dién

thoai di dong (hinh v& dudi day) dugc dat & vi tri 1(—4;2;5). Biét rang tram phat soéng dugc thiét
ké v6i ban kinh phu song 14 4 km.

(Ngudn:https://shutterstock.com)

a) Phuong trinh mit cau mo ta ranh gidi bén ngoai ctia ving phu song 1a:
(x+4)2 +(y—2)2 +(z—5)2 =16
b) DBiém 4 (3;5;— 6) nam phia trong mit cau do.
¢) Néu nguoi dung ding & vi tri diém B(-2;3;0) thi khong thé sir dung dich vu ciia tram phat
song nay.
d) Néu nguoi dung dung & vi tri diém M (—4; 6; 2) thi quing dudng ngin nhat ngudi d6 phai di

chuyén dé dén dugc vi tri co thé st dung dich vu cua tram phat song 1a 1 km.
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Cau 34:

CHUYEN PE V — HINH HOC 12 — PHUONG PHAP TQA PO TRONG KHONG GIAN
Loi giai
a) Pung
Mt cau tim I(—4;2;5) , ban kinh R =4 ¢6 phuong trinh la:
(x+4) +(y-2) +(z-5)" =16
b) Sai
Taco: 14 = \/72 +37+ (—1 l)2 =+/179 > R. Vay diém A nam phia ngoai mat cau do.

¢) bung

Ta co6: IB = \/22 +1° +(—5)2 = \/ﬁ > R, tir d6 suy ra néu ngudi dung dung & vi tri diém
B (—2; 3; 0) thi khong thé sir dung dich vu cua tram phat song nay.

d) Pung

Voi didm M (—4;6,2) taco: IM =J0" +4>+(=3)" =5 > R

Quing dudng ngin nhat ma nguoi ding ¢ diém M (—4; 6; 2) phai di chuyén dé dén duoc ving
pht séng 1a doan thang MH , voi H 1a giao diém cta doan thang MI vdi mit cau.
Khi 36, MH =MI —R=5—-4=1km.
Trong khong gian véi hé toa d0 Oxyz , mot tram thu phat séng dién thoai di ddng duoc dat o vi
tri 1(-3;5;2)dugc thiét ké véi ban kinh phti song 4 km , mdi don vi trén truc tmg v6i 1 km.
a) Phuong trinh mit ciu (S)dé mo ta ranh gidi bén ngoai ciia ving phil song trong khong gian
1a (x+3)" +(y-5) +(z+2) =16
b) Khoang cach xa nhat giita hai diém thudc ving phi song 1a 8 km .
¢) Nguoi dung dién thoai 6 vi tri 4 c6 toa do (—3;4;1)khong thé str dung dich vu ctia tram thu
phat song do.
d) Trong diéu kién giao thong thuan lgi, khoang cach ngan nhat dé nguoi B ¢ toa do (8;6;2)di
chuyén t6i ving phii song 1a 11,05 km.

Loi giai
a) Sai.
Ta c6, tram thu phat song 1a tdm cta ving phu song 7(-3;5; 2) , ban kinh phu séng 1a R =4 nén
phuong trinh mat céu(S)mé ta ranh gidi bén ngoai cua vung phu song trong khong gian 1a
(x+3)" +(y-5) +(z-2)" =16
b) Ding. ’ 7 ‘
Khoang cach xa nhat gitra hai diém thudc viung phu song la duong kinh ciia mét cau, tirc 1a 8 km

¢) Sai.

Ta co: I4= \/(—3+3)2 +(4—5)2 +(1—2)2 =+/2 <4 nén diém Anim trong mit ciu hay ngudi

dung di¢n thoai & vi tri A c6 thé su dung dich vu cta tram thu phat song do.
d) Sai.
Khoéng cach tir nguoi B dén tram thu phat song 1a:
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Cau 35:

CHUYEN DPE V — PHUONG PHAP TOA PO TRONG KHONG GIAN

IB=(8+3) +(6-5) +(2-2)" ~11,05.

Khoang cach ngén nhit dé nguoi d6 di chuyén dén ving phu song la:

11,05-4=7,05 (km).

Mot thap kiém soat khong luu ¢ san bay cao 109 m dat mot dai kiém soat khong luu & do cao
105 m . May bay trong pham vi cach dai kiém soat 450 km s& hién thi trén man hinh ra da. Chon
hé truc toa 0 Oxyz ¢6 gbc O tring véi vi tri chan thap, mit phang (Oxy) tring véi mit dét sao
cho truc Ox 13 hudng tay, truc Oy 1a hudng nam va truc Oz 1a truc thang dung (Hinh bén duwedi),

don vi trén moi truc la kilomét.

(Ngudn: hitps://znews.vi/)

Mot may bay dang & vi tri 4 cach mat dat 8 km, cach 268 kmvé phia dong, 185 km vé phia
nam so voi thap kiém soat khong luu va dang chuyén dong theo duong thang d c6 vecto chi
phuong la u= (82; 76; O) huéng vé dai kiém soat khong luu.
a) Pai kiém soat khong luu c6 toa do 1a (0;0;0).
b) Vi tri 4 c6 toaddla (—268;185;8)
¢) Pai kiém soat khong luu ¢ phat hién duge may bay tai vi tri 4.
d) Khoang cach gan nhét giita may bay va dai kiém soat khong luu 1a 217,96 km .
Loi giai
a) Sai.
Gbéc O trung véi vi tri chan thap va dai kiém soat khong luu dugce dat ¢ do cao 105 mnén co toa
do 1a (0;0;0,105)
b) Dung.
Hé tryc toa 0 Oxyz c6 truc Ox 1a hudng tay, truc Oy 1a huéng nam va truc Oz 14 truc thang dimg
va vitri A cach mit dat 8 km, cach 268 kmvé phia dong, 185 km vé phia nam nén c6 toa do la
(—268;185;8).
c¢) Pung.
Khoang cach tir may bay dén dai kiém soat khong luu 1a:
J(0+268)" +(0-185)" +(0,105-8)’ ~325,75 (km).
Vi 325,75 < 450 nén dai kiém soat khong Iuu c6 phat hién dugc may bay tai vi tri A4 .
d) Sai.
Goi 1(0;0;0,105)1a vi tri dai kiém soat khong luu.
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Cau 36:

CHUYEN DE V- HINH HOC 12 —- PHUONG PHAP TOA PO TRONG KHONG GIAN

x=-268+82t

Phuong trinh tham s ctia dudng thang d1a:{ y =185+767 (t1a tham sd)
z=8

Goi M 1a vi tri ma méy bay bay gan dai kiém soat khong luu nhat khi dé:

Med \
hay M(—268+82t;185+ 76t;8) va
IM 1d

IM.u=0<(-268+82t).82+(185+76t).76+(8-0,105).0 =0
< 125006 -7916=0 < ¢ =%:>M(—216,07;233,13;8)
Khoang cach gin nhét giira may bay va dai kiém soat khong luu 1a:

J(=216,07)" +(233,13)+(80,105)" = 317,96 (km).

Trong khong gian véi hé truc toa do Oxyz (don vi trén mdi truc 1 km ), mot ngon hai dang (Hinh

bén) duoc ddt & vi tri 1(-2;1;3). Ngon hai ding duoc thiét ké ban kinh phu sang 1a 5km .

(Newin huips:Mshuttersiock.com)

a) Phuong trinh midt cAu moé ta ranh giéi ctia ving phu sang trén bién cta ngon hai ding l1a
()c+2)2 +(y—1)2 +(z—3)2 =25.

b) Ngudi di bién dimg & vi tri 4(2;3;1) c6 thé nhin thiy 4nh sang tir ngon hai dang.
¢) Nguoi di bién dting & vi tri B (—2; -5; 6) khong thé nhin thy anh sang tir ngon hai dang.

d) Mot nguoi di bién dang & vi tri C (5;3;—2). Tinh theo dudng chim bay, khoang cach ngin
nhat ngudi d6 phai di chuyén dé co thé nhin thiy anh sang tir ngon hai dang 1a 73.

Loi gidi
a) bing

Mit cdu c6 tam /(2;1;3) va bankinh Skm c6 phuong trinh 1a (x+2)" +(y—1)" +(z-3)" =25

b) Dung

Taco [A(4;2;-2) nén 4= (4 +2+(-2) =24 <5
Vi I4 < R nén nguoi di bién dung o vi tri 4 (2;3; 1) c6 thé nhin thdy anh sang tir ngon hai dang.

c¢) bung
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Cau 37:

CHUYEN DPE V — PHUONG PHAP TOA PO TRONG KHONG GIAN

Ta c6 IB(0;-6;3) nén IB=J0° +(=6)" +3> =45 > 5

Vi IB > R nén ngudi di bién dung ¢ vi tri B (—2; -5; 6) khong thé nhin thdy 4nh sang tir ngon hai
dang.
d) Sai
Ta c6 IC(7;2;-5) nén IC=4/7* +2% +(=5)° =78 > 5 nén ngudi d6 dimg & ngoai ving phu

sang. Gia sir doan thang IC cat mit cau tai diém D khi d6 CD 1a khoang cach ngan nhét nguoi
d6 phai di chuyén dé c6 thé nhin thay anh sang tir ngon hai dang.

Taco CD=IC—-R=+/78-5.

Hé thong dinh vi toan cau (tén tiéng Anh 1a: Global Positioning System, viét tit 1a GPS) 1a mot
hé thdng cho phép xac dinh chinh xéc vi tri cia mot vat thé trong khong gian (Hinh minh hoa).

wanh Trea £dai

(Nguon: htps:/vi.wikipedia.org)

Ta c6 thé mo phong co ché hoat dong cua hé thong GPS trong khong gian nhu sau: Trong ciing
mot thoi diém, toa d6 ctia mot diém M trong khong gian s& dugc xac dinh bai bn vé tinh cho
trude, trén moi vé tinh c6 mot may thu tin hiéu. Bang cach so sanh su sai 1éch vé thoi gian tir luc
tin hiéu dugc phat di voi thoi gian nhan phan hoi tin hiéu d6, mdi may thu tin hiéu xac dinh dugc
khoang céach tir v¢ tinh dén vi tri M cén tim toa d6. Nhu vay diém M la giao diém cua bon mat
cAu véi tam 1an luot 1a bdn vé tinh da cho.

Ta xét vi mot vi du cu thé sau: Cho bén vé tinh A(1;-1;2),B(2;1;3);C(-1;,4;0);D(2;3;1) . Mot
chiéc may bay quan sy dang & vi tri M voi MA=3;MB = \/g;MC = \/%;MD = \/g

a) Mit cau taim A4 di qua diém M c6 ban kinh 1a 3.

b) Phuong trinh mit cdu (S,) tim 4 ban kinh MA 1a x> +)° +2° —2x+2y—4z-3=0.

¢) Phuong trinh mit phang chtra duong tron giao tuyén ctia hai mat cau (51) va § (B,MB) la
xX+2y+z-6=0.

d) Toa do cia may bay quan sw1a M (x;y;z) véi x+y+z=3.

Loi giai
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Cau 38:

CHUYEN PE V — HINH HQC 12 - PHUONG PHAP TQA PO TRONG KHONG GIAN
a) Dung
Mit cdu co tim A va di qua diém M c6 ban kinh 13 M4 =3.
b) Dung
Phuong trinh mat cu () tim A4 ban kinh MA4 1a (x—1)" +(y+1)" +(z-2)" =9
Sx'+y +z2=2x+2y-4z-3=0.
¢) Pung
- Phuong trinh mit cau (Sl) lax*+y" +2°-2x+2y-4z-3=0 (1)

2 2

- Phuong trinh mat cau S(B,MB) 12‘1:(x—2)2+(y—1) +(z-3) =5

o x+)y +2°—4x-2y-62+9=0(2)
- Lay (1) trir (2) ta dugc: 2x+4y+2z-12=0x+2y+2z-6=0
d) Sai

Vi MA:3;MB:\/§;MC:\/%;MD:\/§ va M(x;y;z) nén ta c6 hé phuong trinh

(x—1)2+(y+1)2+(z—2)2:9 (1) 2x+4y+2z=12 .

(x—2)2+(y—1)2+(z—3)2:5 (2) —6x+6y—6z=-18 x:l

(r+1) 2, . V6x—2y+2z=18 N P

x+1) +(y—4) +z°=26 3 7=1
2 2 2

Vay x+y+z=5

Trong khong gian v6i hé truc toa d6 Oxyz (don vi trén mdi truc 14 kilomét), dai kiém soat khong

luu san bay Cam Ranh — Khanh Hoa & vi tri O(O; 0;0) va dugc thiét ké phat hién may bay &

khoang cach tdi da 600km. MOt may bay cua hing Viét Nam Airlines dang & vi tri
x=-1000+100¢

A(-800;-40;10), chuyén dong theo duong thing d c6 phuong trinh { y =-200+80¢ (¢ eR)
z=10

va hudng vé dai kiém soat khong luu (nhu hinh vé).

a) Phuong trinh mit cau dé mo ta ranh gidi bén ngoai ving phat song cua dai kiém soat khong
luu trong khong gian 12 x* + y° +z° = 600°.
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Cau 39:

CHUYEN DPE V — PHUONG PHAP TOA PO TRONG KHONG GIAN

b) Gia sir B(—1000+100b;—200+805;10)1a vi tri sém nhat ma may bay xuat hién trén man hinh
ra da. Khi d6 b e[4;5].
¢)Giasu C (—1000 +100¢;—200 + 800;10) la vi tri ma may bay bay ra khoi man hinh ra da. Khi
do ce [8;9].
d) Khoang cach ngén nhét (1am tron dén hang phan tram) giita may bay véi dai kiém soat khong
luu 1a 250,51km .

Loi giai
a) DPung
Phuong trinh mit ciu dé mo ta ranh gidi bén ngoai ving phat song cua dai kiém soat khong luu
trong khong gian 1a (§):x* + y* +z* = 600°.
b) biling
Ta c6 04 =~/300% +40% +10% =304/713 ~ 801,06 km .

Vi may bay chuyén dong theo duong thang d nén vi tri sém nhat ma méay bay xuat hién trén

man hinh ra da va vi tri ma may bay bay ra khoi man hinh ra da 14 giao diém ctia duong thang d

va mit ciu (S).

Goi M (-1000+1001;—200+80¢;10) 1a giao diém cua d va (S).

Khi d6

(~1000+100¢)” +(~200+80¢)° +10? = 6007 <> 16400¢* — 2320007 + 680100 = 0 <= {? i14015
, #4,15.

Ta co
t, ~10= M, (0;600;10) = M, A=1024>04= M, =C.
t,~4,15= M,(-585,132;10) = M,4~275,33<04= M, =B.
Vay B(-1000+1005;—-200+805;10)1a vi tri sém nhat ma méy bay xuat hién trén man hinh ra
dava b~4,15.
c) Sai
C(—lOOO +100¢;—200 + 80c;10) la vi tri ma may bay bay ra khoi man hinh ra dava ¢ =10.
d) Sai , , 7
Khoang cach ngan nhat gitra may bay vdi dai kiém soéat khong luu 1a
OA - R =30/713 —600 = 201,06 km.

Trong khong gian v6i hé toa d6 Oxyz (don vi trén mdi truc 12 km), Mot tram thu phat song dién
thoai di dong co dau thu phat dugc dat o tai vi tri 7(2;0;0) .Vung phu song cua tram ¢6 ban kinh
bang 2 km. Hai nguoi ban Mai va Nga cung sir dung dién thoai. Ban Mai dung dién thoai tai vi
tri M (2;1;1), ban Nga dung dién thoai tai vi tri N(1;2;2).
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Cau 40:

CHUYEN DE V- HINH HOC 12 —- PHUONG PHAP TOA PO TRONG KHONG GIAN

a) Phuong trinh mit cAu mé ta ranh giéi ving phi song 1a: (x—2)> + y* +z> =2
b) Ban Mai c6 thé str dung dugc dich vu ctia tram phét séng trén.
¢) Hai ban Mai va Nga lién lac dugc véi nhau.

d) Tinh theo duong chim bay, khoang cach ngan nhit dé ban Nga di chuyén t6i vang phi song
cua tram la 1(km).

Loi gidi
a) Sai
Phuong trinh mit cu mo ta ranh gidi ving pht séng 1a: (x—2)? + y* +z> =4 nén ciu a sai

b) Pung

[M:\/(2—2)2 +(1-0)+(1-0)* :\/5<2.Véycﬁubdﬁng

¢) Sai

IN = \/(1 -2)?> +(2-0)* +(2-0)* =3 > 2nén ban Nga dang dimg & vi tri ngoai ving phu song.
Do d6 céu c sai

d) Dung

Xét K 1a diém bat ky thudc ving phit song, khi d6 K nam trén khéi cau

Khoang cach tinh theo duong chim bay dé ban Nga dén ving phu song 1a NK

Tacd NK >IN — IK < NK >1.Vay khoang cich ngan nhat dé ban Nga dén ving phu song 1a
1(km)

Mot san khiu d3 duoc thiét 1ap mdt hé truc toa Ao Oxyz (don vi trén mdi truc 12 mét ) dé dao

dién co thé sép dat 4nh sang va xac dinh vi tri cla cac dién vién. Nguoi dao dién dit mot dén
chiéu sang & vi tri 7(1;2;3) tao ra mdt ving sang 13 mit cau tam /(1;2;3) ban kinh 10(m) .

a) Phuong trinh mit cAu mé ta ranh giéi ving phu sang 13 (x —1)> +(y —2)* +(z-3)* =100.
b) Dién vién A dang dung trén san khiu & vi tri 4(3;4;5) dé chuan bi biéu dién. Khi d6 dién vién
A dang dugc dén chiéu sang.

¢) Dién vién B ludn dimg yén & vi tri B(10;11;12). Dién vién A biéu dién ludn cach tam I mot
khoang bang 1(m) . Khoang cach ngin nhat giita hai dién vién A va B bang 5m.

d) Dién vién A biéu dién ludn cach tdm I mot khoang bang 1(m), con dién vién C c¢6 nhiém vu

di chuyén xung quanh ria ciia ving chiéu sang. Tong khoang cach tir B dén A va C c6 gia tri 1on
nhat 1a 11(m).
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CHUYEN DPE V — PHUONG PHAP TOA PO TRONG KHONG GIAN
Loi giai
a) Dung
Phuong trinh mit cdu la (x—1)> +(y—2)> +(z=3)* =100.

b) Dung

IA=B-1+(4-2)°+(5-3)* =243<10

¢) Sai

Taco IB = \/(10 —1)® +(11-2)* + (12 -3)*> =94/3 > 10 nén B & ngoai ving dén chiéu sang.
Dién vién A biéu dién cach tim I mot khoang bang 1(m) nén A nam trén mat cdu tdm I ban kinh
bang 1

Khoang cich ngin nhét giira hai dién vién A va B khi I, A, B thang hang va A nam gitra I va
B.

Khid6 4B, =IB—-1=93 -1
d) Sai
Dién vién B dimg yén, dién vién A, C ciing biéu dién nén tong khoang cach tir B &én A va C ¢o

gia tri 16n nhat khi A, C, B, I thang hang sao cho I nam giita A va B; A nam giita C va 1.

Khi d6: (BA+BC)_. =B +1)+(IB+10)=183 +11

max

Cau 41: Trong khong gian véi hé toa dd Oxyz (don vi trén mdi truc 1a mét), mot ngon hai dang dugc dit

ovitr [ (20;35; 60) , biét rang ngon hai dang duoc thiét ké voi ban kinh phu sang 1a 4 km.
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CHUYEN DE V- HINH HOC 12 —- PHUONG PHAP TOA PO TRONG KHONG GIAN

(Nguon:hups:/shutterstock.com)

a) Phuong trinh mit cau dé mo ta ranh gi6i ving phu sang trén bién cua hai ding 1a
(x=20)" +(y—35)" +(z-60)" =42,
b) Piém B (—290; -165; 3660) nam phia trong mat cau do.
¢) Néu nguoi di bién ¢ vi tri C (541;137;—690) thi khong thé nhin dugc anh sang tir ngon hai
dang.
d) Gia st nguoi di bién di chuyén theo dudng thang tir vi tri diém 1(20; 35; 60) dén vi tri
D(4020; 35; 3060). Vi tri cubi cing trén doan thang ID sao cho ngudi di bién van con nhin
thay duoc anh sang tir ngon hai dang 1a M (—3180;35; 2460) :
Loi giai
a) Sai
Mt cau tim ](20;35;60) , ban kinh R =4km =4000m c6 phuong trinh la:
(x=20)" +(y—35)" +(2—-60)" = 4000?
b) Piling
Taco: 1B =4J(=310)° +(~200)’ +3600° ~3618,9< R.

Do d6, diém B nim phia trong mit cau do.
¢) Sai

Vi C(541;137;-690), ta c6: IC = \/5212 +1022 +(=750)" ~918,9<R.

Do d6, néu ngudi di bién dung ¢ vi tri C (541;137;—690) thi vAn nhin thay anh sang tir ngon
hai dang.

d) Sai

Goi M (x; Vs Z) 1a diém cudi cung trén doan thang ID ma ngudi di bién van con nhin thay anh
sang cua ngon hai dang. Khi d6, IM = R =4000 m.

Ta co: ID =~/40007 +0° +3000> = 5000 m.

IM =(x—20; y—35; z—60); ID =(4000; 0; 3000).

Vi M thudc doan théng ID va ﬂ:M:i nén W:iﬁ
ID 5000 5 5
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Cau 42:

CHUYEN DPE V — PHUONG PHAP TOA PO TRONG KHONG GIAN

v—20="2 4000
Z x=3220
©1y=35=20  oiy=3 = M (3220 35; 2460).
" 7 = 2460
z-60=".3000

He¢ thdng dinh vi toan cau (tén tiéng Anh 1a: Global Positioning System, viét tit 1a GPS) 1a mot
hé thong cho phép xac dinh chinh xéac vi tri ciia mot vét thé trong khong gian. Ta c6 thé md phong
co ché hoat dong ciia hé thoogns GPS trong khong gian nhu sau: Trong ciing mét thoi diém, toa
dd cua mot diem M trong khong gian s€ dugc xac dinh boi bdn vé tinh, trén mdi vé tinh c6 mot
may thu tin hiu. Bf‘mg céch so sanh sy sai léch vé thoi gian tur lac tin hiéu dugc phat di véi thoi
gian nhéan phan hdi tin hiéu do, mdi may thu tin hi€u xac dinh dugc khoang cach tir vé tinh dén
vitri M cin tim toa 6. Nhu vay diém M 1a giao diém cta bén mit cau v6i tim lan luot 12 bdn
v¢ tinh da cho.

Trong khong gian voi hé toa d0 Oxyz cho bdn vé tinh A(3;—l;6) , B(l; 4;8) , C(7;9;6) ,
D(7;-15;18).
a) Phuong trinh mit cau tdm 4 ban kinh bang 6 c6 phuong trinh la:

(x=3)" +(y+1)" +(z-6)" =36.
b) Néu diém M (x; y;z) thudc mat cau tim B ban kinh b.':ing 7 thi toa d6 diém M thoa man
phuong trinh: (x—l)2 +(y—4)2 +(z—8)2 =7.
¢) Khoang céch tir diém N(2;-3;5) dén vé tinh D 1a 16n nhat.
d) Biét khoang cach tir diém M (x; y;z) dén cac vé tinh lan luot la MA=6, MB=7, MC =12
, MD=24 Khido x+y+z=4.

Loi giai

a) Dung
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Cau 43:

CHUYEN DE V- HINH HOC 12 —- PHUONG PHAP TOA PO TRONG KHONG GIAN

Mit cau tam A(3;—1;6) ban kinh bang 6 c6 phuong trinh la: (x—3)2 +(y+1)2 +(z—6)2 =36
b) Sai
Mit cau tdim B ban kinh bang 7 ¢6 phuong trinh la: (x—l)2 +(y—4)2 +(z—8)2 =49.
Do d6, néu diém M (x; V; Z) thudc mat cau tim B ban kinh bang 7 thi toa d6 diém M théa man
phuong trinh: (x—l)2 +(y—4)2 +(z—8)2 =49,
c¢) bung
Véi bon vé tinh 4(3;-1;6), B(l; 4:8), C(7,9;6), D(7;—15;18) vamét diém N(2;-3;5), ta co:
A= (1) + (2 + (1) =
NB =12 +(=7) +(-3) =59
NC =(=5)" +(~12)" +(~1)’ =170
ND = (=5)’ +122 +(~13)’ =/338

Vay khoang cach tir diém N (2 -3;5 ) dén vé tinh D 1a 16n nhét.
d) Sai
Khoang cach tir diém M(x;y;z) dén cac vé tinh lan luot 1a MA=6, MB=7, MC =12,
MD =24 nén ta c6 hé phuong trinh:

(x=3) +(y+1)" +(z-6)" =36
—4x+10y+4z=22 x=-1
- —8)’ =49
(o) (r=4) (2 )2 olsre20y=12 oly=1 =M(-L12)
(x=7) +(y=9) +(z=6)" =144 g 5¢ 04210 |2=2
(x=7) +(y+15)" +(z-18)" =576

Do d6, x+y+z=2.

Trong khong gian véi hé toa dd Oxyz (don vi trén mdi truc 12 mét), thap hai ding Miii Dién - Phu
Yén (12 noi d6n anh binh minh dau tién trén dat lién T6 Qudc), chan thap dugce dit vudng goc
vo1 mat dat (chiéu tr chan thap 1én dinh thdp cung hudng véi chi€éu duong cia truc Oz) & vi tri
diém A (12.040.271;1.41 8.620; 84) . Ngon dén cua hai dang duoc dat trén dinh ctia thap hai dang
hinh try cao 26 m so voi mat dat va sir dung pin ning luong mat troi, c6 thé phét tin hiéu dnh
sang xa khoang 27 hai 1y tuong duang 50 km
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CHUYEN DPE V — PHUONG PHAP TOA PO TRONG KHONG GIAN
a) Mit cau mo ta ranh gii ving phi sang trén bién cia hai ding c6 tdm
1(12.040.271;1.418.620;110) ban kinh R =50000(rm).
b) Phuong trinh mit cdu mé ta ranh gii ving phu sang trén bién cia hai dang 1a

(8):(x—12.040.271)" +(y—1.418.620)" +(z —84)" = 50.000".
¢) Nguoi di bién ¢ trén Cu lao Mai nha tai vi tr B(12.026.000;1.461.000;0) nhin thdy anh dén
cua ngon hai dang.
d) Biém cuc dong cua miii Dién 1a diém C(12.040.452;1.418.462;0). T diém C mét chiéc tau
di chuyén trén mat bién (mat phing (Oxy)) theo hudng cta vecto don vi 7, dé van nhin thy
anh dén ciia hai dang thi khoang cach tdi da tau di chuyén 1a 50.000 mét.
Loi giai

a) Dung
Khoang céch tir tam dén dén mat bién 1a 84+26=110m .
Mit cau mod ta ranh gi6i ving pht sing trén bién cua hai ding c6 tam
1(12.040.271;1.418.620;110), ban kinh R =50000(m).

b) Sai
Phuong trinh mét cau mo ta ranh gidi ving pht sang trén bién cua hai dang 1a

(S) (x—12.040.271)" +(y—1.418.620)" +(z—110)" = 50.000°.
¢) bung
Ta co
1B* = (12.026.000~12.040.271)" +(1.461.000-1.418.620) +(0-110)" =1999.737.941 < R?
Nén diém B nam trong mit ciu (S ) . Vay nguoi di bién nhin thiy anh dén cta ngon hai dang.
d) Sai
Duong thing A di qua Cva co vecto chi phuong la vecto i=(1;0;0) c6 PTTS la
x=12.040.452+1
y=1.418.462
z=0
Tim diém N la giao diém ctia A va mit cau (S):
(12.040.452 +1-12.040.271)" +(1.418.462 - 1.418.620)" +(0~110)" = 50.000’

t~49.818,6

< (181+ z‘)2 =2.499.962.936 = .
t =-50.180

Do tau chuyén dong cting huéng véi hudng cua vecto don vi inént>0=>¢~49.818,6

= N (12.090.270,6;1.418.620;0) = CN ~49.818,6m.

Vay tau di chuyén t6i da 49.818 m dé c6 thé nhin thiy dén ctia ngon hai dang.
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