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Tong hop ly thuyét THPT mén Toan ThS. Tran Thanh Yén

TONG HOP LY THUYET THPT MON TOAN

MOT SO KIEN THUC CAN NHO

1
Hang dang thitc dang nhé

(A+B) = A>+2A4B+B? (A-B) = A*-2AB+B?
A*-B*=(A-B)(A+B) A’+B’=(A+B)(A’-AB+B’)
A’-B’=(A-B)(A*+AB+B*) (A+B) =A’+3A’B+3AB* + B
(A-B) = A’~3A°B+3AB* - B’ A’ +B =(A+B) ~2AB
A'+B' =(A2 4B} —24°B A Bt =(A-B)(A2+ B?)

2

Chia da thuc

Xem vi du sau: Chia da thitc x* —2x+2 cho da thic x+1:

o =2x+2 | x+1

¥ +x x—3
-3x+2
-3x-3

5]

Phép chia x* -2x+2 cho x+1 duoc thwong x—3 va phan dwla 5 nén ta cd:

2ozl g, B
X

x+1

3
So d6 Hooc-ne

Chia da thtrc f(x) =ax"+a,_x"" +..+ax+a, cho dathtc x—a ta duogc thuong la

g(x)=b,_x""+b _,x"?+..+bx+b, vadur:

a a a a

n n-1 n-2 2 1 0

‘ a a

alb =a b ,=ab  +a , b ,=ab ,+a_, b =ab,+a, by=ab +a, r=ab,+a,

“Nhan ngang, cong chéo”
Khi d6 ta viét f(x)=(x—a).g(x)+r.
Cha y: Néu x=a la mot nghiém ctia f(x) thi phan dw r=0.Khi d6 f(x)=(x-a).g(x).

Xem vi du sau: Xét da thtec x° —4x*> +7x-6. Do x=2 la mdt nghiém ctia da thikc trén nén ta c6
so d6 Hooc-ne:

Trang 1



Tong hop 1y thuyét THPT mén Toan ThS. Tran Thanh Yén

| 1 4 7 -6
2\ 1 =2 3 0
Khi d6 ta cé x3—4x2+7x—6:(x—2)(x2—2x+3).

4

Hinh hoc phang

Dinh ly Pytago
Trong tam gidc vudng, binh phirong canh huyén bang tong A
binh phwong hai canh géc vudéng: BC? = AB* + AC>.

Dinh ly Talet trong tam giac
Néu mot dueong thang song song véi mot canh clia tam giac A
va cit hai canh con lai thi né dinh ra trén hai canh dé nhitng
doan thang twong ting ti 1é.

M N
Cho tam giac ABC véi MN song song BC, khi do: /
B

AM AN MN

AB AC BC'
Pinh ly Talet dao
Néu mot duwong théng cit hai canh cia mot tam gidc va dinh ra trén hai canh nay nhitng doan
thang tuong tng ti 18 thi duwong thang d6 song song véi canh con lai ctia tam giac.

Ttc 1a, trong tam giac ABC, néu ta co ti 1é IZ—A; = i—lg thi ta suy ra MN || BC.

Tam giac dong dang
A/

B C B’ '

AB BC AC

AB BC  AC

TH1: Néu 3 canh cua tam gidc nay ti 1€ vdi 3 canh ctia tam giac kia thi hai tam giac dé dong dang
(c-c-c).

AABC dong dang AA'B'C' &

TH2: Néu 2 canh ctia tam giac nay ti 1€ vdi 2 canh ctia tam gidc kia va hai goc tao boi cac cap canh
d6 bang nhau, thi hai tam giac d6 dong dang (c-g-c).

TH3: Néu 2 géc clia tam giac nay Ian lwot bang hai goc cia tam gidc kia thi hai tam giac d6 dong
dang (g-g-8)-

Dinh 1i 1: Ti s§ dudng cao twong Gng ctia hai tam giadc dong dang bang i s§ dong dang.

Dinh 1i 2: Ti s8 dién tich cta hai tam gidc dong dang bang binh phuong ti s§ dong dang.

Tam giac bang nhau

Trang 2



Tong hop 1y thuyét THPT mén Toan ThS. Tran Thanh Yén

C4c truong hop bang nhau ctia tam gic : canh — canh — canh, canh — géc - canh, géc — canh - gdc,
canh huyén — géc nhon (tam giac vudng).

Cac dinh nghia co ban trong tam giac

- Puong trung tuyén 1a doan thang néi tir dinh téi trung diém ctia canh d6i dién.

- Puong cao la doan vudng gdc ké tir mot dinh dén canh ddi dién.

- Puong phdn gidc ctia mot goc chia gbe d6 thanh hai goc c6 d6 16n bang nhau.

- Puong trung binh ciia tam gidc 1a doan thang néi trung diém hai canh bén ctia tam giac. Do dai
ctia né 1a bang mot nira canh day.

- Duong trung binh ciia hinh thang 1a doan thang ndi trung diém hai canh bén cta hinh thang. D9
dai ctia né 1a bang ntra tong hai day.

- Trong tdm 1a giao diém cua ba dwong trung tuyén.

- Truc tdm 1a giao diém cua ba dwong cao.

- Tdm duong tron ngoai tiép la giao diém ctia ba duong trung truc.

- Tam dwong tron noi tiép 1a giao diém ctia ba duong phan giac trong.

Cha y: Véi I 1a tam duong tron noi tiép tam gidc ABC ta c6 dang thiic vecto sau:

BC.IA+CA.IB+ ABIC=0.

Pinh ly Menelaus

Cho tam giac ABC. Cac diém D, E, F lan luot nam trén cac A

duong thang BC, CA, AB. Khi &6 D, E, F thang hang khi va

chikhi 24 DB EC E

FB DC EA
E
B C D

5
Mat cau

Trong khong gian, cho diém I . Tap hop tat ca cac di€ém cach déu diém I mot khoang khong doi
R la mit ciu (S) tam I, bén kinh R:
Ae(S)<IA=R.
Vi tri twong d6i gitra di€ém va mat cau
Cho diém A va mat cau S(I;R) . Ta co: A A
*Diém A thudc (ndm trén) mit cau < IA=R.
* Difm A nam trong mit cau < IA<R.
* Diém A nam ngoai mit cau < IA > R.
Giao ctia mit ciu va mit phang, tiép dién ctia mit ciu
Cho mit cau S(I;R) va mit phing (P). Goi H la hinh chiéu vudng géc ciia I 1én (P). Khi d6
h=1IH la khoang cach tir I t6i mat phang (P). Ta c6:

« Néu h > R: mit phing (P) khong cat mat cau.

Trang 3



Tong hop 1y thuyét THPT mén Toan ThS. Tran Thanh Yén

« Néu h = R: mit phing (P) ti€p xtc v6i mit cau tai diém H.Taco IH L(P).

Diém H duoc goi la tiép diém ctia mit cau S (I ; R) va mat phfmg (P) , mat phfmg (P) duoc goi
1a mat phang tiép xtic hay tiép dién ctia mat cau.

Chu y: Diéu kién can va du dé mat phéng (P) tiép xtic véi mat cau S (I ; R) tai diém H la (P)
vudng goc voi ban kinh [H tai diém H do6.

* Néu hi < R: mit phang (P) cit mit cau theo duong tron c6 ban kinh r=vR* —h* .

Déc biét khi h=0 mit phang (P) qua tAm mat cau, cat mat cau theo mot duong tron 16n ¢ ban

kinh r =

@

IH>R IH<R
(P) va (S) khong c6 diém chung (P) ti€p xuc (S) tai H (P) cat (S) theo mot duwong tron

T

Cong thixc tinh dién tich mat ciu va thé tich khéi cdu ban kinh R
e Dién tich: S=47R>. e Thé tich: V = %ﬁR3 .

6
Mait nén tron xoay

Trong mit phang (P) , cho hai duwong thang d, A catnhau tai O

dong thoi hop véi nhau géc B (v6i 0°< £ <90°). Khi (P) quay
quanh truc A duong thang d tao thanh mot mét nén tron xoay
(goi tat 1a mat nén) dinh O.

* A duoc goi la truc.

* d duogc goi la duong sinh.

* Go6c 23 dwoc goi la géc o dinh.

Hinh noén tron xoay

Cho ASOA vudng tai O quay quanh canh goc vuong SO thi
duong gdp khic SAO tao thanh mot hinh, goi la hinh nén tron
xoay (goi tat 1a hinh nén).

Ta goi: duong thang SO 1a truc, S 1a dinh, doan SO 1a duong
cao va doan SA la duong sinh ctia hinh nén.
Hinh tron tam O, ban kinh r = OA la day cta hinh non.

Trang 4



Tong hop 1y thuyét THPT mén Toan ThS. Tran Thanh Yén

Cac thong so thuong gap

* r ban kinh ddy.

* h chiéu cao (khoang cach ttr dinh dén day).
* | duong sinh.

e Blagochopbdil va h.

Céc cong thirc cin nhé

(1) Dién tich ddy: S, = zr*

(2) Chu vi day: C, =277

S

(3) Dién tich xung quanh: S = zrl

N ’ \ S _ _ 2
(4) Dién tich toan phan: S, =S5, +S, =nrl+xr
(5) Thé tich khéi non: V = %m‘zh

Thiét dién ctia hinh nén khi cit béi mit phang
Cho hinh n6n va mat phéng (P) . Khi do:

(P) qua dinh va cat hinh (P) qua truc (P) vuong goc voi truc

non theo 2 dwong sinh Thiét dién 12 tam gidc can Thiét dién 12 1 dudng tron

Thiét dién 1a tam giac can

Hinh noén cut g
V6i R, r 1a ban kinh 2 day, h =10 la chiéu cao, AB=I la ,
duwong sinh ctia hinh nén cut. Khi do:

* Dién tich xung quanh: S = ﬂ(R + r)l .
* Dién tich toan phan:

Sy =Saany +S,, =7 (1 +R* )+ 7(R+7)1L.

e Thé tich: V =%7zh(R2 +72 +Rr) .

Trang 5
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Mat tru tron xoay

Trong mp(P) cho hai duong thang A va [ song song nhau, cach
nhau mét khoang . Khi quay mp(P) quanh truc 8 dinh A thi
duong thang [ sinh ra mot mat tron xoay duoc goi la mt tru
tron xoay hay goi tit 13 mat tru.

* Duong thang A duoc goi 1a truc.

* Duong thang | duoc goi 1a duong sinh.

* Khoang cach r dwoc goi la ban kinh ctia mat tru.

Hinh tru tron xoay

Khi quay hinh chit nhat ABCD xung quanh duong thang chita
mot canh, chéng han canh AB thi duong gap khuc ADCB tao
thanh mot hinh, hinh d6 dwoc goi la hinh tru tron xoay hay goi
tit 1a hinh tru.

* Duong thang AB duoc goi la truc.

* Doan thang CD dugc goi 1a duong sinh.

* b6 dai doan théng AB =CD =h duogc goi la chiéu cao cuia hinh
tru.

e Hinh tron tam A, ban kinh r = AD va hinh tron tdm B, ban
kinh r = BC duoc goi la 2 ddy ctia hinh try.

Khéi tru tron xoay, goi tat 1a khdi try, 1a phan khong gian gi6i
han boi hinh tru tron xoay ké ca hinh tru.

Cong thixc tinh dién tich va thé tich ctia hinh tru

Cho hinh tru c6 chiéu cao 1a h va ban kinh day bang r . Khi d6:

* Dién tich xung quanh cta hinh tru: S, =277h.

* Dién tich toan phan cta hinh tru: S, =S, +2.5p, =2xrh+ 27xr?.
e Thé tich khéi tru: V =Bh=zr’h.

Thiét dién ctia hinh tru khi cit béi mat phéng

Cho hinh tru va mat phéng (P) . Khi d6:

\
\\
B /____
\,f;
~
\

B —
<3/
QANZ

(P) qua truc (P) song song truc
Thiét dién 1a hinh chi* nhat Thiét dién 1a hinh chit nhat
B
/
A Q B o4 - !
| o
: l hi |1
-------- Ry O3z, X~
PR o V¢ ¥

(P) vuong goc truc
Thiét dién 1a hinh tron




Tong hop 1y thuyét THPT mén Toan
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* Néu cat hinh tru (c6 ban kinh 1a 7 ) boi mot mp(P) vuong goc voi truc A thi ta duoc duwong

tron cd tam trén A va c6 ban kinh cling bang r .

* Cho mp(P) song song voi truc A cua hinh tru va cdch A mot khoang d. Néu d <r thi mp(P)

cit hinh tru theo hai duong sinh. Khi d6 thiét dién 1a hinh ch@ nhat.

8
Dién tich cac hinh thuwong gap
Dién tich hinh binh hanh: Dién tich hinh thoi:
S = AH.CD = AD.CD.sina 1
ABCD S.scp = E.AC.BD
A B
A
¢ N B /I\ D
’ ! C \\OV
C
Dién tich hinh vuéng: Dién tich hinh thang:
S uscp = AB’ _(AB+CD).AH
A _ ) D ABCD 2
A B
B C
=
D 77 C
Pac biét:

* Hinh vuong canh a

Dién tich: S=a>.

D6 dai dwong chéo: av/2 .
OA=OB=OC:OD:L:§.

NP
Chéo = Canh A2 ; Canh = Chéo/ V2.
e Tam giac déu canh a

3 ; a3
4

Dién tich: S= . Duong cao: AH = —

Ban kinh duong tron ngoai tiép: R=AG = %AH = @ .

\/_

Ban kinh dwong tron ndi t1ep r=HG= 5 AH =—

Cao=Canh.—; Canh=Cao.

2
NE

Dién tich hinh cht nhat:
S .scp = AB.BC

A D
|

Dién tich tam gidc vuong;:

S sc = %.AB.AC
B
A C
A B
a
a
0
D C
A
a a
G
:

Trang 7



Tong hop 1y thuyét THPT mén Toan ThS. Tran Thanh Yén

e Tam giac vudng can

B
Dién tich: S= 1{12 .
Canh huyén: BC = ABJ2 =a/2 .
a
Canh huyén = Canh géc vuéng .+/2 ;
Canh géc vuéng = Canh huyeén /+/2 .
. c
A a
9
Bat dang thitc Cauchy

Véia, b>0, ta co: %bZ\/E. Dau "=" xay ra khi vachikhi a=b.

M6 rong: Véi a, b, ¢ >0, ta c6: ’”g*c >3fabc . D& "=" xay ra khi va chi khi a=b=c.

Bat dang thitc Bunhiacopxki

Véia, b, x, yeR, ta co: (ax+bj\/)2 < (a2 +b2)(x2 +y2) hodc |ax +by| S\/(az +b2)(x2 +y2) :
Dau "=" xay ra khi va chi khi ay =bx.
Bat dang thitc Mincopxki

Vi a,b, ¢, deR, tac: a2 + 0 +Jc 4 2 (a+c) +(b+d)
b

. ? . \ ? . u
Dau "=" xay ra khi va chi khi —=-.
c

PAI SO VA MOT SO YEU TO GIAI TICH 10

MENH DE VA TAP HOP

1

Ménh dé

Ménh dé 1a mot khéng dinh dung hodc sai. Mot khéng dinh dtng goi la ménh dé diing. Mot khéng
dinh sai goi la ménh dé sai. Mot ménh dé khong thé vira dung vira sai.

Chu y: Nguoi ta thwong st dung cac chit cdiin hoa P, Q, R, ... d€ ki hiéu ménh dé.

Chu y: Nhitng ménh dé lién quan dén toan hoc con dwgc goi la ménh dé todn hoc.

Ménh dé chtta bién

Xét cau "n chia hét cho 5" (n la s6 tw nhién).

Cau "n chia hét cho 5" 1a mot khang dinh, nhumg khong 1a ménh dé, vi khang dinh nay ¢ thé
dting hodc sai, tuy theo gid trj ctia 1. Tuy vay, khi thay 7 bang mdt s& tw nhién cu thé thi ta nhan
duoc mot ménh dé. Nguoi ta goi "n chia hét cho 5" 1a mot ménh dé chita bién (bién n), ki hiéu
P(n) . Ta viét P(n) :"n chia hét cho 5" (n la s6 tw nhién).

M6t ménh dé chira bién co thé chita mot bién hodc nhiéu bién.

Ménh dé phu dinh
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Tong hop 1y thuyét THPT mén Toan ThS. Tran Thanh Yén

Mobi ménh dé P c6 ménh dé phi dinh, ki hiéula P, bang cdch thém hodc bét tir “khéng”, “khong
phai” vao truedc vi ngit cia no.

Ménh dé P va ménh dé phu dinh P ctia né cé tinh dung sai trdi ngueoc nhau. Nghia 1a khi P
dung thi P sai, khi P sai thi P dtng.

Ménh deé Phu dinh
= #
> <
< 2
> <
< >

Ménh dé kéo theo

Cho hai phat bi€u P va Q. Ménh dé "Néu P thi Q" duoc goi la ménh dé kéo theo, ki hiéu la
P=Q.

Ménh dé P = Q chisai khi P dang va Q sai.

Nhan xét:

® Ménh dé P = Q con duwgc phat biéula" P kéo theo Q "hodc "Ttr P suyra Q".

® D€ xét tinh dung sai cia ménh dé P = Q, ta chi can xét truong hop P dung. Khi d6, néu Q
dung thi ménh dé dung, néu Q sai thi ménh dé sai.

P Q P suy ra Q
b b b
S S b
S b b
b S S

Trong toan hoc, dinh li la ménh dé dung. Cac dinh li trong toan hoc thuong c6 dang P = Q.
Khi ménh dé P = Q 1a dinh li, ta néi: P la gid thiét, Q la két ludn ctia dinh Ii; P 1a diéu kién du
décod Q va Q la diéu kién can d&€co P.

Ménh dé ddo. Hai ménh dé twong duwong

Ménh dé Q = P duwoc goi la ménh dé ddo cia ménh dé P = Q.

Chu y: Ménh dé dao cia moét ménh dé dung khong nhat thiét la dung.

Néu ca hai ménh dé P = Q va Q = P déu dang thitandi P va Q la hai ménh dé tuong duong,
kihiéula P < Q (docla"P tuong duwong Q "hodc"P khivachikhi Q").

Khi d6, ta cling n6i P la diéu kién can va dii d€ c6 Q (hay Q la diéu kién can va du dé'co P ).
Nhan xét: Hai ménh dé P va Q tuong duong khi chung cung dung hodc cung sai.

Ménh dé chtta ki hiéu V (véi moi), 3 (ton tai)

Ménh dé Phu dinh
Vx, P(x) dx, P(x)
dx, P(x) Vx, P(x)
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Tong hop 1y thuyét THPT mén Toan ThS. Tran Thanh Yén

Ménh dé "vxe M, P(x) " dang khi v6i moi x, nd déu dung; sai khi c6 mot x, lam cho no sai.
Ménh dé "3xe M, P(x) " dang khi c6 mét x,; lam cho né dung; sai khi véi moi x, né déu sai.

2

Tap hop

Nhic lai vé tap hop

Tap hop dung &€ chi mot nhdm ddi twong nao d6 hoan toan xac dinh. Méi déi twong trong nhém
goi la mot phdn ti cta tap hop d6. Ki hiéu tap hop b:?mg cac chtr caiinhoa A, B, C, ... va ki hiéu
phan ti ca tap hop bang céc chit cai in thuong a, b, c, ...

D€ chi a la m{t phan tw ctia tap hop A, ta viét ae A (docla"a thudc A"). b€ chi a khong la
phén tk ctia tap hop A, taviet a¢ A (docla " a khong thudec A").

Mot tap hop c6 thé khong chira phan tir ndo. Tap hop nhu vay goi la tdp rong, ki hiéu &.
Nguoi ta thuong ki hiéu cac tap hop s6 nhu sau: N la tap hop cac s6 tu nhién; Z 1a tap hop cac
s0 nguyén; Q la tap hop cac sd hitu ti; R la tap hop cac so thue.

Cach xac dinh tap hop

e Liét ké cac phan tu.

® Chi ra tinh chat dac trung cho cac phan tw.

Chu y: Khi liét ké cac phan t cia tap hop, ta c6 mot sO chii y sau day:

a) Cac phan tt c6 thé duoc viét theo thit tw tuy y.

b) Moi phan ti chi duoc liét ké mot [an.

c) Néu quy tac xac dinh cdc phan tir dt rd thi nguoi ta dung "..." ma khong nhat thiét viét ra tat
ca cac phan tr cua tap hop.

d) Néu A la tap hop c6 httu han phan ti thi s6 phan tt cia n6 dwgc ki hiéu la n(A) .

Tap con va hai tap hop bang nhau

Cho hai tap hgp A va B. Néu moi phan t&r cia A déu la phan ti caa B thi ta ndi tap A la tdp
con cua tap B vakihiéu Ac B (docla A chttatrong B ), hodc Bo A (docla B chta A).

Hai tap hop A va B goila bﬁng nhau, ki hiéu A=B,néu AcBva Bc A.

Néi cach khac, hai tap hop A va B bang nhau néu mdi phan ti ctia tap hop nay ciing la phan t
cta tap hop kia va nguoc lai.

Nhan xét:

® AcAvadc A véimoitaphop A.

® Néu A khong phai la tap con ctia B thi ta ki hiéeu A ¢ B (docla A khong chita trong B hoac
B khong chita A).

e Néu Ac B hoac Bc A thitandi A va B ¢d quan hé bao ham.

Biéu d6 Ven

ACB
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Tong hop 1y thuyét THPT mén Toan

ThS. Tran Thanh Yén

Ch y: Gitra cac tap hop so6 quen thudc (tap s6 tu nhién, tap sd nguyén, tap s6 hitu ti, tap s thuec),

ta c6 quan hé bao ham: NcZcQcR.

Mot s6 tap con caa tap hop s6 thuc

1 | Tap s8 thuc (—o0;+0) =R

—00 0 400
2 Khoéng (a ; b) = {x € R‘ a<x< b} . //////////////////////////( )/////////////////////////;
—o0 a b 400
3 KhOéﬂg (Ll ; +OO) = {x € R‘ x> Ll} . //////////////////////////( >
—00 a +00
4 Khoéng (—OO; b ) = {x (S R‘ X < b} . )/////////////////////////;
5 Ntra khoéng I:ﬂ} b) = {x S R‘ a<x<b } . //////////////////////////[ )/////////////////////////l;
—00 a b +00
6 Ntira khoéng [a, +OO) = {x € R‘ X = ll} . //////////////////////////[ >
—00 a +00
7 Ntra khoéng (a, b] = {x € R‘ a<x<b } . //////////////////////////( ]/////////////////////////;
—o0 a b 400
8 Nﬁ’a khoéng (—OO ; b:l = {x (S R‘ x < b} . ]/////////////////////////I;
—00 b +00
9 | Doan [a;b]:{xeR\ansb}. HHHHH Y s
—o0 a b 400

Kihiéu - docla dm vé cuc (am vo cung), ki hiéu +oo doc la dwong v cuc (dwong vo cung).

Cac phép toan trén tap hop

1 | Hop cuaa hai tap hop

AUB.
AuBz{xIxeA hoac xeB}.

Tap hop cac phan te thudéc A hodc thudc B
goi la hop ctia hai tap hop A va B, ki hiéu la

A

AUB

B

2 | Giao cua hai tap hop

hiéula ANB.
AmB:{xlxeA va xeB}.

Tap hop cac phan tie thudc ca hai tap hop A
va B goi la giao ctua hai tap hop A va B, ki

ANB
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Tong hop 1y thuyét THPT mén Toan ThS. Tran Thanh Yén

3 | Cong thirc tinh sd phan to
Néu A va B la cac tap hop httu han thi n(AuB):n(A)+n(B)—n(AmB).
Dicbiét néu ANB=0 thi n(AuB)=n(A)+n(B).

4 Hiéu cua hai tap hop

Tap hop cac phan te thuéc A nhung khong
thudc B goila hiéu cha A va B, ki hiéu la
A\B.

A\B={xlxe A vaxeB}.

A\B

5 | Phan bu caa tip hop con E

Néu A latap concta E thitap E\ A goila
phdn bii cia A trong E, ki hiéula C A.

C,A=E\A véi AcE.
CgA

BAT PHUONG TRINH VA HE BAT PHUONG TRINH BAC NHAT HAI AN
1
Bat phuong trinh bac nhat hai 4n
Bit phuong trinh bdc nhat hai dn c6 dang: ax+by+c<0 (hodc ax+by+c>0; ax+by+c<0;
ax+by+c>0) trong d6 a, b khong dong thoi bang 0.
Nghiém ctia bt phwong trinh bac nhét hai 4n
Xét bat phuong trinh ax+by+c <0 (hodc ax+by+c>0; ax+by+c<0; ax+by+c=>0) (*).
MOi cap s8 (x,;y,) thoa man (*) duwoc goi la mot nghiém ctia bat phuong trinh.
Trong mat phéng toa do Oxy, tap hop tat ca cac diém (xo ; yo) 1a nghiém cua (*) dwoc goi la mién
nghiém ctia bat phuwong trinh.
Bi€u dién mién nghiém cta bat phwong trinh bac nhat hai an
Budc 1: Vé duong thang d:ax+by+c=0 (1ay 2 diém phan biét tuy y trén d )
x|
v |
Buwéc 2: LAy diém M (x,;y,) tiy y khong thudc d (thudng 14y gdc toa dd O(0;0) néu d khong

diqua O). Thay x=x,, y =y, vao vé€ trai cta (*) kiém tra xem ta duwoc ménh dé dang hay sai.
Budc 3: Két luan:
Néu dugc ménh dé diang thi mién nghiém la nira mat phgmg cObola d, chira diém M.

Néu dugc ménh dé sai thi mién nghiém la nira mat phéng co bo la d, khong chwa diém M.
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Tong hop 1y thuyét THPT mén Toan ThS. Tran Thanh Yén

ar+by+c>0

* M(z0; yo)
axo+byo+c>0

axo+byo+c <0
* M(x0; yo)
ar+by+c<0
Chu y:
* Mién nghiém ctia bt phrong trinh ax +by +c >0, ax +by +c <0 la nita mat phang khong ké bo.
* Mién nghiém ctia bat phuong trinh ax+by+c>0, ax+by+c<0 la nita mgt phang ké ca bo.

® Mot s6 mién nghiém cua cac bat phwong trinh dac biét:

BPT Mién nghiém Bi€u dién
V//( diz=a
Ntta mit phang bén phai duong thang d:x =a
x> (khong k& bo) a z
v
Ntta mit phang bén trai duong thang d:x =a %
r=a (khong k& bo) ol a
7
\Y
y>a Ntta mgt phang bén trén duong thang d:y=a al d:y=a
(khong ké bo)
7
y<a Ntra mgt phang bén dwdi duong thang d:y =a
(khong ké bo) o diy=a
1) x
Néu cdc BPT trén c6 ddu "=" thi mién nghiém ké ca bo.

Chu y: Phuong trinh ctia truc Ox la y =0 va phwong trinh cta truc Oy la x=0.

2

Hé bat phwong trinh bac nhat hai an

H¢ bat phuong trinh bdc nhdt hai dn la hé gom hai hay nhiéu bat phuong trinh bac nhat hai an
x, ¥ . Moi nghiém chung cta tat ca cac bat phuong trinh d6 dwoc goi la mot nghiém cua hé bat
phuong trinh da cho.

Trén mat ph.’fmg toa do0 Oxy, tap hop cac diém (xo ; yo) o toa d¢ la nghiém ctia hé bat phuong

trinh bac nhat hai an dwoc goi 1a mién nghiém ctia hé bat phuong trinh do.
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Tong hop 1y thuyét THPT mén Toan ThS. Tran Thanh Yén

Bi€u dién mién nghiém caa hé bat phuong trinh bac nhat
hai 4n

R
855
:0’0’0’

%
00e
90

e Trén cling mat phang toa d9, biéu dién mién nghiém ctia
moi bat phwong trinh ctia hé.

® Phan giao ctia cac mién nghiém la mién nghiém ctia hé bat
phuong trinh.

Cha y: Mién mit phang toa d6 bao gom mot da giac 16i va
phan ndm bén trong da gidc d6 duwoc goi la mot mién da gidc.

Tim GTLN va GTNN ctia biéu thitc F (x,y) =ax +by trén mot mién da giac

Nguoi ta chting minh dwoc rang F (x, y) =ax+by dat GTLN hoac GTNN tai moét trong cac dinh
cua da giac.

Do d¢ dé tim GTLN, GTNN cua biéu thirc dang F(x,y)=ax+by, trong d6 x, y la nghiém cta
mot hé bat phuong trinh bac nhat hai &n ma mién nghiém ctia hé d6 la mot mién da giac, ta lam
nhu sau:

Budc 1: Xac dinh mién nghiém ctia hé bat phuong trinh (la mot mién da giac).

Budc 2: Xac dinh toa d¢ cac dinh cta da giac.

Budc 3: Tinh gid tri cua biéu thirc F =ax +by tai cac cap s (xo ; yo) la toa &0 ctia cac dinh cua da

giac va so sanh cac gia tri d6. Tir d6, két luan duoc gid tri I6n nhét hay gia tri nho nhat can tim.

HAM SO BAC HAI VA PO THI

1

Ham s6

Gia st x va y la hai dai lwong bién thién va x nhéan gid tri thudc tap s6 D.

Néu v6i moi gia tri x thugc D, ta xac dinh duwoc mot va chi mot gia tri twong tng y thudc tap
hop s8 thuc R thi ta ¢ mot ham sé.

Ta goi x la bién sé'va y 1a hdm sé cta x.

Tap hop D duoc goi la tdp xdc dinh cia ham s6.

Tap hop T gom tat ca cac gia tri y (twong tng véi x thudc D) goi la tdp gid tri ctia ham sG.

Ta thuong dung ki hiéu f(x) d€ chi gi4 tri y tuong tng vdi x, nén ham s3 con duoc viét la
y=f (x) .

Mot ham s8 6 thé duoc cho bang bing, bang biéu do hoac bang cong thirc.

Chu y:

a) Khi mot ham s§ dwoc cho bang cong thite ma khong chi rd tap xac dinh thi ta quy wéc: Tap xdc
dinh ctia ham sy = f(x) la tdp hop tat cd cic so'thiee x sao cho biéu thire f(x) c6 nghia.

b) Mot ham s6 6 thé dwgc cho boi hai hay nhiéu cong thic. Chéng han, xét ham so:

f(x)— -3x+5 khi x<1
242 khi x>1
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Nghiala véi x<1 thi f(x)=-3x+5;v6i x>1 thi f(x)=2x.

Chu y:

a) Néu ham s& c6 nhiéu diéu kién thi ta 18y phan giao cac diéu kién do.

b) Néu ham s& cho bdi nhiéu cdng thirc trong tirng mién khac nhau, ta tim diéu kién xac dinh
trong titng mién va ldy phan hop cua cac diéu kién dé.

Nhan xét:
‘%XéCdiﬂh@AiO ® JA xacdinh < A>0
1 .. 1 . A#0
° xacdinh <& A>0 ° xac dinh <
Ta A B>0

Po6 thi ham s6

Cho ham s8 y = f(x) c6 tap xéc dinh D.

Trén mat phang toa &6 Oxy, d6 thi (C ) cta ham sd la tap
hop tat ca cac diém M(x;y) v6i xeD va y= f(x). Vay
(C) = {M(x;f(x))‘x € D} .

Chu y: Biém M(xM;yM) thudc d6 thi ham s6 y = f(x) khi

vachikhi x,, €D va y,, =f(xM).

Ham s6 dong bién, ham s4 nghich bién

Véiham s6 y = f(x) xac dinh trén khoang (a;b), ta noi:

Ham s8 dong bién trén khoang (2;b) néu Vx,,x, € (a;b):x, <x, = f(x,) < f(x,) -

Ham s8 nghich bién trén khoang (a;b) néu Vx,x, e(a;b):x, <x, = f(x,)> f(x,) -

Y Y
flxo) p---mmm---- . f(@1)
UC o f(s)
| T 1 x
O T X2 O 1 T2
Ham s6 dong bién Ham s6 nghich bién
Nhan xét:
x,)—f(x
Ham s8 dong bién trén khoang (a;b) néu Vx,,x, (a;b) X, #X, :M >0 .
X1 =%
x, )— f(x
Ham s6 nghich bién trén khoang (a;b) néu Vx,,x, (a,'b) DX, X, = M <0.
17X

Khi ham s8 dong bién (ting) trén khoang (a;b) thi do thi ciia nd 6 dang di lén tir tréi sang phai.
Nguoc lai, khi ham s8 nghich biéh (giam) trén khoang (a;b) thi d thi ciia n6 ¢6 dang di xudng tur

trai sang phai.
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ThS. Tran Thanh Yén

2

Ham s6 bac hai

Ham s6'bdc hai c6 dang: y = f(x)=ax’ +bx+c (a#0).

® Tap xac dinh: D=R.
® D thi la parabol (P) véi:
b

- Pinh: S(——;—Aj;hoémh do x, :—%,tung do y, 2—%2]‘(365) véi A=b* —4ac.

2a  4a

- Truc d6i xting: x = _2£ (duong thang di qua dinh S va vuong goc truc Ox).
a

- Bé Iom quay lén trén néu a >0, quay xuéng dudinéu a<0.

Chti y: Néu phuong trinh ax® +bx +c=0 ¢4 hai nghiém x,, X, thi (P) cit truc hoanh tai hai diém

co hoanh do la x, x,.

a>0 a<(
v ) Ly
T = —— sy |_A
20 y=az’+bz+c/ 1 X @
: I E X9 €T
| o
E : :
T O T _ __E
1\ : ’ o 2a.
AN T Sy=ax’ +br+c E
4a B :S :
b b
L B T + 00 X | —oo - +
2a 2a
Y - 0 + Y’ + 0 _
Y y 4a
_A
4a —®©
\ ~ A - A A b
® Ham s dong bién trén (—;;woj vanghich | Ham s6 dong bién trén ( _2_j vanghich
a
J b b'/\’ A b .
bién trén | —o0; —— ién trén —2—,+oo )
2a a
Omm —A<:>x _ﬂ Omaxy_—A@x:—i,
YT T T 4a 24
A
eTapgiatri: T = _A;_,_OO ) eTapgiatri: T = ( 0; —4—}
4a a

Trang 16




Tong hop 1y thuyét THPT mén Toan ThS. Tran Thanh Yén

Nghiém ctia phwong trinh bac hai
Xét phurong trinh bac hai ax* +bx+c=0 (a#0).

Biét thitc: A=b" —4ac; biét thitc thu gon: A'=b" —ac véi b’ = g .

—pJA {x: —b’i\/z].

TH1: A>0 (A' > 0) : Phrong trinh ¢6 2 nghiém phan biét: x =

2a a

TH2: A=0 (A' = 0) : Phrong trinh ¢6 nghiém kép x = —2£ (x = ——j .
a

TH3: A <0: Phwong trinh v6 nghiém.
Ung dung ctia ham s bac hai
Trong mén cau 16ng, xét mat phéng toa dd Oxy, chon diém c6 toa do (0 ; yo) la diém phat cau thi
phuong trinh quy dao cua qua cau khi roi khoi mat vot la:
2

y :—2.03.‘2:52 > +(tana).x+y0.
Trong do:
e ¢ la gia tdc trong truong (thwong duoc chon la 9,8 m/s?);
® ¢ la goc phat cau (so v6i phuong ngang ctia mat dat);
® v, la van toc ban dau cua cau;
* y, la khoang cach ttr vi tri phat cau dén mat dat.
DPay la mot ham s6 bac hai nén quy dao chuyén dong cua qua cau 1a mot parabol.
Xét treong hop ldng gid, véi van tdc ban dau va goc phat cau da biét, cau chuyén dong theo quy
dao parabol nén sé:
- Dat vi tri cao nhét tai dinh parabol, goi la tdm bay cao;

- Roi cham dat & vi tri cach noi ding phat cau mét khoang, goi la tdm bay xa.

BAT PHUONG TRINH BAC HAI MOT AN
1

Xét dau nhi thitc bac nhat va tam thic bac hai

DAu ctia nhi thitc bac nhat

Cho nhi thitc bac nhat f(x) =ax+b (a # 0) . Khi d6:

b

be —00 - ~+00
a

f(x) ‘ trdiidauvéia 0 cungdauvdia

“PHAI CUNG - TRAI TRAI”
DAau cta tam thitc bac hai
Cho tam thitc bac hai f(x)=ax* +bx+c (a=0).Khi do:

TH1: A>0 (phuong trinh c6 2 nghiém phan biét x, <x,)
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X ‘ —0 X Xy +00

f(x) ‘ cung dduvéia 0 traidduvsia 0 cungdauvodia
“TRONG TRAI - NGOAI CUNG”
TH2: A=0 (phuong trinh cé nghiém kép)

b
X ‘ —00 —Z +00
f(x) ‘ cungdauvdia 0  cung ddu vdia
TH3: A <0 (phwong trinh vo nghiém)
. o
f(x) ‘ cung dau vdia

Tam thirc bac hai khong d6i ddu trén R
Cho tam thirc bac hai f(x)=ax* +bx+c (a=0).Khi do:

0f(x)>O,Vxe]R<:>{aA><% Of(x)ZO,Vxe]R@{aAZ%
0f(x)<O,Vxe]R<:>{aA<<% Of(x)sO,Vxe]R@{aAi%
o f(x)>0 vO nghiém <:>f(x)£0, VxeR o f(x)zO vO nghiém <:>f(x)<0, VxeR
o f(x)<0 vO nghiém <:>f(x)20, VxeR o f(x)SO vO nghiém <:>f(x)>0, VxeR

Chu y: Néu hé s6 a c6 chita tham s& m ta can xét truong hgp a=0 trudc; ¢ thé dung A’ thay
cho A.

Pinh li Vi-ét
Xét phwong trinh bac hai ax* +bx+c=0 (u # 0) c6 2 nghiém la x,, x,. Khi do:

* S=x +x, LAV P=xx, == « ax’ +bx+c=a(x-x,)(x-x,)
a a
a#0
. . A e . . A A=0
* Phrong trinh ¢6 2 nghiém trdi dau <> ac <0 ¢ Phuong trinh c6 2 nghiém duong < P>0
5>0
a#0
A>0 az0
* Phrong trinh ¢6 2 nghiém am < p B 0 * Phuong trinh ¢6 2 nghiém cung ddu < {A >0
>
P>0
5<0
Cht y: Khi can 2 nghiém phan biét thi diéu kién A & trén khong c6 ddu bang "="; c6 thé dung
A" thay cho A.
Mot s6 hé thirc co ban st dung dinh 1y Vi-ét
oxl+xi=% o X} +x,=5"-2P . (xl—x2)2:52—4P

1 2
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. xl—x2‘=a>0©(xl—x2)2 =1’ § -4P =4 « x)+x; =5 -3SP
S:x1+x2=—2 @
a

* Néu biéu thitc khdng d8i xting thuong ta giai hé { Biéu thic khong d6i xing ~ (2) bang phuong

p:&%zg 3)

phap cdng & (1) va (2) duoc x,, x, theo m va thay x,, x, vao (3) d€ tim m.

So sanh nghiém ctia phwong trinh bac hai v6i cac s6

Cho phuong trinh bac hai ax® +bx+c=0 (u # 0) c6 2 nghiém phan biét x,, x, vacacsd a, feR.
Khi dé:

a<x <x, @{(xl—a).(xz—a)>0

X, +x, >2a X, +x,<2a
°x1<a<x2c>@a—a)@5—a)<0 °x1<a<x2c>mf@ﬁ<0
A>0 A>0
ca<x <x,& wf(a)>0 s x, <x,<a& wf(a)>0
E—a>0 E—a<0
2 2
a.fl(e)<0 a.fl(e)<0
.x1<a<ﬁ<x2<:>{a Eﬂ;<0 .x1<a<x2<ﬂ®{u.fgﬂ;>0
A>0
wf(a)>0
X, <a<x,<pf
L{l<x1<[;<x2©f(a)'f(ﬂ)<o fasn < <feraf(p)>0
a<§<ﬂ

Giai bat phuong trinh bang cach 1ap bang xét dau

bé giai bat phuwong trinh bf?mg cach xét dau cac biéu thirc bac nhat va bac hai ta thuc hién cac
budc sau:

Budc 1: Chuyén cac biéu thic qua vé trai, d€ vé phai 1a 0.

Budc 2: Bién d6i, quy dong, rut gon dé€ duoc dang tich, thwong cua cac biéu thirc (bac nhat, bac
hai)

Budc 3: Tim nghiém cua cac biéu thirc va lap bang xét dau.

Budc 4: Dua vao bang xét dau két luan tap nghiém ctia bat phuong trinh.

3

Phuong trinh quy vé phwong trinh bac hai

Phuong trinh dang Vax +bx +c = \/dxz +ex+f

Buwéc 1: Binh phuong hai vé& cua phuwong trinh d€ dwoc phwong trinh ax? +bx+c=dx’ +ex+ f .
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Budc 2: Giai phuong trinh nhan dwoc ¢ Budc 1.

Budc 3: Thir lai xem cac gid tri x tim dwoc 6 Budc 2 c6 thoa man phuong trinh da cho hay khong
va két luan nghiém.

Phuwong trinh dang Vax® +bx+c =dx+e

Bwdc 1: Binh phurong hai vé cia phuong trinh dé€ dwgce phwong trinh ax® +bx +c¢ = (dx + e)z.

Buoc 2: Gidi phuong trinh nhan dwoc ¢ Budc 1.

Budc 3: Thir lai xem cac gid tri x tim dwoc 0 Budc 2 c6 thoa man phuong trinh da cho hay khong
va két luan nghiém.

Phuong trinh chita 4n trong cin bac hai

Dé giai phuong trinh chita an dudi dau can ta tim cach dé khtr ddu cin, bang cach:

- Binh phuong hai v&€ d€ dua vé phuong trinh hé qua khong chita can. Tim nghiém phwong trinh
hé qua roi thit nghiém lai.

- Dat diéu kién (*) d€ hai v&€ khong am sau d6 binh phuong d€ mat can. Giai phwong trinh hé qua
roi thir lai diéu kién (*).

4
Phuong trinh, bit phwong trinh chira 4n trong dau gia tri tuyét d6i va dau can bac hai
B=0
A=B
- |4|=|B| = *|A|=B={[A=B
A=-B
A=-B

2

oJZ:Bc:{BiO °JZ=J§¢>{4iOGwyBZO)

B=0 A>0
e« AVB=0<|[B>0 e« JA<B=I{B>0
A=0 A<B?
A>0 A>0
e« JA<B=IB>0 e« JA<B=I!B>0
A<B? A<B?
B<0 (B>0 B<0 (B>0
°\/Z>B<:> < \% 'x/ZZB@ < v
A>0 |A>B? A>0 |A>B?
B>0 B>0
e JA>JBo e JA>VBo
A>B A>B
B>0 B>0
-A\/E>O<:> ~ °A\/§<O<:>
A>0 A<0
B=0 B=0
« AVB>0<| (B>0 « AVB<0<| (B>0
A>0 A<0
A>-B A>-B
-4<B@ -ASB@
A<B A<B
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A>B A>B
*|A]>Be *|A|zBe
A<-B A<-B
*|A|>|B|< A*>B* < (A+B)(A-B)>0 *|A|z|Bj< A* 2B < (A+B)(A-B)20

PAI SO TO HOP

1

Quy tic cong

Gia st mot cong viéc co thé duoc thuc hién theo phuong an A hodc phuong an B. Phuong an
A ¢6 m cach thuc hién, phuong an B c¢6 n cach thuc hién khong trung véi bat ki cach nao cta
phuong an A . Khi d6, cong viéc c6 thé thuc hién theo m+n cach.

Phuong an A m cach
T ()

Phwong an B n cach

Quy tac nhan

Gia sit mot cong viéc dwoc chia thanh hai cong doan. Cong doan thit nhét c6 m cach thyc hién
va ung voi mdi cach d6 ¢é n cach thuc hién cong doan thit hai. Khi d6, cong viéc co thé thuc hién
theo m.n cach.

Cong doan 1 m cach
Cong viéc < 4 > |:>[ m.n cach ]

Cong doan 2 n cach

2
Hoan vi
Cho tap hop A ¢6 n phan tir (n>1). Mdi cach sdp xép n phén tir cia A theo mot thir ty goi la
mot hodn vi cac phan ti d6 (goi tit 1a hodn vi cia A hay ctua n phan tw).
SO cac hoan vi cua n phan ta: P, =n!= n(n—l)(n—Z)...Z.l (nhéan lui tr n vé 1).
Quy woc: 0!=1.
T6 hop
Cho tap hop A ¢6 n phan ti (n>1) va s6 nguyén k véi 1<k<n.M?i tap con gdm k phan tir
cia A dwgc goi la mot té hop chap k cua n phan ta.
N6i cach khac, mdi cach 14y k phan tit cia A va khong sap xép chiing goi la mot t6 hop chap k
cua n phan ti d6.
S8 céc t6 hop chap k cua n phantir (0<k<n) la:
n! Af

Ci:mz k’; Véiquyuéc Cg =1.

Chinh hop
Cho tap hop A c6 n phan t& (n>1) va sd nguyén k véi 1<k<n.Modi cach 1ay k phan ti ctia
A va sap xép ching theo mot thit tw goi 1a mot chinh hop chap k ctia n phan ti.
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S8 céc chinh hop chap k cia mot tap hop 6 7 phéan t (0<k<n) la:

A =(n—!k)'=n(n—1)(n—2)...(n—k+1) v6i quy woe A =1.
n—K).

Nhan xét: Mdi hoan vi ctia 7 phan t cling chinh 1a mot chinh hop chap 7 caa n phan ti d6. Ta
cOP=A"n=1.

3

Nhi thitc Newton

(a+b) =Cla"+Cla"'b+...+Cla" D" +..+Cb" = Zn:C:a”’kbk (*).
k=0

- S8 hang tong quat (tht k+1) trong khai trién 1a T, , = Cra""b".

- Trong cing mdt s hang, s8 mii ctia a va b c6 tdng bang n.

- Trong khai trién (*) c6 n+1 s8 hang.

- S0 mii cta a giam dan ttr n dén 0, s6 ma cua b tang dan tir 0 dén n.

- Cac hé s0 cta cac cdp sd hang cach déu s6 hang dau va cudi thi bﬁmg nhau.

Tam giac Pascal

Hai tinh chAt co ban caa s6 C:

(1) Ck=Cr* () CE'+Crh=Ch

n+1
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HINH HOC VA PO LUONG 10

HE THUC LUONG TRONG TAM GIAC
1

Gié tri lwgng giac ctia mot goc tir 0° dén 180°

Véi mdi géc a (0O <a< 1800) ta xac dinh dwgc mot diém M duy nhét trén nira duwong tron don

vi sao cho m =a.Goi (xo;yo) 1a toa d0 diém M, ta co: Y

- Tung do y, cia M la sin cua goc «, ki hiéu la sina =y,;

- Hoanh d6 x, ctia M 1a ¢dsin ctia goc o, ki hiéu la cosa = x,; " L M

. g
|

-Tis8 2o (x, #0) la tang ctia géc @, ki hiéu Ia tana =22 ;

Xo Xo

—1 (0] Zo 1

¢ x \ P ?. 4 4 A \ x
-Tisd =% (yo # O) 1a cotang ctia goc a, ki hiéu la cota =—2.
Yo Yo

Cacsd sina, cosa, tana, cota duoc goi la cac gid tri luong gidc cua goc o .
Chu y:

a) Néu «a la goc nhon thi cac gia tri luong gidc cia o déu duong.

Néu a la goc tu thi sina >0, cosa <0, tana <0, cota <0.

Goc a 0°<a<90° 90° < o < 180°
sina + +
cosa + -
tana + -
cota + -

b) tana chi xac dinh khi & #90°; cota chi xac dinh khi a #0° va a #180°.
Hai g6c phu nhau

O 16p dudi, ta da biét: Vi moi géc o thoa man 0° < a < 90° ta ludn cb:
sin(90°—a)=cosa; cos(90°—a)=sina;
tan(90°—a)=cota; cot(90°—a)=tana.

Hai goc bu nhau

Véimoi géc a thdéa man 0°<a <180° ta ludn co:

sin(1800—a)=sina; cos(180°—a)=—cosa;
tan(180°—a):—tana (a¢900); cot(180°—a):—cota (a;tOo va a¢1800).
Cong thitc lwgng giac co ban
tana=sma; cota=C9sa; sina+cos’a=1;
cosa sina
1
tana.cota =1; > =1+tan’o; — =1+cot’ .
cos” sin” o

Gia tri lwong giac ctia mot s6 goc dic biét
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a 0° | 30° | 45° | 60° | 90° | 120° | 135° | 150° | 180°
sino 0 l Q ﬁ 1 ﬁ Q l 0
2 2 2 2 2 2
cosa 1 ﬁ Q l 0 —l —Q —ﬁ -1
2 2 2 2 2 2
tan o 0 g 1 |3 I | B3] 2 _g 0
cotar I | J3 | 1 ? 0 _g 1 =3

2
Hé thttc lwgng trong tam giac vuong

Cho tam gidc ABC vudng tai A, duong cao AH, duong trung tuyén AM, G la trong tam tam
giac ABC . Khi do:

* BC*=AB*+AC? » AB.AC=BC.AH A
- AB?=BC.BH . AC?=BCCH
« AH? = HB.HC L1 1 .
AH®  AB® AC?
e sinB=4C, cosBzg—g, S, :%AB.AC :%AH.BC B TEY; ¢
_AB 2 1

tanBzﬂ,cotB * AG==—AM,GM =—AM . AM:BM:CM:lBC
AB 3 3 2

AC
* sin = d6i / huyén; cos=ké/huyén; tan=d30i/ké; cot=ké/doi
Hé thtec lwgng trong tam gidc thwong
Pinh li cosin 4
Trong AABC vé6i BC=a, AC=b, AB=c, ta cé: ‘

a’ =b*+¢*—2bc.cos A;

b* =a* +¢* —2ac.cos B;
c? =a* +b*—2ab.cosC.

Hé qua B a ¢
2 2_ 2 2 2_ 2 2 2_ 2
cosA=LFE T g tre b o g Ao
2bc 2ac 2ab
Dinh li sin
b c

Trong AABC véi BC=a, AC=b, AB=c, ta co:

: =——=——=2R, trong d6 R laban kinh
sinA sinB sinC
duong tron ngoai ti€p AABC.
Hé qua

a=2RsinA; b=2RsinB; ¢=2RsinC; sinA:i; sinB:i; sinC:L.
2R 2R 2R
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Cac cong thirc tinh dién tich tam giac

Cho AABC, ta ki hiéu:

h,h,, h lado dai cic duong cao lan luot vé tie cac dinh A, B, C.
R 1a ban kinh duong tron ngoai ti€p tam gidc.

r la ban kinh duong tron noi tiép tam giac.

_a+b+c

p= 5 la ntra chu vi tam giac. c

S,z 1a dién tich tam giac.

Ta c6 cac cong thic tinh dién tich tam gidc sau:
1 1 1

1) SAABC:EahaZEbhb:EChC; B
1 . 1. . 1 .

2) S, isc :EabsmC :EbcsmA :EacsmB,
abc

3)S =—;

) AABC 4R
4) Spppc =PT;

5) S, 5c = \/p(p—u)(p—b)(p—c) (cOng thitc Heron).
Cong thirc 46 dai dwong trung tuyén
Cho AABC, ta ki hiéu: m_, m,, m_la do dai cac duong
trung tuyén lan lugt vé tir cac dinh A, B, C. Khi do:

2 (b2 +c’ ) —-a

m=—7r;
! 4
= Z(a2 +¢:2)—b2 ;
4
o Z(a2 +bz)—c2
‘ 4

Chuy: ®Né&u a’<b®+c (hodc cos A>0)thi géc A nhon.
® Néu a* >b* +c¢* (hodc cos A <0) thi goc A ti.

® Néu a° =b* +¢” (hodc cos A=0) thi goc A vuong.

VECTO

1

Pinh nghia vecto

Vecto 1a mot doan thang c6 huéng, nghia 1a da chi ra diém dau va diém cudi.
- Vecto ¢6 diém dau A, diém cudi B dwoc ki hiéu la ZE, doc la vecto AB.

- Puong thang di qua hai diém A va B goi la gid ctia vecto AB.

- D06 dai cua doan théng AB goi la d6 ddi cua vecto AB va dwoc ki hiéu la ‘Zﬁ‘ .
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Nhu vay ta co: ‘E‘ =AB.
B

y
A

Chu y: Mot vecto khi khong can chi ro diém dau va diém cudi co thé viét la ;1, E, ;c, ;/,

Hai vecto cung phuwong, cung hudéng

Hai vecto duoc goi la ciing phwrong néu gia ctia chiing song song hodc trung nhau.

Nhan xét: Hai vecto cung phuwong chi c6 thé ciing hudng hoac nguoc huong.

Nhan xét: Ba diém phan biét A, B, C thang hang khi va chi khi hai vecto AB va AC cung
phuong.

A B C B A C

Vecto bang nhau — Vecto d6i nhau
Hai vecto a va b dwgc goi la bang nhau néu chung cung hudéng va cung d6 dai, ki hiéu a=b.
Hai vecto a va b duoc goi la d6i nhau néu ching nguoc hudng va cung do dai, ki hiéu a=-b.

Khi @6, vecto b dwoc goi la vecto d6i ctia vecto a.

SRS S

Cha y: MN =—NM .

Vecto-khong

Vecto c6 diém dau va diém cudi trung nhau goi la vecto-khong, ki hiéu la 0.

Cha ¥: - Quy wdc vecto-khong ¢ do dai bang 0.

- Vecto-khong luén cuing phuwong, cing huwdng véi moi vecto.

- Moi vecto-khéng déu béng nhau: 0= AA=BB=CC =... véi moi diém A, B, C, ...
- Vecto d6i cua vecto-khong la chinh nd.

2

Tong ctia hai vecto

Cho hai vecto 4 va b. Tir mét diém A tuy , 14y hai diém B, C
sao cho AB=a, BC=b. Khi @6 AC duoc goi la tong ciia hai
vecto a, b va duoc ki hiéula a+b.

Vay i+B=AB+BC=AC.

Quy tac ba diém

Véiba diém M, N, P tuy y, ta co: MN + NP = MP.

Quy tac hinh binh hanh

Néu ABCD la hinh binh hanh thi ta ¢ AB+AD = AC.
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N

M
P
Tinh chat ctia phép cdng cac vecto
* Tinh chat giao hoan: a+b=b+ ;;
* Tinh chat két hop: (5 + E) +c=a+ (E +E) ;
* V6i moi vecto a,taluéncé:a+6:6+;:;l. O

Hiéu cua hai vecto

Cho hai vecto a va b. Hiéu cua hai vecto a va b 1a vecto
a+(-b) vakihiéu a-b.

Quy tac trir A * B
Véiba diém O, A, B tuy y, ta c6: OB—OA = AB.

Tinh chit vecto ctia trung diém doan thang va trong tim
tam giac

Diém M la trung diém ctia doan thang AB khi va chi khi
MA+MB=0.

biém G la trong tam ctua tam gidc ABC khi va chi khi
GA+GB+GC=0.

Dang toan: Chitng minh mét dang thirc vecto B

- Bién ddi tir mét tinh chat, mot hé thire da biét d€ di dén hé thitc can chiimg minh.

- Bién d6i vé nay thanh vé kia.

- Bién d6i ca 2 v€ vé cung mot biéu thirc trung gian.

- Bién d6i twong dwong hé thic can chiing minh cho dén khi c6 duwgc mot hé thikc dang.

Dang toan: Xac dinh va tinh d6 dai caa mot vecto tong, vecto hiéu

Bién doi vecto tong (hiéu) da cho thanh mét vecto duy nhat ;l, sau do6 tinh d0 dai caa vecto u
do.

Dang toan: Tim cic diém théa man mgt hé thitc vecto

- Néu hé thtic da cho duoc dua vé dang AM = v (v6i A ¢6 dinh va v khong d6i) thi c6 duy nhat
mot diém M hoan toan xac dinh.

v

- Néu he thirc duoc dua vé dang | AM] =[o| = const (véi A 8 dinh) thi tap hop diém M 1a duong

tron tdm A, ban kinh bang H .

- Néu hé thtrc duoc dua vé dang ‘M‘ = ‘W‘ (véi A, B ¢ dinh, phan biét) thi tap hop diém M
la dwong trung truc cia doan AB.
3
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Tich ctia mét s6 v6i mét vecto va cac tinh chat
Cho s0 k khac 0 va vecto a khac 0. Tich cta s0 k v6i vecto a la mdt vecto, ki hiéu la ka.

Vecto ka cung hudéng véi a néu k >0, nguoc hudng véi a néu k<0 va cd do dai bang ‘k‘.‘a‘ .

a

ST
N | —

DN o
ST

Ta quy wdc 0a=0 va k0=0.

Nguoi ta con goi tich cia mot s6 vi mot vecto la tich ciia mét vecto v6i mot so.
Véi hai vecto a va b bat ki, vdi moi sO thue h va k, ta co:

. k(&+5):k&+kl§,~ o (h+k)a=ha+ka; . h(ké):(hk)é,-
. 1.;=;; . (—1).;!=—;l.

Hé thitc trung diém doan thing

Cho doan thang AB va mot diém M tuy .

Khi d6 I 13 trung diém ctia AB khi va chi khi MA+MB=2MI .

Heé thttc trong tam tam giac

Cho tam giac ABC va mét diém M tuy y.

Khi d6 G la trong tam tam giac ABC khi va chi khi MA+MB+MC =3MG.

A

I

Diéu kién d€ hai vecto cing phwong

Hai vecto a va b (E khac 6) cung phuwong khi va chi khi ¢ s8 k sao cho a=kb.

Nhan xét: Ba diém phan biét A, B, C thing hang khi va chi khi 6 s8 k khac 0 dé AB=kAC.
Chi y: Cho hai vecto a va b khéng ciing phuong. V6i mdi vecto ¢ ludn ton tai duy nhét cip s&
thue (m;n) sao cho c=ma+nb.

4

GOc gitra hai vecto

Cho hai vecto a va b déu khéc 0. Tir mot didm O bt ki tavé OA=a va OB=b.Géc AOB (véi

s8 do tir 0° dén 180°) duoc goi la gdc giita hai vecto a va b, ki hiéu la (2,13).
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Quy wéc: Néu a=0 hodc b=0 thi ta xem géc gitta hai vecto a va b 1a tiy y (tir 0° dén 180°).
Chu y:

o (3,b)=90°= dLb; o (3,0)=(b,d);

o (4,b)=0°=a,b cung hudng; o (4,b)=180°< 4, b nguoc huong.

Tich vé hwdng cta hai vecto

Pinh nghia: ab=|d.b .cos(;l,g).

e A o P - - T
Dic biét: a.azazz‘u‘ .Tacé d*>0; i>=0<=id=0.

Tinh chit: V6i 4, b, ¢ batkiva VkeR, ta co:

©ab=bi; o d(b+c)=ab+ic; o (k)b =k(ab)=a(kb);

o (a+b) =a*+2ab+P*; o (a-b) =a*-2ib+b*; o @b =(i-b)(i+b).

¢ ibh>0= (ﬁ,E) la gébc nhon; e ib<0 (ﬁ,l;) la goc tu; °ibh=0 < ( E) la gbc vudng.

Tim tap hop diém thoa man dang thitc vé tich vé huéng hoic tich d6 dai

Cho A, B la cac diém cd dinh, M la diém di dong.

- Néu |AM| =k véi k 1a s8 thuc duong cho trude thi tap hop céc diém M la duong tron tam A,
ban kinh R=k.

- Néu MA.MB =0 thi tap hop céc diém M 1a duong tron duong kinh AB.

- Né&u MA.a=0 véi a khac 0 cho trudc thi tap hop cac diém M 1a dudng thing di qua A va

vuong goc voi gia cua vecto a.

PHUONG PHAP TOA PO TRONG MAT PHANG

1

Toa d¢ cua vecto

Toa do6 caa vecto d6i véi mot hé truc toa do

Trong hé truc toa d¢ Oxy, vecto iva ; [an lwot la cac vecto don vi trén cac truc Ox va Oy .

® Toa d¢ ciia vecto: a= (x; y) Sa=xi+ y} .
A - 1 ! ! « 7 X = x,

* Néu a:(x;y)vab:(x;y)tm a=bc>{ ,

y=Yy

Toa d6 ctia mot diém
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Toa do ctia vecto OM duoc goi la toa dg cia diém M. Ttc la M(x;y) = OM = xf+y}.
Biéu thirc toa do ctia cac phép toan vecto

Cho a=(a;;a,), b=(b,;b,) va s thuc k. Khi dé:

1) ;+l;:(a1+bl;a2+b2) 2) ;—I;:(al—bl;az—lb) 3) k;z:(kal;k%) 4) ;.lgzalbljtazbz
Ap dung cua toa d¢ vecto

Cho 2 diém A(x,;y,), B(x,;y,). Ta co: Z]gz(xB ~X,Ys—Y,)-

Toa d6 trung diém ctia doan thang va trong tim tam giac

Cho 2 diém A(xA;yA), B(xB;yB) . Toa d9 trung di€ém M(xM;yM) cuia doan thfing AB la:

_xA+xB _yA+yB
M 2 ’ yM - 2 .
Cho tam giac ABC c6 A(xA;yA), B(xB;yB), C(xc;yc).TQa do trong tam G(xc;yc) ctia tam giac
ABC la:

X

% - xA+x33+xC . = yA+y23+yC .
Chu y: Toa d6 diém M (xM; yM) chia doan AB theo ti s6 k =1 la:
_xA_ka _yA_kyB
MET g M T T Dk
(M chia doan AB theo ti s6 k < MA = kMB).
Ung dung biéu thikc toa dd ctia cac phép toan vecto

Cho 2 vecto ;=(a1;a2), E=(b1;b2) va 2 diém A(xA;yA), B(xB;yB).Ta co:

X

° ;J_E<:>;1.B=O<:>albl+a2bz =0; e 2 va b cling phuong < ab,-ab =0
- 2 2

o a‘z af+a§; o AB:\/(xB—xA) +(yB—yA) ;

o cos(a b) nby + b, (;l,l; khac 6).

‘ Hb‘ \/u +a: \/bz+b2
2

Duong thing trong mit phang toa do
Phuong trinh dueong thang

* Vecto chi phuong ctia duwong thang A cé gia song song hodc tring véi A.
* Vecto phap tuyén ctia duong thang A c6 gia vudng gdéc véi A.

* Néu duong thang A c6 mot VTPT la n= (a;b) thi n6 ¢6 mot VICP 1a u = (—b;a) .

« Néu dudng thing A c6hé s8 géc1a k thiné c6 mot VICP 1a u=(1k).
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» Néu dudng thing A c6 mot VICP 1a u =(a;b) thiné c6 hé s goc la k= b
a

VTCP u =(a;
qua MO(

x=x0+at

e Duong thing A: .
wong thang { Y=y, +bt

c6 phuwong trinh tham sd A: {

b)

)

VTCP u=(a;b)
)

c6 phuong trinh chinh tac A: =% VY (a,b=0).
qua M, (x, b

* Duong thang A :{
a

VTPT 1= (A;B)

qua M, (xo;yo)

* Dudng thing A qua M, (x,;,) va cé hé s8 géc k 6 phuong trinh dai s6 A:y—y, =k(x-x,).

* Duong thang A: { c6 phuong trinh tong quat A: A(x - X, ) + B(y - Y, ) =

* Duong thang A qua M(u;O), N(O b) véi a, b#0 c6 phwong trinh doan chan A: —+‘Z 1.
a

X _ YW

XpZX,, Yg Y )
B A’ JB A
Xpg=X, Y=Y,

 Duong thang A qua A(xA;yA ), B(xB;yB) c6 phuong trinh:
Khoang cach tir mot diém dén mot duong thiang
‘uxo +by, + c‘

Cho diém M, (x,;¥,) va dudong thang A:ax+by+c=0.Khidé d(M,,A)=

Vi tri twong d6i ctia hai dwong thang

—_—

Cho A, :ax+by+c =0 va A, :a,x+b,y+c, =0 lan luot c6 VIPT la nj =(a1;b1) van, = (az;bz).
Pitu ab a _b ¢ o _b_¢
kién a, b, a, b, ¢ a, b, ¢

e [x by =, ax+by =, mx+by =,
Hoic " |a,x+by=—c, a,x+b,y=-c, a,x+b,y=—c,
c6 nghiém duy nhat vO nghiém v0 sO nghiém
n, va n, khong nT va nj cung phuong; nT va n2 cung phuong;
Hodc oo i !
cung phuong diém PeA ,taco PgA, diém PeA ,tacod PeA,
Két ¢
qui A, cit A, A, IIA, A=A,

Chu y: D€ kiém tra nj va n? cung phuong, ta kiém tra a,b, —a,b, =0.

Goéc giita hai dwong thang

Cho A,:ax+by+c, =0 6 VIPT n, =(a;b,) va

A, a,x+b,y+c,=0 c6 VIPT n a2,b2)

Géc ¢ (voi 0°< ¢ <90°) gitta 2 duong thang A, va Ay s

A, duogc tinh boi: )

. ni
n.n aa,+bb

cosq):cos(Al,Az)= L 2‘ - 22 122‘ = Ay
n,|.\n, \/“1 +b, .\/a2+b2
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Nhan xét:

a)Taco A, LA, nTJ_rT2 = ni.nj:O < a,.a,+b.b,=0.

b) Cho A, :y=kx+m, va A,:y=k,x+m, Khido A, LA, < k .k, =-1.
Vi tri twong d6i ctia hai diém d6i véi mot duong thang

Cho duong th.’;’mg A:ax+by+c=0 vahai diém M(xM;yM ), N(xN;yN) khong thudc A. Khi do:

Hai diém M, N nam cling phia d&i véi A Hai diém M, N nam khac phia d6i véi A
= (axM +by,, +c)(axN +byy +c) >0. = (axM +by,, +c)(axN +by,, +c) <0.
N o«
oM A
A
N

Phuong trinh cic dwong phan giac ctia cac goc tao boi hai duong thing
Cho hai duwong thang A, :ax+by+c, =0 va

A, :a,x+by+c, =0 citnhau.

Phuong trinh cac duong phan giac cua cac goc tao A,

bdi hai duong thang A, va A, la:

ax+by+c, :+u2x+b2y+c2

Ja+b e A,

3

Duong tron trong mit phang toa do

Phuwong trinh duong tron

* Phrong trinh duong tron (C ) cé tam [ (a;b) va ban kinh
R 1a: (x—a) +(y-b) =R®.

* Phuong trinh x> +y* —2ax—2by+c=0 véi a* +b*>—c>0
la phuwong trinh dwong tron tam [ (a;b) va ban kinh
R=+va*+b*—c.

Vi tri twong ddi giita dwong thang va duong tron

Cho duong thang d va duong tron (C ) .

d(1,d)<R d(I,d)=R d(1,d)>R

d cdt (C) tai hai diém phan biét | d ti€p xtic véi (C) d va (C) khong c6 diém chung

Vi tri twong d6i gitta di€ém va duong tron
Cho diém A va duong tron (C ) tam [ (a;b), ban kinh R.

IA=R IA<R IA>R

A nam trén (C) hay A e(C) A nam trong (C) A nam ngoai (C)
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Ngoai ra:

Néu (C) : (x—a)2 +(y—b)2 = R*. Thay toa d6 diém A vao vé€ trdi ctia (C):

VT =VP VT <VP VT >VP
Ae (C) A nam trong (C) A nam ngoai (C)

Néu (C):x* +y*> —2ax—-2by+c=0. Thay toa d0 diém A vao vé trdi cua (C):
y Y y

VT =0 VT <0 VT >0
Ae(C) A nam trong (C) A nam ngoai (C)

Viét phuong trinh dwong tron
Dang 1: Buong tron (C) co tam I(a;b) va ban kinh R

(C):(x—a)2+(y—b)2 =R?.

Dang 2: Buong tron (C ) cé tam [ (a; b) va di qua diém M

Ban kinh R=IM = \/(xM —a)z +(yM —b)z .

Dang 3: Duong tron (C ) co6 duong kinh AB

(C) co tam [ la trung diém caa AB, suy ra toa do I(xA;xB ;yA—zi_yBj.

Ban kinh R=1A=\/(x, ) +(v,~v,) -

Dang 4: Duong tron (C ) c6 tam [ va tiép xtic v6i duong thang A:ax+by+c=0
Ban kinh R= d(I,A) .

Dang 5: Duong tron (C) diqua 3 diém A, B, C (ngoai ti€p tam giac ABC)
Cach 1:

. A . . . |IA=1B IA? = IB?
B1: Goi I(a;b) la tam duwong tron (C), ta co: &
IA=1IC IA* = IC?

_aV —bY =(x, —a) b’
- (xA IZ) +(]/A ) (XB 11) +(yB )2 (gidi hé 2 4n 4, b suy ra tAm I(a;b)).

(xA —a)2+(yA —b)2 :(xc —-a +(yC —b)

B2: Tinh ban kinh R=1A = \/(xA —a)2 +(yA —b)z .

Cach 2:

B1: Goi phuong trinh dudng tron (C): x* +y* —2ax—2by +c =0 (*)

B2: Thay 3 diém A, B, C vao (*), rat gon dua vé hé phuong trinh 3 an 4, b, ¢ ro6i giai hé nay.
B3: Thay 4, b, ¢ vao (*) ta dugc phwong trinh duong tron (C ) can tim.

Cach 3:

B1: Viét phuwong trinh duong trung truc cua 2 trong 3 canh AB, AC, BC.

B2: Giai hé phwong trinh dé tim toa d6 tam [ (a; b) la giao diém cta 2 dwong trung truc vira viét.
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B3: Tinh bén kinh R=1A=(x, ~a)’ +(y,-b)’ .

Dang 6: Duong tron (C) di qua di€m M va ti€p xtc v6i hai truc toa do Ox, Oy
B1: Goi phuong trinh dudng tron (C): (x—a) +(y-b) =R* (*).

B2: (C) ti€p xtic véi 2 truc toa do Ox, Oy < |a|=[b|=R.

Trueong hop 1: a=b, R =|a|, (¥) tro thanh: (x—a)2 +(y—a)2 =a’ (**).

a

Ma: M € (C) nén (xM - a)z + (yM - a)z =4”. Gidi phuong trinh nay duoc a, thay a vao (**) ta duoc
(C) can tim.

Truwong hop 2: a=-b, R=|a|, (¥) tro thanh: (x — a)2 + (y + a)2 =a’ (**¥).

a

Ma: M e(C) nén (xM —a)2 +(yM +u)2 =a’. Giai phwong trinh nay duoc a, thay a vao (***) ta
dwoc (C ) can tim.

Dang 7: Duong tron (C ) tiép xtc véi 2 truc toa dd Ox, Oy va cd tam nam trén duong thang
d:mx+ny+p=0

B1: Goi (C): (x—a) +(y-b) =R* (*).

B2: (C) ti€p xtc véi 2 truc toa d6 Ox, Oy < ‘a‘ = ‘b‘ =R.

Treong hgp 1: a=b, R= ‘a‘ : (*) tro thanh: (x - a)2 + (y - a)2 =a* (*)

Tt (**) tacod tam [ (a; a) ma [ ed nén ma+na+p=0, gidi phrong trinh nay tim a, thay a vao (**)
ta duoc (C ) can tim.

Trueong hop 2: a=-b, R = ‘a‘ : (*) tro thanh: (x - a)z +(y+ a)2 =a’ (***)

Tt (™) taco I (a; —a) ma [ ed nén: ma—na+p=0, giai phuong trinh nay tim 4, thay a vao (***)
ta duoc (C ) can tim.

Dang 8: (C ) di qua hai diém A, B va c6 tam I nam trén duong thang A

Cach 1:

-Tam I thudc A, suy ra toa do tam I theo tham s t.

-Tte IJA=1IB tim t, suy ra tam I vaban kinh R, sau d¢ viét phuong trinh (C ) .

Cach 2:

- Viét phuong trinh dwong trung truc d cta doan AB.

- Xac dinh tam [ la giao diém caa d va A.

-Ban kinh R=]A.

Dang 9: (C) di qua hai di€ém A, B va tiép xuc v6i duong thang A
- Viét phuong trinh dwong trung truc d cta doan AB.

led

- Toa do tam I thoa man phwong trinh: .
d(I,A)=1A
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-Bankinh R=1A.

Dang 10: (C) di qua diém A va tiép xuc v6i duong thang A tai diém B

- Viét phuong trinh dwong trung truc d caa doan AB.

- Viét phuong trinh duong thang A’ di qua B va vudng goc véi A.

- Xac dinh tam [ la giao diém cua d va A’.

-Bankinh R=1A.

Dang 11: (C) di qua diém A va tiép xtc v6i hai dudng thang A, va A,
d(I,A,)=d(I,A 1

-Tam I cua (C) thod man: ( 1) ( 2) 0
d(I,A,)=1IA (2)

-Bankinh R=1A.

Chu y:

- Mudn bo dau tri tuyét d6i trong (1), ta xét ddu mién mat phéng dinh boi A, va A, .

-Néu A, ||A,, tatinh R= %d(Al,Az) va (2) duoc thay thé bsi JA=R.

Dang 12: (C ) tiép xtc vé6i hai duwong thang A,, A, va cé tim nam trén duong thang d

-Tam I ctia (C) thoa man: {f(eI;lAl) =d(1,4,) :

-Ban kinh R = d(I,Al) .

Phuong trinh ti€p tuyén ctia dudng tron

Cho duong tron (C) co tam I(a;b) va ban kinh R.

Tiép tuyén tai diém

PTTT tai mot diém M, (xo;yo) € (C) la:
A:(a—xo)(x—x0)+(b—y0)(y—y0)=O.

Tiép tuyén song song duwong thiang

PTTT cta (C ) song song voi duong thang d: Ax+By+C=0

Bl: Do Alld nén A cbdang: Ax+By+C'=0 (*) voi C'=C.

B2: St dung diéu kién ti€p xuc: d(I , A) =R tim C' (nhd so diéu kién).

B3: Thay C’ vao (*), ta dwgc PTTT A can tim.

Tiép tuyén vuong goc duong thing

PTTT caa (C ) vuong goc véi duong thang d: Ax+By+C =0

Bl: Do A Ld nén A c6dang: Bx—Ay+C'=0 (*).

B2: St dung diéu kién ti€p xuc: d(I ,A) =R tim C' (co 2 gia tri).

B3: Thay C’ vao (*), ta dwgc PTTT A can tim (c6 2 PTTT).
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Tiép tuyén qua diém
Tiép tuyén A cua (C) di qua M, (x,;y,)2(C).
B1: Viét phuong trinh duong thang A di qua diém

Mo(xo;yo) co dang;: v
y:k(x—x0)+y0<:>kx—y—kx0+ Y, =0 (*) M

B2: St dung diéu kién tiép xuc d (I ,A) =R tim hé so A

goc k. O

B3: Thay k vao (*), ta duoc phuong trinh ti€p tuyén
can tim (thuong c6 2 phuong trinh).

Chu y: Néu chi tim dugc 1 nghiém k thi ti€p tuyén con lai ¢ phuwong trinh la: x—x,, =0.

4

Ba duong conic trong mit phang toa do

Elip

Cho hai diém 8 dinh F, F, va mot do dai khong di 2a 16n hon EF,. Elip (E) la tap hop céc
diém M trong mit phang sao cho FM+FM=2a. y

|

Céc diém F, va F, goi la cac tiéu diém cta elip.

Do dai FF, =2c goi la tiéu cy cta elip (a>c).

Phuong trinh chinh tac ctia elip

2
M(x;y)e(E)Qx—j+‘Z—2:1 (1) trong d6 b=+a’>—c*.
a

Phuong trinh (1) goi 1a phuong trinh chinh tdc ciia elip.
Chu y:

. (E) cit Ox tai hai diém Al(—a;O), A, (a;O) va cit Oy tai hai diém B, (O;—b), B, (O;b).

e Cacdiém A,, A,, B,, B, goi la cac dinh cua elip.

* Tiéu diém: Diém F, (-c;0) goi la tiéu diém trdi, &i€m F,(c;0) goi la tiéu diém phdi cta elip.
* Doan thang A, A, =2a goi la truc I6n, doan thang B,B, =2b goi la truc nhé cta elip.

* Giao diém O cua hai truc goi 1a tdm ddi xiing cta elip.

* Hinh chit nhat tao bdi cic duong thang x =+a, y = +b goi la hinh chit nhit co s6.

A ) c
e Tamsai: e=—<1.
a

* Néu M(x;y)e(E) thi ‘x‘Sa,

y‘ <b.
* Bin kinh qua tiéu chia diém M (x,;y,, ) thudc (E) la:

c \ C
MF, =a+ex,, :u+;xM va MF, =a-ex,, :a—;xM.

* Dién tich hinh elip: S =7ab.
Hypebol
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Cho hai diém ¢8 dinh F,, F, va mot do dai khong d6i 2a nho hon FF,. Hypebol (H) la tap hop
cac difm M trong mit phang sao cho ‘FlM -EM ‘ =2a.

Céc diém F, va F, goi la cac tiéu diém caa hypebol.

Do dai FF, =2c goi la tiéu cy ctia hypebol (c > a).

Phuong trinh chinh tic ctia hypebol

Nguoi ta chtng minh duoc:

M(x;y)e(H)@x—j—Z—jzl (2) trong d6 b=~c*—a’ .
a

Phuong trinh (2) goi 1a phuong trinh chinh tic ciia hypebol.
Chu y:

. (H) cit Ox tai hai diém A (—a;O) va A, (a;O) . Néu vé
hai diém B, (0;-b) va B,(0;b) vao hinh chi* nhat OA,PB,

thi OP=+a* +b* =c.

e Cacdiém A,, A, goila cac dinh ctia hypebol.

* Tiéu diém: Diém F,(-c;0) goi la tiéu diém trdi, di€m F, (c;0) goi la tiéu diém phdi ctia hypebol.
* Doan thang A, A, =2a goi 1a truc thuc, doan thang B,B, =2b goi 1a truc do ctia hypebol.
* Giao diém O cua hai truc la tdm do6i xiing cia hypebol.
e Hinh chit nhat tao béi cac duong thang x =+a, y = +b goi la hinh chit nhdt co sé. Hai duong
thang chtta hai dwong chéo ctia hinh chit nhat co sé goi 1a hai duong tiém cdn ctia hypebol va co
phuwong trinh la y = ikx.

a

n ) c
e Tamsai: e=—>1.
a

* Néu M(x;y)e(H) thi x<-a hodc x>a.

c
a——Xy
a

c
a+—x,,
a

* Néu M(x,,;y,, ) thudc (H) thi: MF, :‘a+exM‘:

va MEF, :‘a—exM‘ =

Parabol
Cho mét diém F va mét duwong thing A ¢8 dinh khong di qua F. Parabol (P) la tap hop céc
diém M cach déu F va A. 'y

F goi la tiéu diém va A goi la dwong chudn ctia parabol (P). /
Phuong trinh chinh tac ctia parabol
M(x;y)e(P)e y* =2px. (3)

Phuong trinh (3) goi 1a phuong trinh chinh tic ctia parabol.
Chuy:
* O goi la dinh ctia parabol (P)

* Ox goi la truc d6i xiing ctia parabol (P).

Trang 37



Tong hop 1y thuyét THPT mén Toan ThS. Tran Thanh Yén

* p=d(F;A) goila tham s6 tiéu cua parabol (P).
 Tiéu diém F[g ;OJ .

p

* Phuong trinh duwong chuan: A:x = 5

* N&u M(x,,;y,) < (P) thi: MF=d(M;A)=x, +5.

* Néu M(x;y)e(P) thi x>0 va M’(x;—y)e(P).

THONG KE VA XAC SUAT 10

THONG KE

1

S6 gan dung

S6 diing ki hidu 1a a. S6'gin diing ki hidu 1a a, 14 gi tri xap xi ctia s8 ding 4.
Sai s6 tuyét doi

Sai s6 tuyét d6i cua sd gan dung a: A_ = ‘;t—a‘.

Y nghia: Phan 4nh mtic d6 sai léch giita s6 ding 4 va s6 gan ding a.
Dénh gia sai s0 tuyét d6i: A <d (d goila dg chinh xdc ctia sO gan dung).
Tavidt: a=a+d hodc a—d<a<a+d hodc ;el:a—d;a+d].

Sai s6 twong d6i

a

Sai s6 twong doi cua sO gan dung a: 6, = ‘—

Y nghia: Trong cac phép do khong tuong dong, nguoi ta stt dung sai s& twong d6i. Sai s§ tuong
ddi cang nho thi chat luong cua phép do hay tinh toan cang cao. Nguoi ta thuwong viét sai s6
twong d6i dudi dang phan tram.

A
Chay: 5 —~ecd

o " ld
S6 quy tron

Quy tac lam tron s§

® Néu chit s6 sau hang quy tron nhé hon 5 thi ta thay né va cac chit s6 bén phai né béi chit s6 0.
® Néu chit s§ sau hang quy tron 16n hon hodc bang 5 thi ta cfing lam nhw trén nhung cdng thém
1 don vi vao chit s6 hang quy tron.

Xac dinh s6 quy tron cta s6 gan dung a v6i do chinh xéac d cho truéce

Budc 1: Tim hang cua chit s6 khéc 0 dau tién bén trai cta d.

Bwdc 2: Quy tron a & hang gap 10 lan hang tim dc ¢ trén.

Xac dinh s6 gan ddng ctia mdt s6 v6i d6 chinh xac d cho trudce

Budc 1: Tim hang cta chit s6 khac 0 dau tién bén trai cua d.
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Buwdc 2: Quy tron a dén hang tim duoc o trén.
2

Céc s6 dac trung do xu thé trung tAm ctia mau s6 liéu

S6 trung binh o
o Gia tri X, X, X,
Mau so liéu: x,, x,,..., x, hodc - -
Tan so n, n, n,
- e X, X F.tX . nx +nx +..+nx . . i
X = = vdi n. 1a tan sO cua x..
So trung binh:x = 11— ~ hodc x =1—1—22 £k véin lat 1

n n
CoOmau: n=n, +n, +...+n,.
N . N, o . -
Ngoaira: X = f,x, + f,x, +...+ f.x, VOi f, = 8o la tan so tuong doi (hay tdn sudt) cua x, .
Y nghia ctia s6 trung binh: S§ trung binh cia mau s6 liéu dwgc dung lam dai dién cho cac sd liéu
cta mau. N6 la mot sd do xu thé trung tam cua mau so liéu do.
Trung vi
Sap xép mau s0 liéu theo thit tw khong giam, ta duoc: x, <x, <...<x, .
Trung vi cia mau, ki hiéu la M, la gid tri 6 chinh gitta day x,, x,,..., x,.

Nhan xét: Ta c6 thé dém va tinh tryc tiép trung vi hoac 4p dung cach tinh tong quat nhw sau:

A ~ X 2 s 1) ~ 7 n+1
Néu co mau n lé: trung vi la s6 tht TRk M, =x ..
2

—+1
2

A~ ~ x < s 1) ~ \ A 2 ~ ., n . n 1
Néu ¢ mau n chan: trung vi la s6 trung binh cdng ctia so th 5 va E+ 1: M, = E(xn +X, J
2

Hodc xem vi du sau day:

Mau s6 liéu Tinh Trung vi
X,y eees Xy %:5 X,
Xy s v Xy 10;18 =14 X,
X, ooy Xy 1 +220 ~10,5 %
Xy reer Xy 21;40 =30,5 %

Khi c4c s6 liéu trong mau c6 sit chénh 1énh rat 1én d6i véi nhau thi s§ trung binh khé cé thé dai
dién cho cac s8 liéu trong mau. C6 mot chi sd khac thich hgp hon trong truong hop nay. D6 1a s6
trung vi.

Y nghia ctia trung vi:

Trung vi duoc ding d€ do xu thé trung tAm ctia mau s6 liéu. Trung vi 12 gia tri ndm & chinh gitta
ctia mau s& liéu theo nghia: ludn cé it nhat 50% sd liéu trong mau 16n hon hoéc bang trung vi va
it nhat 50% sd liéu trong mau nhd hon hojc béng trung vi. Khi trong mau xuit hién thém mot gia
tri rat 16n hodc rat nho thi s6 trung binh sé bi thay doi dang ké nhung trung vi thi it thay doi.

T& phan vi
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* Gid tri t1 phdn vi thit hai, Q,, chinh 1a s6 trung vi ciia mau.

* Gid tri tif phdn vi thi nhdt, Q,, 1a trung vi ctia ntra s8 liéu bén trai Q, (khong bao gom Q, néu
n le).

* Gia tri tit phdn vj thit ba, Q,, 1a trung vi ctia nita s0 liéu bén phai Q, (khong bao gom Q, néu

n 1é).

25% Q1 25% Q- 25% Qs 25%
Y nghia ctia t& phan vi:
Céc diém t& phan vi Q,, Q,, Q, chia mau sd liéu da xap x&p theo thit tu tir nhd dén 16n thanh
bdn phan, mdi phan chita khoang 25% tong s8 s8 liéu da thu thap dwogc. Tt phan vi thit nhat Q,
con dwoc goi la t& phan vi dudi va dai dién cho nira mau s liéu phia duwdi. Tt phan vi thit ba Q,
con dwoc goi la t phan vi trén va dai dién cho ntta mau sd liéu phia trén.
Mot
Gia trj c6 tan sd (hodc tan s& twong d6i) 16n nhat duoc goi la moét ciia mau s6 liéu, ki hidu la M, .
Y nghia ctia mét:
M@t déc trung cho gia tri xudt hién nhiéu nhat trong mau.
Chti y: Mot mau s6 liéu cé thé cé nhiéu mét. Khi tat ca cac gid tri trong mau sd liéu ¢ tan s& xuat
hién bang nhau thi mau s6 liéu &6 khéng cé mét.
Nhan xét: S trung binh, trung vi va ti phan vi la cac s& dic trung do xu thé trung tam ctia mau
s0 liéu. Ta thuong chon sd dac trung la s6 trung binh néu cac so liéu co gid tri gan nhau, chon s
déc trung 1a trung vi néu trong mau c6 s6 16n hodc nho bat thuong (goi 1a cac gia tri bat thuong
hodc gia tri ngoai 1¢), chon s6 ddc trung la t& phan vi khi cac sO liéu khong dong déu nhau, nhiéu
s6 liéu trong mau chénh léch 16n so véi trung vi.
3
Cac s6 dac trung do mirc do phan tan ctia mau s6 liéu
Khoang bién thién va khoang t phan vi
Sap x&p mau s8 lidu theo thit tw khdng giam, ta duoc: x, <x, <..<x,.
Khodng bién thién ciia mot mau s6 lidu, ki hiéu 1a R, 1a hiéu gitta gid tri 16n nhat va gia tri nho
nhAt ctia mau s6 liéu d6, técla R= X, —X,.
Khodng tit phdn vj, ki hiéu la A, la hiéu gitta Q; va Q,, ticla A, =Q,-Q,.
Y nghia ctia khoang bién thién va khoang ti phan vi:
Khoang bién thién ddc trung cho do phan tdn ctia toan bd mau s6 liéu.
Khoang t& phan vi dac trung cho dd phan tan cia mét ntra cac s6 liéu, ¢ gid tri thudc doan tir
Q, dén Q, trong mau.
Khoang tt phan vi khong bi anh hudng béi cac gid tri rat 16n hodc rat bé trong mau.
Gia tri ngoai 1é (gia tri bat thwong)
Khoang tt phan vi dugc dung dé€ xac dinh céc gid tri ngoai 1é trong mau, d6 1a cac gid tri qua nho
hay qua 16n so véi da s6 cac gid tri cia mau. Cu thé, phan ti x trong mau la gid tri ngoai I¢ néu
x>Q,+1,5A, hodc x < Q, —-1,54,.
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Su xudt hién ctia cac gia tri ngoai 1€ lam cho s6 trung binh va pham vi ctia mau thay d6i 16n. Do
d6, khi mau c6 gia tri ngoai 1§, nguoi ta thwong st dung trung vi va khoang t& phan vi dé do
murc do tap trung va mirc d0 phén tan ctia da s cac phan tr trong mau s liéu.

Phuong sai va d6 1éch chuan

Phuong sai
(1) 8 == (3, +(x,=%) +ot (3, - %)
) SZ=%(xf+x§+ +22)-%;
©) 8 = [, (x, %) +my (3, %)+t (3, -5) |
@)yzi@ﬂpWﬂahﬁ%ﬂg-f.

D¢ léch chudn 1a can bac hai (s6 hoc) ctia phuong sai, ki hiéu la S. Ttcla S= \/S_2 .

Y nghia ctia phuwong sai va do 1éch chuan:

Phuong sai la trung binh cong ctia cac binh phuiong d6 léch tir mdi gia tri cia mau s6 liéu dén s6
trung binh.

Phuong sai va d6 1éch chudn duoc dung d€ do mirc dd phan tén ctia cac s6 liéu trong mau quanh
s6 trung binh. Phuwong sai va do léch chudn cang 16n thi cac gid tri cia mau cang cach xa nhau
(c6 do phan tan 16n).

XAC SUAT

1

Phép thtr ngau nhién va khong gian mau

Phép thir ngau nhién (goi tat 1a phép thir) 1a mot hoat ddng ma ta khong thé biét truede duoc két
qua cta nd.

Tap hop tat ca cac két qua cd thé xay ra ctia phép thir ngau nhién dwoc goi 1a khdng gian mau, ki
hieula Q.

Bién cd

Bién c6'1a mot tap con cua khdng gian mau, ki hiéu la A, B, C, ...

MOi phan ttr ctia bién ¢6 A dwoc goi 1a két qua lam cho A xay ra, hoéc két qud thudn lgi cho A
. Trong mot phép thi, néu két qua cua phép thir la mot két qua thuédn loi cho A thi ta ndi bién c6
A xay ra.

Bién c6 chdc chdn 1a bién ¢S luon xay ra, ki hiéu la Q.

Bién c6'khong thé'la bién c6 khong bao gio xay ra, ki hiéu la .

2

Xdac suat cta bién cd

Gia stt mot phép thit c6 khong gian mau Q gém hitu han cac két qua cé ciing kha nang xay ra
va A la mdt bién co.

e n(A)
Xdc sudt ciia bién cé” A 1a: P(A) = .

n(Q)
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Trong d6 n(A) va n(Q) lan luot la s§ phan tir cia A va Q.

Bién c6 ddi

Cho A 1a mot bién c8. Khi d6 bién 8 “Khong xay ra A”, ki hidu 1a A, duoc goi 1a bién 6 ddi
cta bién cd A.Vé mét tdp hop, tacdé A=Q\A .

Nhan xét:

* 0<P(A)<1 * P(Q)=1va P(0)=0 e P(A)=1-P(A)

Nguyén li xac suat bé

Trong thuc t&, cac biéh 8 c6 xac suat xay ra gan bang 1 thi gan nhu 1a ludn xay ra trong mot phép
thtt. Nguoc lai, cac bién c8 ma xac sudt xay ra gan bang 0 thi gan nhu khong xay ra trong mot
phép thu.

Trong Li thuyét Xac sudt, Nguyén li xac sudt bé dugc phat biéu nhu sau:

Néu mgt bién cd'co xdc suit rit bé thi trong mgt phép thi, bién c6'dé sé khong xay ra.

Vi du nhu khi mét con tau lwu thdng trén bién, xac suat né bi dam la s6 dwong. Tuy nhién, néu
tuan tht cac quy tac an toan thi xac sudt xay ra bién c8 nay la rdt nho, con tau cé thé yén tam hoat
dong.

Néu mot nha san xuéat tuyén bo ti 1€ gay sdc phan vé nang khi tiém mot loai vic xin 1a rat nho,
chi khoang 0,001, thi ¢ thé tiém vac xin d6 cho moi ngwoi dugc khong? Cau tra 10i 1a khong, vi
sttc khoé va tinh mang con ngudi 1a vo gia, néu tiém loai véc xin d6 cho hang ti nguoi thi kha
nang c6 nhiéu nguoi bi sdc phan vé nang la rat cao.
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PAISO VA MOT SO YEU TO GIAI TiCH 11
HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC
1

Goc luong giac

Géc lugng gidc cé tia dau Oa, tia cudi Ob, ki hiéu (Oa, Ob). b

S8 do ctia goc luong giac (Oa,Ob) ki hiéu 1a sd(Oa,Ob).

Chu y: C6 v0 s6 goc luong giac tia dau Oa va tia cudi Ob.

Ta ki hiéu (Ou, Ob) cho tat ca cac goc lugng giac nay. h a

Pon vi radian

Trén duong tron ban kinh R, goc 6 tam chdn mot cung co6 do dai dang bfmg R dugc goi la mot
goc c6 s6 do 1 radian.

wa

® 180°=rx rad e ;°="" rad [ 2% rad:[@}

7
D6 dai cung tron: Trén duong tron ban kinh R, mot goc & tam ¢ s6 do « rad thi chdn mot cung
codddai I=aR.

Nhan xét: sd(Oa, Ob) = a°®+k360° (k € Z) vOi a° la sd do cia mot goc luong giac bat ki ¢ tia dau
Oa va tia cudi Ob. Véi don vi radian, sd(Oa, Ob) =a+k2x (k € Z) )

Hé thirc Chasles (Sa-1o)

Véiba tia Oa, Ob va Oc bétki, ta c6 (Oa,Ob)+(Ob,Oc)=(Oa,Oc)+k360° (k € Z).

Duong tron luwong giac Y4

¢ Chiéu duwong nguoc chiéu kim dong ho M

® Chiéu am cung chiéu kim doéng ho. .

® Cho goc a . Trén duong tron luong giac, ta xac dinh dwgc duy nhat 5 14 -

mot diém M sao cho sd do goc luong giac (OA,OM ) bang . Khi d6

diém M duoc goi la diém biéu dién cta géc cd sd do a trén duong tron

leong gidc.
2

Gia tri lwgng gidc cua mot goc lwong giac

F 3 ° — ..
g §IT Cosa =xy Va, ta co:
w
* sina =y, e —1<cosa<l
B S cot sina T * —-1<sina<1
K- stana = =y |a#=+kn| . o) =i
M/ cosa sin(« 7)=sina
cosa _
a cos *cota =— = x, (a;tkzz) . Cos(a+k27z)—cosa
o ¢ A > sina
. (a+kﬂ):tana

tan
] cot(a + kﬂ') =cota
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DA&u ctia cac gia tri lwong giac

Gia tri lwong gidc cua cac goc dac biét

I II II1 1A% 0 T V4 T T
— — — — T
. 6 4 3 2
sina + + - -
00 300 | 459 | 60° | 90° | 18Q°
cosao + - - +
. 1 | V2 |3
i N _ N ~ sin 0 > 7 7 1 0
cota i _ i _ CcoS 1 ﬁ Q l 0 -1
2 2 2
J3
tan | 0 =5 1 3 I 0
NE)
cot | 3 1 |22 1] 0 I
3
481N atan
4 \/ﬁ
=3 Vi
\\‘x ,f‘/cotang

%\:‘T-—-—-——\

3

Cac cong thirc lwgng giac

—— e A [

COs

Hai gdc ddi nhau

Hai géc bu nhau

Hai géc hon kém =

sin(—a) =-—sina
Cos(—a) =cosa

tan(—a) =—tana

sin(;z—a) =sina
COS(ﬂ—O() =—Ccosa

tan(;z—a) =—tana

sin(a+7z):—sina
cos(a+7r) =—Cosua

tan(a +7r) =tana
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cot(—a):—cota cot(ﬂ—a):—cota cot(a+7z):cota
. 14 . 4 ’ ﬂ. oy 4 L4 i
Hai goc phu nhau Hai goc hon kém @ Cong thirc lvong giac co ban
(7 . m sin’a+cos’ a=1 tana.cota =1
sin| ——a |=cosa sin| @ +— |=cosa
2 2 sina cosa
tana = cota =—
T . P ) cosa sina
COS(E—aj:sma cos[a+EJ=—sma 1
—=1+tan’ & ——=1+cot’ «
pe - cos” a sin” a
tan E‘“ = cota tan| ¢ +— |=—cota
2
t £_ =t T
0 2 @ |=tana cot[a+5j:—tana

“COS POI - SIN BU - PHU CHEO - TAN, COT HON KEM PI”
“HON KEM PI/2 CHEO SIN”

Cong thirc cong

Cong thitc nhan d6i

sin(a+,8) =sina cos f+cosasin

»

in(a—ﬂ):sinacosﬂ—cosasinﬁ

cos(a+ﬂ):cosacosﬂ—sinasinﬂ
(

sin2a =2sin o cosa
cos2a = cos® a —sin® a
cos2a =1-2sin’ «

cos2a =2cos*a—1

cos a—ﬂ):cosacosﬁ+sinasinﬂ tana
tan2a=1t—2
t +1 —tan” o
tan(a+,8)=1ana an o .
—tanatan S CotZa:CZ 0;
t —t cota
tan(a—ﬂ): anq —tan g
l+tanatan g
Cong thirc ha bac Cong thirc nhan ba
1+cos2 _ 3,
cos? g = cosza cos3a =4cos’ a—3cosa
2 sin3a = 3sina —4sin’ o
sin® o _1-cos2a 3tana —tan’ o
2 tan3a = >
1-3tan”
2 1-cos2«a
tan"og =——
1+ cos2a

Cong thirc bién d6i tich thanh tong

Cong thiec bién d6i tong thanh tich

cosacos,b’:%:cos(a+ﬂ)+cos(a—,3)]
sinasin f = —%:cos(aﬂb’)—cos(a—,b’)}
sina cos 8 :%:sin(a+ﬂ)+sin(a—ﬂ)]

a+ﬂcosa—ﬂ

cosa +cos ff=2cos

2 2
cosa—cos,b’:—Zsina+ﬂsina;ﬂ
sina+sin,b’:25ina+ﬂcosa_'8

2 2
sina—sinﬂ:ZCOSa;'Bsina;ﬂ
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Cong thitc tinh theo tang Mot s6 cong thire khac
bat t = tan> . Khi d¢: tana +tan g = sin@+f)
2 cosa.cos f
1-#
cosx=—73 tana—tan g = sin(@=p)
1+t cosqa.cos f
TP sin a..sin 8
t
tanx = 1—#2 cota —cot f= sin(f-a)
sina.sin
1-#
cotx = /4 l+tana
¢ tan| —+a | = ——
4 1-tana
Vg 1-tana
tan| ——a |=——
4 l+tana
sina+cosa = 2.sin[a+%}=\/§.cos(a—%j
sina —cosa = \/Esin(a—%j = —\/Ecos(a +%)
4

Ham s6 lugng giac va do6 thi

Ham s6 chan, ham s6 1é, ham s6 tuin hoan

Cho ham s8 y = f(x) xac dinh trén tap D.

e Hams0 y = f(x) 12 ham s6 chdn trén D néu voi moi xe D tacd —xe D va f(—x) = f(x) .

e Hams0 y = f(x) 12 ham sé'1é trén D néu véimoi xe D tacd —xe D va f(—x) = —f(x).

Chii y: - D6 thi ctia ham s6 chdn nhan truc tung lam truc d6i xtng.

- D6 thi ctia ham s6 1é nhan gdc toa d¢ lam tam doi xtng.

e Hams6 y = f (x) 1a ham s6 tudn hodn néu ton tai mot s6 T khdc 0 sao cho véi moi x € D ta cd
x+TeD va f (x +T)=f (x) S6 T dwong nho nhat thoa man cac diéu kién trén (néu cé) duoc
g0i 1a chu ki ciia ham s8 tudn hoan y = f(x).

Ham sé6 lwong giac

Ham s y =sinx Ham s6 y = cosx

- Tap xacdinh D =R - Tap xacdinh D =R
-Tapgiatri T=[-1;1] -Tapgia tri T =[-1;1]
-Laham sg 1é -La ham s8 chn
-Chuky T, =27 -Chuky T, =27

N . . . 2r SN . . 2r
-Ham s6 y = sm(ax+b) co chuky T = W -Ham s6 y = cos(ux+b) cochuky T, = W

a a
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- Dong bién trén [—% +ham k27zj - Dong bién trén (-7 +k27;k27)

- Nghich bién trén (k27; 7 +k2r)

- Nghich bién trén (% + kzn;%” + k27zj

Ay Ay

Ham sd y = tanx Ham sd y = cotx

-Tap xacdinh D =R\ {kz : k € Z}

- Tap xac dinh DzR\{%+kﬂ:keZ}
-Tapgiatri T =R

-Tapgiatri T=R -Lahamsd1é
-Lahamsolé _Chuk}\,T =7
0
-Chuky T, =7
- - Ham s& y=c0t(ax+b) c6 chu ky T, =z
-Ham s6 y =tan(ax+b) c6 chuky T, = H ‘u‘
a
- Nghich bién trén (kz; 7 +kr)
- Déng bién trén | — =+ kr; = +kx
2 2
Ay Ay
: j: :ymy: j: :\ :\ &t :\ :
xn;/n _Eé Oni/ﬂ: M;/Zn ;':_n s i = 0 = L —— X
2 2| 2/ T 2 Ez\i z\ z\i z\i

Chuy
e tan X cO diéu kiénla cosX #0.
e cotX coddiéukiénla sinX =0.
® Cho ham s§ y=f,(x) c6 chu ky T, va ham s§ y=f, (x) c6 chu ky T,. Khi d6 ham s6
y= fl(x)ir 1 (x) c6 chu ky T, 1a boi chung nho nhatcaa T, va T,.
Cach tim BCNN cua T, va T,:
T . 1
Viét -+ =" v6i = 1a phan s8 t5i gian. Khi d6 BONN[T,,T, | =T,z
, n n
5
Phuwong trinh luwgng giac co ban

Phuong trinh sinx =m voi m e [—1;1]
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x=a+k2x

. sinx:m<:>sinx:sina©{ (keZ) voi a la géc thudc {—%,%} thoa sina =m

x=r-a+k2rz

(g6c a nay con goi la arcsinm, CASIO: bdm @l ). Ttec la:

x =arcsinm+ k2

o sinx=m< ] (keZ).
x=rx—arcsinm+k2x
Chu y:
) . u=v+k2r ) ) x =a°+k360°
® siny=sinv < (keZ). ® sinx =sina®° < ( EZ).
u=r—-v+k2xz x =180°—a°+ k360°
Phuwong trinh cosx=m véi m e[—l;l]
x=a+k2x ,. < A . .
® COSX =1 <> COSX =COSa <> (keZ) voi a la goc thudc [0;72'] thoa cosa =m (goc

x=—a+k2x

a nay con goi la arccosm, CASIO: bam ). Ttec la:

x =arccosm-+k2x
e COSX=m< (keZ).
x =—arccosm+k2x
Chuy:
u=v+k2rz x =a°+k360°
® COSU=COSU < (keZ). ® cosx =cosa’ ( eZ).
u=-v+k2rx x =—a°+k360°

Phuong trinh tanx =m

e tanx=m < tanx=tana < x=a +kr (keZ) voi a la goc thudc [—%,gj sao cho tana =m

(g6c a nay con goi la arctanm , CASIO: bam ). Ttec la:

e tanx =m < x =arctanm + ki (keZ).
Chuay:
® tanu=tanv s u=v+kx voi u, v¢%+k7z (keZ). ® tanx =tana®° < x =a°+k180° (keZ).

Phuong trinh cotx =m

e cotx=m& cotx=cota < x=a+kr (keZ) voi a la goc thudc (0;72') sao cho cota =m (goc

a nay con goi la arccot m, CASIO: bAm ). Tuc la:
m

e cotx=m< x=arccotm+kr (keZ).

A 14 1
Nhan xét: arccotm =arctan—.
m

Chuay:

e cotu=cotou=v+kr voi u, v#kr (keZ). ® cotx=cota®° < x=a°+k180° (keZ).
Mot s6 treong hop dic biét

Vbi keZ, ta co:

) T
esinu=0cu=kr ocosu:O<:>u:E+k7z
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osinu:1c>u:§+k27z e cosu=1lou=k2r

cosu=-1cu=r+k2r

sinu:—1<:>u=—%+k27r

tanu=0<sinu=0<u=kr

cotu:0<:>cosu:0<:>u:%+k7z

) Vs
cotu=1losinu=cosu<u=—+kr

) T
tanu=1<sinu=cosu < u=—+kr

) /s ) s
tanu:—1<:>smu:—cosu<:>u:—z+k7z . cotu=—1<:>51nu=—cosu<:>u:—z+k7r

6
DOQC THEM: Phuwong trinh lugng giac thuong gip
Phuong trinh béc hai theo mét ham s6 lugng giac

Dang at’ +bt+c=0 (a=0) véi t la mot ham s6 lwong gidc nao d6. Chang han nhu t la
1
sinx’

sinx, cosx, tanx, cotx, asinx+ fcosx, sin(ax+,b’),

Phuong trinh bac nhat déi véi sinx va cosx
Dang asinx+bcosx=c v6i a* +b* #0.

Diéu kién c6 nghiém: a* +b* > ¢*.

Cach giai:

Chia hai v€ cua phuong trinh cho va® +b* , phwong trinh tré thanh:
Lsi1r1x+—cosx - .
Na? +b? Na? +b? Na? +b?

bat: __f - cosa va L =sina . Ta dugc: sinxcosa +cosxsina =

c
Va* +b* a’ +b* Ja? +b
) c
Ap dung cong thitc cOng, ta dugc phuong trinh sin(x+¢a )= ——.
( ) Va? +b?

Bat dang thitc B.C.S tim max min ctia y = asinx+bcosx

|y| =‘a.sinx+b.cosx‘ <@ +b2 Alsin? x+cos? x =t +b? .

Khi d6: miny = —+a® +b va maxy=va® +b> khi - = cobsx hay tanx=%.
a

Phuong trinh thuin nhat bac hai theo sinx va cosx
Dang asin’ x+bsinxcosx+ccos’ x=d (*) v6i a’ +b> +c* 0.
Cach giai 1:

TH1: cosx=0<x= % +kz véi keZ. Suy ra sin® x =1. Thay vao (*) xem c6 nghiém khong.

TH2: cosx#0 < x # % +kz v6i k € Z. Chia hai vé& ctia phwong trinh cho cos® x dé dua vé phuong

trinh theo tanx .
Cach giai 2:
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Ap dung cong thitc ha bac va cong thirc nhan d6i, phuong trinh thuan nhat bac hai dugc chuyén
thanh phuwong trinh bac nhat theo sin2x va cos2x.

Phuong trinh d6i xirng d6i véi sinx va cosx

Dang: Phuong trinh c6 chita tich sinxcosx va tong sinx +cosx hodc hiéu sinx—cosx.

Cach giai:

2

e Dat t =sinx+cosx (diéu kién ‘t‘ <\2). Suy ra sinxcosx = va dua phuong trinh vé an t.

2

va dua

e Dit t=sinx—cosx hodc t=cosx—sinx (diéu kién ‘t‘S\/E). Suy ra sinxcosx =

phuong trinh vé an t.

DAY SO. CAP SO CONG. CAP SO NHAN
1
Day s6
Ddy s6'v6 han (goi tat 1a day s6) laham s6: u: N — R

n > u, =u(n)
Dang khai trién cua day s6 (un) la: u;u,;..5u; ...
u, = u(l) goi la s6 hang dau, u = u(n) goi la s6 hang thtt n (hay s0 hang tong quat) cua day so.
Day s6 hitu han c6 dang khai trién la u,, u,, ..., u, .
Céch xac dinh day s6
Cach 1: Liét ké cac s6 hang (vdi cac day so hitu han).
Cach 2: Cho cong thitc cua s6 hang tong quat u, .
Cach 3: Cho hé thttc truy hoi, nghia la:
- Cho s0 hang tht nhat u, (hoac mot vai s6 hang dau tién);
- Cho mot cong thirc tinh u, theo u_, (hodc theo vai s6 hang diing ngay truedce no).
Céch 4: Cho bang cach mo ta.
Day s6 ting, diy s6 giam
® Day s (u,) duoc goi la day s6 tangnéu u,,, >u,, VneN .

® Day s6 (u, ) duoc goi la day s6 gidm néu u,,, <u,, VneN .

Cach 1: Xét hiéu u, , —u :

u  —u >0 YneN u, . —u <0, VneN
(u,) 1a day sd ting (u,) 1a day s6 giam
* 7 2 A~ u
Cach2:Khi u, >0, VneN taxéttisG —:
u
un+1 > 1 un+1 < 1
Mn un
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(u,) 1a day s6 ting (u,) 1a day s6 giam

Day s6 bi chan

® Day s0 ) dwoc goi la day s6 bi chdn trén néu ton tai mot s6 M sao cho u, <M, VneN .

(,
® Day s0 (un) dwoc goi la day s bi chdn dudi néu ton tai mot s6 m sao cho u, >m, VneN' |

® Day s0 (un) duoc goi la day sO bj chdn néu nd vira bi chan trén vira bi chan dwdi, nghia la ton
tai cdc s8 M va m saocho m<u <M, VneN .

2

Cap sb cong

Cdyp s6'cong 1a mot day sd (hitu han hodc vo han) ma trong d6, ké tir s6 hang thit hai, mbi s6 hang
déu bang tong ctia s6 hang diimg ngay triede né véi mot sé d khong d6i (d duoc goi 1a cong sai).

Pinhnghia: 4, =u +d, VneN".
SO hang tong quat: u, =u, +(n—1)d voin>2.

4 7 /4 ~ u — + u r.
Tinh chat cac s6 hang: u, = % véi k>2.

- 2 -1)d
Tong n s6 hang dau tién: S, =u, +u, +...+u, :M= 71L11+n(n2 1)d = n[ u1+(n ) ]

3

Cap s6 nhan

Cdp s6 nhan 1a mot day s§ (hitu han hodc vo han) ma trong d6, ké tir s6 hang thit hai, mdi s6
hang déu bang tich ctia s8 hang diing ngay trudc né véi mot sd g khong ddi (g duoc goi la cong
boi).

Pinh nghia: u , =u g, VneN".

1

S6 hang tong quat: u, =u,.q"" voi n>2.

7 Y 7 A . 2 _ 7.
Tinh chat cAcsd hang: u, =u, ., voi k>2.

N N A [N ul (1-5]") 7
Tong n s6 hang dau tién: S = 1, voi g#1.
-4
Chay:Néu g=1thi S =nu,.
GIOI HAN. HAM SO LIEN TUC
1
Gi6i han day s6
Mot vai gioi han dac biét
im0 tm Lo (rez) | B =0 (41 fme=c (v g =5
n—>+wo 37 n—>+0 31
lim n* = +oo (keZ*) limg" =+ (q>1) ljm\/;:+oo

Quy wdc: Ta hay viét limu, =a thay cho limu =a.

n—»+oo
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Pinh li
e Néu limu, =a va limov, =b thi:
- lim (u, +v,)=a+b - lim (u, —v,)=a-b
. . u a ~
. 11m(un.vn)=a.b *» im—2*=— (néu b #0).
v b

eNéu u >0, Vn valimu =a thi 220 va Iim\/Z:\/;.
* (Pinh li kep) Néu [u,|<v,, Vn va limov, =0 thi limu, =0.

o Néu limu, =a thi lim|u |=|d.

limu, limo, lim ( u.o, )
+00 +00
a>0
—00 —o0
+00 —o0
a<0
—o0 +00
limu, limo, D4u caa v, lim—=
vn
a +o0 Tﬁy },7 0
+00
a>0
- —0
0
+ —0
a<0
- 400

Chu y: Khi tinh gidi han c6 mot trong cac dang vo6 dinh: %, E, o — oo, 0.c0 thi phai tim cach kht

o0
dang vo dinh.
Tong cta cap s6 nhan lui vé han
Cho cap s6 nhan vo han (un) c6 cong boi g, voi ‘q‘ <1.Khidd: S=u, +u, +u, +...= 1u1q :

M6t s6 phuwong phéap tim giéi han caa day s6

e Chia ca ttr va mau cho lu§ thtta cao nhat caa 7.

- Néu bac ctia ttt nhé hon bac ciia mau thi két qua cta gidi han d6 bang 0.

- Néu bac ctia tit bang bac ctia mau thi két qua cta gidi han d6 bang ti s§ cac hé s6 ctia luy thita
cao nhdt cta tir va cua mau.

- Néu bac ctia tt 16n hon bac ctia mau thi két qua cua gidi han d6 la 400 hodc —« tuy vao dau
cta tir va mau.

* Dung Binh 1i kep: Néu ‘un‘ <v ,Vnvalimov, =0 thi limu, =0.

o Nhan lwong lién hgp: Dung cac hang dang thic:

(1) (A-B)(A+B)=A*>-PB
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(2) (A-B)(A*+AB+B*)= A’ -P’
(3) (A+B)(A*~AB+B*)=A’+PB’
Cu thé:

JA +B lien hop VA -B A++/B lienhop A—/B

JA ++/B lién hop VA —vB YA+ B lienhop YA ~A.B+B?
YA -B lienhop YA? +YAB+ B A+3B lien hop A* - AYB+3B?
A-3/B lien hop A>+ A/B +3PB? YA +3B lien hop YA* -YAB+YB’
YA -3B tienhop YA? + VA B +IB

2
Gi6i han ham s6
Mot vai gioi han dac biét

Vi ¢ 1a hang s6 va k nguyén duong, ta c6:

limx=x, limc=c lim x* = +o0
X=X, XX, X—>+0
+o0 k=21 .1 .

lim x* = ! lim—=-w lim — = +o0
X—>—00 —o0 ’k — 21 +1 x—=0" X =07 x

.1 .1 limc=c .. cC
lim-— =1lim+— =4 X o>too lim —=0
x—0" | x| x—0" |x| x>+ x

) 1 . 1
im——=4w (ae]R) lim———=— (ae]R)
x—>at X —a x=>a X —0

Céc phép toan vé giéi han hitu han ctia ham s6
e Giastt lim f(x)=L va lim g(x)=M . Khi do:

+ lim[ f(x)+g(x)|=L+M  lim| f(x)-g(x)]=L-M
-}(igz[f(x).g(xﬂzL.M -}32%’3:% (néu M #0).
e Néu f(x)0 va lim f(x)=L thi L>0 va lim[f(x) =VL.

e Néu lim f(x)=L thi lim

X=X, X=X,

f(x)‘ :‘L‘.
Gio6i han mot béen
o lim f(x)=L khi va chi khi lim f(x)=1lim f(x)=L.

XX, x—xy x—>x$

® Néu lim f(x)#lim f(x) thi khong ton tai lim f(x).

x—xy x—xy XX,
® Céc phép todn vé gi6i han hitu han ctia ham s& van ding khi thay x — x, bang x — x; hoéc
x = x, hodc x - +oo hodc x — —o.
Mot vai quy tac vé giéi han vo cuc

Tim gidi han caa tich
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limf(x) | lmg(x) | limf(x)s(x)
+00 +00
L>0
—00 —00
+00 —00
L<0
—0 +00
Tim gidi han cua thwong
. . DA4u cua . f(x)
lim f(x lim g(x lim——~<
X=X, ( ) XX, ( ) g(x) xl_)l‘)l{': g(x)
L +o0 Tﬁy },7 0
+ +00
L>0
— —00
0
+ —00
L<0
- +00

Ddu cua g(x) xét trén mot khoang K nao do dang tinh gisi han, véi x # x,.
Cha y: Hai quy tac trén van dtng cho cac treong hop x — x{, x —>x,, x — +00, X — —0.
M6t s6 phuwong phap khir dang v6 dinh:

Khi tinh gioi han c6 mot trong cac dang vo6 dinh: %, 2 o -0, 0.0 thi phai tim cach khtt dang vo
o0

dinh.
0
¢ Dang —:
ang 0

Tt va mau 1a cac da thirc: Phan tich ca t& va mau thanh nhan t va rat gon.
T va mau 1a cac biéu thirc chira cin cung bac: Nhan luong lién hop.
Tt thikc 1a bi€u thirc chira cin khong ciing bac (thwong thi chita can bac 2 va bac 3 cung luc):
Thém b6t hiang s& a hodc mot biéu thike phit hop vao ti.
* Dang 2: Rt nhan t chung bac cao nhat tir va mau (rat x mit) hodc nhan lwong lién hop.
® Dang o —o0: Rt nhan t& chung bac cao nhét (rat x mit) hodc nhan luwgng lién hop.
® Dang 0.0 : Nhan lién hop.
3
Ham s6 lién tuc
Ham s0 lién tuc tai mot diém

Choham s6 y = f(x) xac dinh trén khoang (a;b) va x, € (a;b).

Ham s8 y = f(x) lién tuc tai diém x, < lim f(x)= f(x,).

X—)XU
D€ xét tinh lién tuc cila ham s6 y = f (x) tai diém x, ta thuec hién cac bude:

B1: Tinh f(x,).
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B2: Tinh lim f (x) (trong nhiéu treong hop ta can tinh lim f (x) va lim f (x) )-

+
X=Xy X=X, XX,

B3: So sanh lim f (x) voi f (xo) va rut ra két luan.

Ham s6 lién tuc trén mét khoang

Hams6 y=f (x) lién tuc trén khoang (a; b) néu nd lién tuc tai moi diém thudc khoang do.
Ham s6 lién tuc trén mot doan

Ham s6 y = f(x) lién tuc trén doan [u;b] néu no lién tuc trén khoang (a;b) va 11_21 f(x) = f(a)
(lién tuc phai tai a), lim f(x)= f(b) (lién tuc trdi tai b).

Chu y: D6 thi ctia ham s6 lién tuc trén mot khoang la mot “duwong lién nét” trén khoang do.
Tinh lién tuc ctia ham s6 so cap

® Ham s6 da thic y =P (x), cac ham s0 luong gidc y =sinx, y =cosx lién tuc trén R.

P(x)
Qx)
y = cotx lién tuc trén cac khodng cta tap xac dinh ctua chung.

Trong do P(x) va Q(x) la cac da thrrc.

e Ham s6 phan thic y = , ham s6 can thic y = JP(x), cac ham sd luong giac y=tanx,

Nhin xét: Ham s thudc nhitng loai trén duoc goi chung la hdam sd’so cip.

Tinh lién tuc cta tong, hiéu, tich, thwong

Gia stt cacham s y = f(x), y= g(x) lién tuc tai di€m x,. Khi do:

e Cachamsd y = f(x)+g(x), y= f(x)—g(x), y= f(x).g(x) lién tuc tai di€ém x,.
f(%)
3(*)
Dinh li gia tri trung gian

Néuham s6 y = f(x) lién tuc trén doan [a;b | va f(a).f(b)<O0 thi ton tai it nhat mot s6 c e (a;b)
sao cho f(c) =0.

e Hams0 y =

lién tyc tai diém x, néu g(x,)#0.

Noi cach khac: Néu ham s6 y = f(x) lién tuc trén doan [a;b] va f(a)f(b) <0 thi phuong trinh
f (x) =0 c6 it nhat mot nghiém trong khoang (a; b).

Mo rong:

* Cho y=f(x) lién tuc trén doan [a;b]. Dat m=min f(x), M=max f(x). Khi d6 véi moi
Te (m,M) ludn ton tai it nhat mot s c e (a;b) sao cho f(c) =T.

 Néuham y = f(x) lién tuctrén [ a;b | va f(x)=0 v0 nghiém trén [ ;b | thi ham s8 y = f(x) c6
dau khong doi trén [a;b] .

HAM SO MU VA HAM SO LOGARIT
1
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Liy thtra

Liiy thira v6i s6 mii nguyén

Cho n la mot s6 nguyén duong. Vi a la s6 thuec tuy y, lity thira bdc n cua a la tich cta n thira
sO a:

n

a" =aa. ....a (co n thtraso a).

Véia=0:a"=1, u‘”:in.

a
Trong biéu thie 4", ta goi a 1a co' s6, m 1a sé mii.
Chua y: 0° va 07" khong c6 nghia.
Can bacn
Cho s6 thuc b va sd nguyén duwong n>2.S8 a dwoc goi la can bac n ctiasé b néu a" =b.
Xét phurong trinh x" =b:
® V6i n 1é va b e R : phuong trinh ¢6 nghiém duy nhat la can bac n cta b, ki hiéu la b .
® Vi 1 chan:
* b<0: Phuong trinh v6 nghiém (khong ton tai can bac n cta b).
* b=0: Phuong trinh ¢6 nghiém duy nhat x =0 (c6 mot can bac n cua01as6 0).
* b>0: Phuong trinh ¢ 2 nghiém phan biét (c6 hai can bac n cua b la hai s6 d6i nhau, ki hiéu
gié tri duong 1a /b, gia tri am 1a YD),

Tinh chat cta can bac n

(1) Yaxlo =/ab 2)

K’/; a a "l m
%=<g @) (¥a)" =¥a”

@ W:{a, khin=2k+1(k€N*) (5)W:n%

al, khi n =2k

Liiy thira v6i s6 mii hiru ti

~ \ ~ ~ ? m 4 * ~ \ ? r. ~ ~ m
Cho s6 thuc dwong a va sd hiru ti —, trong d6 me Z, ne N". Liy thtra ctia 4 vi sO mi — duoc
n n

xac dinh boi:

Liiy thira v6i s6 mii vo

Cho a la mét s6 duwong, o la mot s6 vo ti. Khi d6 ludn c6 mot day s6 hiru ti (rn) cogidihanla
va day sO twong ung (a’” ) 6 gidi han khéng phu thudc vao viéc chon day s6 (r,1 ) . Ta goi gi6i han
ctia day s8 (a" ) 1a ity thira ctia @ voi s8 mii @, ki hiéu la a”.

a“ =lima" véi a =limr, .

n—>+0 H—>+00
Tinh chat cta lity thira v6i s6 mii thyce

Cho a, b 1a cac s6 thye duwong; «, £ la cac so thuc tuy y. Khi d6, ta cé:

(1) a*.a’ = =" @) Z_ﬂ =gt @) (a*) =a
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4) (ab)a =a“b”

a a”
©®) (EJ T
So sanh hai liy thira ciing co s6
®Véia>1:a“>a’ khivachikhi o> 4.
So sanh hai liy thira ciing s6 mil
Cho a, b>0.Khi do:
® Véi @ >0: a” <b” khi va chi khi a<b.

Diéu kién xac dinh caa biéu thirc liy thira x*

ofi) )

®Véi 0<a<1:a*>a’ khivachikhi a<p.

o Vdi a<0:a%“<b* khivachikhi a>b.

S6 mil « a la sd nguyén duong

a nguyén am hodcbang 0 | a khong nguyén

Diéu kién xac dinh xeR

x#0 x>0

2

Ham s6 liiy thira

Dinh nghia: Ham s6 y =x“, v6i a € R, duoc goi 1a hdm s6'lity thira.

Tap xac dinh D ctia ham s6 y =x“ tuy thudc vao gia tri cua s6 mi o :

S6 mi « a las6nguyén dwong | a nguyén am hoic bang 0 a khong nguyén
Tap x4c dinh D=R D =R\{0} D =(0;+)
Xétham s6 y = [f(x)]a :
S6 mi o a 1a s6 nguyén duwong | a nguyén am hodcbang 0 | a khong nguyén

Diéu kién xac dinh f (x) xac dinh

f(x)=0 f(x)>0

Do thi ham so liy thita y = x*

y=x% a>0

y=x% a<0

1. Tap khao sét: (0;+o).

1. Tap khao sét: (0;+o).

2. Su bién thién:
Ham s& dong bién trén (0;+).
Gioi han dac biét:

limx* =0, lim x* =+o0.

x—0" X—>+0

Tiém can: Khong c6

2. Su bién thién:
Ham sd nghich bién trén (0 ; +oo) )
Gidi han dac biét:

lim x* =400, lim x* =0.

x—0" X—>+0
Tiém can:

Ox la tiém can ngang, Oy la tiém can ding.

3. Bang bién thién:

X 0 + o0
' +
+ o
y /
0

3. Bang bién thién:

X 0 + o
y' -
+ o
y \
0

4. D0 thi:
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y a>1
a=1
0<a<l
1 a=0
: a<0
ol 1 x

D6 thi ctia ham s6 lay thira y =x” ludn di qua diém I (1; 1).
Chu y: Khi khao sat ham s§ 1ty thira véi sO mii cu thé, ta phai xét ham s6 d6 trén toan bo tap
xac dinh ctia no.

Po6 thi
Yy
Yy Yy
1F--
1
1
1§ -- (0] 1 T 1+--
! I
! |
O 1 X O 1 €T
n /& \ -n 7. \
=x"véinla L. o~ o =x"voinla
i/, N - y=x" voi n la s6 tu nhién 1é Y
sO tw nhién chan

s8 tw nhién chan
Y
Y Y
1f -4
O 1 €T 1+ -2 1¢+-
O 1 x 19) 1 T

y=x" v6i n 1a so ty nhién 1é

y=x" vbisO thuc 0<a <1
Y Y y
. 1
o/ |
1 1 x o 1! z
O 1 x

y=x" véiso thue a >1

y=x"voi a=1

y=x"voia=0
3

Logarit
Dinh nghia
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Cho hai s6 dwong a, b véi a#1.58 a thdéa man dang thitc a =b duoc goi la logarit co sd a ctia

b vakihiéula log, b . Taviét: a =log b a” =b.

\ 0 1
Piéu kién xac dinh: log b xac dinh khi {b < g ”
>
Tinh chat
Cho a,b,c>0,a#1,véimoi «, ta co:
(1) log, 1=0 ) log, a=1 (3) a*®" =b
(4) log, a” =« (5) log, (b.c) =log b+log c (6) log, [EJ =log b-log, c
c
1 a ; 1
(7) log, > =~log,b (8) log, b* =a.log, b (9) log, /b =—log b
n
(10) log b:logcb (c;tl) (11) log_a.log_b=1og_b (c;tl)
a logc a [ a c
1
(12) log, b= (b=1) (13) log , b=—".log,b (@ =0)
0g, a ! a
Logarit thap phan, logarit tw nhién
Logarit co s6 10 con duoc goi la logarit thap phan: log, x =logx =Igx.
Logarit co s6 e con duoc goi la logarit tu nhién: log, x =Inx, trong dé:
e=lim [1+lj ~2,718 281 828.
n—>+w0 n
4
Ham s6 mii
DPinh nghia: Ham s6 y =a", (a >0,a# 1) duwoc goi la hdm s6'mii co sd a.
D6 thi ham s6 mii y=a* (a>0,a#1)
y=a',a>1 y=a',0<a<l1
1. Tap xac dinh: R. 1. Tap xac dinh: R.
Tap gia tri: T =(0;+). Tap gia tri: T =(0;+).
Ham s0 lién tuc trén R. Ham s0 lién tuc trén R.
2. Su bién thién: 2. Sw bién thién:
Ham s dong bién trén R. Ham s0 nghich bién trén R.
Gidi han dac biét: Gidi han dac bieét:
lirp a* =0, lima* =+o. IiIII a* =+, lima* =0.
Tiém can: Tiém can:
Ox la tiém can ngang. Ox la tiém can ngang.
3. Bang bién thién: 3. Bang bién thién:
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—® 0 1 + oo — 0 1 +
' + y’ _
a + o0 +
0 a 0
4. Do thi: 4. Do thi:
Yy y=a" (a>1) y
ar-- : ] y = ax
1)/ AN (0<a<1)
_—1 ol 1 o
0, 1 T
D6 thi cia ham s6 mi y =a" (u >0,a+# 1) ludn di qua cac diém (0;1) va (1;11), nam phia trén
truc hoanh: y =4 >0, VxeR.

5

Ham s6 logarit

binh nghia: Ham s6 y =log, x, (u >0, a# 1) duoc goi la hdm sd’logarit co sd a.

D6 thi ham s6 logarit y =log_x, (a >0, a# 1)

y=log x,a>1

y=log x,0<a<1

1. Tap xac dinh: (O; +oo) .
Tap gid tri: T=R.

Ham sd lién tuc trén (0 ; +oo) i

1. Tap xac dinh: (O; +oo) .
Tap gid tri: T=R.

Ham s6 lién tuc trén (0 ; +oo) .

2. Su bién thién:
Ham s§ dong bién trén (0; +oo).
Gioi han dac biét:

limlog, x=-o, limlog x=+o.

x—0" X—>+0
Tiém can:

Oy la tiém can dung.

2. Su bién thién:

Ham s0 nghich bién trén (0; +o0).

Gioi han dac biét:

limlog x =+, limlog x=-ow.
¥—0" a X—>400 a

Tiém can:

Oy la tiém can dung.

3. Bang bién thién:
X 0 1 a

3. Bang bién thién:

T oo x |0 a 1 + 0
)y’ + y' _
1 + o0 + 00
y %’ y \
— 00 0 — 0
4. D6 thi: 4. D6 thi:
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Y y=log,x (a>1) Y
| I S 1t
! i\ 1
5 o - ol a x
y=log,z (0<a<1)

D6 thi ctia ham s6 logarit y =log, x, (u >0, a# 1) ludn di qua cac diém (1;0) va (a;l), nam

phia bén phai truc tung.

MG6i lién hé gitra d6 thi ham mii va d6 thi ham logarit
Do thi ctia cdcham s§ y =a* va y =log, x (a>0, a=1) d6ixtng véinhau qua duong thang y = x.

y=a"

Q.
7
So sanh hai logarit
Cho O<a=#1vab, c>0.Khido:
®Véiax>1:log b>log c=b>c. ®Véi 0<a<l:log b>log ce=b<c.

6

Mot s6 bai toan 13i suat, bai toan thuec té

Bai toan 1ai don

Gui vao ngan hang so tién la A dong, vdi 1ai don r trén mot ki han (ttee 14 tién 1ai cua ki han
trede khong duoc tinh vao von dé tinh 1ai cho ki han ké tiép). Sau n ki han (n > 1) , $O tién ca vOn
lanlaila: T=A(1+nr).

Bai toan lai kép

Guri vao ngan hang so tién la A dong, vdi lai suat la 7 trén mot ki han. Sau 7 ki han (n > 1), sO
tién ca von lan laila: T = A(l + r)n :

Bai toan tién giri hang thang

Hang thang g vao ngan hang s6 tién la A dong (giti dau thang) voi 1ai sudt hang thang la r .

Tong 8 tién sau n thang (n>1) la: T=é(1+r)[(1+r)n—1]
r

Bai toan vay tra gop
Vay vdn A dong, 1ai suat mdi thdng 1a 7, mbi thang tra a dong (tra cudi thang). S§ tién no con
lai sau n théng (n>1) 1a: T=A(1+7)' —5[(1+r)” —1} .
r
Bai toan giri ngin hang va rat tién giri hang thang
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Gui ngan hang sd tién 1a A dong voi 13i suat r% /thang. Mbi thdng vao ngay ngan hang tinh 14i,
’ NN A A NN \ . ’ 3 n (1+r)n_1
rut ra so tién la a dong. SO tién con lai sau n thang la: T = A(1+ r) -

’

Bai toan tang lwong
Luwong khoi diém la A dong/thang. Ct sau n thang thi lwong dugc tang thém r% /thang. Tong
(147) 1

sO tién nhan duoc sau kn thangla: S, = Ak
»

7
Phuwong trinh mii

Dang 1. Phurong trinh mii co ban

Xét phuong trinh: a* =b véi a>0,a=1.

Véi b<0, phrong trinh v6 nghiém.

Véi b>0,tacdé a" =b<x=log, b.

Dang 2. Pua vé cung co s0

V6i a>0,a#1: a" =a" o A(x)=B(x).

Dang 3. Logarit hoa

Véi 0<a, b=1: 2" =" A(x) = (logg b) B(x) (ldy logarit co s6 a hai v€).
Dang 4. Bét an phu

Dang 5. Stt dung tinh don diéu ctia ham s&

1) Phurong trinh f(x) = g(x)

Dang phuong trinh f(x)=g(x) véi: f(x) dong bién va g(x) nghich bién (hodc dong bién
nghiém ngat) hodc: f (x) don diéu va g(x) 1a ham héng.

- Doan x,; 1a mot nghiém ctia phuwong trinh.

- Dya vao tinh don diéu cua f(x) va g(x) dékétludn x, 1a nghiém duy nhat:

2) Phueong trinh a* +b" =¢*

Chia 2 vé& cho ¢* ta dugc: (ﬁj +(9J ~1=0.Xéthamsg f(x)= (ﬁj + (Ej —1, chttng minh f(x)
c c c c

ludén d6ng bién hodc nghich bién va doan 1 nghiém x, . Khi d6 phuong trinh c6 nghiém duy nhat

X=Xx,.

3) Xét ham ddc trung

Bién ddi phwong trinh vé dang f(u)= f(v) véi f(x) laham déng bién hodc nghich bién. Khi do:

f(u)zf(v)au:v.

Dang 6. Dua vé phuong trinh dac biét (phwong trinh tich, ...)
Dang 7. Phuong phap d6i lap

Xét phuong trinh f(x) = g(x) .
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Néu {f(x)ZM thi f(x)=g(x)=M.

g(x) <M
Phuwong trinh logarit
Dang 1. Phuong trinh logarit co ban
Xét phuwong trinh: log x=b voi O<a=1.
Khi dé: log x=b<x=a".
Dang 2. Pua vé cung co s0
log A(x) =log, B(x) = A(x) = B(x) voia>0,a#1 va A(x), B(x) >0.
Dang 3. Mii hoa
Vé6i 0<a, b#1va A(x), B(x)>0:

log, A(x)=B(x)< A(x):aB(x) v6i 0<a, b#1.

Alx)=d
logaA(x)_logbB(x)_t:{B((x)) ; voi O0<a, b#1 va A(x), B(x)>0.
X)=

Dang 4. DBdt an phu

Dang 5. St dung tinh don diéu ctia ham s&

Dang 6. Dua vé phuong trinh ddc biét (phwong trinh tich, ...)

8

B4t phuwong trinh mit

Véia>1: "V >aV o f(x)>g(x).

Véi 0<a<1:a’™ > g2 < f(x)<g(x).

Trong truong hop co s6 a c6 chira an s6 thi: o’ > ot o (a—l)[f(x) —g(x)} >0.
Cac phuong phap giai bat phuwong trinh mii cling twong tu nhu giai phuwong trinh mi:
- Bat phuwong trinh ma co ban.

- Pua vé cung co so.

- Logarit hoa.

- bat an phu.

Bat phuong trinh logarit

Véi a>1: log, f(x)>log, g(x) < f(x)>g(x)>0.

V6i 0<ax<1: loguf(x)>10gug(x)<:>0<f(x)<g(x).

Cac phuong phap giai bat phuwong trinh logarit cling twong tie nhw giai phwong trinh logarit:
- Bat phuwong trinh logarit co ban.

- Pua vé cung co so.

- M hoa.

- bat an phu.
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Trong treong hop co s6 a cé chira an so thi:

logaf(x)>0<:>(a—1)[f(x)—1]>0.

%w@[f(x)—l][g(ﬂ—l}o.

PAO HAM

1

Pao ham

Cho ham s8 y = f(x) xé4c dinh trén (g;
tai di€m x,, ki hiéu la y'(x,) hodc f’ (

b) va x, €(a;b). Pgo hdm (néu c6) cua ham s8 y = f(x)
X, ) , duoc tinh boi:
flx A
f( O)—}Clg; ( 2 ( ) hodc f'(x )—E%A—Z
Ax =x—x,: S0 gia cia bién sé'tai x, .
Ay = f(x)=f(x,))=f(x, +Ax)— f(x,): S6gia tuong iing cia ham s5.
Pinh li: Néu ham s6 y = f ( x) c6 dao ham tai di€ém x, thind lién tuc tai diém do.
Pao ham mot bén
Dgo ham bén trdi cia ham s6 y = f(x) tai diém x,, ki hiéu f’ (x ) duoc dinh nghia la:
(o o AV ()= f (%)
f) = Jim = lim ==
Dao ham bén phdi chiahamsd y = f (x) tai diém x,, ki hiéu f’ ( ) dugc dinh nghia la:
() = tim Y L) (3)
fil)= fim = m =
Pinh li: Ham s6 y = f (x) c6 dao ham tai diém x, thudc tap xac dinh cua nd, néu va chi néu

f( )Va f( )tonta1vabangnhau Khi do ta c6 f( ) f’(x*):f’(x(;).

0
Pao ham trén mot khoang, doan
Ham s8 y = f(x) duoc goi la c6 dgo ham trén khodng (a;b) néuné c6 dao ham tai moi diém x
trén khoang d6. Ki hiéu la y’ hoac f ’(x).
Ham so y = f(x) dwoc goi la ¢6 dao ham trén doan [a;b] néu no6 c6 dao ham trén khoang (a;b)
va c6 dao ham bén phai tai 4, dao ham bén trdi tai b.
Y nghia ctia dao ham
Cho dudng cong phing (C ) va mét diém ¢8 dinh M, trén (C ) , M la diém di dong trén (C ). Khi
d6 MM la mot cdt tuyén cua (C).
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Néu cat tuyén M M c6 vi tri giéi han M T khi diém M di chuyén trén (C ) va dan t6i diém M,
thi duong thang M,T dwoc goi la tiép tuyén ctia duodng cong (C ) tai diém M, . Diém M, duoc

C)
\/

(
M T

goi la tiép diém.

Y nghia hinh hoc ciia dao ham

Cho ham s6 y = f(x) xac dinh trén khoang (a;b) va c6 dao ham taix, € (a;b), goi (C) la d6 thi
ham sd do.

Dao ham cua ham s8 f(x) tai diém x,, ticla f'(x, ), 1a hé s6'géc cua tidp tuyén M,T cta (C)

tai diém Mo(xo; f(xo))

Phuwong trinh cua tiép tuyén

Phuong trinh tiép tuyén cua do thi (C ) ctlaham s6 y = f (x) tai diém M, (x,; yo) la:
Y=Y, = f’(xo)(x—xo).

Trong do:

* M, (xo ; yo) goi la tiép diém.

* k, = f’(xo) la hé s0 goc (hé sO gocla gia tri tanar, véi o la goc gitta A véi tia Ox ).

Nhan xét:

* Néu cho x, thithay vao y=f (x) tim y,.

* Néu cho y, thi thay vao y = f(x) tim x, .

* Néu cho hé s6 géc k, ta giai phuong trinh f'(x,)=k tim duoc x,, thay vao y = f(x) tim y,.

* Néu cho ti€p tuyén A song song voi d:y=ax+b thitacd k, =a < f’(xo) =a.

(song song hé sd goc bang nhau)
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A o« A7 A A J 7. 7. \ 7 12 ]-
* Néu cho ti€p tuyén A vuong géc véi véi d:y=ax+b thitacd k,a=-1< f (xo) =——.
a

(vudng goc tich hé sd goc bang —1)
Tiép tuyén di qua mét diém
Dbé viét phuong trinh tiép tuyén A cua (C ) biét A di qua diém A(x,; y, ) , talam nhw sau:
* Goi M, (xo; yo) la tiép diém.
e Phuong trinh duong thang A qua M, véi hé s6 goc k= f’(xo) la: y-y, = f’(xo)(x—xo).
e T A(x Y ) € A, ta dwgc mot phuong trinh giai tim x,, suy ra f ’(xo) va y,. Tt d6 viét duoc
phuong trinh A.
Y nghia vat li
Van toc tlkc thoi
Xét chuyén dong thang xac dinh boi phuong trinh: s= f (t) ,VOi f (t) la ham s6 c¢6 dao ham. Khi
dod, van toc tire thoi cta chat diém tai thoi diém ¢, 1a dao ham cua ham s6 s= f (t) tai t,.
o(t,)=5"(t,)=F"(t)-
Cuong do dong dién tic thoi
Dién lwong Q truyén trong day dan x4c dinh boi phuong trinh: Q = f (t) ,VOi f (t) la ham s6 ¢
dao ham. Khi d6, cuong do tic thoi ctia dong dién tai thoi di€ém f, la dao ham ctia ham s&

Q=f(t) tai t,.

Dao ham cip hai

Gia st ham s8 y = f(x) c6 dao ham f'(x). Dao ham ctia ham s§ f'(x), néu c6, duoc goi la dao
ham cdp hai chaham s8 f(x). Kihiéula y” hay f"(x).

Y nghia co hoc ctia dao ham cap hai

Pao ham cap hai f ”(t) la gia téc tiic thoi tai thoi diém t chta vat chuyén dong cd phuong trinh
s=f (t)

2

Cac quy tac tinh dao ham

(u—v+w)' =u'-v'+w'

(ku) =ka', v6i k 1a hing s8

!

(u.v) =u'v+0'u

!

(u.v.w) =u'ovw+uv.w+uow

"
yx _yu'ux

¢'=0 véi c lahang s6

!

(xn) :nxn—l
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’ 1 1 u’
)= M) =2
- -3
x) X u u
(cos x), =-—sinx (cosu)' =—u'.sinu
(sin x)’ =COSX (sin u), =u'.cosu

' 1 ' !
(tanx) cos’x (tanu) " cos’u

' 1 ' !

(COtx) T ein?x (COtu) :_sirb:2u
(e" )’ =e" (e” ), =e"u
(a" ), =a*.Ina (a" )’ =a".Inay

' 1 roou

(lnx) —; (lnu) —;
(logu x) - xlna (loga u) - ulna
(ux+bj: ad —bc [axz.pbx.ﬂjjrzaex2+2afx+(bf—ce)
cx+d (cx+d)2 ex+ f (ex+f)2
( a,x> +bx+c, J' _ (a1b2 —lebl)x2 +2(alc2 —azcl)x+blc2 —b,c,
u2x2 + bzx+ ¢ (a2x2 +b2x + ¢, )2

HINH HOC VA PO LUONG 11

DUONG THANG VA MAT PHANG. QUAN HE SONG SONG TRONG
KHONG GIAN

1

Diém, duong thing va mit phang trong khong gian

Biéu dién cac hinh trong khong gian 1én mot mit phang

D& biéu dién mot hinh trong khdng gian 1én mot mat phang (to gidy, mit bang,...), ta thuong dua
vao cac quy tac sau:

- Hinh biéu dién ctia duong thang 1a duong thang, cia doan thing 1a doan thang,

- Gift nguyén tinh lién thudc (thudc hay khong thudc) gitra diém véi duong thang hodc véi doan
thang.

- Giit nguyén tinh song song, tinh cit nhau gitta cic dueong thang.

- Biéu dién duong nhin thdy bang nét vé lién va bidu dién duong bi che khuat bang nét vé dit
doan.
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Céc tinh chat dugc thira nhan ctia hinh hoc khong gian

Tinh chat 1: C6 mot va chi mot duong thang di qua hai di€ém phan biét cho trude.

Tinh chat 2: C6 mot va chi mot mat phang di qua ba diém khong thang hang cho trudc.

Tinh chét 3: Néu mot duong théng 6 hai diém phan biét thuéc mot mat phéng thi moi diém cua
duong thang déu thudc mat phang do.

Tinh ch4t 4: Ton tai bon diém khong cung nam trén mot mét phéng.

Tinh chat 5: Néu hai mit phang phan biét c6 mot diém chung thi chiing c6 mot dueong thang
chung duy nhat chita tat ca cac diém chung ctia hai mat phang d6.

Tinh ch4t 6: Trong mdi mat phang, cac két qua da biét cta hinh hoc phang déu dung.

Cach xac dinh mit phang

e Mot mat phéng duoc x4c dinh néu biét né chita ba diém khong thfmg hang.

e Mot mat phfmg dwoc xac dinh néu biét n6 chta mot duwong thfmg va mot di€ém khong thudc
duong thang dé.

e M6t mat phéng dwoc xac dinh néu biét n6 chira hai dwong thfmg cit nhau.

* M6t mat phang duoc xac dinh néu biét né chita hai duong thang song song.

Cac ki hiéu thuwong dung

* Diém thudc duong thang: AcA. * Diém thuéc mit phang: A e (a) .

e Duodng thang ndm trong mit phang: A c (a) . ® Giao diém ctia 2 dudng thang: M=And.

* Diém chung cia 2 mit phang: M e(a)n(B).  ® Giao tuyén cta 2 mit phang: A=(a )N ().
® Giao diém cua duong thang va mit phing: M =An(a).

2

Hai dwong thang song song

Vi tri tweong d6i ctia hai dwong thang trong khong gian

Cho hai duong thang a va b trong khong gian. Khi d6 c6 thé xay ra mot trong cac truong hop

R

allb anb=M a=b a va b chéo nhau

Dinh 1i
Trong khong gian, qua mot diém nam ngoai mot duong thang, c6 mot va chi mot duong thang
song song voi duong thang d6.
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Dinh li (vé giao tuyén ctia ba mit phang)

)

Né&u ba mat phang d6i mot cat nhau theo ba giao
tuyén phan biét thi ba giao tuyén ay hodc dong
quy hoac d6i mdt song song vdi nhau.

(@) (8)=a

(,B)m()/) =b = al|b||lc hodc a, b, c dong quy.

(r)(a)=c

P

IS]

e}
fmmmmmmm—m—— -

\
/
/

\
A\
1

1

[

Hé qua
Né&u hai mat phang phan biét [an lwot chtta hai duong thang song
song thi giao tuyén ctia chung (néu co) cling song song voi hai \@
duong thang d6 (hodc tring véi mot trong hai duong thang d6).
ac(a c
(o) b

bc(ﬁ,) cllallb

allb

(@)n(8)

= |C=a

o
a
c=b
c /
Dinh li

Hai duong thang phan biét cing song song véi mot duong thang thit ba thi song song véi nhau.

3

Duong thing va miat phang song song

Duong thang va mat phang song song véi nhau néu chting khong c6 diém chung.
Dinh 1i

Néu duong thang d khdng nam trong mat phang (a) va d song d

song véi duong thang d’ nam trong (a) thi d song song voi

(@)- d—
dcz(a) Q
dild =d|l(a).

d’c(a)

Pinh li

Cho duwong thang d song song véi mat phang (a). Néu mat
phang (,6’) di qua d va cat (a) theo giao tuyén d' thi d'|[|d.
d|l(c)
d=(p) =d'|d.
(@) (p)=d

Trang 69



Tong hop 1y thuyét THPT mén Toan ThS. Tran Thanh Yén

Heé qua
Cho duong thang a song song véi mét phang (P) Néu qua
diém M thudc (P) ta vé duong thang b song song véi a thi b

phai nam trong (P ) . a
all(P)
Me(P)nb=bc(P). b
blia M

P

Heé qua

Néu hai mit phang phan biét cing song song v6i mot duong

thang thi giao tuyén cta chiing (néu cd) ciing song song véi

duong thang d6. >
(a)lid | d d
(B)IId =d|d.
(a)n(B)=d' e

Dinh li

Né&u a va b 1a hai duong thang chéo nhau thi qua a, cé mot va chi mot mt phang song song voi
b.

4

Hai mit phing song song

Hai m4t phang duoc goi 1a song song véi nhau néu chiing khong c6 diém chung
Dinh li

Néu mit phang ( ) chtta hai dwong thang catnhau a, b va a, b

cling song song véi mat phang ( i) ) thi (a) song song V01 /< K /

a, bc(a)
anb=M :>(a)||(,6’).
all(B),b1(B)

s

Pinh 1i
Qua mét diém nam ngoai mot mat phéng cho truedc cd6 mot va chi mot mat phéng song song voi
mat phang do.
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DPinh 1i

Cho hai mt phang song song. Néu mot mat phang cat mat
phang nay thi ciing cit mit phang kia va hai giao tuyén song
song v4i nhau.

(@)11(8)
(y)m(a)za:nzllb.
(r)n(B)=0

Nl

Pinh li Thales trong khong gian
Ba mat phang d6i mot song song chan trén hai cat tuyén bat
ki cac doan thang twong tng ti 1é.
(@)1(A)1(7) o
d n(a)=A,d n(B)=B,d n(r)=C, = BjCll = BjCj
d,~(a)=A4,, d,~(f)=B,, d,n(r)=C, 51" B

Pinh li ddo caa dinh li Thales trong khong gian

Cho hai duong thang d,, d, chéo nhau, cac diém A, B, C,ed, va A, B, C,ed, thoa
AlBl AZBZ
E ) BZCZ

. Khi d6 cac duwong thang A A,, BB,, C,C, cung song song véi mot mit phang.

Hinh lang tru

Cho hai mjt phang (P) va (P') song song voi nhau. Trén (P) cho da giac 16i A/A,...A, . Qua
cac dinh ctia da gidc nay, ta vé cdc duong thang song song véi nhau va cat (P’) lan luot tai
Al A, ..., Al .Hinh tao boi cac hinh binh hanh A A,AJA], A,A,AJA,...,A A/A/A vahaida giac
AA,.A, AA, . A goilahinh ldng try, ki hiéu A/A,..A AJA)..A .

Trong hinh ldng tru A A,..A .AJA]...A], ta goi:

- Hai da gidc A A,...A, va A/A]..A' 1a hai mt day nam trén hai mat phang song song;
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-Cacdiém A, A,, ..., A, A, A}, ..., Al lacac dinh;

- Cac hinh binh hanh A A,AJA], A,A,AJA),...,A A/A/A 1a cac mat bén;

- Cac doan théng A A, AAL, ..., A Al la cac canh bén. Cac canh bén song song va béng nhau.

- C4c canh ctia hai da giac d4y 1a cac canh day. Céc canh ddy tuong ting song song va bang nhau.
Chu y: Hinh lang tru cd day la tam gidc, t gidc, ngti gidc,... trong ting duoc goi la hinh lang tru
tam gidc, hinh lang tru t& gidc, hinh lang tru ngt gidc,...

Hinh hop

Hinh hép la hinh lang tru c6 day la hinh binh hanh.

QUAN HE VUONG GOC TRONG KHONG GIAN

1

Hai duong thing vuéng goc

Goc giita hai dwong thang trong khong gian

Goc gifta hai duong thang a, b trong khong gian, ki hiéu (a,b), la goc gifta hai duong thang a’

va b' cung di qua mot diém va Jan luot song song hodc trung vdi a va b.

Géc gifta hai deong thang nhan gid tri tir 0° dén 90°.

Hai dwong thing vuéng goc trong khong gian

Trong khong gian, hai duong thing a, b dwoc goi 1a vudng goc véi nhau néu goc gitta ching

bang 90°.

Hai duong thang a4, b vuong goc duoc ki hiéula a Lb hodc b La.

Chu y:

* Hai duong thang vudng gdc c6 thé cat nhau hodc chéo nhau.

® Cho hai dwong thang song song, duong thang nao vudéng goc véi duong nay thi ciing vudng

gbc voi duong kia.

* Trong khong gian, khi c6 hai duwong thang phan biét a, b ciing vudng goc véi mot duong thang

thit ba ¢ thi ta chwa két luan dwgc a||b nhu trong hinh hoc phéng.

2

Duong thing vuéng goc voi mit phing

Puong thang dwoc goi la vuong gdéc voi mit phang néu né vudng goc voi tat ca duong thang

trong mit phang do.

{d 1 (a)
=dla.

ac(a)
Pinh li

Néu duong thang d vudng goc véi hai dwong thang cat nhau a d

va b cling nam trong mat phang (a) thi d vudng goc voi (a).

dla,dLlb @
a,bc(a) =dl(a). 2 ° '
anb=M
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DPinh 1i
C6 duy nhat mot mit phang di qua mot diém va vudng goc véi mot duong thang cho trudc.

C6 duy nhat mot duong thang di qua mot diém va vudng gdée véi mot mat phang cho trude.

Dinh 1i
a) Cho hai duong thang song song. Mt phang nao vuéng gdc
véi duong thang nay thi ciing vudng goc véi duong thang kia.

b) Hai dwong thang phan biét cling vudng goéc véi mot mat /( |"
phang thi song song véi nhau. @ i

/

e i e

Dinh li
a) Cho hai mit phang song song. Duong thang nao vudng gdc
véi mat phang nay thi cling vudng géc véi mit phang kia.

L /
b) Hai méat phang phan biét cing vudng géc véi mot duong |

o
thang thi song song véi nhau. / L
B

Pinh li
a) Cho duong thang a song song véi mit phang (a). Duong

S

thang nao vuong goc véi (a) thi cting vudng goc voi a.

b) Néu duong thang a va mit phang (a) (khong chtta a) cung A( !_‘ /
I

vudng goc véi mot duong thang b thi ching song song véi nhau.

Phép chiéu vudng goc
Cho mat phang (P) va duong thang d vudng goc véi (P)
Phép chiéu song song theo phuitong ctia d 1én mat phang (P )

duoc goi la phép chiéu vudng goclén (P).

Dinh li ba dwong vudng goc

Cho duong thing a nam trong mit phing (P) va b la duong thang khong nam trong (P) va
khong vudng goc véi (P ) Goi b’ la hinh chiéu vuéng gbc cta b trén (P) Khi d6 a vudng goc
voi b khi va chi khi 4 vudng géc véi b'.

3

Hai mit phang vuong géc

Goc giita hai mit phang

Géc gifta hai mat phang la goc gitta hai dwong thang lan leot vudng géc véi hai mit phang dé.

((@).(8)=(m.n) v6i m L (), n L(8).
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Cach xac dinh géc giita hai mit phing:
- Tim giao tuyén.
- Trong m6i mat phang tim mot duong thang vuong goc véi giao
tuyén.
- Goc giita hai mat phang la goc gitta hai dwong thang vira tim.
(@) (p)=a
ac(a), ata=((@)(8)=(ab).

b= (B), bLA

Diéu kién dé hai mit phang vudng géc
Hai mit phang vudng gdc v6i nhau khi va chi khi trong mat phang nay c6 mot duong thang
vudng gdc véi mat phang kia.
dc (a)
=(a)L(p).

= le s ‘
DPinh 1i

Cho hai m3t phang vudéng géc véi nhau. Moi duedong thang nam
trong mat phang nay va vudng gdc véi giao tuyén sé vudng goc
véi mat phang kia. .

L st /

Pinh li { \@
Néu hai mit phang cung vudéng géc véi mit phang thit ba thi a
d

giao tuyén ctia ching néu cd ciing vudng goc voi mdt phang thie
ba dé.

(@) L(7). (8) L(7)
{(a)m(,b’)_d =d1(y). /\

f}/

Hinh chép
* Hinh chép: c6 day la mot da gidc va cac canh bén dong quy tai dinh S.

* Hinh chép déu: 1a hinh chdép 6 ddy 1a da giac déu va chan duong cao trung vdi tam cta da
giac day.

- Hinh chép tam giac déu: 1a hinh chop c6 ddy 1a tam gidc déu va chan duong cao trung voi trong
tam caa day.

- Hinh chdp tit gidc déu: la hinh chop cd ddy 1a hinh vudng, chan duong cao trung véi giao diém
hai duwong chéo hinh vuong.

* Hinh chop c6 day 1a tam giac déu: 1a hinh chdp chi ¢6 day 1a tam gidc déu.

* T dién déu: 1a da dién ¢4 bon mit la cac tam gidc déu béng nhau.

* Hinh chép cut déu: Phan cta hinh chép déu nam gitta ddy va mot mit phang song song voi
ddy cat cac canh bén cua hinh chép déu.
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Hinh chép cut déu A A A,... A, AJAA] .. A
Hinh lang tru
* Lang tru (xién):
- Hai d4y song song va la hai da giac bang nhau.
- Cac canh bén song song va bang nhau.
- Cac mat bén la cac hinh binh hanh.
* Lang tru ding: la lang tru cd cac canh bén vudng goc vdi day.
* Lang tru déu: la 1dng tru ding co day 1a da giac déu.
- Lang try tam gidc déu: 1a ling tru ding ¢ ddy 1a tam gidc déu.
- Lang tru t& gidc déu: la 1dng tru ding c6 day la hinh vudng.
* Lang tru c6 day 1a tam gidc déu: 1a lang tru (xién), ¢6 ddy la tam gidc déu.
* Lang tru c6 day 1a t& gidc déu: 1a ling tru (xién) c6 day la hinh vudng.
e Hinh hgp: 1a lang tru (xién), c6 day la hinh binh hanh.
* Hinh hop ding: 1a lang tru ding co day la hinh binh hanh.
* Hinh hop chit nhat: 1a lang tru ding c6 day la hinh chit nhat.

* Hinh 1ap phwong: 1a hinh lang tru ding cé ddy va cac mat bén la hinh vuéng.

— Hinh chép [—{Hinh chép déu|— T dién déu
Padién || [Hinh chép cut Hinh lfmg tru
thuong gap déu Hinh lang tru deéu
dung Hinh hop chir Hinh lap
. Ny Hinh hop dung— A — ‘
'~ Hinh lang tru nhat phuong
Hinhlangtru | 1 ¢5 4 hop | Hinh hop thoi
xien
4
Khoang cach va goc trong khong gian
? ? d A
Goc gitta dwong thang va mat phang N
-Néu d vuodng goc voi (a) thi ta noi goc gitra d va (a) la 90°. - \
- Néu d khong vudng goc véi (a) thi goc gitta d va (a) la goc  /d'—& 12

gitta d va hinh chi€u cta né trén (a) . a

Géc ¢ gilta duong thang va mat phang ludn thoa 0°< ¢ <90°.
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Goc nhi dién

Cho hai ntra mat phang (P1) va (Ql) c6 chung bo 1a duong thang d.
Hinh tao boi (Pl), (Q1) va d dwoc goi la goc nhi dién tao boi (P1) va
(Q,), ki hiéu [ P,d,Q, ].

Hai nira mat phéng (P1 ), (Ql) goi la hai mdt ciia nhi dién va d goi la

canh cua nhi dién.
Chu y:

* Hai mit phang cat nhau theo giao tuyén d tao thanh bdn géc \ P

nhi dién.

* Goc nhi dién [P,d,Q, | con duoc ki hidu la [M,d,N] véi

M, N tuong ting thudc hai nita mit phing (P1 ), (Q1 )
Goéc phang nhi dién

Géc phang nhi dién ctia goc nhi dién la goc c6 dinh nam trén canh M

cuia nhi dién, c6 hai canh [an lwot nam trén hai mat ciia nhi dién y

va vuong goc voi canh cua nhi dién. d 7
Q\ N

Goi S la dién tich cua da giac nam trong (P) , §' la dién tich cta hinh chiéu cta da giac d6 trén
(Q), voi @ = ((P),(Q)) Khi dé: §"=S.cosg.

Khodang cach tir mot diém dén mot dwong thing, dén mot mit phang

SG do gbéc phang nhi dién dwoc goi 1a s6"do géc nhi dién.

S6 do goc nhi dién nhan gia tri ttr 0° dén 180°.

Dién tich hinh chiéu cua mot da giac

Khoang cach tir diém M dén duong thang A Khoang c4ch tir diém M dén mit phang ()
la d6 dai doan vuong goc ke tr M dén A. la db dai doan vuong goc ké tr M dén ().
y M
d(M, A) d(M, (a))
A b
h H

(0%

Khoang cach giita dwong thang va mit phang song song, giita hai mit phing song song

Cho duong thang d song song véi (P ) , mit phing (Q) song song voi (P) .

- Khoang céch tir duong thang d dén mat phang (P) la khoang cach tir mot diém M bat ki thudc
d dén (P).

- Khoang cach tir mit phing (Q) dén mit phang (P ) la khoang cach ttr mot diém M bat ki thudc
(Q) dén (P) )
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Khodang cach giita hai duong thang chéo nhau

- Khoang cach gitra hai duong thang chéo nhau bang d6 dai doan

vuong goc chung.

a
- Khoang cach gitta hai duong thang chéo nhau bang khoang
cach gitta mot trong hai duwong thang d6 téi mat phang chia b N—l
duong thang kia va song song véi no.
M
a T

- Khoang cach gitta hai duong thang chéo nhau bang khoang
cach gitta hai mat phang song song lan luot chita hai dwong

thang d6.

Cac goc va khoang cach thwong gap

Goc gitta canh bén (hoac canh chtta dinh S)
va mat day trong hinh chép

Cho hinh chdp c6 dinh S, chan dwong cao A
va canh bén SM .

Goc gitra canh bén SM va day la goc SMA.

S

Lo
A’ M

Goc gitra mat bén (hoac mat c6 chira dinh S)
va mat day trong hinh chép

- Tim giao tuyén A ctia mat bén va ddy.

-Keé AM tir chan dwong cao vuong goc A.

- No6i SM.

Géc gitta mit bén va day 1a goc SMA.

Khoang cach tir chidn duwong cao dén canh bén
(hodc canh chwta dinh S) trong hinh chop

Cho hinh chép c6 dinh S, chan dwong cao A
va canh bén SM .

Ké AH 1 SM .Khi d6 khoang cachla AH .

S

Khoang cach tir chdn duong cao dén mat
bén (hoac mat c6 chira dinh S) trong hinh
chop

- Tim giao tuyén A ctia mdt bén va day.
-Ké AM tlr chan dwong cao vudng goc A.
-Ké AH L SM.
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Cac ti lé khoang cach thwong gap

AB||(a)

(4 () (5. (a)

A B
gl gl
Q H K

Thé tich khéi chop, lang tru

Thé tich khéi chop
Khoi chop cé dién tich day S
va chiéu cao h thi co thé tich

la: V :l.S.h .
3

Thé tich khéi t& dién vudng
Néu t&¢ dién ABCD c6 AB,
AC, AD d6i mot vudng goc

thi: V = %.AB.AC.AD .

D

Thé tich khéi lang tru
Khoi lang tru c6 dién tich day S
va chiéu cao h c¢é thé tich la:
V=Sh.

Thé tich khéi hop chir nhat
Khoi hop chr nhat ¢6 ba kich
thudc la a, b, ¢ co thé tich la:
V =ab.c

Thé tich khai lap
phuong
Khéi 1ap phuong ¢é canh
bing a c6 thé tich la:
V=a.

Thé tich khéi chop cut
Thé tich khdi chép cut ¢ dién tich
hai ddy la S, S’ va chiéu cao h la:

V:%h(5+\/§+5')

A o4
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Ti s6 thé tich trong khdi chép tam giac S
(Cong thirc Simson)
V, ;e SA' SB' SC' o
Ve e SA SB SC’ C’
A C

Ti s0 thé tich trong khéi chép ti giac

Cho khéi chép tir giac S.ABCD c6 day la hinh binh hanh.

Mot mat phéng ¢t cdc canh SA, SB, SC, SD Ian luot tai

M, N, P, Q sao cho S—M:x, S—N:y, S—P:z, &Z .
SA SB SC SD

Khi do:

xyzt(1 1 1 1 .11 1 1
1% =—| —4+—+—+=- |V va—+—=—+—.
S.MNPQ 4 (x y > t S.ABCD % z y t

Ti s0 thé tich trong khéi ling tru tam giac

Cho khéi lang tru tam gidc ABC.A'B'C’. Mot mét phang cat
cac canh AA', BB, CC' lan lwot tai M, N, P sao cho
AM BN CP

—=x, =y, =z.Khi do:
AA’ BB’ ccC'
X+y+z
VABC.MNP = 3 'VABCAA’B’C' °

Ti s6 thé tich trong khéi hop

Cho kh&i hop ABCD.A'B'C'D’. Mot mit phang cat cac canh
AA’, BB, CC', DD’ Tan lwot tai cac diém M, N, P, Q sao cho
AM _y, BN _y, £ 2, DO nids:

AA’ BB’ ccC’ DD’

Xty+z+t .
VABCD.MNPQ = 4 'VABCDAA’B’C’D’ va x+z=y+ t.
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THONG KE VA XAC SUAT 11
CAC SO PAC TRUNG PO XU THE TRUNG TAM CHO MAU SO LIEU GHEP

NHOM
1
S6 trung binh va mét cia mau s6 liéu ghép nhom
S6 liéu ghép nhom
Bang tan s6 ghép nhom
Nhém [u;u,) [uy;u,) L5140,
Tan s6 n, n, n,
Chu y:

-Comlu n=n,+n,+...+n,.

- Gia tri chinh gitra mdi nhém duoc dung lam gid tri dai dién cho nhom ay. Vi du nhom [”1 ; u2)

o gia tri dai dién la %(”1 +1, )

-Hieu u_,

- Nhom cu6i ctung c6 thé la [uk U

- Cac dau mut cta cac nhom co thé khong la gia tri cia mau so liéu.

k+1_]°

—u, dwoc goila dé dai cua nhom [um ;umﬂ) .

- Néu gap bang tan s6 ghép nhom kiéu nhuw sau (cac dau mat khong lién tuc):

Nhém [1;2] [3:4] [5:6] [7:8] [9;10]
Tan s6 122 75 14 5 2

Thi ta 14p lai bdng tdn s6” ghép nhém hiéu chinh nhu sau (mé rong bén trai bén phai thém nira

don vi):
Nhom [0,5; 2,5) [2,5;4,5) [4,5;6,5) [6,5:8,5) | [8,5;10,5)
Tan s6 122 75 14 5 2

S6 trung binh ctia mau s6 liéu ghép nhém

n,c, +1,C, +...+1,C,

S4 trung binh: X = VOl n=mn,+n,+..+n, lacd mauva c, c,, .., ¢, la cac gid

n
tri dai dién cac nhom.

Y nghia ctia s0 trung binh ctia mau sd liéu ghép nhom:

S6 trung binh ctia mau s6 liéu ghép nhém 1a gid tri xap xi cho s trung binh ctia mau s6 liéu gdc.
N6 thuwong ding d€ do xu thé trung tam ctia mau s6 liéu.

M6t ctia mau s6 liéu ghép nhém

Nhém chita mét ctia mau sd liéu ghép nhdm 1a nhém 6 tan s& 1én nhat.

Gia st nhdm chta mot 1a [um U ) , khi d6 mé6t cia mau sd’liéu ghép nhom, ki hiéu la M, duoc

xac dinh bdi cong thirc:
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Chu y: Néu khong c6 nhdm ké trude cua nhém chira mot thi n,_ = 0. Néu khong cé nhom ké sau

cta nhéom chita mot thi n, , =0.

Y nghia ctia mdt cia mau s6 liéu ghép nhom:

- M&t ctia mau s8 liéu khong ghép nhdm 1a gid tri c6 kha nang xudt hién cao nhat khi 18y mau.
M&t ctia mau s8 liéu sau khi ghép nhém M, x&p xi véi m6t ctia mau s6 lieu khdng ghép nhom.
C4c gid tri nam xung quanh M, thuong c6 kha nang xuat hién cao hon cac gid tri khac.

- M6t mau s liéu ghép nhém c6 thé cd nhiéu nhdm chita mét va nhiéu mét.

2

Trung vi va t& phan vi cia mau s6 liéu ghép nhém

Céch 1: Xac dinh trung vi va t& phén vi ctia mau s6 liéu ghép nhém bang cach xac dinh nhém
chtta trung vi va t phan vi cia mau s6 liéu goc

e Gid tri n: ¢ mau.

e Nhom [”m?”m+1) (nhém m): Nhém chira Q, (hodc Q, =M, hodc Q) (ctia mau s8 lidu goc).

® 1 :tan sd cua nhom [um )

® C=cf, ,=n,+n,+..+n, :tan so tich lay cia nhém [%-1 ;u,) (nhom m—1), n6i cach khéc n6

la tong tan s6 cua cac nhom phia trede nhém m.

n
k.—-C
Khi d9, cac tit phan vi (ctia mau s6 lidu ghépnhém)la: Q, =u + 4 .(um+1 -u, ) voi k=1, 2, 3.
n
n_c n_c 3n_ C
Cu thé’: Ql = um + 4 '(um+1 _um); QZ = Me = um + 2 '(uerl _um); Q3 = um + 4 '(uerl _um) :
nm nm nm

7 7 4 ’ A . ’ \ 1 4 \ A . 4 - A - A /4

Chu y: Néu tit phan vi thi k 1a —(xi + xm), trong do x; va x,, thudc hai nhém lién ti€p, vi du
2

nhu x, € [um_l;um) vax,, € [”m;”m+1) thitaldy Q, =u .
Nhan xét: C4ch nay ta can xac dinh vi tri Q,, Q, =M,, Q, ctia mau s6 liéu gdc thudéc nhém m
nao va can leu y Cha y phia trén.
Céch 2: Xac dinh trung vi va t& phén vi ctia mau s6 liéu ghép nhém bang cach xac dinh nhém
dau tién co tan sd tich liy thoa diéu kién
Ta c6 thé xac dinh nhom [um ;i) (Mhém m) trong cac cdng thiic trén ma khong can xac dinh

Q,, Q,, Q, (ctia mau s& liéu gdc).

Al 7. 7 AN N oA N ~ 7 v M n 7 \ n
® D6i voi Q,: nhom dau tién cé tan so tich Ity lon hon hodc bang 1 tiec la of, | <Z nhung

n
of =2—.
fm 4

AZe 7. 7 AN JUN 7 oA v ~ 7 v M n 7 \ n
® D6i voi Q, = M, : nhdm dau tién co tan so tich Iy 16n hon hodc bang ’Y tacla cf | < 5 nhung

n
f =2—.
fm 2
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AL 7. 7 A TN LA N ~ 7 v M 3” 7 N 3”
® D341 voi Q,: nhom dau tién co tan so tich Ity 1én hon hodc bang i tacla cf, | <Z nhung

3n
cf =2—.
2=

) k2-c
Khi d6, cac t phan vi (ctia mau s6 liéu ghép nhém)la: Q, =u, + 4 .(um+1 —um) voi k=1, 2, 3.
n
Z—C g—c T—c

Cu thé: Q1=Mm+ nm '(um+1_um); QZZMc:um+ nm '(um+1_um); Q3:Mm+ nm '(um+1_um)'

Y nghia ctia trung vi cia mau s6 liéu ghép nhom

Tt dit liéu ghép nhém néi chung khong thé xac dinh chinh xéc trung vi ctia mau sd liéu gdc.
Trung vi ctia mau s6 liéu ghép nhém 1a gid tri xap xi cho mau s6 liéu gdc va c6 thé 1dy lam gia tri
dai dién cho mau s6 liéu.

Y nghia ctia t& phéan vi ctia miu s6 liéu ghép nhém

Ba diém t&t phan vi chia mau sd liéu da sap xép theo thit tu khong giam thanh bon phan déu
nhau. Giéng nhu véi trung vi, néi chung khong thé xac dinh chinh xac cac diém t& phan vi cua
mau s6 liéu ghép nhom.

B6 ba tt phan vi ctia mau s6 liéu ghép nhém 1a gié tri xap xi cho t phan vi ctia mau s6 liéu gbc
va duoc stt dung lam gia tri do xu thé trung tam ctia mau s6 liéu.

Tt phan vi thit nhat va thit ba do xu thé trung tam ctia nira dwdi (cac dit liéu nho hon Q,) vantra

trén (cac dit liéu 16n hon Q,) ciia mau s6 liéu.

XAC SUAT

1

Bién 0 giao va quy tic nhan xac suat

Bién 6 giao

Cho hai bién ¢6 A va B.Bién cd “Ca A va B cung xay ra”, ki hiéu la AB hoac An B, duoc goi
12 bién c6 giao cua A va B.

Bién ¢6 xung khic

Hai bién c8 A va B duoc goi la xung khdc néu A va B khong dong thoi xay ra.

Hai bién cd A va B la xung khic khi va chikhi AnB=@.

D3i véi hai bién 8 xung khac, néu bién cd nay xay ra thi bién ¢ kia khong xay ra.

Bién ¢6 doc lap

Hai bién c6 A va B dwoc goi la ddc ldp néu viéc xay ra hay khong xay ra ctia bién c6 nay khong
anh huwong téi xac sudt xay ra cua bién ¢6 kia.

Nhan xét: Néu A va B doclapthi A va B; A va B; A va B ciing déc lap.

Quy tac nhan xac sudt ctia hai bién ¢6 doc lap

Néu A va B la hai bién ¢ doc lap thi P(AB)=P(A)P(B).

2
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Bién ¢6 hop va quy tic cong xac suat

Bién ¢6 hop

Cho hai bién cd A va B. Bién cd AUB dugc goi la bién cé hop cia A va B.Bién ¢ AUB ¢6
nghiala “ A hodc B xay ra”.

Bién c6 AU B xay ra khi c6 it nhat mot trong hai bién ¢cd A va B xay ra.

Quy tic cOng xac suat

Néu A va B la hai bién ¢ xung khdc thi P(AUB)=P(A)+P(B).

M¢ rong, néu A va B 1a hai bién 8 bt ki thi P(AUB)=P(A)+P(B)-P(AB).

CHUYEN PE 11

LY THUYET PO THI
1
Do thi

Mot d6 thi G 1a mot tap hop gom hitu han céc diém, goi 1a dinh cua d6 thi, cing v6i tap hop cac
doan dwong cong hoac théng c6 cac dau mut 1a cac dinh cua d6 thi, goi la canh ctua do thi.

Céc dinh cua d6 thi duoc ki hiéu bf?mg cac chir in hoa A, B, C, ...; canh ¢ dau mut 1a cac dinh
A, B (canhndihai dinh A, B) dwgckihiéula AB hodc BA . Doi khi ta cing dung cac chit thuong
a, b,... d&€ ki hiéu canh.

Hai canh khac nhau c6 thé c6 chung hai dau mut.

Hai dinh ctia d6 thi goi la ké nhau (con goi dinh nay ké véi dinh kia) néu ching 1a hai dau mat
cta mot canh. Mot dinh khong ké véi dinh nao (k€ ca chinh nd) goi la dinh cé ldp.

Nhan xét:

a) Hai dau mut ctia mt canh c6 thé trung nhau. Canh ¢6 hai dau mat trung nhau goi la khuyén.
b) Mot d6 thi khong c6 khuyén, trong do6 hai dinh bat ki la dau mat cta nhiéu nhat mot canh goi
la mot don do thi.

¢) Mot d6 thi khong c6 khuyeén, trong d6 hai dinh c6 thé ndi véi nhau bang nhiéu canh goi la mot
da dob thi.

C
A
p 4 C E
B a
F
¥ B~ D  F

Bac cua dinh

Gia st A la dinh cua mot do thi. S8 canh ctia d thi c6 A la dau mut goi la bdc ctia A, ki higu
d(A).
Ch y:

Trang 83



Tong hop 1y thuyét THPT mén Toan ThS. Tran Thanh Yén

a) Pinh c6 bac 1a mot s6 chan con duoc goi la dinh bac chdn; dinh cé bac 1a mot s6 1é con dwoc
goi la dinh bdc lé.
b) Pinh ¢6 1ap c6 bac bang 0.
Dinh li
Trong mot do thi, tong tat ca bac cta cdc dinh la mot s6 chan va b?mg hai Ian sO canh cta d6 thi.
Nhan xét: Tt dinh Ii trén suy ra, s8 dinh bac 1é cia moi do thi 1a mot s& chan.
2
Duong di Euler va dwong di Hamilton
Duwong di Euler
Trong d6 thi G, mot day canh ndi tiép (hai canh ndi tiép la hai canh ¢ chung mét dinh)
AB, BC, ..., MN, NP duoc goi la mot duong di tir dinh A dén dinh P, ki hiéu ABCD...MNP.
Ta cling néi dwong di ABCD...MNP bit dau tir dinh A, di qua cac canh AB, BC, ..., NP va két
thac tai dinh P.
Mot duong di dugc goi la mot chu trinh néu nd bit dau (hodc xuat phat) va két thtc tai cung mot
dinh.
Mot d6 thi duoc goi la lién théng néu moi cap dinh phan biét ctia né déu c6 duong di tir dinh nay
dén dinh kia.

A C E A C E

B D F B D F
Cho G 1a mét do thi lién thong.
Trong d6 thi G, mot duong di tir dinh A dén dinh B, di qua tat ca cac canh caa G, modi canh
dung mot lan, dwoc goi 1a duong di Euler tiv A dén B.
Mot chu trinh di qua tat ca cac canh ctia do thi, mdi canh dung mot Tan, dwoc goi la chu trinh
Euler.
Chu y: Khi G 1a d6 thi lién thong thi moi duwong di Euler trén G (néu c6) di qua moi dinh ctia G.
Pinh 1i 1
Db thi lién thong G c6 chu trinh Euler khi va chi khi moi dinh ctia né déu c6 bac chén.

A D
E
A - D

B v C
E B C

Dinh 1i 2
Db thi lién thong G c6 duong di Euler nhung khong c6 chu trinh Euler néu va chi néu né ¢ dung
hai dinh bac 1é.

Khi d6, duwong di Euler di tir dinh bac 1é nay dén dinh bac 1é kia.
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A A
E
A . D
o D B E
a b
B v C
B F C D
B A
A D
E
E F
C D B C

Duwong di Hamilton

Cho d6 thi G.

Duong di di qua moi dinh ctia G, mdi dinh dting mot 1an goi la duwong di Hamilton trong G .
Duong di bat dau va két thic tai dinh A, di qua moi dinh ctia G, mdi dinh ding mot Tan, tri
dinh A, dwoc goi la chu trinh Hamilton trong G.

Chu y:

a) Duong di va chu trinh Hamilton di qua moi canh ctia d6 thi nhiéu nhat mot [an (khong di qua
lan nao hodc di qua méot Ian).

b) Ttr chu trinh Hamilton, bo di canh cudi cung ta duoc duwong di Hamilton. Do d6, mot d6 thi co
chu trinh Hamilton thi cling ¢ duong di Hamilton (nhu vay, mot d6 thi khong c¢6 duong di

Hamilton thi cting khong c6 chu trinh Hamilton).
A D A D A D

[

B C B C E B C F
Nhan xét: Dén nay, nguoi ta tim ra duwgc mot s6 diéu kién da (nhung chua tim duoc diéu kién
can va du nao) d€ mot do thi c6 chu trinh Hamilton. Duéi day la hai trong s6 nhiing diéu kién
du doé.

Dinh li 3 (Pinh li Dirac)

Cho G la mét don d0 thi lién thong c6 n dinh véi 12 3. Khi d6, néu moi dinh ctia d6 thi G déu

c6 bac 16n hon hodc bing g thi @6 thi G ¢4 chu trinh Hamilton.

Dinh li 4 (Pinh 1i Ore)

Cho G la mét don d6 thi lién thong ¢ n dinh véi n>3. Néu véi moi cap dinh A, B khong ké
nhau cua G déu co d(A) +d (B) >n thi d6 thi G ¢6 chu trinh Hamilton.
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M

A

B

Nhian xét: Nhiéu d6 thi tuy khong théa man gia thiét ctia Dinh li Dirac hay Dinh 1i Ore nhung
van c6 chu trinh Hamilton. Trong mot s6 triedng hop don gian, ta cé thé tim chu trinh (dwong di)
Hamilton ctia &6 thi, hogc chitng minh rang d6 thi khong c6 chu trinh (dwong di) Hamilton, dira

vao cac quy tac sau day:

a) Chu trinh (dwong di) Hamilton phai di qua hai canh n6i v6i dinh bac 2 (trte khi dinh d6 1a dinh
bat dau hodc dinh két thtic cia dwong di).

b) Néu chu trinh (dwong di) Hamilton da qua hai canh n6i véi mét dinh ¢6 bac 16n hon 2 thi no6
khong thé di qua cac canh khac néi véi dinh do.

c) Puong di Hamilton phai di qua canh ndi véi dinh bac 1; cac dinh bac 1 phai la dinh bat dau
hodc dinh két thtc ctia duwong di Hamilton. D6 thi c6 dinh bac 1 thi khong ¢é chu trinh Hamilton.

K

A B

A D
E 1
F
F

B C D C
3

Bai toan tim dwong di ngan nhat

D6 thi c6 trong s6 va duong di ngan nhat

Mot d6 thi ma mdi canh duoc gan thém mot s6 duoc goi 1la mot do thi cé trong s6. S& dugc gan
cho mdi canh duoc goi la trong sé ctia canh d6. Trong s6 cua canh 4 dwgc ki hiéu la w, .

Nhan xét: Ta chi xét d6 thi co trong sO voi trong s6 la cac s6 duong. Trong s cua canh con duoc
goi la dg ddi ctia canh d6, méc du trong thuc té trong sd cd thé biéu dién nhiéu dai luwong khac
nhau (khong chi 1a ¢ dai vat 1f). Chang han, trén 6 thi biéu dién duong di gitta nhitng noi nao
dé, trong s6 cua canh c6 thé biéu dién d6 dai cua doan duong, hodc so tién can tra, hodc thoi gian
can dé di hét doan duwong do.

Tong trong so (hay tong do dai) ctia cac canh tao thanh dwong di goi la d6 ddi cua duwong di do.
Do dai cia duong di m dwockihiéula [ .

Trong d6 thi c6 trong s6, duong di c6 do dai bé nhat trong tat ca cac duwong di tir dinh A dén
dinh B goi la duong di ngdn nhdt tir A dén B.

Cha y: Khi xét bai toan tim duong di ngan nhat, ta chi xét d6 thi lién thong c6 trong s6.
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Thuit toan tim dwong di ngan nhat

Ta gan cho modi dinh cta d6 thi mot sd, goila nhdn cta dinh d6. Nhan cua dinh M kihiéula n,,.
Thuit toan tim dwong di ngan nhit tit dinh A dén dinh T':

Mé dau (goi la Budc 0): Gan nhan ctia A bang 0, cic dinh khac bang «o. Khoanh tron dinh A.
Cac budc lap: Trong mdi bude lap thwec hién cac thao tac duoi day:

- Goi U 1a dinh vtra dwgc khoanh tron ¢ budc truede. Trong cac dinh chua khoanh tron, xét Tan
luot tieng dinh V' ké véi dinh U, tinh n, +w,,,,, r6i so sanh s0 nay véi nhan hién tai n, cua V.
Né&u s6 nhé hon thi d8i nhan n, bang sd dé.

— So sanh nhan cua tat ca cac dinh chwa khoanh tron. Dinh nao ¢d nhan nhé nhat thi khoanh tron
dinh d6 (néu cé nhiéu dinh nhuw vay thi khoanh mot dinh tuy y trong s6 do).

— Néu dinh T chwa duoc khoanh tron thi thuc hién budc lap ti€p theo, trai lai thi két thac cac
budec ldp.

Két luan: Do lai cac budce lap d€ viét duocnhén n, caa T dudi dang tong do dai cac canh. Tir d6
nhan dugc duong di ngan nhét tir dinh A dén T cting véi d6 dai ctia né.

Chti y: D& hinh vé dé nhin, ta bo qua viéc ghi nhan « cho cac dinh trén hinh vé.

B 5 E B 7 D
4 3
A 6 4 T
9 5
C 12 E
A
L
A 13 5 5
15
3 4 0 10
1 M S T
P B, - Q
3
N 9 f 12 9
C 7 N D
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MOT SO YEU TO GIAI TiCH 12

UNG DUNG PAO HAM DE KHAO SAT HAM SO
1

Tinh don diéu va cuc tri cia ham s6

Tinh don diéu ctia ham s6

Nhic lai vé tinh dong bién, nghich bién ctia ham sd

Chohams6 y=f (x) xac dinh trén K, voi K la mot khoang, ntra khoang hoac mét doan.
Ham s y = f(x) dong bién (tang) trén K néu Vx,, x, €K, x, <x, = f(xl) < f(xz).

Ham s6 y = f(x) nghich bién (giam) trén K néu Vx, x, €K, x, <x, = f(xl) > f(xz).

Y
flxo) p-mmmmmmmm .
f@) b a
R T
(@) 1 T2
Ham s dong bién Ham s0 nghich bién

Tinh don diéu cia ham s6

Chohamso y = f (x) c6 dao ham trén khoang K.

Néu f '(x) >0, Vx € K thi ham s6 dong bién trén khoang K.

Néu f '(x) <0, Vx € K thi ham s6 nghich bién trén khoang K.

Chu y:

Néu K la mot doan hodc nira khoang thi phai bo sung gia thiét “Ham s6 y = f (x) lién tuc trén
doan hodc ntta khoang do”. Chéng han: Néu ham s6 y = f (x) lién tuc trén doan [u;b] va co dao
ham f'(x) >0, Vx e (a;b) thi ham s6 dong bién trén doan [a;b] .

Chu y:

Chohamso y = f (x) c6 dao ham trén khoang K.

* Néu f'(x)20, VxeK va f'(x)=0 chi tai mot s& hiru han diém thi ham s§ dong bién trén K.
* Néu f'(x)<0, VxeK va f'(x)=0 chi tai mdt s6 hiru han diém thi ham sg nghich bién trén K.
* Néu f’(x) =0, Vx € K thi ham s6 khong d6i trén K.

Nhan xét:

Néu ham s8 dong bién trén K thi f'(x)>0, VxeK.

Néu ham s6 nghich bién trén K thi f '(x) <0, VxeK.

Cac budc xét tinh don diéu ctia ham so:

Budc 1. Tim tap xac dinh D cua ham s6.
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Budc 2. Tinh dao ham y' = f'(x) ctia ham s3. Tim céc diém x € D ma tai d6 dao ham f'(x) bang
0 hodc dao ham khong ton tai.
Budc 3. Xét dau f'(x) va lap bang bién thién.

Budc 4. Néu két luan vé cac khoang dong bién, nghich bién ctia ham s6.

Mot s6 quy tac xét dau biéu thitc f '(x)
* Néu f'(x) la da thire thi khoang ngoai ciing bén phai cing dau vdi 4 1a hé s6 cao nhat.

® Qua nghiém don (bdi 1¢) ddi d&u, qua nghiém kép (bdi chdn) khong ddi dau.

CASIO: CALC X=X, v6i X, 1a mot s8 tiy y trong khoang (a;b) dé xac dinh d&u cua f'(x)

trong khoang do6 (véi f '(x) lién tuc va vo nghiém trén khoang (u; b) )-

Cuc tri cia ham sd

Khai niém cuec tri cia ham sé

Choham so y = f(x) xac dinh trén tap hop D va x,€D.

e Néu ton tai mot khoang (a;b) chita diém x, va (a;b) c D sao cho f(x) < f(xo) voi moi
xe(a;b)\{x,} thi x, duoc goi la mot diém cuc dai, f(x,) duoc goila gid tri cuc dgi cia ham s§
y=f(x), kihiéula yg,.

e Néu ton tai mot khoang (u;b) chita diém x, va (u;b) < D sao cho f(x) > f(x,) v6i moi
xe (a; b) \ {xo} thi x, duoc goi 1a mot diém cuc tiéu, f (xo) dwoc goi 1a gid tri cuc tiéu ctia ham s6
y= f(x), kihiéula vy, .

Chu y:

® Diém cyc dai va diém cuc ti€u dugc goi chung 1a diém cuc tri ctia ham s6. Gia tri cyc dai va gia
tri cuc tiéu dwoc goi chung 1a gid tri cuc tri (con goi la cuc tri) cia ham so.

® Néu x, la mot diém cuc trj (diém cuc dai, di€m cuc ti€u) cia ham s6 y = f (x) thi ta cling noi
hamsd y=f (x) dat cuec tri (cwee dai, cuc tiéu) tai x, .

e Ham s0 ¢ thé dat cuc dai va cuc ti€u tai nhiéu diém trén D.

® Néu x, la diém cuc tri cilahams6 y = f (x) thi diém M (xo i f (xo )) 1a mot diém cuc tri ciia d6
thi ham s6 y = f(x)

Tim cuc tri cia ham s6

Choham s6 y=f (x) lién tuc trén khoang (a;b) chita diém x, va c6 dao ham trén cac khoang
(a;xo) va (xo;b). Khi do:

e Néu f’(x) >0 véimoi x e (a;xo) va f’(x) <0 véimoi x e (xo;b) thi ham s y = f(x) dat cuc dai
tai diém x,.

* Néu f’(x)<0 véi moi xe(a;xo) va f’(x)>0 véi moi xe(xo;b) thi ham s6 y :f(x) dat cyc

tiéu tai diém x, .
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Chua y:
* Néu f ’(xo) =0 va f'(x) khong d6i ddu khi x qua diém x, thi ham s§ khong c6 cuc tri tai x, .

e Néu f'(x) khong doi dau trén khoang K thi f(x) khong c6 cuc tri trén khoang do.
g g g g

Diém cuc dai

yAa cta do6 thi . .
biém cuc tieu
Gi4 tri cuc dai / ctia do6 thi
(cuwre dai) caa
ham s6 (*co; Yep)
Yep

| SN
Yer ! L (Xers Yer)
1
x x X
Gia tri cuc b cr (_\

tiéu (cuc tiéu)
ctia ham s6

Piém cuc dai Diém cuc tiéu
ctia ham s0 ctia ham s0

Dinh li
Giastthamsd y=f (x) c6 dao ham cap 2 trong khoang (a;b) chta x,. Khi do:

thi x, 1a di€ém cuec ti€u ctia ham s6.

r( _

X ) =0

A 0 \ \ o« A7 . » \ ~
e Néu { thi x, la diém cuc dai cia ham s0.

Cht ¥: Chiéu dao ctia dinh 1y nay khéng chac dung. Nhung ddi véi ham sd bac ba, chiéu dao cua
dinh ly ludn dung.

Cac budc tim cuec tri ciia ham so:

Budc 1. Tim tap xac dinh D cua ham s6.

Budc 2. Tinh dao ham f '( x) cua ham s0. Tim cac diém x thud¢c D ma tai d6 dao ham f '( x) bf?mg
0 hodc dao ham khong ton tai.

Budc 3. Lap bang bién thién ctia ham sd.

Budc 4. Ttr bang bién thién két ludn vé cuc tri cia ham sé.

Dang toan: Tim m d€ ham s6 dong bién hoac nghich bién trén tirng khoang xac dinh

Dai v6i cic ham s so cdp y=f (x) , n6i chung ta cé:
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e Ham s dong bién (tang) trén D < y' >0, VxeD.
e Ham s6 nghich bién (giam) trén D < y'<0, VxeD.

Ham s8 bacba y=ax’ +bx* +cx+d (a#0):

o , a,>0  fa>0
Ham s6 dong bién (tang) trén R < ' 20, VxeR << ¥ o4 :
A, <0 b —3ac<0

. . a,<0 a<0
Ham s6 nghich bién (giam) trén R < ' <0, VxeR << 7 =

A, <0 b*—3ac<0
\ o . 1A o LA v ax+b
Ham sd phan thitc bac nhat trén bac nhat y = y (c#0,ad—bc+0):
cx +
Tap xac dinh D = R\{—g} .Dao ham v/ :ud;bcz-
¢ (cx+d)

Ham s6 dong bién (tang) trén ting khoang cia D < y' >0, Vxe D <> ad-bc>0.
Ham s& nghich bién (giam) trén timg khoang cia D < ' <0, Vxe D < ad-bc<0.

2

N S A 1t A 1A A ax“+bx+c

Ham s0 phan thtec bac hai trén baicmot y=—— (a#0, m#0):
mx+mn

n am.x? +2an.x +bn—mc

Tap xac dinh D =R\ {——} .Daoham y' =
m

(mx+n)2
Dit g(x)=am.x® +2anx+bn—mc.

Ham s6 dong bién (tang) trén tirng khoang ctia D
<Yy =20,VxeD

<> a.m >0 va phuong trinh am.x* +2an.x+bn—mc=0 co nghiém kép hoac v6 nghiém

{a.m>0
<A <0°
8(x)

Ham s6 nghich bién (giam) trén ting khoang caa D
<y'<0,VxeD

< a.m <0 va phuong trinh am.x® +2an.x+bn—mc=0 c6 nghiém kép hodc vd nghiém

{a.m<0
VA <0
8(x)

Chu y:
® Cong thtrc trén ap dung cho ham s6 c6 diéu kién 1la a#0, m#0. Trong treong hop a va m

chwra chac khéc 0 thi ta phai xét a=0, m=0 trudc.
A ’ » A . A, ’ X 7 \ n A \ oA 2 2 \
® Néu da thitc tir khong chia hét cho da thttc mau (titc la —— khoéng la nghiém cua t) thi trong
m
cac cdng thizc trén, A | c6 thé khong cé dau bang "=".
8(x)

Dang toan: Tim tham s6 m d€ ham s6 dong bién hoac nghich bién trén tip K

Phuong phép tong quat:
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Déi voi cacham s so cdp y = f (x), noéi chung ta co:
® Ham s dong bién (tdng) trén K< y' >0, Vxe K.
e Ham sG nghich bién (giam) trén K < ' <0, VxeK.
Phuong phap ham s6 (phwong phéap c6 1ap tham s6 m): dya vao viéc tim GTLN, GTNN cua
mot ham s0 g(x) trén K dé€ tim diéu kién cho m: Chi ap dung cho cac bai ¢6 lap duoc tham sd
m trong diéu kién y' 20, Vx € K hodc y' <0, VxeK.
Budc 1: Tinh dao ham y' = f'(x).
Budc 2: Co6 lap (tach) m (hay biéu thitc chita m) ra khoi bién x va chuyén m vé mot vé. Dat vE
con lai la g(x).
Budc 3: Lap bang bién thién ctia g(x).
Budc 4: Két luan: Theo quy tac “Lén hon hodc bang s& 1én — Nhé hon hodc bang s6 nho”.
Tim m d€ ham s6 bacba y=ax’ +bx* +cx+d (u # 0) dong bién hodc nghich bién trén tap K
Xét ham s6 bacba y=ax’ +bx* +cx+d (a=0).Taco y' = f'(x)=3ax’ +2bx+c.
Truong hop 1: C6 lap duoc tham sd m: St dung phuong phap nay.
Truong hop 2: Khong c6 1lap dugc tham sd m:
TH1: A<0:Khi d6 y' cung ddu véi a. Tuc la:
Néu a>0 thi f'(x)20, VxeR. Ham s§ dong bién trén R, suy ra ham s dong bién trén K.
Néu a<0 thi f ’(x) <0, Vx € R. Ham s6 nghich bién trén R, suy ra ham s nghich bién trén K.
TH2: A>0:Khido6 y'= f’(x) c6 2 nghiém x,, x, va d6i dau khi qua 2 nghiém.

X ‘ —o0 X X, +00

f'(x)

Dua vao dé bai, so sanh x,, x, véis6 ae R détimra m.

cung dduvéia 0 traidduvdia 0 cung ddu véia

Kién thitc cin nho:
Cho phuong trinh bac hai ax® +bx+c¢ =0 c6 2 nghiém phan biét x,, x, vas6 ae R . Khi do:

(xl—a).(xz—a)>0 (xl—a).(xz—a)>0

* X, >x >a&
X, +x,>2a X, +x,<2a

. x1<x2<a<:>{

o x, <a<x, < (x,—a).(x,—a)<0

Tim m d€ ham s6 phan thirc y = ax +b (c#0, ad—bc #0) dong bién, nghich bién trén tap K
cx +
ad—bc >0
Ham s0 dong bién trén K < y'>0, Vxe K<< 4 P
——¢
c
ad—bc<0
Ham s0 nghich bién trén K < y'<0, Vxe K< 4 X
—=¢

c
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. o va it ax® +bx+c . tex o em tn un
Tim m dé ham s6 phan thitc y=—— (a#0, m#0) dong bién, nghich bién trén tap K
mx+n
, . am.x* +2an.x + bn—mc 5
Ta c6 dao ham y' = > . Dat g(x):am.x +2an.x+bn—mc.
(mx + n)
y'>0,Vxek am.x? +2anx+bn—-mec>0, Vx e K
Ham s6 dong bién trén K <1 4 <9 g ;
-—¢K -—¢K
m m
y'<0,VxeK  |amx®+2anx+bn-mc<0, VxeK
Ham s0 nghich bién trén K <4 <S4 on
-—¢K -—eK
m m

Truong hop 1: C6 1ap duoc tham s6 m: St dung phuwong phap nay.

Truwong hop 2: Khong c6 1lap dugc tham s m:

TH1: Ham s6 dong bién (hodc nghich bién) trén tirng khoang xac dinh (khi d6 né sé dong bién
(hodc nghich bién) trén tap K).

TH2: Ham s6 ¢6 2 diém cuc tri x,, x,. Lap bang bién thién, so sanh x,, x, v6isd ae R dé tim m.
Dang toan: Tim m d& ham s6 bac ba don diéu trén khoang (doan) c6 d6 dai dling bang sé k
Tim tap xac dinh D. Tinh dao ham y'. Tinh A va xét 2 truong hop A<0 va A>0.

Chit §: |x, —x,| =k & (x,+x,) —4x,.x, =k*, st dung dinh Iy Vi-ét dua vé phuong trinh theo 1.
Dang toan: Cuc tri cia ham sd bac ba c6 tham s6

Cuc tri cia ham s6 bac ba (C) cy=ax’ +bx* +cex+d (a # 0)

Dao ham: y'=3ax” +2bx +c. Ta cé A =4b>-12ac (A’ = b’ —Sac) :

Ham s6 bac ba hodc o 2 cuc tri hodc khong cé cuec tri.

Ham s6 c6 cuc tri Ham s6 khong c6 cyec tri
y'=0 c6 2 nghiém phan biét Y =0 c6 nghiép kép hodc vo nghiém
az0 a#0
{A >0 {A <0
a#0 a#0
{bz ~3ac>0 {bZ —-3ac<0

Ham s6 ludn dong bién (néu a > 0) (hoac
ludn nghich bién (néu a<0)) trén R

a>0 a<0 a>0 a<0 a>0 a<0
A>0 A>0 A=0 A=0 A<O0 A<0O

~ A

Chia y: Néu hé s8 a 6 chira tham s3 m chua chéc khéc 0 thi ta can xét thém truong hop a=0.

Ham s6 ¢6 2 cuc tri (1 cye dai va 1 cuc tiéu)

Phuong trinh duong thing di qua 2 diém cwc tri cia (C):y =ax’ +bx* +cx+d (a#0)
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Khi ham s8 ¢6 2 diém cyec tri, chia y cho y' ta dwgc dw la ax+b.Khi dé6 A:y=ax+b la duong

thang di qua 2 diém cuec tri cta (C ).

y A , 2 b bc
Hodc nhé cong thttcsau: Aty =—| c—— |x+d——.
3 3a 9a

Diéu kién dé€ ham sd dat cuc tri tai mot diém

D3&i voi ham bacba y =ax® +bx® +cx+d (a;tO),ta co:
. {y’(xo) y'(x,)=0
yu(xo)>0 yrr(x0)<0

Dang toan (doc thém): Cyec tri ctia ham s6 trung phwong c6 tham sd

< x, la diém cuec ti€u cua ham so. * { < x, la diém cuc dai ctia ham s6.

Cyec tri ham s6 tring phuong (C): f(x)=ax" +bx*+c (a=0)
x=0
Ta c6 dao ham: y' =4ax’ +2bx . Khi d6 y'=4ax’ +2bx=0<| . p .

x —_——
2a

Ham s6 trung phuong c6 1 diém cuc tri hodc ¢6 3 diém cuc tri.

Ham s6 ¢6 1 diém cuctri < y'=0 cd 1 nghiém

_Zi v6 nghiém hodc c6 nghiém bang 0
a

=X

<:>—££O<:>ab20.
2a

Ham s6 ¢6 3 diém cuc tri < y'=0 ¢ 3 nghiém phan biét

<:>—£>O<:>ab<0.
2a

Ham s6 c¢6 1 diém cuc tri < ab>0

VIRENA

Ham s6 ¢6 3 diém cuc tri < ab<0

Ham s6 c¢6 dung 1
diém cuec tri va diém
cuc tri d6 1a diém cuc
tiéu

a>0
&
b>0

Ham s0 c6 dang 1
diém cuec tri va diém
cuc tri do 1a diém cuc
dai

a<0
=
b<0

Ham s0 ¢6 2 diém cuc
tiéu va 1 diém cuc dai

a>0
=
b<0

Ham s c6 1 diém cuc
tiéu va 2 diém cuc dai

a<0
b=
b>0

Mot s6 diéu kién lién quan cac di€m cuc tri cua do6 thi (C )  f (x) =ax

4

4
tao thanh tam gidc ABC v6i AB=AC :,/ b > —i, BC =2, /—i thoa man d kién:
16a~ 2a 2a
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Dir kién Cong thitc thoa ab <0
1. Tam gidc ABC vudng can tai A 8a+b>=0
2. Tam giac ABC déu 24a+b° =0

3. Tam giac ABC c6 goc BAC=a

8a+b3.tan2%:0

4. Tam giac ABC cédiéntich S,,,. =S

0

32a°(S,) +0°=0

5
5. Tam gidc ABC c6 dién tich maxS=S§, 5, = |-2
324°
b2
1=
6. Tam giac ABC c6 ban kinh duwong tron noi tiép 7, ,,- =7, 4‘&1‘ 1+ /1_£
8a
7. Tam gidc ABC ¢4 d6 dai canh BC =m, amj +2b=0
8. Tam gidc ABC c6 dd dai AB=AC =n, 16a’n; —b* +8ab =0
9. Tam giac ABC v6i 2 diém cuc tri B, C € Ox b* —4ac =0
10. Tam gidc ABC ¢6 3 goc nhon b(8u + b3) >0
11. Tam gidc ABC c6 trong tam O b*> —6ac=0
12. Tam gidc ABC c0 tryc tam O b’ +8a—4ac=0
. Ry X , Cn b* - 8a
13. Tam giac ABC c6 ban kinh duong tron ngoai tiép R, ,,- =R R= S‘a‘ )
14. Tam gidc ABC cung diém O tao hinh thoi b* —2ac=0
15. Tam gidc ABC ¢6 O la tdm duwong tron ndi ti€p b®> —8a—4abc=0
16. Tam giac ABC ¢6 O la tam duwong tron ngoai tiép b’ —8a—8abc =0

17. Tam gidc ABC c6 canh BC =kAB =kAC

b3.k2—8u(k2—4):0

18. Truc hoanh chia tam gidc ABC thanh 2 phan c6 dién tich bang 4 \/E‘ac‘
nhau
19. Ba diém cuc tri A, B, C cach déu truc hoanh b*—8ac=0

Dang toan: Cuc tri cia ham sd phan thiec bic 2 trén bac 1 ¢6 tham s6

2
F A , +bx + N
Cuc tri cia ham so6 phan thac y _4x roxvce (diéu kien a#0, m#0)
mx+n
o n . . am.x® +2an.x+bn—mc
Tap xac dinh: D=R\<{—-—:.DPaoham y'= >
m (mx+n)

Dit g(x)=am.x’ +2anx+bn—mc.

Ham s6 nay hodc khong c6 cuc tri hodc ¢ 2 cuc tri (1 cyee dai, 1 cuc tiéu).

e Ham s6 khong c6 cuc tri
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am =0

= g(x) =0 c6 nghiém kép hoac v6 nghiém < {A <0
g(x

< Ham s6 dong bién trén mdi khoang xac dinh (khi am >0) hodc nghich bién trén mdi khoang
xac dinh (khi am <0).

® Ham s0 c0 2 cuc tri

am =0
= g(x) =0 c6 2 nghiém phan biét khac ELLIPEN Ay > 0
m
g(—ﬁj #0
m
am =0
= g(x) =0 c6 2 nghiém phan biét < B> 0"
8lx
L ) Ham s c6 cuec tri
Ham s6 khong c6 cuc tri . . e
(2 cuc tri: 1 cwc dai, 1 cuc tieu)
{am>0 {am<0 {am>0 {am<0
Ag(x) <0 Ag(x) <0 Ag(x) >0 Ag(x) >0

I
I
I
I
I
I
I
I
I
I
I
4
I
I
I
I
I
I
I
I
I
I
I

g(x) =0 c6 nghiém kép hodc vo nghiém g(x) =0 c6 2 nghiém phan biét

Cha y: Néu hé s6 a va m chua chac khac 0 thi ta can xét thém cac truong hop a=0 va m=0.

Phuong trinh dwong thang di qua 2 diém cuec tri ctia d6 thi ham s6 phan thic bac 2 trén bac 1

2
N X Hbx+C oo s \ \ g
Cho ham s6 y =——— . Khi ham s6 ¢4 2 ciec tri thi phwong trinh duong thang di qua 2 diém
mx+n
. ” AVN . ! A~ 71N Za-x + b 2 ” h x
cuc tri cua d6 thiham sd déla A:y = (dao ham tir, dao ham mau).
m

2

Gia tri 16n nh4t va gi tri nho nhat ctia ham s6

Cho ham s8 y = f(x) xac dinh trén tap D.

S6 M duoc goi la gid tri I6n nhdt (GTLN) ciia ham 6" y = f(x) trén D, néu f(x)<M véi moi
xeD vaton tai x, € D sao cho f(x,)=M.XKihiéu: M:mDaxf(x).
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S8 m duoc goi la gid tri nhé nhat (GTNN) ctia ham s6” y = f(x) trén D, néu f(x)2m v6i moi
xeD vaton tai x, € D sao cho f(x,)=m.Kihiéu: m:mDinf(x).

Y Y

M

O o O

Dinh li
Moi ham s6 lién tuc trén doan [ a;b | déu c6 gié tri 16n nhat va gi4 tri nho nhat trén doan do.
Hon ntra:

a) Néu ham s8 f(x) dong bién trén doan [a;b] thi max f(x)=f(b) va I{I}%l f(x)=f(a).

b) Néu ham so f(x) nghich bién trén doan [a;b] thi r[n%]xf(x) = f(a) va r[%ﬁlf(x) = f(b) .

) Y
Y ()]

m = fla) -
O| a b

Dang toan: Tim GTLN, GTNN ctia ham s6
Phueong phap chung la 1ap bang bién thién cua ham sd dé.
Chit y: Néu tim GTLN, GTNN ctia ham s lién tuc trén doan [ ;b | thi ta thuc hién cac bude sau:

Buoc 1. Tinh dao ham y' = f’(x).
Budc 2. Tim cac diém x,; x,; ...; x, trén khoang (a;b) ma tai do f '(x) =0 hodc khong ton tai.

Budc 3. Tinh f(a);f(xl);f(x2); . f(xn);f(b).
Budc 4. Tim s6 1on nhat M va s6 nho nhdt m trong cac gid tri tim dwgc ¢ Budc 3. Khi do:

M:Iﬁ%])(f(x)' mzr&? (x)

Dang toan: Van dung tim GTLN, GTNN ctia ham s8 giai quyét mot sé bai toan thuc tién

Dua vao gia thiét bai toan, ddt bién x pht hop, 1ap ham s6 biéu dién gid tri can tim GTLN, GTNN
dé giai quyeét.

3

Duwong tiém can

DPuong tiém can ding
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DPuong thang x =a dugc goi la mot dudng tiém cin ding (hay tiém cdn ditng) ciia d6 thi ham sd
y=f (x) néu it nhat mot trong cac diéu kién sau thoa man:

lim f(x)=+0, lim f(x)=+0, lim f(x)=-o0, lim f(x)=—o0.

xX—a

y Y y = f(z) \y v Y
y= flz)

}x:a O\ x @]
yzf@)///

/ r=a y:f(:t)

lim f(x):+oo limf(x):+oo lim f(x):—oo limf(x):—oo

x—a x—at x—a~ x—at

Puong tiém can ngang
Duong thang y=m duwoc goi 1a mot duong tiém cdn ngang (hay tigm cdn ngang) ctia d6 thi ham
sO y:f(x) néu lim f(x):m hodc limf(x):m.

X—>+00

I
=

lim f(x)

xX—>—0

Duwong tiém can xién
Puong thang y=ax+b, a#0, dwoc goi 1a duong tiém cdn xién (hay tiém cdn xién) ctia &6 thi ham
SO y= f(x) néu lim [f(x)—(ax+b)] =0 hodc lim [f(x)—(ax+b)] =0.

X—>—0 X—>+00

Y Y

y=ar+b

-
/ :
/

}Lrgo[f(x)—(ax+b)}20 lirgo[f(x)—(ax+b)]:o

Nhan xét:
a) Trong truong hop tong quat, ¢ thé tim cac hé sd 4, b trong phuong trinh cia duong tiém can
xién y =ax+b theo cong thitc nhu sau:
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a= limﬂ, b= lim[f(x)—ux} hodc a= limM, b:Iim[f(x)—ax].

x>ty - xom x P
b) Khi a=0 thi d6 thi cia ham s6 c6 tiém can ngang la duong thang y=b.
Dang toan: Tim tiém cén ctia d6 thi ham s6

Tim tiém can ngang

Ta tinh du hai gidi han sau:

® lim f(x) =m=>y =m la tiém can ngang. ® lim f(x) =n=y =n la tiém can ngang.

X——0 X—>+0

CASIO: Nhap f(X) va CALC v6i X =99999, X =-99999, két qua ra hing s6.

Cht ¥:

Cho d thi ham phan thire (C):y = () trong d6 f(x), g(x) la cic ham da thiic.

8(x)

e Bic tt < bAc mau: (C) o tiém can ngang y =0.

A ? A x JEPED A a 7. N \ A AN 2 A , A
® Bac tir = bac mau: (C ) cé tiém can ngang y = b voi a, b 1an luot 1a hé s6 ctia s6 hang c6 bac cao
nhat & tir va & mau.
® Bac t& > bac mau: (C ) khong c6 tiém can ngang.
Tim tiém can dung
Ta tim c4c diém ma tai d6 ham s6 khong xac dinh (thuong 1a nghiém ctia mau x =a). Sau d6 tinh
hai gidi han sau: lim f(x) va lim f(x) :

x—a* x—a~

® lim f(x) =to0 = x =a la tiém can duing. ® lim f(x) =100 = x =a la tiém can ding.

Chu y:
e Chi can 1 trong 4 diéu kién trén théa man la da.

® Riéng voi ham phan thitc thi x =a thuong la nghiém cua mau nhung khong nghiém cua ttr.

CASIO: Nhap f(X) va CALC véi X=a+0,00001 va X =a-0,00001 véi a thuong la nghiém

ctia mau, két qué ra s duong 16n (+) hodc s6 am 16n (—o).

Tim tiém can xién
Ta tinh ca 2 cap gidi han sau:

a= limM, b=lim [f(x)—ax] vaa= limM, b:Iim[f(x)—ax].

x40y X—>+00 x—>-0 oy X—»—00
Chay:a,beR vaa=0.

Khi d6 (cac) duong thang y = ax+b 1a tiém can xién ctia &6 thi ham s6.

X
CASIO: Nhap % vaCALCvéi X =99999 dé tim a,nhap f (X ) —a.X vaCALC vdi X =99999
dé tim b. Lap lai budc trén véi X =-99999 .

Chu y:
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D6 thi ham phan thic ¢é tiém can xién khi va chi khi bac ctia da thiec tit 16n hon bac cua da thiic
mau 1 bac. Khi d6 dé tim tiém can xién ta chi can chia t& cho mau duoc da thitc thwong ax +b.
Suy ra dwong thang y=ax+b la tiém can xién ctia & thi ham s6.

4

Khao sat va vé do thi mot s6 ham s6 co ban

So do khao sat ham s6

Budc 1. Tim tap xac dinh D ctia ham so.

Budc 2. Xét si bién thién ctia ham so

® Tim dao ham y'. Xét ddu y’, xac dinh khoang don diéu, cuc tri (néu c6) cia ham s6.

® Tim gidi han tai v cuc va gidi han vo cuc ctia ham sO va cac duong tiém can caa do6 thi ham s6
(néu cd).

e Lap bang bién thién ctia ham s6.

Budc 3. Vé do thi cua ham s6

® X4c dinh cac diém cyec tri (néu cd), giao di€ém cua do thi véi cac truc toa do (néu co va dé tim), ...
e Vé cac duong tiém can cuia d6 thi ham s6 (néu c9).

e Vé d6 thi ham so.

Cht y: Chi ra tam d6i xttng va truc d6i xing ctia d6 thi ham so (néu c9).

Ham sd bacba (C):y=ax’ +bx* +cx+d (a=0)

a>0 a<0
) \ Y
L1
. ' . /N
Phuong trinh y'=0 : Ty E oF 1.\ =
c6 2 nghiém phan / x1 O‘ D !
biét
A, >0 b =3ac>0 A, >0 b*~3ac>0
Y Y
Phuong trinh y' =0 ! |
c6 nghiém kép O / x 0 \ x
A,=0<b*~3ac=0 A,=0<b*~3ac=0
Y Y
Phuong trinh y'=0 ! |
vO nghiém @ / z O \ z
A, <0 b*~3ac<0 A, <0 b*~3ac <0
Bang bién thién
a>0 a<0
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X — 0 Xcp Xct +too| x — 0 Xct Xcp + o0

’ + o - 0 o+ ' - o + 0 -

Ycp + oo + o0 Ycp
y / \ / y \ / \
— 0 Yct Yer — 0
Y =0 c6 2 nghiém phén biét y' =0 ¢ 2 nghiém phan biét
_b _b

X — 3a +oo| x — 3a + o0

' + 0 + y' - 0 -

+ o + o0
y \
— 0

Y =0 c6 nghiém kép

’ \—w

y'=0 vb nghiém

y' =0 v6 nghiém

Chu y:
Ta cd y' =3ax’ +2bx+c va y'" =6ax+2b. Khi d6 y”:6ax+2b:0<:>x:—3£.
a
D0 thi cia ham s6 bac ba ludn nhan diém I (xo;yo) lam tam ddi xtng, trong d6 x, = b 1a

3a

nghiém ctia phuwong trinh y"=0 va y, = y(xo) .biém I (xo ; yo) dwoc goi 1a diém uén cta do thi

nay, né ciing la trung diém ctia doan thang ndi 2 diém cuc tri (néu cod).

Nhén dang do thi ham s6 bac ba (C) Ve

ax’ +bx* +cx+d (u;tO)

* Nhan biét ddu hé so a:
- Nét cudi do thi hudng lén: a> 0.

- Nét cudi d6 thi huong xudng: a <0.

* Nhan biét ddu hé so c:

- Hai diém cuec tri ndm vé 2 phia so véi Oy : ac<0.
- Hai diém cuece tri nam vé 1 phia so véi Oy : ac>0.
- Mot diém cyec tri thudc truc Oy : c=0.

- Khong ¢ cuee tri: ¢ =0 hodc ac>0.

* Nhan biét dau hé s6 d: Xét giao diém
cua (C ) va truc Oy :

- Nam phia trén Ox: d>0.

- Nam phia duéi Ox: d<0.

- Trung v6i goc toa do O : d=0.

* Nhan biét dau hé s6 b:
- Biém udn bén phai Oy : ab<0.
- Biém u6n bén trai Oy: ab>0.

- Biém udn thudc truc Oy: b=0.

Ham s6 phan thirc bic nhat trén bac nhat y =

ax+b

o (c;tO, ad—bc;to)
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ad—bc >0 ad—bc <0
) by

| 2

B c T~ L \%

cn A e d . ... . a
 Tiém can diing x =—— va tiém can ngang y=—.
C C

NA . A . - A? \ - A A d AY A A Vé
* D06 thi nhan giao diém 2 dwong tiém can [ (—— ;Ej lam tam doi xang.

cc
* Nhan 2 dwong phan gidc ctua cac goc tao boi tiém can ding va tiém can ngang lam truc doi
xung.

* Ham s6 khong c6 cuec tri.

ax+b

Nhin dang do6 thi ham s6 y = (c #0, ad—bc # 0)

cx +

* Nhan biét tinh don diéu:
- Hai nhanh di lén: ad —bc > 0.
- Hai nhénh di xudéng: ad —bc <0. -Nam bén trai Oy: ab>0.

* Giao diém véi truc hoanh Ox : A(—E ;OJ :
a

« Tiém can ding x = _ﬂ: - Ndm bén phai Oy : ab<0.
. . - Thudc truc Oy : b=0.
-Nam bén trai Oy: ¢d>0.

- N3m bén phai Oy : cd <0. * Giao diém vdi truc tung Oy : B(O;gj :

- Trung v6i Oy : d=0. - Nim phia trén Ox: bd >0.

« Tiém cin ngang y=2: - Nam phia duéi Ox : bd <0.

. - Thudc truc Ox: b=0.
- Nam phia trén Ox : ac>0.

- Nam phia dwdi Ox: ac<0.

- Trung v6i Ox: a=0.
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ax® +bx +c

Ham s6 phan thitc bac hai trén bac nhat y =
mx+n

(a#0, m#0, da thiec t& khong chia

~, 4 x 4 \ n A by LN 3 ?
hét cho da thitc mau, titc la —— khong la nghiém cua tr)
m

D4u ctia ' 1a d4u cua g(x) =am.x* +2an.x +bn—mc.

am >0 am<0
4y oy
I 1
| 1
| 1
| 1
| 1
I ~ N 1
| - SO 1
| Phe S 1
| P e SS < 1
1 P S o |
Phuong trinh y' =0 P R
c6 2 nghiém phan PPt z :O\\ T
biét prag ' ' REN
) -7 : o : /\
| 1
1 1
1 1
| 1
| 1
| 1
| 1
| 1
>
Ay >0 Baey >0
vy
1
1
1
1
1
1
1
1
1
Phuong trinh y' =0 " 2
c6 nghiém kép hodc <
| SO
vO nghiém [ S
1 ~
1
1
1
1
1
1
1
<
oy =0
Bang bién thién
am >0 am <0
_n _n
X — 0 Xcp m Xct +o| x — XcT m Xcp + o
y' + 0 - - 0 + y' - 0 + + 0 -
Yep + o0 + + o0 + o0 Yo
Y Y
— o — yer Yer — —
Ham s0 ¢6 2 cuec tri Ham s0 ¢6 2 cuec tri
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— 00 — 00 — 0 — 00

Ham s6 khong c6 cuec tri Ham s6 khong c6 cuec tri

. . ax*+bx+c ) ~
Chu y: D6 thi ham s6 y=——— (a#0, m#0, da thic t& khong chia hét cho da thic mau):
mx+n

an—bm

£ opea A . \ \ 2 n o .a A CeA 1N \ 2 a
a) Co tiém can dung la duong thang x = ——, tiém can xién la duong thang y=—x - >
m

m m

b) Nhén giao diém cua tiém can dang la tiém can xién lam tam d6i xiing, tam d6i xiing nay cling
la trung diém ctia doan théng noi 2 diém cyec tri (néu cd).

¢) Nhan hai duwong phan giac ctia cac goc tao boi tiém can ding va tiém can xién lam truc doi
xung.

(DQC THEM) Ham s8 triing phuong (C):y =ax* +bx*+c (a#0)

a>0 a<0

Phuong trinh y' =0

c6 3 nghiém \/(\/ o / \ x
phan biét

ab<0 (a>0,b<0) ab<0 (a<0,b>0)
Y Y
Phuong trinh y'=0 O @) T
. A T
c6 1 nghiém
ab>0 (a>0,b>0) ab>0 (2<0,b<0)

* D6 thi ham s6 trung phwong nhan Oy lam truc d6i xtng.

Nhan dang db thi ham s tring phwong (C):y =ax" +bx’ +c (a=0)

* Nhan biét ddu hé so a: * Nhan biét ddu hé so b:
- Nét cudi d6 thi huéng lén: a>0. - Ham s0 c6 1 diém cuec tri: ab>0.
- Nét cudi do thi hwéng xudng: a <0. - Ham s6 ¢6 3 diém cuc tri: ab<0.

* Nhan biét dau hé s6 ¢ : Xét giao diém cua (C ) va truc Oy:
- Nam phia trén Ox: ¢ >0.

- Nam phia duéi Ox: c<0.

- Trung v6i goc toa do O: ¢=0.

5
Phép bién d6i db thi
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Cho ham s8 y = f(x) c6 db thj (C) Khi d6 ta ¢c6 mot s6 phép bién doi do thi thuong gap nhu

sau.:

fw)]

\f(a:)
AT\

1
1
L
T O 1
1 X [
! ’
1 SN
1 ~-’
1
1
1

1
]
]
]
]
1
1
J 1
3 e 1

)
l\/ N '
1 ’
1 . ’
' ~.’
1
'
1
]
1

- Gite (C) nam trén Ox .
- Lay ddi xting (C ) nam dudi
Ox qua truc Ox vabo phan
(C) ndm dudi Ox do.

(C):y=F()
- Gitr ( ) bén phai Oy vabo
phan (C) bén trai Oy .
- Lay d6i xting (C ) bén phai
Oy qua truc Oy.

. f(z)
(C):y=f(x) (C)y=f(-x) (C,):y=—f(x)
Lay doi xtng (C) qua truc Lay doi xting (C) qua truc
Oy. Ox.
f(x)N \/\/ \f(:zrl) / |
Vo VAR'R v,
f (:B):" f(x):': A N
(C,):y =‘f(x)‘ f(z)

(Cs):y;f(x)+c (C>O)

Tinh tién (C ) theo phwong

Oy lén trén ¢ don vi.

J
1
]
1
:
flz)
I' ~‘\ l" o
’l \\\ "
'I' \\ 'I'
; ;
!
:
1
:
i | flx)—c

(Cé):y:f(x)—c (c >0)
Tinh tién (C ) theo phuong

Oy xudng dudi ¢ don vi.

1)

(C7):y:f(x+c) (c>0)
Tinh tién (C ) theo phuwong

Ox quatrdi ¢ don vi.

(CS):y:f(x—c) (c>0)
Tinh tién (C) theo phuong
Ox qua phai ¢ don vi.

Sy twong giao cta hai do thi
Xét2 do thi (C):y = f(x)

v (C):y=5(x).

Phuong trinh hoanh d¢ giao diém cta (C va ( )

 fx)=g(x) (%)

Khi d6, s6 diém chung gitra 2 d6 thi (C ) va (C ’) dtng bang s8 nghiém ctia phuwong trinh ( )

Tiép tuyén di qua mot di€ém
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Ngoai cach da hoc ¢ 16p 11, d€ 1ap phuong trinh tiép tuyén d cua (C) biét d di qua A(x,;y,),

ta thuc hién:

Budc 1. Phuong trinh duong thang d di qua A(x oY A) va c6 hé s6 goc k co dang:
d:y:k(x—xA)+yA (*)

f(x):k(x—xA)+yA

f(x)=k

Budc 3. Giai hé nay tim x, suy ra k thay vao (*) ta duoc tiép tuyén can tim.

Chu y:

v D& ve do thi y =|f ()

Budc 2. d la ti€p tuyén cua (C ) khi va chi khi hé sau c6 nghiém: {

@Ovedothiy=f(j]) @ Vedothiy=|f(x).

v DEvE dd thi y =|f (x)|+c:

@O Véedothi y=|f(x)) @ Tinh tién do thi lén trén hodc xudng dudi ¢ don vi.

v DEVE do thi y=|f(x+c):

(D Tinh tién db thi qua phai hodc qua trdi ¢ donvi () V& nhu cach vé d6 thi y = |f(x)).
v D& vE do thi y = f(|x]+c):

(D Tinh tién d6 thi qua phai hodc qua trai ¢ donvi  (2) V& nhu cach vé& do thi y = f(x|).
v DEvE do thi y=f(|jx=d):

(D Vvédothi y=f (‘x‘) (2) Tinh tién d6 thi qua phai hodc qua trdi ¢ don vi.

NGUYEN HAM. TICH PHAN

1

Nguyén ham

Khdi niém nguyén ham

Cho ham so f (x) xac dinh trén K (K la khoang, doan hay ntra khoang). Ham s6 F (x) duoc goi
1a nguyén ham cua ham s6 f(x) trén K néu F'(x)= f(x) véimoi x e K.

Cho F (x) la mot nguyén ham ctia ham sd f (x) trén K. Khi do:

* V6i mdi hang s6 C, ham s3 F(x) +C la mot nguyén ham cta f(x) trén K;

* Néu G(x) la mot nguyén ham ctia ham s6 f (x) trén K thi ton tai hang s6 C sao cho
G(x)="F(x)+C véimoi x thude K.

Nhu vay, moi nguyén ham ctia ham s§ f(x) trén K déu c6 dang F (x)+C , v6i C 1a mot hang

s8. Ta goi F(x)+C, CeR laho tat ca cac nguyén ham ctia f(x) trén K, kihiéu [ f(x)dx va viét
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dxF

Cha y: Biéu thiic f(x)dx goila vi phan ctia nguyén ham F(x) cua f(x), ki hiéula dF (x).

Cha y: Moi ham s3 f(x) lién tuc trén K déu c6 nguyén ham trén K.

Vay dF(x):F’(x)dx:f(x)dx.
Tinh chat

If +C va (If
o [kf(x dx:kjf

o [[f(x)2g

(x) |dx=] f(x

Bang cac nguyén ham co ban

dx+J-g

dx) = f(x)

dx k 1a hang s6 khéc 0

Nguyén ham Nguyén ham mé rong (doc thém)
1 jO.dx:C Néu jf(x)dx:F(x)+C
jdx=x+C 1
2 thi bldx=—=F b)+C
Ik.dx:k.x+C 1J.f(ax+ ) * a (ux+ )+
1
—d C :—\/ b+C
3 _[2 X = \/;+ _[2\/%—+ ax+b+
4 j\/;dngx x+C j\/ax+ dx=— (ax+b)\/ux+b+C
wg XM . n 1 (ax+b)"
5 .[x dX—n+1+C voi nz -1 J.(gx+b) _dx:z_%+c
1 1 1 _1 -1
6 J.?dx:—;+C (ax+b)2dx_”.”x+b
1 1 1
7 J.—dx:ln‘xHC I dx:—ln‘ax+b‘+C
X ax+b a
X ax+b
8 .[M"dxz M ¢ _[M”"”’d M e
In a InM
1
xd — p* C ax+b —— ax+b
9 Ie x=e + J.e dx o +C
) 1
dx =— C ; __ -
10 J.smx X cosx+ Ism(ax+b)dx acos(ax+b)+C
) 1
dx = C =—si
11 ICOSX X=smx+ J.cos(ax+b)dx usm(ax+b)+C
12 dx =t C I;dx=1tan(ax+b)+C
J.cos2x X =tanxs COSZ(LZx+b) a
1 2 d = C 2 R :1
13 I( + tan x) x=tanx+ I[1+tan (ax+b)} dx atan(ax+b)+C
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1
14 j sin® x

dx=-cotx+C

1 1
Imdﬁx = —;Cot(ax+b)+C

15 I(1+cot2 x)dx:—cotx+C

1
2 e
j[1+cot (ax+b)]dx— acot(ax+b)+C

j 21 2cilearctan£+C
X +a

16 jzl dx =arctanx+C
x +1
1 1, |x-1
dx ==In|——|+C
17 J'x2—1 2 |x+1

a a
[ —dx === c
X" —a 2a |x+a

dx =arcsinx +C

1
s e

dx = arcsm +C

=

dx=1n

1
19 I——xzil x+\/x2i1‘+C

dx =In|x+vx?+a*|+C

N

20 Ilnxdx:xlnx—x+C

jln(ax+b)dx:(x+9j1n(ax+b)—x+c

2
21 I\/az —x*dx :gxlaz —x* +%arcsin£+C
a

a
2
J\/x +a° dx——\/ +a i%lnx+\/x2ia2

+C

2
Tich phan
Khai niém tich phan

Cho ham s6 f (x) lién tuc trén doan [u;b]. Néu F (x) la mot nguyén ham cua f (x) trén doan

[4;b] thi hiéu s6 F(b)

Hiéu s8 F(b)—F(a) con duoc ki hiéu Ia F(x) .

a

dx F()

Vay J.f . F(b)—F(a).

b
—F(a) goi la tich phin tir a dén b chiaham s8 f(x), ki hiéu la [ f(x)dx

Ta goi j la ddu tich phan, a va b 1a cdn tich phan, a la cdan dwé6i, b la can trén, f (x)dx 1a biéu thirc

a

duedi ddu tich phin va f(x) 1a ham so'dwdi ddu tich phan.

Tich phan khong phu thudc vao bién s6: j f

Chu y:

x)dx = jf t)dt = jf

.=F(b)—F(a).

a) Néuham s§ f(x) c6 dao ham f’(x) va f’(x) lién tuc trén doan [a;b] thi

—f u):ij'(x)dx

b) Ta da biét rang, dao ham cta quang dwong di chuyén theo thoi gian bang tdc d6 cta chuyén

dong tai moi thoi diém (v(t) =

s'(t))- Do d6, néu biét t6c do o(t) tai moi thoi diém te[a;b | thi

tinh duoc quang duong di chuyén trong khoang thoi gian tit @ dén b theo cong thitc
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b

s:s(b)—s(a):jv(t)dt.

Lwu y: T6c do chuyén dong v(t) luén nhan gia tri khong am.
b
Nhén xét: Cho ham s§ f(x) lién tuc trén doan [ a;b |. Khi d6 bi [ f(x)dx dwoc goila gid tri
— u A
trung binh cua ham s6 f (x) trén doan [u;b] .

Tinh chat:

1) j:f(x)dx:O ¥) if(x)dx:—jf(x)dx

3) if(x)dx:jf(x)dx+if(x)dx 4) i[f(x)ig(x)}dx:jf(x)dxi}g(x)dx

(5) jkf x)dx = kjf x (keR) (6)Néu f(x)=0, vxe[ab] thljf x)dx >0, Vxe[a;b]

Dién tich hinh thang cong
Chohamso y = f (x) lién tuc va khong am trén doan [a;b] .
Hinh phéang gi6i han boi d6 thi ham s6 y = f (x) , truc hoanh

va hai dwong thing x=4a, x=b dwoc goi la hinh thang cong

b
c6 dién tich S dwoc tinhboi S = [ f(x)dx =F(b)-F(a), trong

d6 F(x) la mot nguyén ham cua f(x).
Tich phan véi ham s6 chan va 1é

* Néu f(x) 12 ham s8 chdn, lién tuc trén doan [—a; a] thi j f(x)dx = ij(x)dx
—-a 0
* Néu f(x) la ham s6 1¢, lién tuc trén doan [—a,’a] thi } f(x)dx =0.

* Néu f(x) 12 ham s& chan, lién tuc trén doan [—a; a] thi I = j%dx = j.f(x)dx, voia, b>0.
—a 0

Bat dang thitc Cauchy-Schwarz (Holder) cho tich phan
Cho cacham s8 f(x) va g(x) kha tich trén doan [ 4;b | Khi d6, ta co:

[I f (x)g(x)dez < [Jf (x)dx].@gz (x)dx].

Dé&u " =" xéy ra khi va chi khi f(x)=kg(x) véi k#0 1a mot s6 thuc nao do.
3

Ung dung tich phan

Tich phén ctia ham s6 chira tri tuyét doi

Céch giai: Xét ddu ham sd va bo tri tuyét doi.
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Ngoai ra:

Néu trén doan [a;b], ham s6 f (x) khong d6i dau (hodc khong c6 nghiém trén (a;b)) thi:

j:f(x)dx

I:i‘f(x)‘dx:

b
Vay d€ tinh [ = ”f(x)‘ dx, ta giai phwong trinh f(x) =0, gia sit dwgc cac nghiém x, x, € [a;b]

voi x, <x,.Khi do:

b

I:”f(x)‘dx:I‘f(x)‘dx+)j‘f(x)‘dx+j‘f(x)‘dx:

a

X

If(x)dx

a

+ +

:ff(x)dx

Hinh phing gi6i han béi do thi ctia mot ham s6, truc hoanh va hai duwong thang x=a, x=b

C):y=f(x), Ox:y=0 Y
Dién tich hinh phang (H){( ) Y f(x) Y la:

y = f(z)
x=a,x=b (a<b) A
s (e [\\/ F
a i T2 b

jf(x)dx

“ O

Hinh phing gi6i han béi do thi ctia hai ham s6 va hai dwong thang x=a, x=b

(C):y=F(x)(C)iy=g(x) . 7

Dién tich hinh phéng (H) :{ b (a<b)
X=4a, x= a<

S:Hf(x)—g(x)‘dx.

a

Khdi tron xoay v6i mot do thi ham s6

(C):y:f(x),Ox:y:O

Thé tich hinh phing (H): { b (a<b) quay
X=a,x= a<

quanh Ox la:
V= 7z.|.f2 (x)dx.

a

Khai tron xoay v6i hai d6 thi ham sé
Thé tich hinh phang
(H) (Cl):y:f(x)zo, (CZ):y:g(x)ZO
' x=a,x=b (a<b)
Ox la:

quay quanh

V= ﬂjz.‘fz (x)-¢° (x)‘dx.
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Thé tich hinh khéi
Goi B la vat thé giéi han boi 2 mt phang vuong
goc voi truc Ox tai cac diém a va b; S (x) l1a z
dién tich thiét dién ctia B bi cit bdi mit phéng
vuong goc voéi truc Ox tai diém x (a <x< b).

Khi d6:

y
Chit y: Néu S(x)=S khong d6i véi mdi x e[ a;b| thi V =(b-a)S.

HINH HOC VA PO LUONG 12

VECTO VA HE TOA PO TRONG KHONG GIAN

1

Vecto va cac phép toan trong khong gian

- Quy tic cong (quy tic ba diém): Cho ba diém A, B, C bat ky, ta c6: AB+BC = AC.

- Quy t4c trir: Cho ba diém A, B, C batky, ta c6: AB— AC =CB.

- Quy tic hinh binh hanh: Cho hinh binh hanh ABCD, ta c6: AB+ AD = AC.

- Quy tac hinh hop: Cho hinh hép ABCD.A'B'C'D’, ta cé: AB+AD+AA' = AC'.

- Hé thtec trung diém doan thang: Cho I 1a trung diém ctia doan thang AB, M tuy y. Ta co:
Q+E=6; MA + MB=2MI .

- Hé thttc trong tam tam gidc: Cho G la trong tam ctia tam gidc ABC, M tuyy. Ta cé:

R —

GA+GB+GC=0; MA+MB+MC=3MG.

- Hé thttc trong tam tt dién: Cho G la trong tam cua t& dién ABCD, M tuy y. Ta co:

GA+GB+GC+GD=0; MA+MB+MC+MD =4MG.

- Biéu kién d¢€ hai vecto cung phuong;: avab (véib#0) cung phuong néu Ik eR: a=kb.

- Tinh chat doan chia: Diém M chia doan thing AB theo tis§ k (k=1), O tuy y. Ta co:

MA =kMB; omzm%’fB.
Su dong phang caia ba vecto
Ba vecto duwgc goi la dong phing néu cac gia ctia chiing cting song song véi mot mit phang.

Diéu kién d€ ba vecto dong phang
Cho ba vecto ;1, E, E, trong do ;1, E khong cung phuong. Khi do:

- - =

a,b, ¢ dong phéng <> 3!m, neR:c=ma+nb.

Phan tich mot vecto theo ba vecto khong dong phang
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Cho ba vecto 4, b, ¢ khong dong phéng, x tuy y. Khi dé: 3!m, n, peR: x= m;l+nl;+pz.
Goc gitra hai vecto trong khong gian

Vi AB=u, AC=0, tac6 (u,0)= BAC (0°< BAC <180°).

Tich v6 hwdng cta hai vecto trong khong gian

Cho ;t, 5 # 6 Khi d6: u.0 = ‘;HZJ‘COS(;{,;J) .

2

- =2 |-

 Néu u=0 hoic 5:6,taquyuéc wo=0. ® uu=u =u ; ;‘zx/z?
S PO PO e ilseuio0.
ul.|lv
Vi ba vecto 5, E,E va sO k, ta co:
. Th=ba; o a(b+e)=abrac; o (k) b= k(a) = (KF);
. (ﬁ+5)2=ﬁ2+2ﬁ.5+52; . (ﬁ—5)2:§2—2§.5+52; . az—#:(;—z;)(£+5);
e ab >0<:>(;1,Z;) la gocnhon; e ;.E<O<:>(ZZ,Z;) la goc tu; . ;.Z;IO@(;,E) la géc vudng.
2
Toa do¢ cua vecto trong khong gian z

Heé toa do trong khong gian
Cho ba truc Ox, Oy, Oz d6i mot vudng gbéc va cat nhau

R 1
tai goc O. Goi 1, j, k 1a cac vecto don vi twong ting trén 4A //'
cac truc Ox, Oy, Oz. Hé ba truc nhu vay duoc goi la hé k ,’/
toa do vudng géc Oxyz hodc don gian la h¢ toa d6 Oxyz. - .~
2 =2 =2 == - = 1 Yy
Chuy: i =j =k =1vaij=ik=kj=0. 7 :0
Toa do cta vecto | :
Dinh nghia: az(x;y;z)©;=x§+y}+z%. |
. x
Toa d0 cua diem
Pinh nghia: M(x; y;z) & OM = (x; y;z) (x:hoanh d9, y: tung do, z: cao d9).
z
2 \C
N
z \\
NS b M
k oA . 5’ i /L/B Y
: i N | //
7 N
7 N TMfT 0y
ORI \ A A M’
x x
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Hinh chiéu vudng goc va diém déi xitng ctia mét diém qua cac truc va mit phang toa do

Cho diém M(x; y;z).

Hinh chiéu vuong géc M' cua M trén cac truc va mat phang toa d¢ nhu sau:

° Ox:M’(x;O;O)

o (Oxy):M’(x;y;O)

o Oy:M’(O;y;O)

o (Oyz) : M'(O; y;z)

] Oz:M’(O;O;z)
] (Oxz):M’(x;O;z)

“c6 gitt nguyén, thiéu bang 0”

biém d6i xéing M" cua M qua cac truc va mat phang toa d¢ nhu sau:

® Ox: M”(x; -y; —z)

° (Oxy):M”(x;y;—z)

* Oy: M”(—x; v; —z)

° (Oyz) : M”(—x; y;z)

e Oz: M”(—x; —y;z)
. (Oxz) : M”(x; —y;z)

“c6 gitr nguyén, thiéu d6i ddu”

3

Biéu thirc toa do ctia cac phép toan vecto
Cho ;:(al;az;ag)), E:(bl;bZ;b3), keR.
Khi dé:

o atb=(a,£b;a, tb,;a, £b,).

o ka=(ka,;ka,;ka,).

I
<>

—

Il
SRS

®a=b< qa,=b,.
a3

3

¢ 0=(0;0;0), i=(1,0;0), j=(0;1;0),
k=(0;0;1).

o cung phuong b (Ei()) ea=kb (keR)

a, = kb,
ola,=kb, o 2="2-25 (b b, b, 0).

b b
a,=kb, 1 2

eab=a.b +a,b,+a,b,.

-QLEcﬁizm@%@+%@+%@=o

-2
°a =a+da+d..

i 2 2
LI‘— LZ1+L12+LZ3.

. cos (;’5) _ab ab, +a,b, +a,b,

- 2 2 2 2 2 2
\/“1 +a, +a; .\/b1 +b, +b;

al.lb

(v6i a, b=0).

Tinh chat: Cho A(xA;yA;zA), B(xB;yB;zB), C(xc;yc;zc), D(xD;yD;zD). Khi do:

° E:(xB—xA;yB_yA;ZB_ZA)’

. AB=\/(xB—xA)2+(yB—yA)2+(zB—zA)2 .

, , ke, ya—ky, z,—k
oToadC)diémMchiadoanABtheotisék(k;tl):M(xA "o Yo" Yp 2a ZBJ.

1-k * 1-k ~ 1-k

4 7

2 2 2

) i . X, +x +y, z,+z
e Toa d¢ trung diém M ctia doan thang AB:M( A% Ya Vs 24 Bj.
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+ X, + +y, + +z, +
e Toa d0 trong tam G ctia tam giac ABC:G(xA J;B xc;yA y;’ yC;ZA Z; ch.

e Toa d§ trong tam G cua ti dién ABCD:

G(.XA-F.XB-{-XC-{-XD .yA+yB+yC+yD .ZA+ZB+ZC+ZDJ

4 4

4 4 4
e ABCD la hinh binh hanh < AB=DC.
e Toa do chan duong phan giac cta tam giac: Cho tam giac ABC v6i E, F Tan luot 1a chan cta

cac duong phan giac trong va ngoai ciia goc A trén BC . Ta co: BE = —j—i&f , BF = ﬁ—g& .

A
F
B E ¢
4
Tich c6 hudng cua hai vecto
Pinh nghia:

Cho a=(a,;a,;a,), b=(b,;b,;b,). Khi d6 tich c6 hudng cua hai vecto a va b la

mét vecto (vudng gée voi a va b), ki hidula | 4,b |, duoc tinh bing cong thitc:

[;z,lﬂ = ( Zi Zz ; Z: Zi ; Zi Zi J = (a2b3 —ab,;ab,—ab,;ab, —a,b, )
Cach tinh nhanh:
“Che c6t 1 14y tich dau huyeén trir tich dau sac
Che cot 2 1&y tich dau sac trir tich d&u huyén
Che cot 3 14y tich ddu huyeén trir tich dau sac”.
Vecto Cot1l | Cot2 | Cot3
az(al;az;%) a, a, a,
b=(b;byb,) | b b, b,
Tinh chat:
o [i,j]=k o [jK]=7 e [5i]=]
«[a5]=-[54] [ab] 1z [a8]15 o [25] [ lsin(a 2
e |ab+c|=[ab]+|ac] o | kab|=|akb|=k|ab] . _[5,5} ,EJ * [&,[E,Eﬂ

cafic]-b[eal-cfas]  e[a[5.c]]-b(ne)-c(ad)
. Déng thitc Jacobi: P, [l;, Eﬂ + [l;, [E,;ﬂ + [E,P,Eﬂ =0
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Ung dung ctia tich c¢6 hudng:

e 2, b cung phuong <:>[u b}
ea,bvac dong phing < [ﬁ,ﬂg =0.

o A, B, C thing hang < AB, AC cung phuong < AB=kAC < [ZE,Z@} =0.

e A, B, C,D dong phang<:> AB, AC, AD dong phang = [AB AC} AD=0.

—_—

e A, B, C, D khong dong phang < AB, AC, AD khéng dong phang < [AB AC} AD=#0.

e Dién tich tam giac: ¢ Dién tich hinh binh hanh:
- 5= S AB AD
S e = E‘[AB, Ac] . o ABCD =
B
A / /
c B
e Thé tich khoi hop: e Thé tich tt dién:
VABCD A'BC'D’ ‘[AB AD} Ad ‘ ' Vapep = %H:@/A—C}E‘ .
D’ C’ A
A/ '
C
A B

Chuy:

e Tich c6 hudng ctia hai vecto la mot vecto, tich vo hudng cta hai vecto 1a mot s6.

e Tich v6 hudng ctia hai vecto thuong stt dung dé chiing minh hai duong thang vudng gdc, tinh
gbc gifta hai duong thang.

e Tich ¢6 hudng cta hai vecto thuong str dung dé€ tinh dién tich tam giac; tinh thé tich khoi t&
dién, thé tich hinh hop; chiing minh cac vecto dong phang — khong dong phang, chirng minh cac
vecto cung phuong.

PHUONG TRINH MAT PHANG, PUONG THANG, MAT CAU
1

Phuong trinh mit phang

Vecto phap tuyén va cip vecto chi phwong ctia mit phang

e Vecto phdp tuyén n ctia mit phang (a) 1a vecto khéc 0 va cé gia vuong goc voi (a).
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SL

-5
Myl /
o :
/Mo

e Cap vecto chi phuon ;l,g cta (a) la hai vecto khong cung phuong va co gia song song hoac
4 P g g % g g g g

nam trén (a) .
e Tich c6 hudng cua cap vecto chi phuong a,b cta (a) la mot vecto phap tuyén cua (a) :
oy = @]
Phuong trinh tong quat ctia mit phang
Trong khong gian Oxyz, phuwong trinh c6 dang Ax+By+Cz+D=0, trong d6 A, B, C khong
dong thoi bang 0, dwoc goi 1a phuong trinh tong qudt ctia mit phang.
Phuong trinh mat phang (a) qua diém M, (xo Yo zo) va c6 mot VIPT n = (A; B;C ) la:
(a) : A(x—x0)+ B(y—y0)+C(z—zo) =0.
Nhan xét: Néu (a) :Ax+By+Cz+D =0 thi mét VIPT ctia (a) 1 n= (A; B;C) .

Cac treong hop dac biét

Céc hé s6 Phuong trinh mit phang () Tinh chat mit phang (o)
D=0 Ax+By+Cz=0 () di qua gdc toa ddp O
A=0 By+Cz+D=0 ( )le hoac (a)DOx
B=0 Ax+Cz+D=0 ()11 0y hoae (&) > Oy
C=0 Ax+By+D=0 () 110z hodc (&) >0z

A=B=0 Cz+D=0 (@)11(Oxy) hoge (&) =(Oxy)

A=C=0 By+D=0 ()11(Oxz) hodc (a)=(Oxz)

B=C=0 Ax+D=0 (@)11(Oyz) hodc (a)=(Oyz)

Nhan xét:

Néu phuong trinh (a) khong chita an nao thi ( a) song song hodc chira truc trong tng.
Phuong trinh mit phang theo doan chin g C

Néu (a) cit cac truc toa do tai cic diém (a;O;O), (O;b;O), (O;O;c)

thi phuwong trinh ctia (a) la:
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Vi tri twong d6i ctia hai mit phang
Cho hai mgt phang (a) :Ax+By+Cz+D, =0 va (,B) :A,x+B,y+C,z+ D, =0 lan luot c6 vecto
phép tuyén 1a n, =(A,;B,;C,) va n, =(A,;B,;C, ). Khi dé:

27727

(@), (8) it o @) (@)=(5)
nj, n—2 khong cung phuong nT = kn—2 va D, # kD, nj =k172 va D, =kD,
A :B,:C,#A,:B,:C, A _GD A _B _C _D
A, B, C, D, B, C, D

f;‘“ _____________ 7A ; (@) = (9)

Dicbiét: (o) L(B) < AA,+BB,+C,C,=0.

Hai diém cuing phia, khac phia so v6i mat phang
Cho hai diém M(xM;yM;zM ), N(x zN) va mit phing (a) :Ax+By+Cz+ D =0. Khi do:

(
(

N Yns
® M, N ndm cling phia so véi (a) < (Ax,, +By,, +Cz,, +D)( Ax, +By, +Cz, +D)>0;
® M, N ndm khac phia so véi () < (Ax,, +By,, +Cz, +D)(Ax, + By, +Cz, +D)<0.

Khoang cach tir diém dén mit phing

Cho diém M, (x,;¥,;z,) va mat phang (a) : Ax+ By +Cz+ D =0.Khi d6 khoang cach tir diém M

dén mit phing (a) la:

| Ax, + By, +Cz, + D)
dlM ,(a))= .
Mol

Tim hinh chiéu H ctia diém M trén mit phing (a) M

MH =kn,,
biém H la hinh chiéu ctia diém M trén (a) = @

He (a)

=

e Goi H(x;y;z). H:
eDo He (a) nén ta c6 phuwong trinh (1) . (@) I
e MH ciing phuong % nén ta c6 phwrong trinh (2), (3). M’

e Giai hé (1), (2), (3) taduoc x, y, z,suy ra H.

Tim diém M’ d6i xténg véi diém M qua mit phing (a)

biém M’ d6i xting véi diém M qua (a) < H la trung diém caa MM'.

Goéc giita hai mit phang

Cho hai mat phang (a): Ajx+By+Cz+D, =0 va (B): A,x+B,y+C,z+D, =0 lan luot c6 VIPT
la n,=(A,;B,;C,) va n, =(A,;B,;C,).

17717 27727
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Goc gitra (a), ( i) ) bang hodc bl véi goc giita hai VIPT nT, n,:

| Jaa,+BB,+cC) |
|, A2+ B +C2 A2+ B4 C2

\5\ ~
NN
/ P
4 /
o
Phuong trinh chim mit phang

Cho hai mit phang (P) va (Q) cit nhau:

Cos((a),(ﬂ)) = ‘cos(nl,n2)

Chi y: 0°<((«),(B))<90°.

(P): Ax+By+Cz+D, =0 va (Q): Ajx+B,y+C,z+D, =0.

Khi d6 mat phang di qua giao tuyén ctia hai mit phang (P)

va (Q) sé c6 dang:
m(A1x+Bly+Clz+D1)+n(A2x+Bzy+sz+DZ) =0

L
P/

véi m*+n* >0.

2
Phuong trinh dwong thang trong khong gian
Vecto u khac 0 c6 gid song song hodc trung véi duong thang d dwoc goi la vecto chi phuwong
cta d .
.

d .
My

Duong théng d di qua diém M, (xo;yo;zo) va co mot VTCP la U= (a; b;c). Khi dé:
xX=x, +at

* Phuong trinh tham sé cta d:y =y, +bt (t eR), mdi gi4 tri ctia tham s& ¢ xac dinh duy nhat
z=2z +ct

mot diém M trén d va nguoc lai.

X _YTYo _Z27%
a b o

Z x
* Phuong trinh chinh tac cta d: voi ab.c#0.

Vi tri twong d6i giita hai dwong thang
X=x,+at
Cho duong thang d, :{y =y, +bt qua diém M, (xo;yo;zo), c6 mot VTCP u: = (“1?b1?c1)

z=z,+ct
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x=x)+ayt’
va duong thang d, 1<y =y, +bt' qua diém M, (x(');y(');z(’)), c6 mot VICP u, = (a,;b,;c,).
z=z)+C,t'

X, +at=x)+a,t’
Xét hé phuong trinh (an ¢, t'): 1y, +bt =y, +b,t’ (I)
z,+ct =z +c,t’

Khi dé:
E) o uj cung phuong u—z uj khong cuing phuong u—z
kién M,ed, | M,ed, | Hé (I)cénghiém duy nhat Hé (I) vo nghiém
Kétqua | d,=d, d, |ld, d, cat d, d, chéo d,
Hoac:

‘ Ba vecto sau ciing u, u, Cun\g phuwong | u,, u, khong cung | u,, u, khong cung
Diéu phuong;: va phuong phuong
kién ;1, ”—z , MM, u,, MM, khong vau,u,, MM, | vau, u,, MM,

cung phueong dong phang khong dong phang
Tike [ul,uJ:O [ul,uz}:o [ul,u2}¢0 [‘ A}
R . ~ . ~ L u,u, .MM, =0
Ia |1, MM, |=0 |1, MM, | #0 |1y, | MM, =0
Két ¢ .
qua d =d, d lld, d, cat d, d, cheo d,
Hinh minh hoa:
M1 ’ljl dl
M1 ’LTI dl
M, do -
MQ ﬁg dg
Hai duong thang tring nhau Hai duong thing song song
d
Uiy
M,
Ms il &
Hai duong thang cat nhau Hai duong thang chéo nhau

Diéu kién dé hai duong thang vudng goc
Taco d, Ld, <:>u—1J_%<:>u—1.u—2=O<:>ala2 +b,b, +c,c, =0.
Vi tri twong ddi giita dwong thang va mit phing

Cho mit phang (a) :Ax+By+Cz+D =0 c6 vecto phap tuyén n= (A; B;C ) va duong thang
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X=x,+at

d:qy=y,+bt qua diém M, (xo;yo;zo), o vecto chi phwrong U= (a; b;c).

z:zo+ct

Xét phuong trinh: A(x, +at)+B(y, +bt)+C(z,+ct)+ D=0 (an t) (*).Khi do:

}13112': (*) v0 nghiém (*) c6 dung 1 nghiém ¢t (*) c6 v sO nghiém
Hoic | ulnvaM, ¢(a) udn ulnvaM,e(a)
dll(a) d cat (a) tai M tng voi nghiém dc(a)
t thay vao phwong trinh d
Kétqua | d / d
£ ] b
/a< / a/," @

Chu y: d L (o) khi va chi khi u ciing phuong voi n.

Khoang cach tit mot diém dén mot dwong thiang

Cho duong thing d di qua M,, c6 mot VICP 14 u va diém M .

Céch 1: Ap dung cong thitc: d(M,d) =

Céch 2: Tim hinh chiéu vudng géc H cuia M trén duong

thing d . Khi d¢6: d(M,d)=MH.

Khoang cach giita hai duwong thang chéo nhau
Cho hai duong thang chéo nhau d, va d, véi d, di qua diém

M, vacé mot VICP u,, d, di qua diém M, vacoémot VICP  dy

17 72

u, .

Céch 1: Ap dung cong thirc: d (dl,d2) =

Céch 2: Khoang céch gitta hai duong thang chéo nhau d,
va d, bang khoang cach gitta d, dén mat phang (a) chtra

d, va song song voi d, .

[¥i,3

—

u

Khoang cach giita dwong thang va mit phang song song v6i nhau
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Khoang cach giita duong thing d dén mit phang (a) song M

H 1
a

Goc giita hai dwong thang
Cho hai duong thang d, va d, Ian lwot c6 cdc vecto chi phuong

N 1 0 U
1a u, =(a;b;c,), u, =(a,:b,;c,). do ;
Goc gifta hai dwong thang d, va d, bang hodc bu véi goc giita oy

. /

song véi n6 bang khoang cach tir mot diém M bat ki trén

d dén mat phéng (a) )

u,.u,

cos(d d )=‘cos(u

17772

hai vecto u,, u, . Ta c: d
‘alaz +bb, + clcz‘

1/”2) =

2 12, 2 [2 72, 2
\/”1 +b; +c; .\/az +b; +c;

2

u,|.\u
Chti y: 0°<(d,,d,)<90°.
Goc giita dwong thang va mat phang

Cho dudng thing d 6 mdt VICP 1a 1 =(a;b;c) va mit phing B
u

(a) co mot VTPT la 1;=(A; B;C) .

d
Céch 1: Ap dung cong thuc: /
nu |Aa+Bb+C a

sin(d,(a)) = ‘cos(;z,;t)‘ = ‘

ﬁHZ{‘ A B b et

Céch 2: Goc gifta duong thang d va mat phang (a) béng gdc gitra dwong thang d véi hinh chiéu
d' ctané trén ().

Cha y: 0°<(d,(a))<90°.

Xac dinh hinh chiéu vudéng goc H ctia diém M trén duong thang d

Céch 1: d
- Viét phuwong trinh mét phang (P) qua M vavudng
gocvéi d .
-Khidé H=dn(P). A\J-—E;H/
Céch 2: Y
- Ldy diém H thuoc d (toa d0 H an t). Tw
WILLTd@WI.;d:O giai tim ¢, suy ra H. L
d : —
H Uqd
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Xac dinh diém d6i xiing M’ ctia diém M qua dwong thang d M
- Tim diém H la hinh chiéu cia M trén d . £
d

- Xac dinh diém M’ sao cho H la trung di€m ctia doan
MM'. {H

, ' . M’
Xac dinh hinh chiéu vuéng géc H cua diém M trén mat phang (P)

Ngoai cach da biét ¢ bai trudc, sau khi hoc xong phuwong trinh
duong thang thi ta con 6 cach 1am nhw sau:

- Viét phuong trinh duong thang d qua M va vudng goc véi /< H# /
(P). =

-Khidé H=dn(P). d

Xac dinh diém d6i xang M' cta diém M qua mit phang (P)

- Tim diém H la hinh chiéu ciia M trén (P). /< HY /
P 1

- Xac dinh diém M’ sao cho H la trung diém ctia doan MM'.

3

Phuong trinh mit cau

Dang chinh tac:

Phuong trinh mét cau (S) tam I(a;b;c), ban kinh R 1a: (x—a) +(y-b) +(z—c) = R®.
Dang khai trién:

Phuong trinh x* +y? + 2% —=2ax —2by —2cz+d =0 v6i a’ +b* +c¢* —d >0 la phuong trinh mit cau
(S) tam I(a;b;c) vabankinh R=+a® +b* +¢* —d .

Vi tri twong d6i gitra di€ém va mat cau

Cho diém A vamat cau S(I;R). Ta c6:

e Difm A thudc (nam trén) mit cdu < IA =R.

e Diém A nam trong mat cau < IA <R.

e Diém A nam ngoai mat cau < IA > R.

Vi tri twong d6i giita mat phang va mit ciu

2

Cho mit phang (a) : Ax+By+Cz+D =0 va mdt cau (S) : (x—a) +(y—b)2 +(z—c)2 = R*. Khi d¢6:
d(I,(a))>R d(I,(a))=R d(1,(a))<R

(a) va (S) khong cé diém | (@) tiép xtic v6i (S) tai diém | (@) cat (S) theo mot dudng

chung H la hinh chiéu cua tam I tron (C):

trén ()
|

(x—cz)2+(y—b)2+z—c)2 =R’
Ax+By+Cz+D =0
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-Tam H la hinh chiéu vudng

goccuatam [ trén (a).

-Ban kinh r =+ R*-1H?.

Ko

H

N

/

Vi tri twong d6i gitta dwong thang va mat cau

Cho duong thang d :1

x:xo+at

z=2z,+ct

Thay (1) vao (2) ta dugc phuong trinh (*) Khi d6

y=y,+bt (1) vamat cau (S):(x—a) +(y-b) +(z—c) =R* (2).

(*) vO nghiém

(*) c6 duing 1 nghiém

(*) c6 2 nghiém phan biét

Nz

d

biéu
ki¢n Hogc d(I,d)>R Hodc d(I,d)=R Hodgc d(I,d)<R
d va (S) khong c6 diém 1 tiép xtic () d cit (S) tai 2 di€m phan
chung biét
Két
qua

—

Vi tri tuong d6i gitra hai mat cau
Cho hai mat cau S, (I;R ) va S, (I,;R, ). Khi d¢:

LL<|R-R| | IL,>R+R, | LL=[R-R| | LI,=R+R, | |R-RJ|<LL,<R+R,
(S,) ndm (S,) khong | (S,), (S,) tiep | (S,), (S,) tiép | (S,). (S,) cdt nhau
trong (52) cit ( 52) ) xuc trong. xuc ngoai. theo mot duong tron.
hodc nguoc lai.
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SRCk

Cong thixc tinh dién tich mat ciu va thé tich khéi cdu ban kinh R

« Dién tich mat cau: S = 47R>. « Thé tich khéi cau: V = gﬁRf‘ .

Mit ciu ngoai tié€p khdi chop, khéi lang tru

Truc cua da giac

Truc ciia mot da gidc (néu c6) la duong thang di qua tdm duong tron ngoai tiép ctia da giac va
vudng géc voi mit phang chira da giac d6. Bat ki mot diém nao nam trén truc ctia da giac thi cach
déu cac dinh cua da giac do.

Xac dinh tAm va ban kinh mit ciu ngoai tiép hinh chép

SA vudng goc day Hinh chép déu Mit bén (SAB) vudng géc ddy
- Dung truc Ox cua day. -Trucla SO. - Dung truc Ox cua day.
- Ké trung truc My ctia SA | - Ké trung trec Mx cta canh | - Dung truc O'y cGia mdt bén
cit Ox tai I . bén cat SO tai I. (SAB) cdt Ox tai I .
i d4: TA ¢ { Khi d6: Tam I, ban kinh
Khi do: Tam I, ban kinh | ®A1 do:fam M fhi d6: Tam I, ban kinh
ReIA. R=1IS. R—1IA
N s = | Nhan xét: ASMI dong d o
Nhan xét: MIOA la hinh cht an xe ong dang Nhén xét: O'IOH 1a hinh chir
nhat. asoc =M _5L nhat
SO SC o
:>R=SI=SM'SC .
S
X
M
A C

Xac dinh tim va ban kinh mit cau ngoai tiép hinh ling tru ditng
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-Ké 00’ 1a doan thang ndi tam ctia 2 day A ol C’

-Goi I la trung diém OO'. H
- Khi d6: Mat cau c6 tam [, ban kinh R=1A. =B

L
R -7

Ak o

\ /
B

4

Cac dang toan thuong gip viét phwong trinh mit phang, dwong thang, mit ciu

DANG TOAN: VIET PHUONG TRINH MAT PHANG
Dé viét phrong trinh mat phang (a) ta can xac dinh 1 diém thudc (a) va 1l VIPT cua (a) .

Dang 1: () di qua diém M(x,;1,;2,) va co mot VIPT la n=(A;B;C)
Khi d6 (a):A(x—x0)+B(y—y0)+C(z—zo):0.

T_,

Dang 2: (a) la mat ph:fmg trung triec cia doan thrfmg MN

(07

Khi do: (a) di qua trung diém I ctia MN va c6 1 VIPT n=MN .
M

Dang 3: (a) di qua diéem M (xo Yo ;zo) va c6 cdp VICP a, b
Khi d6 (a) ¢6 VIPT n=|a,b].

Tﬁ

a
M -
a) * b

Dang 4: (a) di qua diém M(xo;yo;zo) va song song voi mat ph:fmg (,B) :Ax+By+Cz+D=0
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Khi do6 (@) c6 1 VIPT n, =n, .

31
Q

Dang 5: (a) di qua 3 diém khong thing hang A, B, C
g q g g hang

Khi d6 (a) c61 VIPT n=| AB,AC|.

/Lé/

Dang 6: ( ) di qua diém M Koz Va vudng goc véi duong thang BC

Khi d6 () ¢61 VTPT n=BC.

C
¥k
[0 |
B

Dang 7: (a) tiép xtc véi méat cau (S) tdm [ ban kinh R tai diém H

Khi d6 (o) qua diém H vacé 1 VIPT n=IH.

H
o

Dang 8: () di qua hai diém A, B va vudng gbc v6i mit phiang (4
g q &8 PHang

Khi d6 («) <61 VTPT n=|n,
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B
2\ A

Dang 9: (a) di qua diéfm M va vuong goc voi 2 mat phéng cit nhau ( p ), (}/)

- Khi d6 (@) c0 1 VIPT n={m, |,

(@7

Dang 10: (a) di qua diém M va giao tuyén ctia hai mat phang (P), (Q)

Cach 1: Tim 2 diém phan biét A, B thudc giao tuyén cta (P) va (Q) (cho trudc 1 an, giai hé
phuong trinh tim 2 &n con lai). Khi d6 () di qua 3 diém M, A, B.

Cach 2: Tim 1 diém A thudc giao tuyén cua (P) va (Q) (cho trude 1 dn, giai hé phuwong trinh
tim 2 &n con lai). Khi d6 (@) c6 1 VIPT 1a n= [W[%%ﬂ .

Cach 3: Viét mit phang (a) & dang phuong trinh chivm mdt phing, dua vao gia thiét (a) di qua
diém M dé tim hé s6 chua biét.

Dang 11: (a) chtta giao tuyén ctia hai mat phang (P), (Q) déong thoi song song véi mét phing
B

Cach 1: Tim 1 diém A thudc giao tuyén cua (P) va (Q) (cho trude 1 dn, giai hé phuwong trinh
tim 2 &n con lai). Khi d6 (@) di qua diém A vacd 1VIPT n=n, .

Céch 2: Viét mat phang (a) & dang phuong trinh chivm mit phiang, dwa vao gia thiét (a) song song
véi (R) d€ tim hé s8 chua biét.

Dang 12: (a) chtta giao tuyén ctia hai mgt phang (P ), (Q) dong thoi vudng gdc véi mit phang

(R)

Céch 1: Tim 2 diém phan biét A, B thudc giao tuyén cta (P) va (Q) (cho trudc 1 an, giai hé
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phuong trinh tim 2 &n con lai). Khi d6 () di qua diém A vacs1VTPT la n= [ZE,;T(R")} .

Cach 2: Tim 1 diém A thudc giao tuyén cua (P) va (Q) (cho trwdc 1 an, giai hé phuwong trinh
tim 2 &n con lai). Khi d6 (@) di qua diém A vac 1 VTPT la n= [n(R),[n(P),n(Q)ﬂ .

Cach 3: Viét mat phang (a) & dang phuong trinh chivm mgt phang, dwa vao gia thiét (a) vuong

goc voi (R) dé tim hé s6 chua biét.

DANG TOAN: VIET PHUONG TRINH MAT PHANG

Sau khi hoc xong phuong trinh duong thang va mat cau, ta c6 mot s6 dang toan viét phuong
trinh mat phéng lién quan dén chung;:

Dang 1: (a) di qua diém M va chita duong thang d

Liy diém A tiy y thudc d . Khi d6 () qua diém M vacé1VTPT n=| MA,u, |.

‘ﬁ
AN/

Dang 2: (a) di qua diém M va vuong goc véi duong thang d

Khi d6 (@) qua diém M vacd 1 VTPT n, =u,.
d

Dang 3: (a) chtta 2 duong thang cat nhau d,, d

17 72

Khi d6 (@) qua diém M tly ¥ thudc d, hodc d, vaco 1 VIPT n=|u,u, |.

d,

U, d2

a\ M dy

Dang 4: (a) chtta 2 duong thang song song d,, d,
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Trén d, 14y diém A tuy y, trén d, 14y diém B tiy y. Khi d6 () qua diém A (hodc B) va cé 1
VIPT 1= [J;,ZE} .

Dang 5: (a) chtta duong thang d, va song song véi duwong thang d, (d,, d, chéo nhau)
Khi d6 () qua diém Mty ¥ thudc d, vaco 1 VIPT n=[u,u, |

Ud2
> do

St

Ug,
o) dy

Dang 6: (o) di qua difm M va song song véi hai duong thing cit nhau hodc chéo nhau d., d
g q g song g g 17 &y

-Khi d6 (@) qua M vacd1VTPT n=|uu, |.

ﬁdQ d2

Dang 7: (a) chtta duong thang d va vudng goc véi mit phang ( B )

Khi d6 () qua diém M tly ¥ thude d va c6 1 VTPT ?z:[ud,n( ﬁ)}.
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Dang 8: (a) chtta duong thang d va cach diém M mot khoang bang k

-Goi (@): Ax+By+Cz+D=0 (A>+B*+C*#0).

-Lay 2 diém A, Bed.Khido A, B clng thudc (a) nén ta duoc hai phuong trinh (1), (2)

- Tir diéu kién khoang cach d(M,(a)) =k, ta duoc phuong trinh (3).

- Giai hé phuong trinh (1), (2), (3) bang cach cho gia tri mot an, tim cac an con lai.

Dang 9: (a) song song v6i mit phang ( B ) /vudng gbc duong thang d va tiép xtic mat cau/cat
mat cau theo mot duwong tron

-Do (a) | (,B)/(a) 1dnén (a) :Ax+By+Cz+D =0 (hé s6 D chua biét).

- Dua véo diéu kién tiép xtc d(I,(a)) =R hodc tir gia thiét ta e d(I,()) = k. Giai phuong trinh
nay tim D, suy ra (a).

Dang 10: (a) chtta duong thang d va tiép xtic mit ciu/cit mit cau theo mot dwong tron

- Viét d thanh dang giao tuyén 2 mat phang.

- Viét (a) dang phwong trinh chum (hé s& m, n chwa biét).

- Dyra vao diéu kién tiép xtc d(I ,(a)) =R hodc ttr gia thiét ta c6 d (I ,(a)) = k. Gidi phurong trinh

nay tim m, n (chon 1 an tinh an con lai), suy ra (a) )

DANG TOAN: VIET PHUONG TRINH PUONG THANG

Dé viét phurong trinh duong thang d ta can xac dinh mot diém thuoe d va mot VICP ctia d .

Dang 1: d di qua diém M, (xo;yo;zo) va c6 VICP u= (a;b;¢)

X=x,+at
Khi d6 PTTS d:{y =y, +bt va PTCT d:> x°=yby°=2 %0 (v6i abe #0).
z=2z,+ct g ¢
M —
d =0 u -
Dang 2: d di qua hai diém A, B
Khi d6 d 61 VTCP la u=AB.
A AB B
d -

Dang 3: d di qua diém M, (xo Yo ZO) va song song v6i duong thang A

Khidé d c61VICPla u,=u, .

UA

A >

M, Ug = up
d * -

Trang 130




Tong hop 1y thuyét THPT mén Toan ThS. Tran Thanh Yén

Dang 4: d di qua diém M, (xo Yo ZO) va vuong goc voi mat ph:fmg (P)

Khi d6 d c61VTCPla u,=n, .

My
Dang 5: d di qua diém M, (xo Y ZO) va vudng géc voi hai duwong thang d,, d,

Khi d6 d c61VTCP la u, =|u, ,u, |.

dg l—> dl

Dang 6: d 1a giao tuyén ctia hai mat phang (P), (Q)

Cach 1: Tim mot diém va mot VICP caa d

(P)
()

trinh tim 2 an con lai) va mét VTCP cta d 1a u: = [%,%} .

Tim toa d6 diém A ed béang cich giai hé phrong trinh { (cho trudc 1 an, giai hé phuwong

Céch 2: Tim hai diém A, B thudc d va viét phuong trinh duong thang di qua hai diém do.
Q —
V
d —

7

Dang 7: d 1a hinh chiéu vuong goc ctia duwong thang A trén mat phang (P )

bdil

fd

Cach 1: Tim diéem A=A m(P) trong treong hop A cat (P ) . Lay diém M (khac A) tuy y thudc
A, tim hinh chiéu vudng géc B cuia M trén (P) .Khidé d diqua?2diém A, B.
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A

n”

A B d

P

Céch 2: L4y 2 di€m M, N thudc A va tim hinh chiéu vuéng géc H, K ctia ching trén (P). Khi
d6 d diqua2diém H, K.

Cach 3: Viét phuong trinh mit phang (Q) chtta A va vudng goc véi mit phang (P) (M3t phang
(Q) diqualdiém M eA vacs1VIPTIa ng, =, |). Khi 6 d=(P)(Q) (Dang6).

&

A

PI

Dang 8: d di qua diém M, (xo e ) , vudbng goc va cat duong thang A
Tim hinh chidu vudng goc H ctia M, trén A . Khi d6 d 1a duong thang di qua 2 diém M,, H.
A

Mo H

Dang 9: d di qua diém M, (xo Yo ,'ZO) va cat hai duong thang d,, d,

Cach1: Goi M, ed, (tpadd an t,) va M, ed, (toa do an t,) lan luot la giao di€ém cta d va d,, d,
. Tk diéu kién M, M,, M, théng hang ta tim dwoc t,, t,; tte do suy ra toa d0 M,, M, . Khi do
duong thang d di qua cac diém M,, M,, M, .

27

dl dz
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Cach 2: Goi (P)=(M,,d,) va (Q)=(M,,d,). Khi d6 d=(P)n(Q) nén 1 VICP cua d la

=i )
‘V
S
W ;

Dang 10: d nam trong mit phang (P) va cat ca hai duong thang d,, d,

Tim céc giao diém A=d N(P), B=d, n(P).Khi dé d chinh 1 duong thing AB.
g 1 2 g g

/dg

Dang 11: d song song véi A va cat ca hai duong thang d,, d
Goi M, ed, (tpaddan t,)va M, ed, (toadd an t,). Ttr diéu kién MM, cung phuong voi Z ta
tim duoc t,, t,; tt d6 suy ra toa do M,, M,.Khidé d di qua2 diém M,, M, .

dl d2

M, Mo,

° \\ =/

Dang 12: d 1a duong vudng gdc chung ctia hai dwong thang d,, d, chéo nhau

¥ A A2 \ OA N M M J_ d
Cach 1: Goi M, ed, (toa dd an t,) va M, ed, (toa do an t,). Tk diéu kién { v

duoc t,, t,; suy ra toa dd M,, M,.Khi d6 d 1a dwong thang M, M, .
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dl d2

Céch 2: Viét phuong trinh cidc mat phang (P) E(d,dl) va (Q)E(d,d2). Khi dé dz(P)m(Q)
(Dang 6).

‘\ \(h P

Dang 13: d di qua diém M, vudng goc véi d, va cat d,

Cach 1: Goi N =dnd, (toa do theo tham s6 ¢ cta d,). Tir diéu kién MN Ld, ta tim duoc N . Khi
d6 d 1a duong thang MN .
Cach 2: Goi mit phing (P) qua M va vuodng goc véi d,, mat phang (Q) chita M va d,. Khi dé

d= (P) m(Q) (Dang 6).

-— A
£

e

DANG TOAN: VIET PHUONG TRINH MAT CAU
D& viét phurong trinh mat cau (S) ta can xéc dinh tAm I va ban kinh R ctia né. Mot s§ dang co
ban:

Dang 1: (S) c6 tam I(a;b;c) va ban kinh R

Khi d6 (S):(x—a) +(y—-b) +(z—c) =R*.
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Dang 2: (S) cO tam I(a; b;c) va di qua diém A
Khi ddban kinh R=1A.

Dang 3: (S) c6 duong kinh 1a doan thang AB

7 4

2 2 2

A . o . X, +X + +
OTamIlatrungdlemcuadoanthangAB:I( At % IatYs 24 ZBJ.

® Ban kinh R=IA=IB=%.

Dang 4: (S) di qua 4 diém A, B, C, D (con goi la mat cau ngoai ti€p tt dién ABCD )

® Goi (S):x* +y* +2° —2ax—2by —2cz+d =0 (*).

® Thay toadd cua A, B, C, D vao (*) ta duoc 4 phuong trinh an 4, b, ¢, d.

® Giai hé phurong trinh d6 ta duoc a, b, ¢, d thay vao (*) ta duoc (S)
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Dang 5: (S) co tam [ (a,' b;c) va co vi tri twong d6i véi mat cau (S') cho trudc

® Xac dinh tam I’ vaban kinh R’ ctia mat cau (S') .

® St dung diéu kién vi tri twong d6i ctia hai mat cau d€ tinh ban kinh R cua mat cau (S) .
Dang 6: (S) tam I(a; b;c) va tiép xtic véi mat phang (a)

® Ban kinh R=d(I,(a)).

f6) H

Dang 7: (S) co tam I(a,' b;c) va cat mp(a) theo mot dwong tron ban kinh r

e Bankinh R=\/d(I,(a)) +r* =VIH? + HM? .

M

N———

«

Dang 8: (S) co tam I (a; b;c) va tiép xtic véi duong thang A

® Ban kinh R=d(I,A).
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'R
;
H
Dang 9: (S) co tam I(a; b;c) va cit duong théng A tai hai diém A, B

2
* Ban kinh R:\/d(I,A)Z +(%j =IH? + AH? .

A

A
A B

Dang 10: (S) c6 tam I thudc duong thang A va di qua hai diém A, B
Tt [e A, tinhtoadd I theotham sO ¢.
e Tir IA = IB giai phwong trinh (an t) dwoctoa dd I .
® Ban kinh mat ciu R=1A=1IB.
Dang 11: (S) di qua 3 diém A, B, C vacé tam I thudc mat phang (P)
Cach 1:
® Viét phuong trinh mét phang trung truc (P1 ), (P2) cua AB va AC.

(P)
o Tam I =(P)n(P)(P,).Giaihé {(P) tim toa d 1.

(P.)
® Ban kinh R=1A.
Cach 2:
Goi (S):x% +y* +2° —2ax—2by —2cz+d =0 (*).
* Thay toa d6 3 diém A, B, C vao (*) ta duoc 3 phuong trinh 4n 4, b, ¢, d.

e Tam [ (a,' b;c) thudoc mat phéng (P) ta duwoc phuwong trinh an a4, b, ¢, d thi tu.
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® Giai hé phurong trinh d6 ta duoc a, b, ¢, d thay vao (*) ta duoc (S)

DANG TOAN: CUC TRI TRONG KHONG GIAN OXYZ

Dang 1: Viét phurong trinh mit phang (P) di qua diém A va cach diém M mot khoang 16n nhat.
Phuong phap:

Goi H 1a hinh chiéu vudng goc cia M trén mit phang (P) . Ta c6 tam gidc AMH vuong tai H
va d(M,(a))= MH < MA . Vay d(M,(a)) 16n nhat khi va chi khi A=H.

Khi dé (a) di qua A va vudng goc voi AM.

Do d6 (P) 6 VIPT Ia n=AM.

[

A
P

Dang 2: Cho mit phang (P) va duong thang d || (P) Viét phuong trinh duong thang A nam
trong (P), song song voi d va cach d mot khoang nho nhat.
Phuong phap:
A la hinh chi€u vudng goc cta d trén (P) .
d

A
P

Dang 3: Viét phurong trinh mit phang (P) chita duong thang d va cach diém M mot khoang
16n nhat.

Phuong phap:

Goi hinh chiéu vudng goéc cua M trén (P ) va d lanluotla H, K.

Ta c6 d(M,(P))=MH < MK; MH 16n nhat khi va chi khi H=K.

Khi do (P ) chtta d va vuong géc v6i mit phang (M,d).

Do d6 (P) ¢6 VIPT Ia 1= MK hodc n=| [, AM |, 1, | véi diém Aed.
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(L)

Dang 4: Viét phuong trinh mat phang chua duong thang d, tao v6i duong thang A (khong

song song voi d ) mot goc 1on nhat.

Phuong phap:

Lay diém K thudc d, trén duong thang song song véi A tai K, 18y diém M. Goi H, I lan luot
la hinh chiéu vudng goéc cia M trén (P) vad.

Ta c6 sin(A, (P)) = cosKMH —% <% Vay géc (4,(P)) 16n nhét khi va chi khi H=1.

Khi dé (P) chtta d, vudng goc véi mat phang chita d va song song A.

Do d6 (P) c6 VIPT 1a n=IM hoic %:[Fd,a,f

ale

Dang 5: Viét phuong trinh duong thang A di qua di€ém A, nam trong mat phang (P) va cach
diém M mot khoang nho nhat / 16n nhat (AM khong vuong goc voi (P) )-

Phuong phap:

Goi H, K Ian luot 1a hinh chiéu vudng goc ctia M trén (P ) va A.

Ta co:

* d(M,A)=MK=>MH . Vay d(M,A) nhé nhat khi va chi khi K=H.Khi d6 A di qua 2 diém
A, H. Do d6 A ¢6 VTCP 1= AH hoiic &:HE,W]Z]

* d(M,A)=MK<MA. Vay d(M,A) 16n nhat khi va chi khi K=A.Khi d6 A vudng géc AM .
Do dé A c6 VICP la u=| n,, AM |.
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Ve 4

Dang 6: Cho mat phang ,diém Ae ) va duong thang d (d cat va khong vudng géc ( ))

Viét phuong trinh dwong thang A diqua A, nam trong ( ) va tao véi d mot goc 1on nhat.

Phuong phap:
Vé d' qua A vasongsong voi d. Taco (d,A) = (d',A) 16n nhat bang 90° khi va chikhi A L d.

Khi d6 A ¢6 VICP u, =| ny,u, |-

d/

(7

Dang 7: Cho mat ph:fmg , diém A e va duong thang d (d cat va khong vuong goc ( ))

Viét phuong trinh dwong thang A di qua A , nam trong ( ) va tao voi d mot géc nho nhat.
Phuong phap:

Trén duong thang song song véi d tai A, 1dy diém M.

Goi H, K Ian luot 1a hinh chiéu vudng goc ctia M trén (P ) va A.

Ta co Cos(d A)—cosm—£<ﬂ Gobc (d,A) nho nhat khi va chi khi K=H .
AM AM

Khi d6 A diqua2diém A, H.

Khi d6 A c6 VICP u, = AH hoiic Z:[[np,ud},np .
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Dang 8: Cho mit phang (P) , diém A e(P) va duong thang d cat (P) tai diém M . Viét phuong
trinh duong thang A nam trong (P) , di qua A sao cho khoang cach gitta d va A 16n nhat.
Phuong phap:

Goi (Q) 1a mat phang chtta d va song song véi A.

Khi d6 d(A,d)=d(A,(Q))=d(A,(Q)).

Khi d6 ta can tim (Q) chita d va cach A mot khoang 16n nhét (Dang toan 3). Goi K 1a hinh chiéu

vudng goc ctia A trén d.

Khoang cach nay 16n nhat khi va chi khi % = AK hoic ;z; = [[u:,@} ,Z} voi Bed.
Khi d6 1, =[n,,n, | =[ 1, AK | hodic u, =[ n,,n, |= [Z,HZ,@]@H véi Bed.

/)

A

P\ A

Dang 9: Cho mét phang (a) va hai diém A, B khong thudc (a). Tim diém M trén (a) sao cho
MA+ MB c6 gia tri nhé nhat.

Phwong phap:

TH1: A, B ndm khac phia so véi (). Ta 6 MA+MB > AB.Khi &6 MA+MB nho nhét khi M
thudéc AB hay M la giao diém cua (a) va AB.

TH2: A, B ndm cing phia so véi (). Goi A’ la diém d6i xting véi A qua (). Do MA+MB
= MA'+ MB nén MA'+ MB dat gia tri nho nhat khi M la giao diém cta (a) va A'B.

/ VA
(77 LT

v

Dang 10: Cho mit phang (a) va hai diém A, B khong thudc (a). Tim diém M trén (a) sao
cho |[MA - MB‘ o gia tri 16n nhat voéi d(A,(a)) == d(B,(a)) .

Phuong phap:
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TH1: A, B nam ciing phia so véi (). Ta c6 |[MA - MB|< AB. Khi d6 |[MA — MB| 16n nhat bing
AB khi M la giao diém ctia AB va (a).

TH2: A, B nam khéc phia so v6i (@). Goi A’ 1a diém d8i xting véi A qua (). Khi dé A’ va B
nidm cling phia so véi (a) va MA = MA' nén |[MA-MB|=|MA'-MB|< A'B. Vay [MA— MB| 16n
nhat bang A'B khi M 1a giao diém ctia A'B va (a).

B
/
B A
A

T LT

Dang 11: Trong khong gian cho duong thang d va hai diém A, B. Tim diém M thudc d sao cho
MA + MB nho nhat.

Phuong phap:

- Tim toa d6 hinh chiéu vuong géc H, H' twong ting cua A, B trén d .

- Tinh d6 dai AH va BH'.

-Piém M cb toa d6 thoa HM = —%.H’M .

A y H
fM
H/

/ 3

B d

Nhan xét:
1) Néu AB]||d thi diém M 1a hinh chiéu vudng goc cua trung diém [ ctia AB trén d .
2)Néu ABLd thi M=H=H'.

3) Str dung bat ding thitc Mincopxki: va? + b2 ++/c? +d* > \/(a+ ¢y +(b+ d) .
b

~ . R
Dau “=" xay ra khi va chi khi —=—.
c

4) C6 thé dung phuong phap ham so d€ giai quyét (thuong phtic tap).

Dang 12: Trong khong gian cho n diém A, A,,., A va n s6 k,k,, ..,k thoa
k,+k,+..+k #0.Tim diém M (thudc 1 duong thang, 1 mit phang hodc 1 mat cau) sao cho biéu
thire |k, MA, +k,MA, +...+k MA | c6 gi4 tri nho nhét (hodc 16n nhat).

Phuong phap (tam ti cu):
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- Tim diém I thoa k IA +kIA +..+k IA =0.

- Bién doi:

klM—Al+k2M—Az+...+an—An‘ =‘(k1 +k, +...+kn).M‘ =‘k1 +k, +...+kn‘.MI

Khi d6:

K MA, +k,MA, + ...+ k, MA,| nho nhat (16n nhat) khi MI nho nhat (16n nhét).

Dang 13: Trong khong gian cho n diém A, A,, .., A, vanso k, k,, .., k. Tim diém M (thudc
1 dwong thang, 1 mat phang hodc 1 mat cau) sao cho T =k MA? +k,MA? +...+k MA”:

a) Dat gi4 tri nho nhat khi k, +k, +..+k >0 hoic

b) Dat gia trj 1én nhat khi k, +k, +...+k, <0.

Phuwong phap (tam ti cw):

- Tim diém I thoa k1E+k2E+...+knE 0.

- Bién doi: T =k MA? +k,MA? + ...+ k MA?

=(k, + .tk )M + k IA] + K, IAL + ...+ k,IA] +2M.(klm +k, LA, +..+ knE)

= (k; +.tk, )MI? + K IAT + K, IA? + ...+ k IA2.

Khi d6, do kIA? +k,IAZ +...+k IA2 khong ddi nén biéu thitcc T nho nhat (hodc 1on nhat) khi MI
nho nhat.

Nhan xét:

1) Néu M thudc duong thang (hodc mat phang) thi MI nho nhat (khong cé trudng hop 16n nhat)
khi M 1a hinh chiéu vudng géc ctia I 1én duong thang (hodc mit phing) 6.

2) Néu M thudc mat cau (S) thi MI nho nhat (hodc 16n nhat) khi M 1a giao diém ctia duong
thing d di qua I vatam ctia mat cu (S) (tuy truong hop).

Chuy: Néu M thudc duong théng d thi ta cd thé dwa bai toan vé viéc xét GTLN, GTNN ctia mot
ham f(t) thich hop.

THONG KE VA XAC SUAT 12

CAC SO PAC TRUNG PO MUC PO PHAN TAN CHO MAU SO LIEU GHEP
NHOM

1

Khoang bién thién

Khodng bién thién, ki hiéu R, cia mau s8 liéu ghép nhom 1a hiéu s6 gitra dau mut phai ctia nhém
cudi cing va dau mut trai ctia nhém dau tién 6 chira dit liéu ctia mau s lidu.

Chua y:

Xét mau s0 liéu ghép nhom duoc cho ¢ bang sau: Néu n, va n, cung khac0thi R=u,_ —u,.

Nhém [u;u,) [u,;u,) » [u;u,.,)
Tan s6 n, 1, n,

Khoang bién thién ctia mau so6 liéu ghép nhém luén 16n hon hodc bang khoang bién thién cta
mau s0 liéu goc.
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Y nghia ctia khoang bién thién ctia miu s6 liéu ghép nhom

 Khoang bién thién ctia mau sd liéu ghép nhém 1a gid tri xdp xi khoang bién thién ctia mau s6
liéu gdc va cé thé duing d& do mikc d6 phan tan ciia mau sd liéu.

® Khoang bién thién R=u,  —u, chua phan anh dwoc day dt mirc d6 phén tan cua phan 1én cac
s0 liéu. Hon ntra, gid tri cia R thuong tang vot khi xuat hién gia tri ngoai 1é trong mAu s6 liéu.
Do d6, d€ phan anh mttc d6 phan tan ctia s6 liéu, nguoi ta con dung cac so ddc trung khac.
Khoang t phan vi cia mau s liéu ghép nhom

Khoang t& phan vi cua mau sd liéu ghép nhém cling dwgc xac dinh dya trén t& phan vi thi nhat
va t& phan vi thit ba nhw d6i véi mau s6 liéu khong ghép nhom.

Khoang tir phdn vi ctia mau s lidu ghép nhom, ki hiéu A, la hi¢u gitra ttt phan vi thiz ba Q, va
t phan vi thit nhat Q, clia mau s liéu ghép nhém do, ticla A, =Q, - Q.

Y nghia ctia khoang ti phan vi ctia miu s liéu ghép nhém

* Khoang t&t phan vi ctia mau sd liéu ghép nhém 1a gid tri xap xi cho khoang tt phan vi cia mau
s6 liéu gbc va c6 thé dung d& do mikc dd phan tén cia ntra giita cia mau sd liéu (tap hop gom
50% s& liéu ndm chinh gitta mau sd liéu).

® Khoang ttt phan vi cia mau s6 liéu ghép nhém cang nho thi dit liéu cang tap trung xung quanh
trung vi.

e Khoang t& phan vi duoc dung dé xac dinh gia tri ngoai 1é trong mau sd liéu. Gia tri x trong
mau sb lidu 1a gid tri ngoai l¢ néu x>Q, +1, 5A, hodc x < Q-1 5A,.

* Khoang tt phan vi ctia mau s6 liéu ghép nhém khdng bi anh hwong nhiéu boi cac gid tri ngoai
1é trong mau s0 liéu.

2

Phuwong sai

Phuong sai ctia mau s6 liéu ghép nhém:
(1) s* :l[nl (c1 —E)z +n, (c2 —Y)z +o+n, (ck —E)z}
n

1
2 2 2 2\ =2
(2) S —;(nlc1 +1,C, +...+nkck)—x

Trong do: ® n=n, +n, +...+n, la cd mau;
-1 < on s
®X= —(nlc1 +1,0, +.F nkck) la s6 trung binh;
n

®c,c,, .. C lacacgia tri dai dién cdc nhom.

Po léch chuan
D¢ léch chudn ctia mau so liéu ghép nhom, ki hiéu S, 1a can bac hai sd hoc ctia phuong sai:
S=+5".

Chua y: Trong thdng ké, nguoi ta con diing dai lwong sau d€ do mitc d6 phan tan ctia mau s6 liéu

27

ghép nhom: §* :ﬁ[nl (c, —Y)z +1, (c, —E)z +..+1,(c, —E)z]

Y nghia ctia phwong sai va d 1éch chuan caa mau s liéu ghép nhom
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® Phurong sai ctia mau s8 liéu ghép nhém 1a gid tri xp xi cho phwong sai ctia mau s6 liéu gde. Do
l1éch chuan ctia mau sd liéu ghép nhom ciing la gia tri xap xi cho d6 1éch chuan cua mau sé liéu
gbc. Chting duoc ding dé do mitc 46 phan tan ctia mau s& liéu ghép nhém. Phurong sai va do
léch chuan cang 16n thi dit liéu cang phan tan.

® D6 1éch chudn c6 cung don vi véi don vi caa mau s3 liéu.

Cht y: Véi cac mau s6 liéu ghép nhdm c6 cling s6 trung binh (hodc x&p xi nhau), ta thuong st
dung phuong sai va do 1léch chuan dé€ so sanh mirc d6 phan tan cua cac mau sd lieu dé.

Trong tai chinh, ngwoi ta cé nhiéu cach d€ do do rui ro ctia mot phuwong an dau tu. Mot trong cac
cach d¢ la sit dung dd 1éch chuén cua lgi nhuan thu dwgc theo phuong an dau tu. B 1éch chuan
cang l6n thi phwong an dau tw cang rui ro. Ta khong nén dung phuong sai hay d6 léch chuan dé
so sanh d¢ rui ro cua hai phuong an dau tu khi loi nhuén trung binh cta hai phuong an dau tu
nay khac nhau rat nhiéu.

Chti y: D€ so sdnh d6 phan tan ctia hai mau s6 liéu khi don vi do trén hai mau s6 liéu khac nhau
hodc gié tri trung binh ctia hai mau s6 liéu nay khac nhau rat nhiéu nguoi ta dung hé sd bién

thién CV (Coefficient of Variation). Hé s6 bién thién dwgc tinh theo cong thic: CV =

Rl »n

, trong do

S 1a do 1éch chuan va x 1a s trung binh cta mau sd liéu.

XAC SUAT CO PIEU KIEN

1

Xac suat c6 diéu kién

Cho hai bién c6 A va B. Xac suédt ctia bién c6 A v6i diéu kién bién ¢6 B da xay ra duoc goi la
xdc sudt cua A vdi diéu kién B, ki hiéu P(A | B) )

Cong thixc tinh xac suat c6 diéu kién

Cho hai bién c§ A va B batki véi P(B)>0.Khi do:

P(AB) n(AB)
P(B)  n(B)

P(AB) n(AB)

Pla1s)- P(A) ~ n(4)

véi P(B)>0; e P(BIA)=

véi P(A)>0.

Chu y:
e Nhiclai: AB=ANB; AB=AUB; AUB=AB.
o P(AB)=P(A).P(BIA)=P(B).P(A|B) (cong thitc nhin xdc sudt cho hai bién c& bat ki).

o P(AIB)+P(AIB)=1 véi P(B)>0.

e Néu A va B 12 hai bién 8 doc lap thi:
- P(A)=P(AIB)=P(AlB) véi 0<P(B)<1;
- P(B)=P(BIA)=P(BIA) véi 0<P(A)<1.

e P(A)+P(A)=1 [0
(A

oD )+P(AB)=P(A).

* P(AB)+P(AB)=P(B).
So d6 hinh ciy

Trang 145



Tong hop 1y thuyét THPT mén Toan ThS. Tran Thanh Yén

P(B|A) _~ B —= P(AB) = P(A).P(B|A)
“ P(BJAY™~TB — P(AB) = P(A).P(B|A)

h P(B|A) _ p —= P(AB) = P(A).P(B|A)
NG
A
P(B[A) ~B — P(A.B) = P(A).P(B|A)

Trén so do6 hinh cay:
e Xac suat cua cac nhanh trong so d6 hinh cay tir dinh thi hai la xac suat c6 diéu kién.

o X4c sudt xay ra ctia mdi két qua bang tich cac xac sudt trén cdc nhanh ctia cay di dén két qua dé.
2

Cong thirc xac suit toan phan

o P(A)=P(AB)+P(AB)=P(B).P(AIB)+P(B).P(AlB) véi 0<P(B)<1.

o P(B)=P(AB)+P(AB)=P(A).P(BIA)+P(A).P(BIA) véi 0<P(A)<1.

Chu y: Cong thitc xac suat toan phan ciing dang véi hai bién ¢ A, B bat ki.

Cong thirc Bayes
P(B).P(AlB)
P(4)
P(A).P(BIA)
P(B)
P(B).P(AIB)
P(B).P(AIB)+P(B).P(AIB)

« P(BlA)= véi P(A)>0.

e P(AIB)= véi P(B)>0.

e P(BIA)=

véi P(A)>0 va 0<P(B)<1.

P(A).P(BIA)
P(A).P(BIA)+P(A).P(BIA)

e P(AIB)= v6i P(B)>0 va 0<P(A)<1.

e 38 L AR a8 e e AR A R
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